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§1. Introduction and Summary.

In recent years, many authors have found various methods of constructing the
adaptive system for the pattern classification problems. In such methods, they
assume that the characteristic of the object can be represented by a single time-
invariant real valued function defined on an input space, whereas the true type of
the function is unknown to them. They give several methods by which the above
function can be constructed on the basis of a pair of sequences of independent ob-
served inputs, whose distributions are unknown, and of the corresponding observed
outputs.

These learning theories were developed mainly by two types of approach. One
is the method of potential functions by M. A. Aizerman, E. M. Braverman and L. I.
Rozonoer under certain conditions ([17, [27, 3], [51), another an application of
stochastic approximation theory by Ya. Z. Tsypkin. ([3]) He tried to approximate
the unknown real valued function by a linear system of linearly independent func-
tions.

However, neither the assumption that the inputs are observed from the inde-
pendent random variables, nor the one that the characteristic of the object is time-
invariant does seem to us to cover the whole real situation in pattern recognition.
On this reason, we make both of the above assumptions weaker in the following:
(i) the inputs are observed from dependent random variables with certain conditions,
(i) the characteristic of the object representable by an unknown real valued func-
tion defined on an input space may not be time-invariant but tends to a limit func-
tion as time become infinite. In the situation, it seems natural to us that a sequence
of the functions, which represent the characteristic of the object, converges to a
certain function in a course of infinite learning processes.

Thus, our problem is to construct an approximation to the limit function on
the basis of a pair of sequences of the inputs and the outputs. To solve this prob-
lem, on the basis of a pair of sequences of the inputs and the outputs we approxi-
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mate sequentially the limit function by a sequence of linear systems of linearly
independent continuous functions.

Our algorithm is an application of the method introduced by T. Kitagawa ri]
in the successive process of statistical control. This method, which may be called
modified stochastic approximation, was investigated by V. Dupa¢ [5] in detail.

This paper consists of six sections. In Section 2, we shall state several lemmas
[12] necessary for the proofs of main results in this paper. In Section 3, we shall
give the formulation of the problem. In Section 4, we shall investigate a method
of approximation to the limit function on the basis of a pair of sequences of the
inputs and the outputs. In Section 5, we shall be concerned with a method of
approximation in the case when the outputs of the object have noise.

§2. Preliminaries.

In this section, three lemmas are stated without proof in order to prove main
results of this paper. Let us consider an N-dimensional stochastic process {y"}:.,
and three sequences of non-negative real valued measurable functions {U,}5, {Va}o,
and {{,};.;, where each U, V, and £, are defined on R"Y. Then accordingly
(U o v, AV -, ) and {Ga(3Y -, 3™)}5., become again three stoch-
astic processes respectively. Let us write U, = U,(3", -, 3™, Vo= V,(3', -+, y*) and
Cn=1Cn(07, 3% -+, ¥™ for the sake of simplicity. We denote the expected values of
three stochastic variables U,, V, and £, by E[U,], E[V,] and E[{,]. Furthermore,
we denote the conditional expectations of three stochastic variables U,.,, V,., and
{ary given the random variables ¥, 2, .-+, ¥* by E[Unsq ], -, %0 EL Ve ¥, oo, 9]
and E[{,|y', -+, ¥"], respectively. .

In what follows, let {7,}7-, and {s,}7., be two sequences of real numbers. Now,
we introduce the fundamental conditions for three stochastic processes {U,}=.,,
{Vu}e-r and {Co}i:

(Al) E[U,] and E[V,] exist,

(A2) ELU., [y, -, 1S A+ ) Un—72V,+L, hold for all n,

(A3) Sy,=0 (7220, n=1,2,..),
n=1

A B u,l <o

(A5) There exists a sequence of positive numbers {M,}7., such that P[, < M,]

=1 for all n, and such that ﬁ M, < oo,
n=1

The following Lemma 1 and Lemma 2 were essentially proved in [127.

LEMMA 1. Let the hypotheses for three stochastic processes {U,}7.i, { V)2 and
{Cnlia1 be satisfied: (i) conditions (Al)~(AB) hold, (ii) lim 7o =0, (ii1) if there exists
a subsequence {ni}i.; of a sequence {n}y_; such that P[lim V,, =0]=1, then P[lim U,,

k00 k—o
=0]=1. Then, it holds that

PllimU,=0]=1 and LmE[US1=0  jor all 0<3<1.

n—we n—00

LEMMA 2. Suppose that a sequence of non-negative real numbers {a,}7., satisfies
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the condition: there exist a positive integer n,, two sequences of non-negative real
numbers {y, )5, and { A}z, such that ’

(21) Ay = (l_rn»:-l)an’:fln%vl ]‘Oi’ all n = My,
22 Nyn=co,
2.3) limy,=0,
(2.4) S A, < oo,

n=1

Then, it holds that lim a,=0.

Next, we state the lemma which was modified by V. Dupat [9] without proof.

LEMMA 3. Suppose that a sequence of non-negative real numbers {a,}=., satisfies
the condition: there exist a positive integer n,, two positive constants A and B such
that

2.5 ner = (1—A/n%a,+B/nt for all n=n,
2.6) t real number and 0 <s<1

Then, it holds that
limsup n*~*a, < B/A.

n—co

§ 3. The formulation of the problem.

In our pattern classification problems, the characteristic of the object is unknown,
while we can observe an input and the corresponding output of the object. Now
we assume that there exists a time-dependent real valued function defined on an
input space, which represent the characteristic of the object at each instant, and
that this function tends to a limit function as time become infinite.

Thus, our problem is to construct an approximation to the limit function on
the basis of a pair of sequences of the inputs and the outputs. An outcome in this
problem is denoted by a pair (x, ¥). The element x is an observable input and y is
an observable output corresponding to x. Let X and Y denote respectively an input
space and an output space. For the inputs x', x% ---, we consider a sequence

(xlv y1>’ (-xzy 3,2)’ o (xn» yn)’ Tty

where x*= X and y*= Y.

Here, we assume that y»" is expressed by a function of n and Xty =™,
while the true type of this function is unknown to us. We let &%= (x, x2, -, x™.
In what follows, we shall assume that, for each =, the transition probability distri-
bution of an observed sample value x™**' at instant n--1 given & at instant n has
the density function with respect to Lebesgue measure. We denote this transition
probability density function by p(x"+'|£"). Through this paper, we treat the case

when each transition probability density is unknown to the observer.
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§4. The construction of an unknown limit function.

In this section, we shall investigate the formulated problem in Section 3. In
advance, let us take a set of systems of linearly independent continuous functions
{em (0}, (n=1) defined on an input space X. At each instant n-+1, we would like
to approximate an unknown function f"*V(x"*!) by a finite series

A N
@D FErena|gn = 3 e v Eer )

which minimizes a quantity [,,, defined by

(4.2) Lpoy = EQ(ymt = fomn(xmet | £m)2 | £7]

= j.x()mﬂ—f(n»rl)(xnﬂ | En))zp (x n+1 \ gMdxntt;

where
2 : X 7 ¢ i
4.3) SR g = Ll cTHI(EM O™
=

and {¢**P(E™}¥, are unknown coefficients for £”. But we cannot find {c{Zz""(6™)}L,.
Hence, we shall reduce this problem to the problem of finding an algorithm by
which we can construct, on the basis of a sequence of outcomes (x?', ¥, (x? ¥, ---,
(x"»™, random variable ¢{”(&") (j=1,2, -, N) converging to c{R(£""") as n—oo in
some sense.

Now, in order to simplify the description we use the following notations:

(1.4 CPE) = (EP(ED, @, -, PED),

(4.5) CPE = (RE, @), -, CBE™),
(4.6) W = CPEN R @), =12, N,
A U™ =, ug, -, u),

(*48) O = e EH—cEE,  j=1,2 N,
(1.9) O™ =0, 0, -, 0%,

(#.10) PPN = (P, (M, e PG

where the prime of a matrix denotes its transpose. The norm |A| of a matrix A
and the inner product (A, B> of two matrices A and B are given as follows:

-

(4.11) (A BY=3 X auby
j=1 k=1
112 LAJ2=CA, AD

where a;; is the (j, k) element of matrix A and by is the (j, k) element of matrix B.
By differentiating I,., with respect to C“®*9(£"), equating the derivative to zero,
we would like to obtain, under some condition, a solution vector C¥™°(¢™ such that

(4.13) VC("H)]an — —2E[(,\’"'H—C;:’“j(f")ga(n“)(x“*1))90(""‘1)(x"+1)’ | En] — () s
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where F s is the gradient operator with respect to Ccor,
In view of the above argument, we shall construct the following algorithm with
a sequence of non-negative real numbers {y,},-, such that

(4.14) S o

n=1

(4.15) <o
n=1

Firstly, using an observed input x! and the corresponding output ' to x' at instant
1, we construct

C(l)(sl) — C(O)+;’1()'1—'C(m?m(xl))pm(.’c 1)/ ,
where C =0.

Secondly, using an observed input x® and the corresponding output »* to x* at
instant 2, we construct

CUE) = COE) 17— COE)p P (™ (x)

In general, using an observed input x"*' and the corresponding output y"*' to x"*!
at instant n-+1, we constructe

C(n+1}(,:;n+1) — C(M(En)‘wl‘)'mq( vn+1AC(n)(én)gp(rw:l)(xn+1)>¢(n+x>(xn+l)/ .
We state the following lemma concerning the existence of a solution vector
C PP (&™) such that
VC(n-H)[n—H =0.

LEMMA 4. Let the hypotheses be salisfied:
G px™ED >0 for all &1 and all x™ e X.
(i) {e" ()X, is a system of linearly independent continuous functions defined
on X,

(iii)

(4.16) ELIf D e (x™ )| |§"] <oco  for all i and n
@iv)

(417 EL o2 (xm ey (x ™) [ [§" ] <eo  for all 1,j and n.

Then, there exist a unique solution vector CLP(E™) and k(&™) >0 such that, for any

~
vector C={c,, -, Ccy), 2 c;=0,
i=1

(4.18) (CATED, Cy = Ry(EM|C1P> 0,
where A(n+1)(£:n) — E[go("“)(x"H);p("'“’(x"’f‘l)’ ‘ En]

ProOOF. It follows from (i) and (ii) that for any vector C=(cy, ---, cx), ﬁ c;#0,
. i=1
@19 (CAMVED, €)=

N

ci(j,‘» (Ipzkjn;1‘,(xn+1)(;;n+1>(xn-fl)p (x| f")d.’cn+1> ¢;

1=1 j=1

f

I

i=

i=1

X( 2 > g;n‘f])(.rn+])¢}ﬂ+1§<xn+l)cicj>p(JYn+1]En)dxn"i'l

—
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N 2
= [ (S reem) peena1g0dx > 0.
X Ni=l

Since ATFP(EM) is a positive definite matrix, there exist y(¢") >0 and R(E") >0 such
that

(4.20) 7EINC = (CA™T(ED, Cr = REMICT,

where y(£") and R(£") are respectively the minimum and the maximum eigenvalue
of the matrix A™(£"). Noting that A™+Y(£%) is a positive definite matrix, we can
obtain that A™*"(£") is a non-singular matrix. According to the above fact, we
have from (4.13)

(421) Cg;,ﬂ)(é‘-n):B<n+1}(EnJ(ALnT1\(En))4 ,
where B7#V(E™) = E[ f"P(x ™)+ D(x ™)/ | £"]. Furthermore, by letting k(&%) = y(£™),
we have (4.18). Thus, the proof of the theorem is completed.

Concerning these two random variables C™*V(€"+) and C ¢ V(£"), we have the
following theorems.

THEOREM 4.1. Let the hypotheses be satisfied :
@A px"EN >0 for all " and all x*' = X,

(i)
(4.22) EC /e 2m et ™| [§"]1<oo Jor all i

(iii) for all &", there exist two positive constants M and k, such that
(4.23) E[loi (™ Doy (™D |§" 1= M for all i and j,
(4.29) 0<ky=ky(E™,

where k(&™) is the minimum eigenvalue of a matrix A™+D(EM),
(iv) there exist three positive constants K,, K, and K, such that, for all n,

(4.25) Var[Y 0 |61) < K| U)K |0+ K,
where Y<n+1) — (yn"'l—c(n)(E")QD(HD(X n+1>)§o(n+l)(xn+1)/ and
Var [Y ™" ]=E[|Y ™Y —ELY ™[ ])*1&"]

(V) there exists a sequence of non-negative real numbers {M,};_, such that

(4.26) PllO™|P < rpeMa]=1
4.27) > M, < oo
n=1

Then, it holds that
PllimU™=0]=1, linq ELNU™)E5]=0 for all 0<B<1.

n—oe

PROOF. By the construction of C**V(&™+), we have
(4.28) CTP(EH)—CE(E™
=CPEN) 1 n (Y= CPEN TR (x M) QIR (x M) —C FFI(ET)
=CPEN—CPE ) H7an ELY 1M ] by (Y P —ELY 0 [E7])
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HOPEH—CE @
= CPEN—CPE ) (B EN O G ATEY)
eV O ELY TS SO E )~ C TG
= CTEN—CPE )~y (B E) - C G AT
SOYTEN AT = O ET AT (O E ) ATEY
—CEN AT G O ) —CEE) (Y = ELY 440 g0
S (CTE)CE G =7 AT EDHCPE)
—CETIENU~ Fans ATIEN £ (Y = ELY 7720,

where [/ is an identity matrix.
The equality (4.28) can be written in terms of U, U™, O™ as

(4.29) U0 = U=y A™EN) =07 (=, ATDED)
(Y P ELY 0 £0]).
Squareing norm of both sides of (4.29) and taking conditional expectation, we have
(430 ELIU 2287 = U P — ey ATHE) 2
SNOPU =7y ATTENNE L2 U T = g ATHPED)
O U=y AT PEN Y 475, Var [V )67,
By (4.23), (4.24) and (4.25), (4.30) gives us
“.31) ECNU ™ PEM ] = U U =7 na s AMRED, UM =7y ATED) )
FLOPU =1y ATFED), O~y ATFR(ET)
F2U MU=y ATHED, O =1 0y ATVED) D+ 75021 Var [Y HH0[E7]
= U PP =215 (UD, A™ENU ™ 45 [ U ATFREN
IO 271 O, ATIENOW )47 | O AT
F U P, U P ATDE, O, @ P ATE)
Ly Var [Y 740 9]
< U2k Uil U202 =27 10,0 O
F 73O P20, LU PO | =1 (KU PP+ K1 4 Ky
< (12 maaky 7heses - KD} U (Lpn(erH KD [0
26 U0+ riiFs,
where ¢, and ¢, are some constants. Noting that
26U O™ < 7 asikol U™ 12+ (c3/ k(IO 2/ )

and using (4.31), we have
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(432) ELIU 18] < {1 piile =k U™ kg [ U0
{1 KOO (3 k) (O P ) =1 K
Lrn%x — “ L;zn.H\H-z’ Vn — H U’:ﬁnj‘Hz’ ‘Un — 7‘?,_1((?1 b KJ and :n — {1 . 7;31*1((1 L A’z) } iw @r:n) Hz

=3/ kO™ )73 K, satisfy (AD)~(A5) and (i), (ii), (iii) of Lemma 1 by (4.14),
(4.15), (4.26), (4.27) and (4.32). Therefore, by Lemma 1, it follows that

POim U™ =0]=1 and lim E[[U™[*]=0, for all 0<3<1.

Furthermore, taking the unconditional expectation on both sides of (4.32), we have
(4.33) ECNU™ PP = {1 =ypakotraalc - KDYEL U™ (%]
A1y K ELINOT I3/ R)ELIO™ 1/ 1 nsd) 751K

a,=E[|U™|*] and A,= {1+ y5ube,+K)}ECIO™*] —(c3/R)(ELIO 1P/ 7 ns) + 75Ky
satisfy (2.1), (2:2), (2.3) and (2.4) by (4.15), (4.26) and (4.27). Therefore, by Lemma 2,
it follows that

im ECJU™]=0

n—o<

Thus, the proof of the theorem is completed.
We have the following theorem concerning the order of mean convergence.
THEOREM 4.2. Suppose that the conditions (i), (i), (iii), (iv) of Theorem 4.1 and

(4.34) re=a/n", a>0, % <a<l,

(4.35) E[|O™|*1=0(n"%), w>a,
where the notation f(n) = O(g(n)) means limsup|f(n)/g(n)| < cc. Then,
O(n——z(mfn)) lf w < g o
ECIU™*]= 3
omn= if o= 5 a.

Proor. By (4.33), (4.34) and (4.35), there exist a positive integer N and three
positive constants C,, C,, C, such that for all n = N

(4.36) ECIU™P|T = A= Cy/nE|U |21+ Cof n* 4 Cy .
Consequently, we have for w <,:23 a

4.37) ELNU™PIPI=(1—=Cy/nDEL| U™ |2 ]+C,/nP-°
and for w;j—g o
(4.38) ELNU PP <(A—Cy/nELU ™2 ]+ Cs/n%,

where C, and C, are some constants.

Thus an application of Lemma 3 for a,= E[|U™|*] gives us the result of the
theorem.

ExAaMPLE 4.1. We consider an algorithm with a sequence {1/n}7., and a model
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which satisfies the following conditions:
(i) an input state space X is a bounded closed subset of R™
(iiy /*=s*=...=7 is defined on X and a bounded function
(i) pa™ 1t EM = p(x™ 2™ >0 for all x™! and x" = X
(iv) for some probability density p(x) (p(x)>0 for all xe X) defined cn X,
there are two positive numbers C and « such that
for all x"= X

(4.39) P D —p (| = C/ =Dy

Suppose that, at each instant, a system of linearly independent continuous func-
tions {¢,(x)};L, defined on X is given.
In this case, by (iv), 4= E[¢(x)¢(x)] is a positive definite matrix and for all i
and J
C

(1.40) ELe (™ (x ™) x "]~ Elo,(0)¢ (0] = (n 7‘"11)1,‘.,\
(44D ELS 0 e 1 - ELS e 0] = G

where C, and C, are some constants and ¢(x)==(¢,(x), ---, o). From (4.40) and
(4.41), there exist two positive constants C, and C, such that
(142 AT = AP G/
(4.43) GBTE (e —BiE < C, /(- 1)FE
\Vhere 4_1 n»fP(x n) — lL]‘ EC(Y /1»{-1)9:(_‘_ fz»;l)/ ‘ X n]’ BJI-;—D(x n‘) — E[./J‘Ln-:—l,(x ”"Al)g’/‘(.\' /1+1>' 'l X n] and
B=E[7(x)¢(0)].
In view of the above argument, there exist a positive integer .\,, two positive
constants k£, and C such that for all n= N,
(4.44) O =0T O = /()
(4.45) 0 <k, <k(x™,
where £,(x") is the minimum eigenvalue of the matrix A" V(x")=E[@(x"Ho(x™1) | x "],
Furthermore, from (4.42) and (4.43), we can easily obtain for all n= A,

(1.46) Var [ ix"] = K U™ P+ K,
where K, and K, are some positive constants and .V, is some positive integer. Thus,
the results of Theorem 4.1 hold.
EXAMPLE 4.2. We consider an algorithm with a sequence {1/n°}7_, ( é <a<1)
and a model which satisfies (i), (ii), (iii) in Example 4.1 and the following condition :
(v) for some probability density p(x) (p(x)>0 for all xe X) defined on X,

(1.47) DE )= =0 ), 0>«

is true for all n.
Suppose that a system of linearly independent continuous functions {¢,(x)1¥,
defined on X is given.
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In this case, we can easily obtain, from the conditions of the example,

(148) E[1071#]= 00 )
(449 0 <hky<h(x") for all n= N
and

(4.50) Var [¥ ™ | x'] < K, U ¢ K,

where k,, K, and K, are some positive constants and .\" is a positive integer. Thus,
the result of Theorem 4.2 holds.

§5. The construction of an unknown limit function in the presence of noise.

In this section, we shall consider the same problem as Section 4. An algorithm
used by us is the same form as the algorithm in Section 4.
However, the corresponding observed output to an input x* at each instant 7 is

G.1)

Ny __ 4
="+

2

where a random variable ¢ depends on only x™.

This random variable " is called a noise random variable. Now, according to
the argument of Section 4, we use the following algorithm with a sequence of non-
negative numbers {y,};., such that

(52) 7?1 Tn -
G.3) glr?, <o

Firstly, using an observed input x' and the corresponding an observed output 7%
=y'+¢! at instant 1, we construct

C“)(El, al) — C(O)__:_A/.](}—,CIJ;C(W‘(:CIJ(_Y 1))9,/.{1)(x 1)/ s

where C“ =0, £'=x' and a'=c.
Secondly, using an observed input x*and the corresponding an observed output
F® =1y%1¢* at instant 2, we construct

C(Z)(EZ, a?):C(D(El’ a1)+T2(T<2>—CCI> 51, al>¢i2)(x2))9;(2)(x2)/ s

~2

where &2 =(x?, x? and a®= (¢, .
In general, using an observed input x"*' and the corresponding an observed
output " at instant n--1, we construct

CHPE, @) = CPET, @) (TP —CPE, @)
. O(n-x—l)(xn-i-l»ofn‘Tl‘(xna«l)/
where £"7 = (x', x% -+, x™") and a™t = (!, &, ..., "),
Concerning these two random variables C'(£7"') and C“(¢", «”) we have the

following theorem.
THEOREM 5.1. Let the hypotheses be satisfied :
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1 p(x"EMN >0 for each & and all x"'e X

(ii)
(54) E[‘f‘ni—l)(x71»1«1)(“9;7:+1.('\.n+1)} \571] < oo ./:07' all 7 (Z?Z([ n,

(1i1)  for all &%, there exist two positive numbers k, and M such that
(5.5) Ellomd(xmhert(x™ N [§" 1= M for all i and j
(5.6) 0 <k, < hy(EM for all &m
where k(E™) is the minimum eigenvalue of a matrix AT™P(E™), (iv) there exist three
non-negative constants K,, K, and K, such that

(5-6) Var [Y V&% @] < KU ™2 K| 0+ K, ,

u,hel,e LT(n)jC(n}(Sn} a")*'cgéﬂ(f'ld), @‘ZnﬂjCiéll(sn—l)_céélfﬂ(;:n), }MH_H'\:(y’H‘l*C(n)(En,
an)p(ﬂ-t-l.‘(xH+l))99(n>rl)(xn%l)/ and Var [Y(’l"rlj"E”] an]f;E[H Y(H-}-—U_E[Y(H‘TU\EH’ an]“zlfg-n’ an:l'
(v) for each noise random variable &"

(5.8) Ele*|x*]=0
and there is a positive constant K such that
(5.9 EfE)* | x"]= K.
(vi) there is a sequence of non-negative real numbers {M,},;., such that
(5.10) PLIO™|? = ypeM,]=1
G.11) 21 M,<oo.
Then,

Pllim U™ =0]=1, HH}E[HU(")HZ"S]:O Jor all 0 <8<1.

PROOF. By the construction of C(&"+!, a™*'), we have
(5.12) CTHREMH, am ) —CgThEY

= CE @)= CYIIEN F Paaa (T = C P (E @ ) g (e

= CTE A —CPE (3O, atp )
G (Y L P O ER

=CPE", a)—CPE D)=y (BTPED—C™M(E", a) ATTH(ED)
—CEEH—CEIE) Fyan(Y TP =ELY Y, a”]
LR (1Y)

= CPE, @)=Y ) (B E) — CEVENATIE
HCETENATIEN —CPEHATIEN FCPEHATIED
—CPE AN AT EN FCREH—CEIE)
(Y O ELY

én, an] %7En+lw(n+l)(xn+l>/)
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- (C :,l;(g»-n’ C(”)*C;;f\'(5"7l))([**'{'m-lA[n"“l\(f'l»f(C;é}"(fnﬂl)
I ENU— s AT EN (Y = ELY (€, @]
S eszlpin-%-lj‘(x n»;—l)/)

where [ is an identity matrix.
The equality (5.12) can be written in terms of U, U™ O™ as

(5.13) U0 = U (=7 e A" EN+O =7 ey AT(ED)
Firnaa(V O ELY 00, @] et g ()
Squareing norm of both sides of (5.13) and taking conditional expectation, we have
(.19 ECHU ™ ar = U™ U —7 s ATED
IO =y ATVEN P2 U T =y AT ED)
O (I =7 s AT EN) ) 2 (Var [V 770187, o]
FELfemomienty |2, o),
where the expectation is taken with respect to the probability distribution of (x"*,
). By (B5.5), (5.6), 5.7, (6.8) and (5.9), we can easily obtain
(.15 ECU™ Y arl < A=27puikot7aac) U™
(e ) [0 26,1 U 10
UGN U P P KO P KD+,
where ¢,, ¢, and ¢, are some constants.
Noting that
2e, | UPNO ™| = 7 naako| U NP +(c3/ RO 1)
and using (5.15), we have
(5.16) ECIUT e am] = {1+y0a(e+ KD H U™ P =1k U
AL (e KOO (c3/ k) UO™ I 1 nsed) + T (B 0)

Upey = 1O, V= U™, py=rhae,+ K)  and L= {14750 - K)}IO™?
(Y RO w1 (K tcy) satisfy (AD)~(A5) and (i), (i), (iii)) of Lemma 1 by
(5.2), 5.3), (5.10) and (5.11). Therefore, by Lemma 1, it follows that

P[limU‘m:O]fl and 1irpE[HU<">H2‘9]:O for all 0<3<1.

Furthermore, taking the unconditional expectation on both sides of (5.16), we have

G.17) ECIU ™ < (L= nasky 75 (0 KOVEL| U]
U7l KDY ETIO™ 21+ 63/ k) E O™/ )
(B tey) .

a,=E[U™" T and Au= {1475, - K} ETIO™ P I4H-(c/ R)(ETNO ™/ ne ) 7 (Kt )
satisfy (2.1), (22), (2.3) and (2.4) by (5.3), (5.10) and (5.11).
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Therefore, by Lemma 2, it follows that

lim, E[iU™1P]1=0.

Thus, the proof of the theorem is completed.

REMARK. We can easily obtain the similar result to Theor:m 4.2 concerning
the order of convergence with respect to E[|U ™|*].
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