SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

FUNDAMENTAL THEOREMS IN A BAYES CONTROLLED
PROCESS

Furukawa, Nagata
Department of Mathematics, Kyushu University

https://doi.org/10.5109/13048

HERIEER : #5HE0EMZ2. 14 (1/2), pp.103-110, 1970-03. Research Association of Statistical
Sciences
N—o30:

HEFIBAMR

KYUSHU UNIVERSITY




FUNDAMENTAL THEOREMS IN A BAYES
CONTROLLED PROCESS

By

Nagata FURUKAWA*
(Received February 5, 1970)

§1. Introduction.

The purpose of this paper is to discuss some results concerning basic parts of
a Bayes controlled process with a finite horizon.

A Bayes controlled process which we shall treat is as follows:

We assume that the probability distributions of random variables X,, X,, ---, X,
are of known type, but include unknown parameters, respectively, the prior prob-
ability distributions of which are given. Then we are to maximize the total expected
reward in » trials at each of which we are free to choose among X,, X,, ---, X,.

Our main results are the following: There exists an optimal policy among the
class of policies depending outcomes only through the posterior probability distri-
butions of unknown parameters (Theorem 1). Let L; denote the reward when X, is
chosen, where the value of L; depends on the true parameter value but not the
observations x;. Let p%.(§) for a given prior distribution & be the total expected
reward incurred from an optimal policy truncated at N-+1, and let T¥i¢ be the
posterior probability distribution given observation x;. Then p?;vﬂ(f):l\‘l;ix CE(L)+
E(o% (T¥€)] (Theorem 2). e

The statement of Theorem 1 corresponds to the well-known fact in the Bayes
sequential analysis [3], where main interest lies in the stopping rule and the terminal
decision, whereas in our case we choose either variables at each of n stages.

The statement of Theorem 2 is the recurrence formula known as the dynamic
programming formulation. Bradt, Johnson and Karlin [4], and Feldman [6] give
some results concerning an optimal policy in the truncated “two-armed bandit”
problem which is a special type of our controlled process. Their arguments are
based on our recurrence formula without any proof of it.

§2. A Bayes controlled process with a finite horizon.

The elements of a Bayes controlled process with a finite horizon are the following.
(i) A sample space X=(z, 2,p). Let Z=(K, U)X, U)X --- X(K, Uy) be a
state space, where K is a set {1, 2, ---, k} and each U, is an abstract space. We call
(K, U)X (K, Uy)x --- xX(K, U,) a n-state space. Hence a N-state space is the state
space defined above. The outcome z < Z is written in various forms for convenience :
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Z= ((jl: uy), (jzr Up)y oo, (j,\'v uy))
= (2515 Zajor = Z.\'j_\')
j(ZU 2oyttt ZN)

where j,=1,2, .-,k for h=1,2,.--, N. Let @=(4,, 0., ---, 8,), let Ps(2) be the prob-
ability density of z with respect to a measure 4 on z for a fixed parameter @, and
let 2= {O@} the parameter space.

(ii) The apriori distribution of the parameter £. Let (@) be the apriori prob-
ability density of @ with respect to a measure ¢ on Q.

(iii) A policy ©y. For each n let D,; (j=1,2, ---, k) be subsets of a n-state

k
space such that D,,nD,;=@ for i+j and > D,; coincide with the n-state space,
j=1

ie, {D,;; 1<j=Fk} is a partition of a n-state space. Let one of S,; (1=<7=<k) be
the state space Z, and let all the rest empty sets. And let S,; be a cylinder set over
D,; for n=1,2,--,Nand j=1,2,-,k, i.e, S;;={(2), 25, -+, 23) | (21, Zo» =+, Zn) E Dy;}-
Here {D,;; 1<n=<N, 1<j=k} has the meaning of a policy such that according as
the outcome (2, 2,, =+, Z,) Up to the n-th stage belongs to D,; we choose X; at the
(n-+-1)-th stage. Since there is one to one correspondence between {D,;} and {S,;},
a policy ©y=1{S,;; 0=n=<N, 1=<;=<kFk} is a class of cylinder sets over partitions of
n-state spaces for n=0,1, --- , N.

(iv) A total expected reward py. Let L;(®)= L;(§;) represent the reward when
X, is chosen and §; is the true parameter value of the distribution of X;. We assume
that all L; are &-integrable real-valued function on £2. Let T, .., = Soio N\ Sy M -+
~S,;,. Then, for given &, the total expected reward for a policy Sy., truncated at
N-+1 is given by

Nk K k N
@) e GY=32 B2 3 [ [ L0.)EO)deO)dN:).
The triple (.Q, &y, py) is an N-stages Bayes controlled process.

For the sake of simplicity, in the subsequent sections we shall develope arguments
and give the proofs of a lemma and theorems in the case £#=2 only. Since, in the
case k> 2, we can proceed arguments in the same way as in the case #=2 with only
formal complication, it suffices to prove the results in the case k=2.

- §3. Bayes solutions.

In this section we shall prove a lemma useful for main results. This lemma
implies there always exists an optimal policy in the truncated Bayes controlled
process.

Let X,=X, X,=Y, let z,,=(, u,)=x,, 2,,=0, u,) ¥, and let 4, =w, 6,=240.

Let F;(z) denote the set {({, 1ty -, ty) |l =2, t,=2, -+, t;=2;}, and for (&, p)-
integrable function 2 on £2XxZ let E;(h) be the conditional expectation of A given
zy, 2, , Z;, when (w, ) has a distribution £, and z has distribution p, for fixed
(w, O).

Then
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L @ 000, 6, Ddgd2
@D E(hy= ~5%7 S
[ § f@. Opodedz
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Let P:(z) *—j.gf(a), Nbw(z)do(w, 6), then we have along the same line as in [3]

G2 [, [ L 0@, Opes@dgdd= [ E(Li(, O)P:@d2.

igi1ir
Applying this result to (2.1) we obtain
v

(3.3) P58 =3

r=0 1

14w

B [ By, )P
We define
03(zys 20 o+, 23) = Max [Ex(Ly(@, 0)), Ex(Ly(w, 0)],
a)(20 20y -+, 2) = Max [E(Ly(@, )+ E[aza(zs, -+, 23, %200,
Ei(Lyw, O)+ELa;:1(z,, -, 25 YD) ]
O=j=N-1),

(3.9

by induction backward on j. Hence a, is a constant. And let
Shi={z|Ex(L) > Ey(Ly)},
Vo= {2zl Ex(L) S Ex(Ly)},
Sh=A{zl E(L)+ELa;.1(zy, 5 25 X501 > Ej(L) HEj[a500(20, -+ 5 25 35007}
R=RIE L)+ ELa;(zy, -, 25 x5 S E5(L)+ELau(zy, o 25 3301}
O=j=N-1).

(3.5)

Then &5 ={S},S%5; 0=n<N} forms a class of cylinder sets over partitions of n-
state spaces for n=0,1, ---, N.

Thus &% is a possible policy and is characterized as follows: After the n-th
stage of observations we compare the total expected reward from a policy with
choice of X at (n+1)-th stage followed by an optimal policy for remaining stages
and the one from a policy with choice of ¥ at (n+1)-th stage followed by an optimal
policy for the remains. We choose X if the former is larger than the latter, and
Y if otherwise. We shall show that &% is in fact a Bayes solution for our process.

LEMMA. The policy &% defined by (3.5) is a Baves solution against &. Furthermore
px(E, ©%) = a,.

PRrROOF. Let ©y={S,;, S;,; 0=<n< N} be an arbitrary policy, and define

n—1 2 2 2
(36) R B0=X 3 33 | E(L,)P«2)d2
r=0ip=111=1 ir=1 Toiitr
2 2 2
sz Z E 5‘ L an(zlion Z2i1! Tty Zuin—l)PE(Z>d)l .
ip=1 i1=1 in=19Y Tigiy-ir

Then
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R(E &0 =aqa,,

R& S0 = _ E(L)Pi(2d2 + { . E(L)P(2)d
+"Z:fSUmSl_lal(z“)P,:(z)d/i—% T_“ilL‘Ug’Smal(zm)Pg(z)d/‘.
= E@)P2dr+| E(L)P:2)dA
Sot So2
+f aGIP@d [ a@)Pidl
So1 Soz
= [ [E@L)+ @) IPs@di+ [ TE(L)+ @@ PR

< j , GoPedd j P

:al))

Rn—H(E’ @N) é Rn(ér @\) ’

Rin@@0=% 3 3 EAL,)P:2)d7

r=0 ip=1

2 2
SN | nisZrig Zaty > Zarsin) P2V

ip=1 int1=1% Tigiping1

n 2 2
=> >3 E(L;,)Px(2)d2
i {p=1

r=0 {p=1 Tigiy-ir
2 2 2
+Z 2 tte 2 j‘ an+1(zlio: 221’11 Tty Zrz+1,in)P;"(Z>d'2
ip=111=1 in=1vTigiy-in
n—1 2 2
=2 33| El,)P2d2
1 =19 Tigig-ip

2 2
+ E Z 5‘ I:En<Lin)+En(an+1(Zlio: Zziy Ty Zn+1,in))]P5(Z)d)*

ip=1ip=1 % Tigirin

n—1 2 2

<5 j E(L;)P:(2)d2

770 ig—1 ir=1YTigiyir

2 2
2

3 J. au(Z1igr Zatyy s Znin_ ) Pe(2)dA

ig=1 in=19Y Tipiripn

=R ©y) .

ox(§, By) = Ry(§, &y),

RyEGy=3 3 = 3 [ E(L)P(a)d2

r=0 ig=1 ir=1 ¥ Tigiy iy

2 2
+ 2 2 .f . aN(Zli()v Zzilx Tty ZNz‘ywl)P;‘(Z)d'z
Tioir-in

ig=1 iy=1
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S [ E(L)PHad
ip=1 ir=0vTj

o1 iy
2

2
+3 S [ EdL )Pz
LIRSS Y

=1 iy=1
= pxi(S ©x) -

Hence we have

311 oy By) = Ry(£, 8y,
for
(1 RGEE)=% X - 3  EL)PEG

f a\(zlzm 2211’ R Z,\'iA\fq)PE(Z)d/:
Tigir-iN

= pva(§, ©y) .
Hence we have
(3.13) Oyi$ BN ERyE G =Ry (§G) - =R(,8)=q, forall &y.
On the other hand we get inductively
(3.19) Pn:i€, B =Ry, &)= =R &F)=a,
by (3.4) and (3.5). Finally, from these results, we get
(3.15) ao= Pya(§, &%) = pyaa(§, &y)  for all &y,

which completes the proof.

$4. Main theorems.

In this section we shall consider the case in which the spaces U; i=1,2, ---, N)
are the same (say U), the random variables X; (=1, 2, ---, N) are independent with
the same probability density f,(x) with respect to a measure g on (1, U), and the
random variables Y, (i=1, 2, ---, N) independent with the same probability density
gs(y) with respect to a measure v on (2, U).

Let &/(w, 6) be the posterior probability density of (w, #) given the observations
Z,, Z5, -+, z;, then the posterior probability density given z, z,, -+, 2; X;., becomes

8@, O)Fulxs1)
f @, B) ol )y

‘D o, 0) =

Similarly we have the posterior probability density given z,, z,, ==+, Zj, ¥ju,
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.,]((1), 0)gﬁ<111-1)
4.2 G, )=

J‘ a](w 6) ﬂ(,‘1+1)(11077 '

We let = be the space of all distributions on 2. Then a point &, in & is trans-
formed respectively into a different point &,,, in 5 by the transformations given in
(4.1) and (4.2). We shall designate the transformation (4.1) be 7% and the trans-
formation (4.2) be T7Y, hence equations (4.1) and (4.2) can be expressed respectively
as &, =71T%¢; and &,,,=T7¢,.

THEOREM 1. There exists an optimal policy among the class of policies depending
outcomes only through a posteriori probability distributions of unknown parameters.

ProoF. It suffices to prove that for any N and £ there exists a class of parti-
tions of 5, {Z}, 53; 0<j< N}, such that an optimal policy &% is expressed by

ﬁ: {(21: Zyy ttey ZN) ] E}EEII}’

“.3)
St=1{(z,, 20, -+, 2y) | ;€ B3}, for j=0,1, .-+, N.
Define
Hll)(si) = EJ'[L1<(U’ 0)] y
4.4 )
HiE)=E,[Lyw, 0)],
and
Hy&)=Max [H&), Hi¢)],
4.5

Hy(&) = Max [HYE)+E(H, (TY2)), HiE)+E(H,-(T¥2)],
1I=;=N,0=<I<N),
by induction on j. Consequently we have
46 ay(zy 2w s 2y 1) = Max [Ex ey ioy(L)s Exoiey oy rov(Lo)]
=Max [H{(Ev(x, -+ zy_1x3), HiEx(2) -+ 2y, 03))]
=Max [Hy(T*¢y-), H(T" &y )]
=H(T*¢x-0),
usiug (3.4), (4.4) and (4.5). And similarly we obtain
€Y)) an(zy, 2oy 0 2y ¥3) = Hy(TYEN )
From (4.6) and (4.7) it follows that
(4.8) Ay (2, 2y 5 Zy gy Xxo1)
=Max [Ey. (L)+Eyv_{ax(z, - zy_sXy_1 X))},
Eyv_(L)+Ey_{ay(z, -+ 2y 2y 13} ]
=Max [HiEx-)+Ex- {H(T Sy D} HiExy D+ Ev {H(TVEx )]
=HEx-i(z - 2yoxyo ) = H(T Sy,
and similarly

(49) aN—I(Z]a Zoy vty B2 VN 1)*H(T Sv- ))-
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In general we have by induction
ax-Kzy o 2y Xy ) = H(TYv ;) (0=j=N-1),
(4.10) Ay_(2, s 2y, Yo =H{TYEy ;) O=;=N-D,
a,= Hy(§) .

Since an optimal policy is expressed by (3.5) in virtue of Lemma, ifffwe let
Hi = {&| H(&) > H¥€)} then from (4.4) we get

(4.11) {zléve ENY = {2 | HI(Ex) > HYEW) = {2z | Ex(L) > Ex(Ly)} = S%,.
And similarly if we let £% = {€| HY(E) < H(&)}, then

4.12) {z|&y = E%) =85%,.

Let

Ey={&| HY&)+ E(Hy_; (T*8) > HYE)+E(Hy_;_(T¥E)}
for 0<;<N—1. Then we have from (4.4) and (4.10)

413 {z1&,e 8 ={z | HWED T ES(Hy ;- (T*E) > HiE)+E(Hy_;(TVEN)}

=S%,
and similarly

4.14) (z|§,2583) =S%  for j=0,1,+ 6 N-1.

27
It is easily seen from the definition that the one of 5! and £3 is an empty set and
the other whole space. Hence the theorem is proved.

Now we shall prove the recurrence formula which an optimal policy satisfies.
THEOREM 2. For any N

(4.15) % (&) =Max [E(L)+E(o% (T*8)), E(L,)+E(o% (TTé)] .
Proor. By Lemma and (4.10) we get
(416) pkaH (5) :ao:HN(E)

for any N. Furthermore from (4.4), (4.5) and (4.16) it follows that
(4.17) Hy(&) =Max [H{E)+E(Hy (T *8)), Hi(&)+EHy (T 7))
=Max [E(L)+E(p% (T*8), E(L)+E(0¥(T¥E)],

which completes the proof.

§5. Remarks.

In this section we shall refer to the case of an infinite horizon.

Since we can now redefine the space of all &’s, 5, as a state space in virtue of
Theorem 1, the Bayes controlled process is a Markovian decision process in the
sence of Blackwell [1], [2] and Strauch [7]. Consequently from their results, in a
Bayes controlled process with an infinite horizon, the existence of an optimal policy

implies the existence of an optimal stationary policy.
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From Theorem 2 we have a functional equations, which an optimal policy satisfy,
as follows;

(GRY) 0%(&) =Max [E(L)~+E(eX(T &), E(L)~E(exT7&)],

where p* is a total expected reward from an optimal policy over infinite future.

Now above considerations lead us to the fact that under assuming the existence
of an optimal policy the solution of the functional equation (5.1) becomes an optimal
stationary policy. The author wishes to discuss the solving the equation (5.1) under
some restriction for the reward function in another occasion.

The author would like to mention the work of Dynkin [5]. Dynkin gives a
sufficient partition of policies in the infinite stage controlled process, which cor-
responds to the statement of Theorem 1 in our case.
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