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   § 1. Introduction. 

   The purpose of this paper is to discuss some results concerning basic parts of 

a Bayes controlled process with a finite horizon. 
   A Bayes controlled process which we shall treat is as follows : 

   We assume that the probability distributions of random variables X1, X2, ••• , X, 

are of known type, but include unknown parameters, respectively, the prior prob-
ability distributions of which are given. Then we are to maximize the total expected 

reward in n. trials at each of which we are free to choose among X1, X2, ••• , Xi.. 

   Our main results are the following There exists an optimal policy among the 

class of policies depending outcomes only through the posterior probability distri-

butions of unknown parameters (Theorem 1). Let Li denote the reward when X, is 

chosen, where the value of Li depends on the true parameter value but not the 

observations x„ Let pt,i(e) for a given prior distribution e be the total expected 

reward incurred from an optimal policy truncated at N+1, and let Txte be the 

posterior probability distribution given observation xi. Then pt,(e)= Max [E(L1)+ 

E(pt(Tx,))] (Theorem 2). 

   The statement of Theorem 1 corresponds to the well-known fact in the Bayes 

sequential analysis [3], where main interest lies in the stopping rule and the terminal 

decision, whereas in our case we choose either variables at each of n stages. 
   The statement of Theorem 2 is the recurrence formula known as the dynamic 

programming formulation. Bradt, Johnson and Karlin [4], and Feldman [6] give 
some results concerning an optimal policy in the truncated " two-armed bandit " 

problem which is a special type of our controlled process. Their arguments are 
based on our recurrence formula without any proof of it.

   § 2. A Bayes controlled process with a finite horizon. 

   The elements of a Bayes controlled process with a finite horizon are the following. 

   (i) A sample space X, (z, Q, p). Let Z=(K, U1) X (K, U2)x ••• x (K, UN) be a 
state space, where K is a set {1, 2, ••• , k} and each II, is an abstract space. We call 

(K, Ui)x(K, 112)x •-• x(K, Un) a n-state space. Hence a N-state space is the state 
space defined above. The outcome z E Z is written in various forms for convenience : 
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                       Z= ((i (12, u2), (1N, 11N)) 

                                 (z1;1, ••• , zNiv) 

                                          - (z1, z2, ..• Z _V) 

where jh= 1, 2, ••• , k for h= 1, 2, ••• , N. Let 0 = (01, 0, ••• , 0k), let Pe(z) be the prob-

ability density of z with respect to a measure A on z for a fixed parameter 6, and 

let Q = 161 the parameter space. 

   (ii) The apriori distribution of the parameter e. Let e(0) be the apriori prob-
ability density of 0 with respect to a measure co on Q. 

   (iii) A policy For each 71 let Do (j =1, 2, ••• , k) be subsets of a n-state 

space such that D„ = for i#j and E Do coincide with the n-state space, 
                                                                    j=1 

i. e., {Do; 1 k} is a partition of a n-state space. Let one of So; (1 j k) be 

the state space Z, and let all the rest empty sets. And let So be a cylinder set over 

Do for n= 1, 2, ••, N and j= 1, 2, •-• k, i. e., So= {(z1, z2, ••• , z,); (z„ z2, ••• , zn) 

Here {D,;; 1 N, 1 j -�k} has the meaning of a policy such that according as 

the outcome (z„ z2, •-• , zn) up to the n-th stage belongs to Do we choose X; at the 

(n+1)-th stage. Since there is one to one correspondence between {Do} and {Sol, 
a policy SN = {So; 0 n� N, 1 j k} is a class of cylinder sets over partitions of 

n-state spaces for n = 0, 1, ••• , N. 

   (iv) A total expected reward pN. Let L;(0) L i(0 i) represent the reward when 
Xi is chosen and 0; is the true parameter value of the distribution of Xi. We assume 

that all L; are e-integrable real-valued function on Q. Let SoionS„,n • 

;Th srir. Then, for given e, the total expected reward for a policy SN.4_1 truncated at 
N+1 is given by 

                N k k 
(2.1) E EE ..-EfL •(0 •)(0)pe(z)dco(0)d2,(z) .                               r=0 io=1 i=1 ;,=1Sri0ip-ir .52 
The triple (Q, SN, pN) is an N-stages Bayes controlled process. 

   For the sake of simplicity, in the subsequent sections we shall develope arguments 

and give the proofs of a lemma and theorems in the case k= 2 only. Since, in the 

case k> 2, we can proceed arguments in the same way as in the case k= 2 with only 

formal complication, it suffices to prove the results in the case k= 2.

   § 3. Bayes solutions. 

   In this section we shall prove a lemma useful for main results. This lemma 

implies there always exists an optimal policy in the truncated Bayes controlled 

process. 
    Let X1= X, X2= Y, let z„„= (1, un)= xn, z7,2= (2, uri).Y., and let 01=w, 02 = 0. 

   Let F,(z) denote the set {(t1,                                       t2, ••• , t.v) Z1,t2 Z2, ••• , tj= Z.)}, and for (, p)- 
integrable function h on QxZ let Ei(h) be the conditional expectation of h given 
z1, z„ ••• , z,, when (CO, 0) has a distribution e, and z has distribution for fixed 

(w, 0). 
   Then
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                        JJ`"-(co, 0)p,,,o(t)h(w, 0, t)dyd2 (3
.1)E;(h) =Fj(z) 

                            (w, 0)1)00(047(12 
                                   F1(z) 9 

Let P.,(z)==
12(w, 0)p„,o(z)dco(o), 0), then we have along the same line as in [3] 

(3.2)ST iotr••tr S9L •(co0)e(0), 0)po,,o(z)dc;d2=Er(Lir(o), 0))P.,-(z)d. 
Applying this result to (2.1) we obtain 

              N 2 2 

(3.3)SN)= EEEr(L •(0)6))P,-(z)d2(z) . 
                              r—O i0-1Tioll—ir 

   We define 

          ay-(z1, z9, ••• , z,-)= Max LEN(L,(w, 8)), EN(I-2(co, 6))] , 
(3.4) 

           aj(z„ z2, ••• , zi).= Max [Ei(L1(0),0))+E;[ai+1(z1, ••• , zj, xf+,)], 

                               Ei(L2(co, O))+ E j[af+,(z,, • , Y3.4-1)] , 

                                         (0 j N-1) , 

by induction backward on j. Hence ao is a constant. And let 

      S ^';1 = 1z I EN(Li) > EN(L2)} 

      St2 = {z EN(Li)�- EN(L2)} , 
(3.5) 

          = {z Ej(L0i-Ekai+1(z1, , zi, xj+1)1> E;(1,2)+Elai,,(z1, ••• , zi, Y;•-1-1)i} 

       S412= E;[a;+1(z1, (                          •-• zif 
= 

                                              < Ei(L2)+Eilai+1(Z1f ••• zif yj÷1)1} 1 

                                           (0 j N-1) . 

Then St = {St, Slc2; 0 n N} forms a class of cylinder sets over partitions of n-

state spaces for 71= 0, 1, ••• , N. 

   Thus St, is a possible policy and is characterized as follows : After the n-th 

stage of observations we compare the total expected reward from a policy with 

choice of X at (n+1)-th stage followed by an optimal policy for remaining stages 

and the one from a policy with choice of Y at (n+1)-th stage followed by an optimal 

policy for the remains. We choose X if the former is larger than the latter, and 
Y if otherwise. We shall show that St is in fact a Bayes solution for our process. 

   LEMMA. The policy St defined by (3.5) is a Bayes solution against Furthermore 

        t)= (10. 
   PROOF. Let SN {Sal, Sn2; 0 n �. N} be an arbitrary policy, and define 

               n-1 2 2 2 

(3.6) SN)= EEE-E Er(Lir)P5(z)dA 
                                    r=0 i0=1. 

             2 2 2 

                      E E ••• Ea (z11z.•z•)13,(z)clA.                  i0-1 ij=1ST,0„...i,0'2, 
   Then



106 Nagata FL R[ N.\\N-:\

(3.7) ao 

for 

(3.8) E(L1)P,(z)d2±S E(L2)P.,-(z)d2 
        so1So2 

   22 

                            a (z11--)P-(z)d2a,(z,OP,,,(z)d2 
 1 SO2 Slil 

                 E(L1)PAz)c12-4 E(L2)Pgz)d2 
        soiso2 

                 H- a1(z11)Pgz)d2 +$ a1(z12)P,,-(z)d2 
         Soiso2 

             = $ CE(LO+ E(ai(z ii))iP,4z)d 2+ [E(L2)+E(a1(z12))1PAz)(12 
     sois12 

               0 $ a0P,,,42±S aoP,d2 
            SO1SO2 

                 = a„ 

(3.9)R ,z+1( SN) R y SN) , 

for 
            2 2 2 

(3.10) R,÷1( • -v)=L E ••• JE (L •,.)P.,-(z)d2 
                                        r=0 jo-1 

            22$ 
                                       a(z•z211,•)P-(z)d2                           +

iL1.••inL71-'11"'z211'•••zn±lin 

              7, 22 

                   =E E ••• EErc(L •)P-(z)d2                                    r—Oz0-1 ir=lfoi1...r 
             2 2 2 

                +E E •••a•z••••-(7                     i01STioit-in(z,z'"• )P)d2                                        "— 

               n-122 

                 =EE•••EE(L •)P-(z)d2 
            ,-0 i„)=1r 

                    2 2 

        +E E LEnn                                              )+E(an+i(zi,o,.•-, zn+1,10)1Ps(z)d2' 
          10-1 in=1 

                n-1 2 2 

                        •-• EE(L •)P-(z)d2                                  7-0 i0-1 ir=1STioir../r 
            2 2 

                        E•••Ean(z,o,•••,znin_i)Pe(z)d2 
                                    10-1 in-1 Tiold.-zn 

                     = Rn(, S AT) 

(3.11) sN) ) 

for 
                               N--1 2                                          2 
(3.12)N)=EE•-•EEr(Lir)Pe(z)d2 

                               r=0 i0=1 ir=1Ti021-ir 

                                  2                                           2 

                   + E •••E                      r                                                      aN(zijo, z2i1, ••• , 
                                10=1 12v=1
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               N-1 2 2 

                 E E • •E (L-,)P-(z)d) 
                               r=0 i0--1 it-0 

                                        2 

         + E•••\                             E(L)P (z)d2 
       io2=1 

                         -PN4-1(/ SN) • 

Hence we have 

(3.11) R, (5, 

for 
            N-22 

(3.12) RN(,SN)=E1 E —EEr6(L •)P4z)d2                               r=0 i0=1 ir=1STzoir-ir 

                                  2 

           + E E 

                                        2 

                                              aN(z„o, z211, ••• , zAriv_1)P,,-(z)d2 
                                 40=1 i _v=1 

            N-22 

                >-E1 E E 1I E (L • )P-(z)d2 
                            r=0 i0=1 ir=0 

            22 

            +EEA                                     E-(L•N)P.-(z)d2                                4)=1 ?Ni-frioip-iN 
                        PN4-1(C::, 

Hence we have 

(3.13) RN(C', SN) r0 • • • � R1(, a0 for all ("-&- . 

   On the other hand we get inductively 

(3.14)PN-I-g'• St) = *)_...=R1(,lt)= ao 

by (3.4) and (3.5). Finally, from these results, we get 

(3.15)(10= ioN;-1(, St) >= for all 

which completes the proof. 

   § 4. Main theorems. 

   In this section we shall consider the case in which the spaces U (i = 1, 2, ••• , N) 

are the same (say U), the random variables Xi (i = 1, 2, ••• , N) are independent with 

the same probability density fo,(x) with respect to a measure i on (1, U), and the 
random variables Yi (i =1, 2, ••• , N) independent with the same probability density 

g0(y) with respect to a measure 2) on (2, U). 
   Let ‘;(ce), 0) be the posterior probability density of (w, 0) given the observations 

z„ z2, ••• , z3, then the posterior probability density given z1,z2, •-• , zi,x,1becomes                                        

.;(0),fw(xJ+1) 
(4.1).;-;-1(0), 0) = 

Similarly wewe have the posterior probability density given z1, z2, ••• Yi4.1
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                                 j(w, O)go(y 
(4.2) =• 

                                  ;(0), 0)g0(y j+i)dy 

   We let 17, be the space of all distributions on Q. Then a point in 17 is trans-
formed respectively into a different point in 17 by the transformations given in 

(4.1) and (4.2). We shall designate the transformation (4.1) be TX and the trans-
formation (4.2) be T Y, hence equations (4.1) and (4.2) can be expressed respectively 
asj„,=Tx,i--; and ,;;,.,=TYj. 

   THEOREM 1. There exists an optimal policy among the class of policies depending 
outcomes only through a posteriori probability distributions of unknown parameters. 

   PROOF. It suffices to prove that for any N and there exists a class of parti-
tions of 1, ; j NI, such that an optimal policy !t7- is expressed by 

                S7,= {(z„ z2, ••• , zN)1;; E , 
(4.3) 
                  S.D.> = {(z„ z2, •-• , zN)1;-; E , for j= 0, 1, •-• , N . 

   Define 

                         [-P)(i)= E ;CI 1(0 6)1 , 
(4.4) 

                         I I = E JCL 2(0. 0)1 , 
and 

         1-10(1)= Max [HK$), H;i($1)1 , 
(4.5) 

         1-11(1)-= Max [HO(/)+Ei(H .i-i(Txei)), 11?1(1)-FE{(Hi_i(TY$1))] , 

                                    (1 � j N, 0 N), 
by induction on j. Consequently we have 

(4.6) aN(z„ Z2, ZN_I, XN) = Max [E,                                                  ,z1z2.-zN-IxN(Li), EN,z1z2.-zN_ixv(L2)1 

                             = Max 1111)($N(Xi'•' ZN-i-VN)), HX$A7(Zi'"ZAT-i-YN))1 

                         = Max [HRTAN -1), IIKTYN-1)] 

                         = 110(T x$N-1) 

usiug (3.4), (4.4) and (4.5). And similarly we obtain 

(4.7)aN(Zi7 Z27 ZN-1YN)— Ho(T.,,,--1) • 

From (4.6) and (4.7) it follows that 

(4.8) aN_ i(Ziy Z27 7 ZN-27 XN-1) 
               —Max IEN_,(1,,)+EN_i{aN(z1 ••• zN-2xN-ixN)}, 

                             EN_1(L2)+EN-ilaN(zi 

            = Max [HK$ N -0+ EN-1{110(T X -1)} y lik:ZN-1)+EN-1{110(TYN-1)}] 

                 1-11($x-1(zi zN__2-YN-1)) =-Hi(TxeN-2) , 

and similarly 

(4.9)a v_i(z„ Z2, -• ZN- 27 YN -1) — 11,(TY -2) •
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   In general we have by induction 

                     , xN-1)=1-1J(Tx-N-J-1) (0 j N-1) , 

(4.10)aN_Az„ •-• , z,_;_„ 1'x_i)=1-1;(Tr;,_;_1) (0 j N-1) , 

            ao= I- I N() . 

   Since an optimal policy is expressed by (3.5) in virtue of Lemma, if gwe let 
  = I H o() > HKe)} then from (4.4) we get 

(4.11) {zE ZIA{z II I(')( N) >N)} = {z I E> E N(L 2)} = S 

And similarly if we let = I I n() I IM--)1 , then 

(4.12){z =St2 

Let 
           E = I 11O()+E(HN _i_i(T x ,))> HKe)+E(HN _;_i(Tr))1 

for 0 j N-1. Then we have from (4.4) and (4.10) 

(4.13) {z = {z I 1-11)(i)H-EXTIN_j_i(Txj))> HKei)--HE;(11N-j-i(TYc::A} 

             = and similarly 

(4.14){z I e.;-j-E = Stfor j = 0, 1, ••• , N-1. 

It is easily seen from the definition that the one of Eq„ and E ̀ ,2, is an empty set and 
the other whole space. Hence the theorem is proved. 

   Now we shall prove the recurrence formula which an optimal policy satisfies. 
   THEOREM 2. For any N 

(4.15)Pt+i(e) = Max CE(Li)+ E(p (7' x ")), E(L2)-F E(Pt (Tr e:-.))1 • 

   PROOF. By Lemma and (4.10) we get 

(4.16)Pt±i (e) = a o= HN(c) 

for any N. Furthermore from (4.4), (4.5) and (4.16) it follows that 

(4.17)H N() = Max II n() E(H N _,(T x E(HA, _1(T ,;=))1 

               = Max [E(LE(P'2\ .`, (T x)), E(I, 2) + E(Pt (TY ,))1 

which completes the proof.

   § 5. Remarks. 

   In this section we shall refer to the case of an infinite horizon. 

   Since we can now redefine the space of all e's, c , as a state space in virtue of 

Theorem 1, the Bayes controlled process is a Markovian decision process in the 
sence of Blackwell [1], [2] and Strauch [7]. Consequently from their results, in a 

Bayes controlled process with an infinite horizon, the existence of an optimal policy 

implies the existence of an optimal stationary policy.
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   From Theorem 2 we have a functional equations, which an optimal policy satisfy, 

as f ollows ; 

(5.1)p*(,,;) Max [E(I. i) E(p*(T E(L 2)— E(p*(T ))] , 

where p* is a total expected reward from an optimal policy over infinite future. 

   Now above considerations lead us to the fact that under assuming the existence 

of an optimal policy the solution of the functional equation (5.1) becomes an optimal 
stationary policy. The author wishes to discuss the solving the equation (5.1) under 

some restriction for the reward function in another occasion. 

   The author would like to mention the work of Dynkin [5]. Dynkin gives a 
sufficient partition of policies in the infinite stage controlled process, which cor-

responds to the statement of Theorem 1 in our case.
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