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   § 1. Introduction. 

   Stochastic approximation method first introduced by Robbins-Monro [10] has been 

proved to be very useful for a learning system in the sense that its algorithm is 
very simple and that, at any given time in the learning process, the past samples 

are not required to retain in memory as shown by Albert and Gardner [1] , Blum 
[3] etc. 

   In this paper we are concerned with its applications . After giving some pre-
liminaries and notations in Section 2, we shall treat in Section 3 the problem of 

finding threshold elements, which is fundamental in pattern classification . In Section 
4 we shall consider the problem of parameter identification in linear system with an 

additive noise.

   § 2. Preliminaries and notations. 

   Before going into the main argument, we state two Lemmas by which the 

sequence of vectors determined by our algorithm is proved to converge almost surely 

(abbreviated by a. s.), that is to say, with the probability one, to a solution. 
   Lemma 2.1 is a straightforward modification of the result given already by Blum 

[3], and Lemma 2.2 is an immediate consequence of the well known convergence 
theorem on random variables (see e. g. Chapter 4 of Chung [5]). 

   LEMMA 2.1. Let {X,} be a sequence of real-valued random variables satisfying 

    (i) X „� 0, a. s., for n=1, 2, •-•, 

   (ii) sup E{X,} <oo, 

   (iii) E{X„,11 X1, X2, ••• , X„} __(1H-a,K1)X„± i3,K2, for n =1, 2, ••-, 
where K1 and K, are non-negative constants, and {an} and 1,37l1 are two assigned 
sequences of positive numbers satisfying 

(2.1)E<,E< cc • 
                  7,=171 =i 

Then X, converges a. s. to a random variable. 

   LEmmA 2.2. Let {X,} be a sequence of real-valued random variables satisfying 
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   (i) X„ 0, a. s., for n =1, 2, •••, 

   (ii) anE{X,} < Do, 
                 =1 

where { a„ } is an assigned sequence Of positive numbers with 

(2.2)                                            — w . 

                                                                      n=1 

Then there exists a strictly monotone increasing sequence of positive integers { n} such 

that 

(2.3)lim 0 , G. S. . 

   In what follows we adopt the following notations. Let Er be a real r-dimentional 

vector space. For any two vectors a and b in Er, we denote their inner product by 

a • b, their norms by ',o6 and W, and their transposes by a' ana b'. 

    3. Convergence algorithm to find threshold elements. 

   Let X be an Er-valued random variable with the probability distribution 131(.) 

characterized by the following assumptions : 
   ASSUMPTION 3.1. For a certain pre-assigned positive number 0 the set So= 

{a 1 a • X� 0 a. s., a w Er} is nonempty. 
   ASSUMPTION 3.2. There exists a positive constant a satisfying a, a. s.. 

   We consider the problem how to find such an a (w S0), which is called a vector 

of threshold elements in the sense of Martinez [8]. The problems of this type seem 

to be fundamental in pattern classification as pointed out by Horibe [7] and an 

analogous problem is treated in Ho and Kashyap [6], where X is assumed to be a 

discrete random variable. Our approach to this problem is to give a sequence of 

vectors {an} determined by the algorithm stated below, and to show that {an} tends 
a. s. to the set So. 

   Let {X„} be a sequence of independently observed Er-valued random vectors 

with the same probability distribution P2-(•). We define {a„} recursively as follows : 

              a,= arbitrary given (r—dim.) constant vector 

(3.3)a„,, = all -{-7-„(1—sgn (a, • Xn-0))Xn, for n =1, 2, ••• 

where {rn} is an assigned sequence of positive numbers satisfying 

(3.4) r, cc, , E < 
            n1a=1 

and as usually 

(3.5)sgn (y) =1 , for y 0 and sgn (y)= 0 , for y < 0 . 

   The following Theorem shows that {an} tends, a. s., to a point in So. 

   THEOREM 3.1. Under the assumptions (3.1) and (3.2), we hare, 

(3.6)lim inf an—a) =0, a. s. , 
                              71 '== 

where {an} is defined by (3.3).
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   PROOF. Let us put, 

                  Yn= inf . 

In view of (3.3) we have, for all a E So, 

(3.7)la„,— = ;an—ar' 727 n(a „— a) • X2(1—sgn (a,, • X „— 0)) 

                       -1-1,:11X2112(1—sgn (an • X2—O))2 . 

Also, from (3.5) and the assumption on IX,}, it can be easily shown that 

(3.8)(an—a) • X,,(1—sgn (an • Xn-6)) 0 , a. s. , for all a 

and that 

(3.9)11X2112(1—sgn (a, • X,-0))2� a', a. s.. 

Inserting (3.8) and (3.9) into (3.7) lead us to 

(3.10)Ilan;1—ar __Ilan—a112+7-7a2, a. s., for all a E Sa , 

by which it can be easily shown that 

(3.11)E{ 1'7,4.11 Y1, Y2, • • • , Y.} Yn-H-r7;2a2, for 1/ =1, 2, ••• . 

   Also, from (3.10) and the assumption (3.4) on {7.„}, it follows that, for an arbi-

trary given point a S0 

(3.12)Ila1E 7.7'na2 , a. s. , for n =1, 2, •-• , 
                                                                   in =1 

where the right-hand side of (3.12) is a finite positive constant independent of n. 
Flom (3.12) we have 

(3.13)sup E{ /77,} sup El Ilan—a1121 < 

In view of (3.11), (3.13) and the fact that Y„ 0, a. s., the application of Lemma 2.1 

to {17,} yields the result that there is a random variable Y such that 

(3.14)urn Yr, Y , a. s.. 

   Now we shall show Y= 0 a. s.. Let a be a point in So. Then, from (3.7) and 

(3.9), we have 

(3.15) Ilan+i—air Ilan—a112-Frn(an---a) • X0(1—sgn (a, • X0-0))+7";a2 , a. s.. 

and hence from the assumption on we have 

(3.16) EIlla„,—arl <E{Ilan—a112}+2r„E{f (an—a) • xPx(dx)1+2-,a2 • 
                                                                                  an•x--50 

The application of (3.16) from n=1 to n=m, noting that E{ � 0, gives 

(3.17) 27„ EE{(a—an) • xPx(dx)}E 72a2 .                     72=1fa n 
Hence, from the assumption (3.4) on {In}, we have, by m—'00 in (3.17), 

(3.18)ErnE{f (a—an)• xPx(dx)} <CO . 
                         72=1czn•x-0
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   —et us put, for the moment, 

                     f (a) = (0 — a . x)P (d x) . 

Then, from the assumption (3.1), we have 

(3.19)0 f(an) (a—an) • xPx(dx) 
                                                      an•xO 

and hence 

(3.20) E{ f(an)} (a—an). xP,(dx)} , 
                                                                               an•x_-5-8 

which gives, in view of (3.18), 

(3.21)E rnE{ f(an)} < 
                                                      n=1 

From (3.19), (3.21) and the assumption on 17,1 it follows, by using Lemma 2.2, that 

there exists a strictly monotone increasing sequence of positive integers Inpl such 

that 

(3.22)lim f (a, p) = 0 , a. s. , 

Also, from (3.12), it follows that there exists a positive constant K such that 

(3.23)'I anp112 < K, a. s. for p =1, 2, ••• . 

Noting that f (a) = 0 if and only if a E S0, and that f (a) is continuous on Er under 

the assumption (3.2), it follows from (3.22) and (3.23) that 

(3.24)Ynp inf Ilanp—a112 --A), a. s., as p-00 . 
                              aeSO 

Consequently, from (3.14) and (3.24), it follows that Y= 0, a. s., which is to be proved. 

   § 4. Parameter identification algorithm. 

   In this section we consider the problem of identifying parameters in the follow-

ing linear system : 

(4.1)Y= a • X-1-Z , 

where a = (a1, a„ ••• , ar)Z is a vector of unknown parameters to be identified, X= 

(Xi, ••• Xr)t is an Er-valued random variable with two conditions : 

(4.2)E{Xn < oc , for i= 1, 2, ••• , r , 

(4.3)E{XXt} is nonsingular, 

and Z is a noise such that 

(4.4)Z is stochastically independent of X 

and 

(4.5)E{Z} =0 , Var {Z} < 00 . 

   The case when the input X is not a random variable is treated in Albert and
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Gardner  [1[. Noda [9] considers the problem anologous to our case under certain 

conditions on the probability distribution function of X. In our paper we give a 

sequence of vectors {a„} which converges to an a in (4.1) under fairly weak condi-
tions (4.2)—(4.5). We consider a sequence {an} which is determined by the following 

algorithm. 

   Let {X„} be a sequence of observable independent random inputs in (4.1) and 

070 is a sequence of observable outputs corresponding to {X„}, that is to say, 137,1 
is determined by the equations Y, = a • X,---Z„ (n= 1, 2, • •-), where {Z,} is a sequence 

of unobservable independent random variables (noises) with (4.4) and (4.5). We define 

{an} recursively as follows 

                al= arbitrary given (r-dim.) constant vector 
(4.6) 
                  an, — a, 7.7,X7,(an Y„) , for n _ 1, 2, ••• 

where {In} is a pre-assigned sequence of positive numbers satisfying (3.4) in the 

previous section. 
   Now we give the Theorem which shows that an converges to a a. s. as n co. 

   THEOREM 4.1. Under the conditions (4.2)-(4.5), we have 

(4.7)lim an= a , a. s., 
                                                 n—Do 

where {an} is defined by (4.6). 
   PROOF. In view of (4.6) we have 

(4.8)Ilan+i —all' = —2r n(a n —a) • Xn(an- Xn—Yn) 

                       ±71,11X,P(an 702 

Inserting Y„ = a • Xn+Z„ into (4.8) yields 

(4.9)II an+1—ar = —2r Ti(an—a) • X„X.Van—a) 

                          -1-2rn(a7,—a) • XriZTH-r;, 11Xn1r((an—a) Xn—Z02 • 

Hence, from the assumptions on {X,} and {Z,}, it follows that 

(4.10)E { —all' I an} = Il an—all2-2rn(an—a) • E {XnXt„}(an— a) 

                         +71,E {11Xn112((an—a) • Xn—Zn)2 I an} 

                           =—a112—(                                      2rn ,an —a) • E {XXt}(an—a) 

                        +71, (an—a) E {11X112XXt} (an—a) 

                     +2iE { IIX112}E {Z2} . 

Let A = E {XXt} and B=E{11X1rXXt}. Since A is positive definite, from the con-

dition (4.3), and B exists, from the condition (4.2), and is always positive semi-
definite, it follows from the well known result in matrix analysis (see e. g. Ch. 7 of 

Bellman [2]) that 

(4.11)(an—a) • A(a 7,— a) 2 o(A) > 0 

and that
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(4.12)0 (a,— a) B(a„— a) 2,(B) , 

where 20(A) (21(B)) is the minimum (maximum) eigenvalue of A(B). Inserting these 

in equality (4.10), we get 

(4.13)E {11c t—a112! an} (1-27,20(A)--(B))11an—a112 

where K=E {11X E {Z2} (note that K is a finite positive constant). Let Un=llan— a r. 
Then (4.13) gives 

(4.14)E lUn+11U1, U2, ••• , (1-21,i2 0(A) 21(MU K 

                                (l+r,2,21(B))Un-FT;',K 
and 

(4.15)E { U—22'020(A)+721(B))E {tin} . 

Since, in view of the assumption on {In}, (4.11) and (4.12), there exists a positive 

 integer no such that 

(4.16)rn 21(B) —2r.20(A) —1n2o(A) , for all n no , 

 we have, from (4.15), 

(4.17)E (1—rn20(A))E {U7,}+7.2,K , 

                             ___E{Un}i-r;',K, for all n no. 

 The assumption on {7.7,} and (4.17) gives 

(4.18) E {Uno}+ E 

                         E {Uno}+ E rLI-C, for all n no. 
                                                                           in =1 

 Noting that E {U n} < Do (for n 1, 2, , n0) and that E K 00, it follows from 
                                                                                                     71 =1 

 (4.18) that 

(4.19)sup E {Un} <Do 

 Hence, applying Lemma 2.1 to {U0}, we have, from (4.14) and (4.19), for some random 

 variable Y, 

(4.20)lim Uri= U , a. s.. 

 Also, by an argument analogous to that used in deriving (3.18), we have, from (4.15) 

 and (4.19), 

(4.21) rnE{Un} < CxD • 
                                                       n=1 

 Hence, from Lemma 2.2, it follows that there exists a strictly monotone increasing 

 sequence of positive integers {np} satisfying 

(4.22)lim Unp = 0 , a. s.. 

 Finally, the combination of (4.20) and (4.22) yields
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(4.23)lim = 0 , a. s. , 
                                                                        17 - 

which completes the proof of Theorem 4.1. 
   REMARK. If In= 1/n in (4.6), K> 0, and A,,(A)> 1, then the application of Chung's 

result [41 to (4.17) gives an evaluation of the rate of convergence to the effect that 

                                  ( (4.24)EfIlan—a1121<°1                          =
n(2,(A)-1n ' 

where an= o((n) means an/i37,-0 as n 

   In conclusion, the author wishes to express his hearty thanks to Professors Tosio 
Kitagawa, Seigo Kano and Akio KudO for their continuing guidances and encourage-
ments given to him.
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