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   § 1. Introduction and Summary. 

   In recent years, many authors have found various methods of constructing the 

adaptive system for the pattern classification problems. In such methods, they 

assume that the characteristic of the object can be represented by a single time-
invariant real valued function defined on an input space, whereas the true type of 

the function is unknown to them. They give several methods by which the above 

function can be constructed on the basis of a pair of sequences of independent ob-

served inputs, whose distributions are unknown, and of the corresponding observed 

outputs. 
   These learning theories were developed mainly by two types of approach. One 

is the method of potential functions by M. A. Aizerman, E. M. Braverman and L. I. 

Rozonoer under certain conditions ([1], [2], [3], [51), another an application of 

stochastic approximation theory by Ya. Z. Tsypkin. ([3]) He tried to approximate 

the unknown real valued function by a linear system of linearly independent func-

tions. 

   However, neither the assumption that the inputs are observed from the inde-

pendent random variables, nor the one that the characteristic of the object is time-
invariant does seem to us to cover the whole real situation in pattern recognition. 

On this reason, we make both of the above assumptions weaker in the following : 

(i) the inputs are observed from dependent random variables with certain conditions, 

(ii) the characteristic of the object representable by an unknown real valued func-
tion defined on an input space may not be time-invariant but tends to a limit func-

tion as time become infinite. In the situation, it seems natural to us that a sequence 

of the functions, which represent the characteristic of the object, converges to a 

certain function in a course of infinite learning processes. 

   Thus, our problem is to construct an approximation to the limit function on 
the basis of a pair of sequences of the inputs and the outputs. To solve this prob-

lem, on the basis of a pair of sequences of the inputs and the outputs we approxi-
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mate sequentially the limit function by a sequence of linear systems of linearly 

independent continuous functions. 

   Our algorithm is an application of the method introduced by T . Kitagawa [11] 
in the successive process of statistical control. This method , which may be called 
modified stochastic approximation, was investigated by V. Dupae [5] in detail. 

   This paper consists of six sections. In Section 2, we shall state several lemmas 

[12] necessary for the proofs of main results in this paper. In Section 3, we shall 

give the formulation of the problem. In Section 4, we shall investigate a method 
of approximation to the limit function on the basis of a pair of sequences of the 

inputs and the outputs. In Section 5, we shall be concerned with a method of 

approximation in the case when the outputs of the object have noise . 

   § 2. Preliminaries. 

   In this section, three lemmas are stated without proof in order to prove main 
results of this paper. Let us consider an N-dimensional stochastic process yn};,'__=i 
and three sequences of non-negative real valued measurable functions 117nr,;'=1 
and {C,}',M, where each Un, V, and 5„ are defined on R" x. Then accordingly 

 Un(yl, ••• , yn)},-;=,, { V„(yl, ••• , yn)};,-=, and {C„(y', ••• , V)}n, become again three stoch-
astic processes respectively. Let us write Un = Un(Y1, ••• Yn), V,i = 177,(Y1, • • • , yn) and 
CT, = Cn(Y1, yn) for the sake of simplicity. We denote the expected values of 
three stochastic variables Un, 17,,, and Cr, by E[Un], E[Vn] and E[Cn]. Furthermore, 
we denote the conditional expectations of three stochastic variables U„ .„ V„+, and 

Cn+i given the random variables y', y2, , yn by FEU7H-ilY', •-• , E11772+1 yl, • •• yn] 
and E[C, lyi, ••• , yn], respectively. 

   In what follows, let {7-7,},7_1 and {itn}`,;'--1 be two sequences of real numbers . Now, 
we introduce the fundamental conditions for three stochastic processes 

 17,1;,%1 and {L:,}7,, : 

   (Al) E[Ul] and EIVil exist, 

   (A2) E[UT, -1- , yn] (1-hten)Un—r07,1,-C, hold for all n, 

   (A3) E 7,= 0, n =1, 2, •••), 

   (A4) E tin < 00, 
                  n=1 

   (A5) There exists a sequence of positive numbers {AIT}n,z, such that Pp:, 

=1 for all n, and such that E < co. 
                                                 n=1 

   The following Lemma 1 and Lemma 2 were essentially proved in [12]. 

   LEMMA 1. Let the hypotheses for three stochastic processes {U,}n_1, { V,R=1 and 

{c:„}„°=, be satisfied: (i) conditions (A1),,,(A5) hold, (ii) urn 0, (iii) if there exists 

a subsequence { of a sequence {n}n=, such that P[lim Vnk = 0] =1, then P[lim U „ 

= 0]= 1. Then, it holds that 

          P[lim Un = 0] =1 and lirn Eiuqi= 0 for all 0<,3<1 . 

   LEMMA 2. Suppose that a sequence of non-negative real numbers faX_ _,, satisfies
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the condition: there exist a positive integer n, two sequences of non-negative real 
numbers {7,};,'=1 and {2471};7-1 such that 

(2.1)a„,�- (1—ro-1-0ao-H- Ao-1.1 for all n� no , 

(2.2)E in= , 
                                       n=l 

(2.3)lim in-0 , 

(2.4)E An < (Do . 
                                       o=1 

Then, it holds that lim an= 0. 

   Next, we state the lemma which was modified by V. Dupa'é [9] without proof. 
   LEMMA 3. Suppose that a sequence of non-negative real numbers {an}r,=, satisfies 

the condition: there exist a positive integer n0, two positive constants A and B such 
that 

(2.5)an, (1— A/ns)an+B/nt for all n, 

(2.6)t real number and 0 < s < 1 

Then, it holds that 

                           limsup n'an�BIA.

    § 3. The formulation of the problem. 

    In our pattern classification problems, the characteristic of the object is unknown, 

while we can observe an input and the corresponding output of the object. Now 

we assume that there exists a time-dependent real valued function defined on an 
input space, which represent the characteristic of the object at each instant , and 
that this function tends to a limit function as time become infinite . 

   Thus, our problem is to construct an approximation to the limit function on 

the basis of a pair of sequences of the inputs and the outputs . An outcome in this 

problem is denoted by a pair (x, y). The element x is an observable input and y is 
an observable output corresponding to x. Let X and Y denote respectively an input 

space and an output space. For the inputs x1, x2, ••• , we consider a sequence 

                         (x y 1), (x2, y2), n yn), 

where xn E X and yr' E Y. 

   Here, we assume that yn is expressed by a function of n and xn : yn= f(n)(xn) , 
while the true type of this function is unknown to us. We let sn = (x1, x2, x n). 
In what follows, we shall assume that, for each n, the transition probability distri-

bution of an observed sample value xn÷' at instant n+1 given n at instant n has 

the density function with respect to Lebesgue measure. We denote this transition 

probability density function by p(xn÷i I en).Through this paper, we treat the case 
when each transition probability density is unknown to the observer.
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   § 4. The construction of an unknown limit function. 

   In this section, we shall investigate the formulated problem in Section 3. In 
advance, let us take a set of systems of linearly independent continuous functions 
{2;"'(x)} X, 1) defined on an input space X. At each instant n+1, we would like 
to approximate an unknown function f(n+1'(xn+1) by a finite series 

(4.1)p,r1)(x n+1 E c2r4H-1)(n)c,,,ni-1)(x n+1) 
                                                                  =1 

which minimizes a quantity I„,_, defined by 

(4.2) = EI(Yn+1—.102+1)(xn+11n))21zni 

                              (yre+1 (n+1)(xn+1 en))2p n+1 ndx ; 

where 

(4.3) (n+1)(xn+1 7t) E cp-I-1)(n)co;n1-1)(x n-1-1) 
                                                              i=1 

and {671-1-1)(Mf:, are unknown coefficients for n. But we cannot find {c}*+"(nfiv=1. 
Hence, we shall reduce this problem to the problem of finding an algorithm by 
which we can construct, on the basis of a sequence of outcomes (x1, y1), (x2, y2), ••• , 

(xn yn), random variable c(in'( n) (j = 1, 2, ••• , N) converging to cy,12(n-1) as n 00 in 
some sense. 

   Now, in order to simplify the description we use the following notations : 

(4.4)C`n)(n (cin)(n), c1)(c'n), , c(0( n)) , 

(4.5)C r("--1) (c17*')(n-1), c`.4(n-1)) 

(4.6)up) = c(1"(n)—c(14,) (Sn-1) , j =1, 2, ••• , N, 

(4.7)Um= (ttin), uP), ••• , u(:;!)), 

(4.8)Op) cA) (12-1) c(A,,1)(71) j 1, 2, , N, 

(4.9)e(n)=(ei"), on), 

(4.10)SO(n)(Xn) (Yin) (Xn), 0)(Xn), C4)(Xn))/ 

where the prime of a matrix denotes its transpose. The norm 112411 of a matrix A 
and the inner product <A, B> of two matrices A and B are given as follows : 

(4.11)<A, B> = E E aikbik 
                                                              j=1 k=1 

(4.12)11A 112 = <A, A> 

where aik is the (j, k) element of matrix A and bp, is the (j, k) element of matrix B. 
    By differentiating irt, with respect to C"÷1)(M equating the derivative to zero, 

we would like to obtain, under some condition, a solution vector CV-1)(n such that 

(4.13) ren+11„,_1— —2Ei(y—'—c÷1)(n)co'n+1)(x-1))socn+1)(xn-FTIni =0 ,
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 where GC(„,) is the gradient operator with respect to Cr'''. 
   In view of the above argument, we shall construct the following algorithm with 

a sequence of non-negative real numbers {r,}, such that 

(4.14)E rn= co , 
                                                             n=1 

(4.15)E < cc 
                                                         n=1 

Firstly, using an observed input xl and the corresponding output y' to xl at instant 

1, we construct 

                     C(1)(V) = C")--Fr1(Y1--C")so")(x1))so")(x1) 
where C")= 0. 

Secondly, using an observed input x2 and the corresponding output y2 to x2 at 

instant 2, we construct 

                 c-,(21(v) C (1)(V) + 7,2(y2 (1)(V)9(2)(x 2))9(2)(x 2)/ 

In general, using an observed input xn÷1 and the corresponding output yn÷i to xn÷1 

at instant n±1, we constructe 

                          cri)(n)i_r n+,(3,7H-1 coo(n)so(ni-i)(xn+i))9(n+i)(xn+i), 

   We state the following lemma concerning the existence of a solution vector 

C,r1'(n such that 

                                              c(n4.1)/n4.1 — 0 . 

   LEMMA 4. Let the hypotheses be satisfied: 

    (i) p(xn+1171)> 0 for all '-71-1 and all xn+1 e X. 

   (ii) {W+1)(x)}N1 is a system of linearly independent continuous functions defined 
on. X, 

  (iii) 

(4.16)EL Ifni-1)(xn+1)Cicn+"(xn+1) I In1< co for all i and 71 

  (iv) 

(4.17)ELI co,(72+1)(x n-1-1)+1)(x n+1) < onfor all i, j and n . 

Then, there exist a unique solution vector C:-.-')(en) and ko(71)> 0 such that, for any 

vector C (c1, • • • , cN), E c 0, 
                                   i=1 

(4.18)<CA'(71), C> z 0(n)11C 112 > 0 , 

where A(71+1)an)= E [9(71-1-1)(x n+1)9(n÷l)(x n÷ly 

   PROOF. It follows from (i) and (ii) that for any vector C= (c1, ••• , ci,), E cZ 0, 
                                                                                                                       i=1 

(4.19) <CA(n+1)(n), C>= E E c,(f(xn-hi,en)dxn÷1)c 
                              i=1 j=-1X 

                                N 

                                      c.,TH-1)(x n+l)cp(n+1)(x n+l)cic3.)p71+11 i't)d 
                                       Xi=1j=1
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                              E cico;n7 1)(x n+1))p-r                                                         n1xtc+1 >  0
. 

                                   X i-1 

Since A n+"(e) is a positive definite matrix, there exist r(en)> 0 and R(e")> 0 such 
that 

(4.20)r(nlIc112 R(n)IIC 112 

where rGn and R(en) are respectively the minimum and the maximum eigenvalue 
of the matrix A'n÷"(n. Noting that A'n+1)(,;7) is a positive definite matrix, we can 
obtain that A(n+1)(en) is a non-singular matrix. According to the above fact, we 
have from (4.13) 

(4.21) +1)(n) B1n1-1i(V9(xn+1)(n))-1 

where M".")(en)= EL f(n+1)(xn+l)so(n+1)(x nn' -n-.                                          Furthermore, by letting k0(n)=-1(71), 
we have (4.18). Thus, the proof of the theorem is completed. 

   Concerning these two random variables c(n+i)(en+') and crve), we have the 
following theorems. 

   THEOREM 4.1. Let the hypotheses be satisfied: 

    (i) p (x > 0 for all en and all x"-" E- X, 
  (ii) 

(4.22)ECfn+1)(X n÷l)C°n+1)(X n÷1) I len] <nofor all i 

   (iii) for all en, there existtwo positive constants lvi and k, such that 

(4.23)E[ I co"+1)(xn61)TP+1)(x"-1) I I fl'1 M for all i and j, 

(4.24)0 < ko -ko(V1), 

where k0(en) is the minimum eigenvalue of a matrix ifn+1)(V1), 

   (iv) there exist three positive constants K1, K2 and IC, such that, for all 12, 

(4.25)Var [Y(71+1) u(n)112-+K2110(n)112±K3 

where Y'n÷1) = (yn.-1-1 c(n)(n)co(n+1)(x n+1)*(n+1)(x n+l)' and 

                 Var CY(n+1) I fl.1 ELI Pn+1)—ECY("1) 

   (v) there exists a sequence of non-negative real numbers {M,}r=, such that 

(4.26)PElle'112 rn,,Azini =1 

(4.27)E Mn < co • 

Then, it holds that 

         P[lim PT') = 0] =1 , lim u(n)112,3i=0 for all 0 < t3 1 . 
                n—, 

   PROOF. By the construction of c(n-i-i)(n+i), we have 

(4.28) c(n+i)(7/.+1(j/-1-1)(1) 

                C(n)(n)_Frii+i(yn-1-1c(n)(n) (n+1)(x n+1))9(n+1)(x n÷l)iCV-1)(n) 

              = C(n)(n)—Cr(V1-1)+rn4 -1E I (n+1) I 71.1-1-rn4-1(17 (n+1)—E Y (n+1)
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                   -1L-C1)(-="-1)—C71:1'1(::fn) 

               = C'n)($2)—C;')($72-')'-/-2 -1-1(an'"(:-.:'n)—CK"'(e")-4'"($")) 

           1(y-Cn+1)E9r1; -n 

                  c(n)($n)ci<n)($72-1)___•._1(B(n-i-1)(/`;:n)CrP(,n)A(7H-1)($/t) 

                   Cv1)($n)_4;7,±1:,($n)(--,;?)($72,-1)AC7/-W($n)+c,,,,)($72-1)A(77+11)($n) 

                —C")($7)A("1'(;tn))+C(;'($n-1)—Cr"($n)-- ,--7,÷1(Y("1)—ECIT('-'1)1$ni) 

               —C4'($n»(I7 ,+,A(''1)($71))--r„i(1('—ECY(')1ni) 

where I is an identity matrix. 

   The equality (4.28) can be written in terms of ti("-'), LI(71), an) as 

(4.29)u(n-H) n rn+ jn-;1)($n)) 0,,,(1 n, 1A(n÷1)($79) 

                          --,--in+107'+"—Eir:"uleni) • 

Squareing norm of both sides of (4.29) and taking conditional expectation, we have 

<4.30) ED1U(n+1)112 1 $111 — u(n)u—rn+1A(n-1-1)($n))112 

                           ± e(n)(I —7„-IA(n÷1)(n))112 +2< U 2(I — „iA(n+1)(en)) 

                                                      Var CY(n"")Ini • 

By (4.23), (4.24) and (4.25), (4.30) gives us 

(4.31) EDU(n+1)112 1 = < U'U—rn+1/1(n÷1)($n), 

               ±<enr—r„,1xn+')(7), oni—in+1A(71+1)($n)) 

               ÷2< u (n)(I —1 ,±1=-1("+"(,:-71),e(n)(I —1„,A("i)(n)))+y-',+,\I aril/ ("1) $ni 

              = 11 U(n) 112-27.n.4_1< 4(n+)a.:_-n)u(n)>r2;7, u(n)A(n+1)($12)112 

              +116(a)112-2rn+1<e(n),A'n+1)($n)e,n)>÷2-+ille(n)A(n+i)();-)112 

                +2< L,T(V in+1u(n)A(n-1-1)(n), 

               ^Var [37(71÷" 

           •U(n)112 U (n)112+?i+1(1,11 U (n12+ Ilun)112 —27.„,,koli en 2 

              -H-7 ,ile(n)1124-2c,ilu(n)1111e(n)i÷f-;-,-;-1(1Cill(n)12K211un)112 K3) 

            •{1-27.,_„k0-+-7,1(c1÷1(1)} Iti(")112÷{1H--(7,+,(c1+1-0}110(")112 

            ±2c211 (71)11110(n)11+2i +X, , 

where c1 and c2 are some constants. Noting that 

               2c211Pn'Illlun'll 5 rnirik,AU(n)12-d--(cyko)(11(P)112/rn+i) 

and using (4.31), we have
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(4.32) 

      1-1'n+l'r.2, p, T(c1-=,- K1) and `c:n= {1 K2)} O'n) 
 -(c:ilko)(110`n1211,J+ii.t1K, satisfy (A1), (A5) and (i), (ii), (iii) of Lemma 1 by (4.14), 

(4.15), (4.26), (4.27) and (4.32). Therefore, by Lemma 1, it follows that 

        P[lim LTE"'=01=1 and urn = 0 , for all 0<i3<1. 

Furthermore, taking the unconditional expectation on both sides of (4.32), we have 

(4.33) ELI rn+1)1121 {1—rii-l-iko+f;',-,-1(ci+KO}E Ell U'112] 

              +11-Hi,-1(ci-HKDIELle'121+(cyko)(E1110'1121/2-,;-1)+7;;_IK3 

an E rn)In and An= {1 7i+1(c1-i-K2)1E e` n121 +(c)/ko)(EUe'n'1121/rn-t-i)-hr,_,K, 

satisfy (2.1), (2.2), (2.3) and (2.4) by (4.15), (4.26) and (4.27). Therefore, by Lemma 2, 
it follows that 

                         lim u'n'112i = 0 

Thus, the proof of the theorem is completed. 

   We have the following theorem concerning the order of mean convergence. 

   THEOREM 4.2. Suppose that the conditions (i), (ii), (iii), (iv) of Theorem 4.1 and 

(4.34) a/na a> 0, -2 <a<1, 

(4.35)Er110(n)ri 0(n-2°') , w> a , 

where the notation f(n)=0(g(n)) means limsuplf(n)/g(n)j<cc. Then, 

                         0(71-2"3"-a)) if co <2 a 
               ELI u,n12] 

                            O(r') if w-3a.                                       2 

   PROOF. By (4.33), (4.34) and (4.35), there exist a positive integer N and three 

positive constants C1, C2, C3 such that for all n �_N 

(4.36)EUIP'1)112] (1—C1lle)EUU`nT1q-C2/112'-i-C3/71.2"-' • 

Consequently, we have for co < 23 a 

(4.37) UCn+l) � (1 — Ci/na)E U (n)I121+ C4/n2w 

and for co - a 

(4.38) ECII U`'1121(1—C1/0)EEU'Iri+C,/n', 

where C4 and C, are some constants. 

   Thus an application of Lemma 3 for an= EEILI(n)1121 gives us the result of the 

theorem. 

   EXAMPLE 4.1. We consider an algorithm with a sequence {1/n}1 and a model
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which satisfies the following conditions : 

    (i) an input state space X is a bounded closed subset of I?' 

    (ii) = ••• is defined on X and a bounded function 

         p(x"-1")=p(x"."1.1:2)> 0 for all x"+1 and x2 X 

   (iv) for some probability density p(x) (p(x)> 0 for all X E X) defined cn X, 
there are two positive numbers C and a such that 

for all x" X 

(4.39) 

   Suppose that, at each instant, a system of linearly independent continuous func-
tions {y,(.1-)}1, defined on X is given. 

   In this case, by (iv), A= E[c.,(x)(x)'1 is a positive definite matrix and for all i 

and j 

                                                                                        , (4.40) E[yi(in•'1)C.7i(X".")21--E ECOi(X)C%j(X)]                                                                        C-±-1)• 

(4.41)'ErEGO] ,-, - 

where C1 and C. are some constants and C=(x)=-- (C;i(x), ••• C-;'.\-(x)Y. From (4.40) and 

(4.41), there exist two positive constants C3 and C, such that 

(4.42) ")— it 2 C3/(72÷1)2""' 

(4.43) , 

where A. "+"(.17 = EIC;.(XmH)C;(-1-2''')/ B'12÷1'(x77)=Err"'( -17"-H)C5(xn.'1)1 x '1 and 
B=Erf(x)y(x).'1. 

   In view of the above argument, there exist a positive integer N1, two positive 

constants leo and C such that for all N, 

(4.44) C/n2(1H--a) 

(4.45)0 < ko <ko(Y"), 

where k,-,(x") is the minimum eigenvalue of the matrix AL"-'n(x")=E[cp(xn-'1)c)(x'1 51)1 x n]. 

   Furthermore, from (4.42) and (4.43), we can easily obtain for all a�N, 

(4.46)\Tar [Y(''-"x"]_ K1 U(71)112+K., , 

where K1 and K. are some positive constants and N2 is some positive integer . Thus, 
the results of Theorem 4.1 hold. 

   EXAMPLE 4.2.We consider an algorithm with a sequence11/0};;'.,1<a<l) 
and a model which satisfies (i), (ii), (iii) in Example 4.1 and the following condition : 

   (v) for some probability density p(x) (p(x)> 0 for all x E X) defined on X, 

(4.47) p (yn;ilx.72) p(x ,z+i) 1 2 0012,1, w> a 

is true for all a. 

   Suppose that a system of linearly independent continuous functions {coi(x)}iv 

defined on X is given.
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    In this case, we can easily obtain, from the conditions of the example, 

(4.48)EPO -11;'21---= 0(n-2-) 

(4.49)0 < k0(x2) for all 72 % X 

and 

(4.50)Var 711 < Ur ;2; 2 Ko 

where ko, K1 and K2 are some positive constants and A- is a positive integer. Thus, 

the result of Theorem 4.2 holds. 

   § 5. The construction of an unknown limit function in the presence of noise. 

   In this section, we shall consider the same problem as Section 4. An algorithm 
used by us is the same form as the algorithm in Section 4. 

   However, the corresponding observed output to an input xn at each instant n is 

(5.1)5( n) yn Hn 

where a random variable '.71 depends on only xn. 

   This random variable En is called a noise random variable. Now, according to 

the argument of Section 4, we use the following algorithm with a sequence of non-
negative numbers {r,}=„', such that 

(5.2)E r n = 
                                                               n=1 

(5.3)E rr < 
                                                           n=1 

Firstly, using an observed input x1 and the corresponding an observed output 5(1) 
=y1+E' at instant 1, we construct 

                    ccucvya1)___ C0)+7.1(5(1)C(0;,.,(1)(x 1))c)(1)(x 1), 

where Cm-----0,xi•and al = 

   Secondly, using an observed input x2 and the corresponding an observed output 

5(2) ),2_,_2        1-E at instant 2, we construct 

                    a2) ;1)(V, al) +12((2) C(1)(-1, al)c_,(2)(x 2))c(2)(x 2)1 , 

where 2 = (x1, x2) and cr2=(s1,s2). 

   In general, using an observed input x"±1 and the corresponding an observed 

output y(n-1) at instant n-F-1, we construct 

                            an+i)Cm(cny an)+2„,„i(ri-1)CCn)(e...tn, an) 

                               c.,(n-1-1)(xn+ly 

where 'e-" = (x', x2, ••• , xn'-') and a.'" = (El, E2, En+1). 

   Concerning these two random variables C 71(n-1) and C(2)(;=2, an) we have the 
following theorem. 

   THEOREM 5.1. Let the hypotheses be satisfied:
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 p(x"±l ;=n) > 0 for each and all x'+' w X 
  (ii) 

(5.4)ELf-1-                    n1)(xn.1-1)172<for all i and 72 , 

   (iii) for allctn, there exist two positive numbers k, and Al such that 

(5.5)E[1c)"÷"(x n'-')yP-'1'(xn+1) $n] M for all i and j 

(5.6)0 < ko _,_ko(n) for all 

where k3( n) is the minimum eigenvalue of a matrix A(71+"($n), (iv) there exist three 

non-negative constants K1, K2 and K3 such that 

(5.6)Var [17'7'1'1$', an] K1)U'112+1(21I P112+K3, 

where u(n)_(-7(,)($,, an) C(7,i)(,,;:_-2-1),ecn)_—C*(5c“;+1)($72),(yn-1-1ci(n)(zn, 

an)C7(71+1)(Xn+1))(0'n'")(X n+1)1 and Var 1Y (71-'11$7',ani_ED 17-(n+1) EryCn,,11,7;n9 an]21n,an]. 

   (v) for each noise random variable E." 

(5.8)E[6721xn]= 0 

and there is a positive constant K such that 

(5.9)Easn)2 x K 

   (vi) there is a sequence of non-negative real numbers {M,};=1 such that 

(5.10)PUG"' 112 rn,1A1,1= 

(5.11)E Ain < co • 
                                                             n=1 

Then, 

         P[lim (1(11) = 0] = 1 , lim EC11 u(n)112,j] = 0 for all 0<13v71. 

   PROOF. By the construction of C(n+1)($n-", an+1), we have 

(5.12) c(n+1)(-n+1, an+1) C i1,2÷1)($n) 

                 c(n)($7z, an)c%n-1-1)($7/)+7.724_1(5,(n-1-1)CCn)($n, an*(71÷1)(x n+1)*(n.+1)(xn+1y 

               = C(n)($2, cen)---($n-1)+7„-1(3)(n.")—C(n)(n, an)Ca(n.f1)(xn+1) 

                 En+1*(n+1)(xn.fl)i+CinVe-1) Cr-1)(n) 

                 c(n)($n, an) cr($n-1)4_7.7„1 1(B(n+1)($n) c(n)(1-n, anm(n-1-1)(n)) 

                +C7';''($n-1)----C($n)+77/4-1(17("1)—ECY`n+1)  an] 

                  4„n-i-Vn+1)(x11±1)/) 

                 C(T1)(Ti, an)C)( n1)+7,7,_.1(B(n-;-1)($n)C,,7--H1)($n)A(72+1)(n) 

                _i_Cr1)(n)A(ni-.1)(n)CrGf-n-1)A(n+1)($n)+($7/-1)A(n+1)(n) 

                —C(N$n, al91 (n+1X$n))+Cr($n-1)---+1)(en) 

                  +rn±i(y (n-1-1) E [ y (n+1) 1n,an]+En+1y(n-1-1)(xn-Fly)



                                     Kensuke  TANAKA

                            a")—C"•("-'))(1--rn-1-1A`n."'(c="))H-(C"U.--"--1) 

                 —C4-1(n))(I—r „4-1A("±1'@,n))±r„+,(1-1"±1)—E[Y'n.'"-", an] 

                        zn-i-lcon.+1;(x n-i-l)i) 

where I is an identity matrix. 

   The equality (5.12) can be written in terms of U:"•'1), CY"' as 

(5,13) e(n)(I 1_4.;niU(n)) 

                                i(yn+1)Ei17(n+1)ani_i_sn±lc,(.-1-                                                         n+1(xn1)i) 

Squareing norm of both sides of (5.13) and taking conditional expectation, we have 

(5.14) EaU(n+1)I121=n• IltP")(i—rn+14("1"))2 

                     +11e(nV—in+1A(n-51)(n)1112+2< ti'")(/-1,-1-1-1"1'(")) 

                     unv—r„,=4(n+1)Gn)>+21±1( \Tar [Y(n+1)171, an] 

                     +E[11,(71±1co(n-W(x n-; 1)' 112 e;tn an]) 

where the expectation is taken with respect to the probability distribution of 

s"-"). By (5.5), (5.6), (5.7), (5.8) and (5.9), we can easily obtain 

(5.15) ELItP".")112^:-.:571, an] 

where c1, c2 and c3 are some constants. 
   Noting that 

               2c21(u(n)11110'"''1,11_ r„±ikollu(n)112+(cyko)(1(e'")r2/r„.+,) 

and using (5.15), we have 

(5.16) EDIP"'1)1121", an] 11+7',±1(c1H-K1)I!Um112-1,+1kollU''112 

              +{1+T:L+I(ci+Ki)}110(n)112-H-(67k0)(ile(n)I12/7„+1)±7L_,(K,H-c3). 

       U„='111-P1'112, ,u,-----f(+1(c1+1(1) and C„= {1 ± 1-;,1(c, + 1(1)110'12)j' 

fi--(6/k0)(1C"-'1112/in.,.1)+7(K3+co satisfy (A1)--(A5) and (i), (ii), (iii) of Lemma 1 by 

(5.2), (5.3), (5.10) and (5.11). Therefore, by Lemma 1, it follows that 

        P[lim ucn, = 0]=1 and limE[IIU(n)112,']=0 for all 0<13<1. 
                                    71- --, 

Furthermore, taking the unconditional expectation on both sides of (5.16), we have 

(5.17) EDIU'"112]�- 

                        {1 4-7;2,--i(ci+K2)}ECIle(")112]1,-Wk0)(Elle'n)112/2-„_,) 

                          1(1-(3c3) • 

  = EL)U'V1 and A„---={1+7(ci-I-KO}E1110(n)1121+(c)/ko)(E[110'112/r„4-1)-4-1(K3-Hc3) 

satisfy (2.1), (2.2), (2.3) and (2.4) by (5.3), (5.10) and (5.11).
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   Therefore, by Lemma 2, it follows that 

                            lim E .1"721 0 . 

Thus, the proof of the theorem is completed. 

   REMARK. We can easily obtain the similar result to Theor.An 4.2 concerning 

the order of convergence with respect to E DIU 'I V].
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