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   § 1. Introduction and Summary. 

   In recent years considerable attention has been given to the problems of learning 

in pattern recognition. All of these problems involve to determine an algorithm of 

classification which patterns become to be collected into a set of groups according 
to the accumulation of knowledge. In this paper, each group is called a category. 

Then each pattern is a random sample from the group to which they belong. There-

fore, corresponding to each category, there is a probability distribution law by which 

eac'h observed pattern is drawn. In the case when all of these distribution laws of 

the categories are known, a classification rule was introduced according to the 

methods of statistical decision theory by several authors ([12], [191), and also in the 

case when all of the distributions have unknown parameters but a priori distributions 
of the parameters are given to us, a Bayes approach is valid to determine a classi-

fication rule. ([20], [28]) 

   However, we are confronted with the case when there is not so much amount of 

information as we can apply a Bayes approach. When there can be assumed a 
" training " sequence of observed patterns with their correct classification given by 

an external indication, it has been tried to find an algorithm by which a function 

converging to the decision function, which is optimal in the Bayes sense, can be 

constructed on the basis of a training sequence. ([18], [20], [22]) In general, this 

approach has been called " learning with a teacher " in the classification problems 

in pattern recognition. In this approach, many authors used a linear system of 

linearly independent functions or orthonormal functions and developed learning 

theories for the pattern classification problems on the basis of a training sequence 

associated with independent, identically distributed random variables. The algorithm 

introduced by them is a kind of applications of stochastic approximation theory. 

   On the other hand, when such a training sequence cannot be assumed, by several 
authors ([23], [24], [26]) the various decision rules and algorithms were developed 
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on the basis of a independent sequence of unclassified , observed patterns. This 
approach has been called "learning without a teacher " or " self-learning " in the 

problems of pattern recognition. 
   However, the assumption that a sequence of patterns is observed from the 

independent distributed random variables does not seem to us to cover the whole 
real situation in pattern recognition. On this reason, in this paper , we shall treat 
the pattern classification problems on the basis of a dependent sequence of observed 

patterns. In the case of learning with a teacher, we give a sequence of linear systems 
of orthonormal functions as an approximation to the decision function which is 
optimal in the Bayes sense. In the case of self-learning, we propose a decision 
function in place of the function optimal in the Bayes sense and try to give an 
approximation to the decision function proposed. Our algorithm is an application 
of the method introduced by T. Kitagawa [191 in the successive process of statistical 
control. This method, which may be called modified stochastic approximation , was 
investigated by V. DupaC" [12] in detail. 

   This paper consists of six sections. In Section 2, we shall give several lemmas 
necessary for the proofs of main results in this paper. In Section 3, we shall give 

preparatory expositions concerning a model of the pattern classification problems 
and an application of the Bayes decision rule for our model. In Section 4, we shall 
investigate the pattern classification problems in which there are two categories and 
is assumed a training sequence. In Section 5, we shall be also concerned with the 

pattern classification problems when a training sequence cannot be assumed. 

   § 2. Preliminaries. 

   In this section three lemmas are given and proved for the sake of the proofs 
of main results of this paper. Let us consider a real valued stochastic process 

lyn17,-=, and three sequences of non-negative real valued measurable functions {Un}Z=1, 
{17m};,°=, and {Cm}m-=„ where each Uri, 177, and Cm are measurable functions defined on 
Rn for every n. 

   Let us write tin= U„ (y1, ••• , yn), V7i=V„, (y1, , yn) and Cm = bn (y1, , yn) for 
the sake of simplicity. We denote the expected values of three stochastic variables 
Un, V, and C, by E1U7,1, E[17„1 and ECCA. Furthermore, we denote the conditional 
expectation of three stochastic variables Un+i, 177,+1 and given the variables 

y1, y2, by ETII„_ily' yn1, EIVn+11311 and E IC,t+1 I y' Yni• 
   In what follows, let {rm}77=1 and 0.077=1 be two sequences of real numbers. Now, 

we introduce the fundamental conditions for three stochastic processes {U.}7,"--1, 

{ Vm},-_, and : 

   (A1) EU1,1 and E[V,] exist, 
   (A2) E[tin+11Y1 yn] (1+ - p„)Un—r,V„-FC„ hold for all n, 

   (A3) Ern=00(Ino,n= 1,2, ...) and E 1'27,1 <00, 
 n=1n=1 

   (A4) There exists a sequence of positive numbers {Mm}n-=, such that 
        P [C, M7,]= 1 for 71 = 1, 2, ,
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 (A5) E Mn <CO. 
              n=1 

   LEMMA 1. Let the following conditions for three stochastic processes {Un},T=1, 

{17,}77=1 and {C,i};=1 be satisfied: 

(2.1) Conditions (A1)'—(A5) hold , 

(2.2) lim rn = 0 , 

(2.3) If there exists a subsequence Inklic=i of a sequence Iny,°=, such that 
        P EliM Vnk= =1, then PE lim /ink= =1 , 

Then 
           PI lim Un= =1 and for all 0 GP <1, lim E[U,2]= 0 . 

   PROOF. Let us write An (1+ IN DU n for the sake of simplicity. Since by (A2) 
                                          k=n 

             Ellin+11= EIELAn+1 I 

                   =(1+ IN DECUm-i•••317'11 
                                           k=nrk 

                      II (1+1 NUM+ I tenDU n—r nV n+Cn1 
                                      k=n 4 1 

                   = (1+ I ilk 1)E Um] —rn II (1+1 itkDEEV 
          k=nk=n- 1 

                     H (1+ I Pk DEECni 
                                                  k=n-,1 

we have for all n 

(2.4)EEZIn+11 E EAn1— nE EV n1+ CEECni y 

where 

                        C=I1(1+litkl)• 
                                                       k=1 

Then, the repeated applications of the inequalities (2.4) gives us 

(2.5)0� EEZ1n+1iEIA11— riE[Vi]+CE ECCi1. 
                    1=-11=1 

From (2.5), we have for all n 

                 0_EriEIVil�E[Ail+CEEECi] 
        i=1i=1 

Hence, from (Al), (A4) and (A5) we have 

(2.6) rnErvni < co • 
                                               7-1 

Therefore, by (2.6) and (A3), there exists a subsequence {nk}77--, of a sequence {n};=1 

such that 

                           lim EE = 0 .
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   This implies that, since Vn, is non-negative, there exists a subsequence {nk,},- 
of the sequence Inkli'cs-i such that 

(2.7)P [lim Vnks = 0]= 1 . 

From (2.3), this sequence Inks1;11 satisfies 

(2.8)P [lim Unk s= 0] =1 . 

Next, putting 

         Wri= An+C(Cn+ EECk I Yni) C= II (1+ I tek I) , 
         k=n -1k-1 

and noting that 

 EC Wn+1 I Y1, Ynl 

   = E[An+1+C(Cn+1+ E EICk Yn+11)1y1, y2, yn] 
                                      k=n-2 

     ECAn+1I Y1, Yni+C[ECC.+11y1, , Yn]+ E EIEICklY1, Yn+11 I ynd 
                                                           k=n 2 

   = H (1+ I pkI)ECUn+11Y1, , Yni+C E E1Ck Yl, Ynl 
  k=n-,1k=n,-1 

     H (1+ I ilk I){(1+ I tin DU,i+C.} +C E EEC', IA yn] 
                                                                    k--n-1 

     An+*it+ E EECk , Yni) 
                            k=n+1 

        Wn I 

we know that such stochastic process {W,}n=.1 is a lower semi-martingale. By a 

property of a lower semi-martingale there exists a random variable /1* such that 

(2.9)PElim Wn= A*1= 1 
                                                   n-00 

and 

(2.10)E [A*] < 00 . 

We can easily prove, from (A4) and (A5), that 

                  P[lim -= 0] =1 

and 

                 P E ErCk , yn] = 0) =1 . 
                                                n—oc, 

Therefore, the definition of the stochastic process {Wn},7_1 gives us 

(2.11)P [lim A n -= A*] = 1 . 

Using the definition of An, (A3) and (2.9) we have 

(2.12)P[lim Un = A*1= 1 . 

Further, from (2.8) and (2.12), we have
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 (2.13)P[lim Un= 0] = 1 . 

Also using (2.13), the uniformely integrable property of {Uo}R„ 0 < < 1 and the 
non-negative property of Un, we have 

                     lim E[Ufl=E[lim (lin= 0 . 

Thus, the proof of the lemma is completed. 

    LEMMA 2. Let {an}Z=1 be a sequence of non-negative real numbers. Suppose that 
there exist a positive integer n0, two sequences of non-negative real numbers frOZ =1 
and {A„}Z=1 such that 

<2.14)an ( n 1) an+ An+1 for all n� no, 

<2.15)E rn=.0 and lim In= 0 , 
                                                n=1 

<2.16)E An <oc . 
                                                      n=1 

Then, it holds that 

                                 lim an = 0 . 

   PROOF. The repeated application of the inequalities (2.14) for an integer m�no 

gives us 
                      am < (1—r,i)ant_i+A.+1 

                      TI (1—rk)an0+ E II (1-70A/ • 
                        k=n0+11=n0 1 k=1 -1 

Hence, we have 

(2.17)amF(no, m)a„o+G(no, m), 

where 

          F (no, m)=II (1—ro and G(no, m)= E H (1—roAi • 
              k=no -11=110-1 k=1 1 

Since 

                                                              771                 F (no, m)= H (1-10� exp(—E rk), 
              k=nok=n0+1 

we have from (2.15) 

(2.18)F (no, m) 0 as m 00 . 

Further, noting that for an integer N (m N no) 

                     N 7n 

             G(no, 111)= E II (1—rk)Al+ E H (1—rk)/1/ , 
                               1=n0-1 k=1,-11=1,1+1 k=1-1 

we have two positive constants C1 and C2 for which 

(2.19)G(no, m) C1 II (1—ro+c2 E Al 
                      k=N1-=N -1 

                        exp (— E rk)+c2 E A1. 
                                 k=N-11=N-1 

Hence, from (2.19), we have
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(2.20) G(no, m) —0 as m + co and then cc . 

By (2.18) and (2.20), we have 
                                lim an= 0 . 

Thus, the proof of the lemma is completed. 

   Next, we mention without proof the lemma given by V. Dupa6 [9], a modification 

of the result of K. L. Chung. 

   LEMMA 3. Let {an}77=1 be a sequence of non-negative real numbers. Suppose that 

there exist a positive integer no, two positive constants A and B such that 

(2.21)a„i (1—A/ns)an+BInt for all n>_ no , 

(2.22)t real number and 0 < s < 1 . 

Then, we have 

                             lirn sup nt-san�B/A. 
                                              n—co 

   § 3. The Model and the Bayes decision rule in the Pattern Classification Problems. 

   In this section, we give a model under which the learning theories will be devel-

oped later. Generally, in pattern classification problems, each observed pattern x in 

pattern space is a random sample from a group to which they belong and each group 
is called a category. Therefore, corresponding to each category, there is a prob-

ability distribution law by which each observed pattern is drawn. We consider the 
case when there exist s categories O„ , 6, and we denote a set of s categories      

, Os by e. 
   Hence, an outcome in pattern classification problem is described by a pair (x, 0). 

The element x is an observed pattern in pattern space and 6 specifies the category 

of an observed pattern. But generally 0 is unknown to the observer. For a sequence-

of observed patterns x1, x2, ••• , we can consider a sequence : 

(3.1)(x1, (x2, 62), (x n, 0"), 

with x" E X7, and On E 0, where Xn is a pattern space at instant n and 0"=02 if x" 

is a sample value from a specific category 02. From such sequence, the result of 

the first n history is expressed by two sets 

                    71.= (x1, x2, , x") and = (819 82, , On) 

Then a history (71', a") at each instant 72 is an element of the set (X', en), where 

                  =X1xX2x xX,, and 0n=Ox0x ••• xe. 

    In what follows, we shall assume that, for each n, the transition probability 

distribution of an outcome at instant n±1 given a history at instant 72 has the 

density function. We denote this transition probability density function by 

(3.2)p n÷1, 6n-s-1 an) 

    Next, we can consider " a posteriori " probability density function according to,
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Bayes  formula  : after an observed pattern x"." at instant n+1 was known, we have 

a following " a posteriori " probability density function for an0n+1 = (01, 02, , 0'2+1), 

                                11(e)P(xni-1,0"+' Ian) (3.3)=
E EH(an)P(x '1 '1, 6n+1 I n, an) 

                                              -n -©n .0- n+1 e 

where 11 (an) is a probability distribution of an E 0". Then if all transition proba-

bility density functions at each instant are known to the observer, the classification 

of an observed pattern .0'1 at each instant /1+1 will be determined by the largest 
of the quantities 112.„1(an0,),11,„1(an02), ,112.,(a"0,) and this decision rule will 
be called the Bayes decision rule. When 0 = {0 „ 02} we can define for an observed 

pattern x'-'1 at instant n+1 and a given history ("Ti, a") at instant 71 

<3.4)D*(xn+1 V', an) =II x7,+1(an0 ,)-11 „+i(ant 92) 

By the Bayes decision rule we have an optimal decision rule : 

             xi"' is classified in category 0, if D*(x"" I n, a") 0 , 

                  classified in category 02 if D*(xn "I $4, a") < 0. 

This decision rule is equivalent to the following decision rule : 

             xn+' is classified in category 01 if D(xn+11;", an.) 0 , 

                   classified in category 02 if D(x"."1 "en, a") < 0 , 
where 

(3.5)D(x""I", a") = P(xn+1, 01 1 sen,a") —P (x n+i, 02I VI, an). 

   § 4. Pattern classification by learning with a teacher. 

   In this section, we shall investigate the pattern classification problem for the 
model having two categories. We treat the case where the amount of a priori 

information on the transition probability density functions in the model is small but 

an observer is indicated by a teacher the category from which an observed pattern 

is extracted. By a training sequence we shall imply a sequence (x 1, 0'), • , 0"), ••• , 

where 01 is a category indicated by a teacher at instant i. This will correspond to 

learning with reinforcement indicated by a teacher and may be called " learning with 

a teacher ". The pattern classification problem considered here is to find a decision 

rule to classify a pattern xi in a category for i n+1 on the basis of a training 
sequence up to n. 

   It is generally known that the Bayes decision rule minimizes the probability of 
misclassification. It is reasonable, therefore, to consider a method of approximation 

to the limit of D(x"-"IV '9 a"), if it exists, by using a training sequence. In what 

follows, it is assumed that the limit of D(x n+11$", a") exists. 

   Firstly,wegiveasystemof orthonormal functionsIct,(in-rnocni-INdefined on 

each pattern space X„, at each instant n+1 such that 

                                           1 if i_= j 

                           co;,n+i)(x.+1)c.9(in-1)(xn-;-1)dxn-1-1=         X n410 otherwise .
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Secondly, we approximate an unknown decision function D(xP+1 n, an) at this instant 
by a finite series 

                                      N 
(4.1)/5,i,(x nit I en, an) E cr1)(en, an)con-ri)(xn-1-1) 

                                                                2=1 

which minimizes a quantity In+, defined by 

(4.2)/„1= { D(x "-"cn,an) f)(xn÷11 en, an)}2dxni-1                                                 Xn-I-1 
where 

(4.3)1)(x n+1 en, an) E ozi-t)(7/, an*,c22+1,(xn+i) 
                                                            i=i 

and Id"+1)(V1, an)}' 1 are unknown coefficients for a history at instant 
   Hence, we can reduce this problem to the problem of finding an algorithm by 

which we can construct, on the basis of a training sequence, a random variable 
cp)(Vi, a') (j =1, 2, ••• , N), converging to c(4 (en-1, an-1) as n —,00 in some sense. 

   Now by differentiating /7,, with respect to each c(11+1), equating the derivatives 
to zero and using the orthonormal property of Ica.?2+1'(x"+1)hv1, we have for each 

j =1, 2, ••• , N at each instant n+1 

(4.4) cy,v1)(n, an)Eelicop-1)(xn-I-1) I en, an]E02[0+1)(x n+1) I en, ani 

where 

            Eeiro+i)(x nil) I er2, an]co(in-1-1)(x22-1-1)pn+1,                                                                   an)dxn+1 . 
                                                xn+i 

Furthermore, we have for each instant n+1 and j =1, 2, ••• , N 

(4.5) cAE.-1)(( n, a') = E[d (72+1)(60-1-1)con+1)(xCn-1-1)(en-1-1)Win+1)(x ni-i)ani 

where d'n+1)(0"+1) is a random variable on 0 at instant n+1 defined by 

                                       1 if 011-'1= 0, 
                            d(n+1)(60+1) = 

                                    0 otherwise . 

   In view of the above argument, we shall construct the following algorithm for a 

sequence of non-negative real numbers fr,R=, such that 

(4.6)E n co and E <00 . 
        n=1n=1 

At first, using an outcome (x1, 01) of an observed pattern xi at instant 1 and a 
category 01, to which xl belongs, indicated by a teacher, we make, for j =1, 2, ••• , N, 
cy)(V, a') : 

(4.7)cY) , = + 9'1)(e1)6 (x1) — (1— pm (01)*(1) (x1) — c(1) } , 

where 
                          c(i°) = 0 for j =1, 2, ••• , N 

and 
                                1 if 01=0, 

                         p(i)(01)=                                    0 
otherwise .
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Secondly, using an outcome (x2, 02) of an observed pattern x2 at instant 2 and a 
category 02, to which x2 belongs, indicated by a teacher, we make, for  j  =1, 2, •-• , N, 
c(1)(V, a2) : 

(4.8) crf 2, a2) c(1)(V, al)± r2} p(2)(02)(pir2)(x2)(1p(2)(02))c07)(x2)61)(V, al)} , 

where 

                         {1 if 02= 01                        92(02)                                   0 
otherwise . 

In general, using an outcome (xn '1, 071+1) of an observed pattern xn+1 at instant n+1 
and a category On+1, to which x"+1 belongs, indicated by a teacher, we make, for 

j 1, 2, , N, cp+1)(en+1, an+1) 

(4.9)ccin+i)(n÷i, ann _ c(r)(n, an) 7,7,4_1} p(n+1)(0n+1)co.7n+1)(x n+1) 

                            (1p(n.}-1)(en÷1))co(in+1)(x n+1)c(f)(en, an)} , 
where 

                                    1 if On÷1 = 
                        p(n+1)(0n+1)                                    0 

otherwise . 

   Concerning these two random variables cp)(n, an) and cy;',Ve' , an-1) we have 
the following theorems. 

   THEOREM 4.1. Let the following condition be satisfied: there are a sequence of 
non-negative real numbers IMiiI,T=1 and three positive constants K1, K2, K3 such that 

(4.10)E < 00 , 
                         n=1 

(4.11) P[(0 ))2 for each j = 1, 2, ••• , N and all n , 

where 0(;) = c; (n-1, an-1) c*4-1)(en, an) and a sequence frnIon°=1 satisfy (4.6), 

(4.12) Var (Yr1)1n, an) �_ Ki(u"in))2±K2(0(1))2±K3 for all j and 71 , 

where 

              rin-1-4) p(n+1)(en-1-1)c)(1,÷1)(x n+1) (1 p(n+1)(60÷1))cay2+1)(60+1) 

                 = c(in)(n, an)—cpx:(" , a') , 

and Var iyp+" an] is a conditional variance of Yr) given a history (71, an) at 
instant n. Then, for j = 1, 2, 3, ••• , N, we have 

                  P[lim up) = 01= 1 

                 lim E[(1(;))2sl = 0 for all 0 < 8 < 1 

and 
                     lim E[(uc.p))21=-_ 0 . 

   PROOF. By the construction of cy''1)(n+1, an+1) for j =1, 2, N, we have



40 Kensuke TANAKA

      cp+1)(en+1,an+1)c(A.4-1)(en,an) 

         = CP)(en, an)+rn+IEP(n+"(en+1)CD(P+1)(Xn+i)p(n÷1)(oni-1))0i-1)(x n+1) 

                    an)]-674,±1)(n, an) 

             c.(in)(en,an)ccivn-i., an-1)+7.,i+irp(n+1;(60+1)gi+i)(x n+1) 

              (1to(n+1(Oni-1))co(ini-1)(x n-1-1)cy2j-1)(en, an) (4
.13) 
           +C(A+1)(en, an-1)+c (S-1, an-1)— c(n)(71, an)] 

               c.7_),)(n 1, anc(37,44+1)(en, an) 

          =(1—r,i+oicp)(n, an)—c.(gnI, an-1)] 

           ±(12-n+)IcA)(en-1, an-1) cy4c1)(en, an)] 

           ±rn, iip<n÷,)(on ,4)(p.p.,1)(x7i+i) p,n :-1)(On:-1)*(jn+1)(x n-1-1) c(yiv1)(en, an)] 

The equality (4.13) can be written in terms of up+1), up), Op) and Y7L as 

(4.14) V+1) = (1-7.4.1)uP)+(l—rn+1)0p)-1-7.„_,I[Y7'±')--c(jr1)(;', an)] . 

Squareing both sides of (4.14), we can obtain 

(4.15) (up+1))2‹ (1 rrt+i)2(u(in))2+(1 rn4.1)2(0(n))2 

                   ±f29X+1EYP+1)—CAE+1)(n, a")12±2(1—rn+1)21 UP) I I 6vi") 

                    +2(1-7.7,4.1)7.41(PrI)-674:+1)(en, an))up, 

                     -;-2(1—r„,)r„,1(Yr1)—c,,4-1)(n, an))0p) 

Now, taking conditional expectation on both sides of (4.15) and using (4.12), we have 
for j = 1, 2, --• , N, 

(4.16) Eau(',-0))2 en, < (1 rn+02(42))2±(1 17,,±1)2(0(in))2 

                     +2(1—rn41)21u78 I I 0`;') I +ii+1ii-c1(up))2+-K2opy+K3] 

                     [1-2r.+1+744(1±K4)](up,)2+c1+r,,4(1-HK2)](er)2 

                  +21 up)1 6P) I • 

Noting that for j =1, 2, ••• , N and all n 

                    21 uP)I OP) 1 rn±i(u(j,2))2±(6(in))2/rn+, 

from (4.16) we have for j = 1, 2, ••• , N 

(4.17) E [(uP+i))2 71', an] 11-2rn+i-Ff;',41(1+1(1)i(uP))2+[14-r,i_:-1(1-HK2)](19(1))2 

                        +rn,.1(up))2+(eP))2/rn_,I+rL.1K3 

                     = E1+-ii,1(1+K1)](uf7n))2--rn±1(uP))2+11±r;,±1(1+1(2)1(9(;))2 

                     +OPT /r n+,+ i2n+, K3 

Un = (V))2, V„=(uP))2, ft71 = 141(1+ K1) and n=11--d-rn-,,i(l+K2)10(;))24-(6P))2/rn+1+ 

 +X3 satisfy (A1)'—(A5), (2.1), (2.2) and (2.3) by (4.6), (4.10), (4.11) and (4.17). There-



On the Pattern Classification Problems by Learning (I)41

fore, by Lemma 1, it follows that for j  =1, 2, , N 

                P[lim up) = 0] =1 
and 

                 lirn E [(up))2,1 = 0 for all 0 <1.9 < 1 . 

Taking the unconditional expectation on both sides of (4.17) we have for j = 1, 2, , 

(4.18) EauP+1))21 [1---7m,i+ii+,(1-+K1)]EE(u;"))2] 

                ±[l+ii+1(1±'CO]E[(OP))2]-IEa° i))2i/ 

                  = i1—rn+111-2-7,±1(l—HK-MiEi(uP))2] 

                 +[1-4-7.4,(1+MECCOPTi+EI(OPT11- . 

a7,, = E[(up))2] and An = [1+ r2n±,(1-+ K2)]Er(O(P)2i+ EROP))2i/ n,,-1+2';.,K, satisfy (2.14), 
(2.15) and (2.16) by (4.6), (4.10), (4.11) and (4.18). Therefore, by Lemma 2, it follows 
that for j 1, 2, , N 

                           lim Eauy1))21= 0 . 

Thus the proof of the theorem is completed. 
   Next we have the following theorem concerning the order of mean convergence. 

   THEOREM 4.2. Suppose that (4.12) and the following conditions are satisfied : 

(4.19)rn—a/na , a> 0 , 21 < a < 1 , 

(4.20)E[(0p))2]= 0(n -2w) , w > a for j 1, 2, •• • , N . 

Then we have 

                               0(n-2('-")) if w < 23a 
                E[(up))21= 

              0(n-a) a ' 

where the notation f(n)_=0(g(n)) means lirn sup f(n)/g(n)1 <00. 

   PROOF. By (4.18), (4.19) and (4.20), there exist a positive integer N and three 

positive constants C„ C2, C3 such that, for all n _� N, 

(4.21)ERuyi-"))21 < C1/ nlEauP))21+ C2In2a + C31 n2w-" . 

Consequently, we have for w < 23 a 

(4.22)Eaur'))21 (1—C1/n')E[(uP))21±c4/n2"--" 

and for w23  a 

(4.23)E[(ur")21 (1— Ci/ na) E [(11(;))2]± / 11,2a 

where C4 and C, are some constants. Thus an application of Lemma 3 , for a, = 
Eau(1))21 gives us the result of the theorem. 

   EXAMPLE 4.1. We consider an algorithm for a sequence {1/n};;=_, and a model
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with two categories which satisfies the following condition : 

(4.23)each pattern space X n is equivalent to a space X , 

(4.24)p (xn-c , ei1 n, a") = qui-'1)(0 ,1 On) foi(xn+1)for all 77, and i , 

(4.25)E '1)(0 ,1 0") =1 for all n 
                                e, _6) 

that is, q("+"(0,10") is a conditional probability of a category 0, at instant n+1 for 

a given category 0" at instant n, 

(4.26) for a real number q1 (0 q1 1), there are two positive constants C, a such that 

     PC I q(') CO 11 en)— q1 I (n+ 1)1'1 =1 for all n , 

(4.27) foi(x)dx-=1 for all i 

                             X that is, fe,(x) is a conditional probability density function which we can observe a 

pattern x from a given category ei. 
   Suppose that, at each instant, a system of orthonormal functions {coi(x)}X, defined 

on the pattern space X is given and, for all i and j, we have 

(4.28)Eoi[coXx)] = caj(x) foi(x)dx <CO. 

                                    X In this case, we have, from (4.4), for all 71, 

(4.29) cA2(71-1, an-1) = cgr-1) 

                     = q(n)(1 9On-1)E0i[C,,(x)]— q(71)(0I en-i)E0,[<0,(x)] 
and 

(4.30)OP) = C.(4 (en -1)— CAjl) (en) 

               = (q(n)(0 1 On-1)— q(n÷1) (0 1 I 0"))E„[c o 3(x)] 

                —(V)(0 21 61 1) — q`" +1) (0 21 (TI))E 21co,(x)1 
                    _ (gCn)(91en1\ei-1)' 0 1'                                  on-T(Efilico,(x)i—E0D03(x)i) 

By using (4.26), (4.28) and (4.30), we can easily prove that there exist a sequence of 
non-negative real numbers IM „1°,,°=1, a positive constant K such that 

(4.31)PC(n+1)(67))2 M7,1= 1 for all n and j 

(4.32)E Mn < 00 
                                                         n=1 

and 

(4.33)Var [Yr" I On] Kfor all a and j 

where 

                  rn+i) p(n+1)ontiwxn-1-1) p(ni-1)(60+1))c03(xn+1). 

Thus, the results of Theorem 4.1 hold in this case 

   EXAMPLE 4.2 We consider an algorithm for a sequence 11/nn;=1, (  2 < a <
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and a model with two categories which satisfies (4.23), (4.24), (4.25), (4.27) and the 
following condition : there exists a real number q1 (0 � 1) such that 

(4.34)Eaq(71+1)(0, 60)—q,)21= 0[(n+1)-'] , co> a 

is true for all n. 
   Suppose that the same system as a given system of orthonormal functions 

Icoi(x)Pr=i in Example 4.1 is given. By using (4.29) and (4.30), we can easily obtain 

(4.35)E[(0p))21=0(n-'), 

and 

(4.36)Var [Y Onj� K for all n and j , 

where 

                           p(n-',-1)(on+1*)(xn,i)_(1 p(n f1)(60-;-1))go j(xn+i) 

and K is a constant. Thus the result of Theorem 4.2 holds. 

   § 5. Pattern classification by self-learning. 

   In this section, we shall investigate the pattern classification problem for the 
model having s categories. We treat the case where, in addition to the condition 
that the amount of a priori information on the transition probability functions and 
the category set is small, there cannot be assumed a training sequence. In this case, 
we have to consider the pattern classification problem only on the basis of observed 
but unclassified patterns. This will correspond to learning without reinforcement 
indicated by a teacher and may be called " learning without a teacher " or self-
learning. 
   At the first glance, self-learning seems to be impossible, as we are merely ob-
serving a sequence of random variables, which may not be even independent. It is 
reasonable, however, to assign to each mode of the limit of p (x"-' n, an), if it exists, 
a category, and to treat the problem in the manner like a problem of pattern reco-

gnition, where 

(5.1)P(xn+1 I en, an) = E P(xn-",Bi I an) 
                                                                        z=1 

By the above consideration, it is reasonable to treat the method of approximation 
to p(xn÷' n,an) by using observed and unclassified patterns. In what follows, let 
us assume that the limit of p(x--" an) exists. 

   Firstly, we give a system of orthonormal functions {co,(n+1)(xnnliv=1 defined on 
each pattern space X„_„ such that 

                                      1 if i= j 
                          co,(n'1)(x ni-l*Cin,-1)(x n÷i)dx n-;-1=        X n+10 otherwise . 

Secondly, we approximate an unknown p(x"-Filn, a') at this instant by a finite series 

(5.2)/1,*(x zt,7 an) = E c4(+')( n, an)c,n-1-1)(x n+1) 
                                                                Z=1
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which minimizes a quantity J„i defined by 

(5.3) Jn Ep (x 71•1-1! an) p TH-11 Tt &IV d x n 1 , 

where 

(5.4) an) = E an)0+1,(x,.:-1) 
                                                          i=1 

and {c?'-"(e, a2)}\-__1 are unknown coefficients for a given history a2) at instant 
n. Hence, we can reduce this problem to the problem of finding an algorithm by 
which we can construct, from an observed sequence, a random variable c;")(n, an) 

(j= 1, 2, ••• , N), converging to cA($11-', an-1) as n ---> Do in some sense. 
   Now by differentiating I„., with respect to each cr), equating the derivatives 

to zero and using the orthonormal property of {coP'+')(x'")hv_i, we have for each 

j= 1, 2, •-• , N at each instant n--1 

(5.5)CY4=-' (e a") =n+1) n'; 71, an] 

where 

         E[cr."±1)(x'")1,;',an]=E S cor1)(xn+1)p(x n+1, an)dxn÷1 
                                            i=1 Xn±1 

   In view of the above argument, we shall construct a following algorithm with 

a sequence of non-negative real numbers {7-7,};°_1 such that 

(5.6)E ra= 00 and E r < c). • 
         n=-1n=1 

At first, using an observed but unclassified pattern xl at instant 1, we make, for 

j = 1, 2, ••• , N, cp(V, a') 

(5.7)cy)(e1, a1) = cp+r,(cop(xi)—q), 

where 
                          cP)= 0 for all j. 

Secondly, using an observed but unclassified pattern x2 at instant 2, we make, for 

j 19 29 AT, c.;) (V, a2) 

(5.8)c52)(2, a2) = c(j"(V, ce)d-r2(7D7)(x2)—c;)(V, a1)) • 

In general, using an observed but unclassified pattern x2 at instant n, we make, for 

j= 1, 2, , N, ci(")( , an) : 

(5.9) j'n.($n, an) crin-1)($7/-1, an- 1) + rii(co,f)(x n) 6,2-1)(n-1, an-1)) 

    Concerning these two random variables ci(n)(e-n, an) and c(4('-', a'-') we have 
the following theorems. 

    THEOREM 5.1. Let the following condition be satisfied: there are a sequence of 
non-negative real numbers {112}`,•_1 and three positive constants K1, K2, K, such that 

(5.10) Mn < C° 
                                                          2-1 

(5.11) P[(0.;'))2�7.„1111„1= 1 for each j= 1, 2, ••• , N and all n ,
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where 
                          0(in)674) (en-1,an-1)c .(/V1)(en,an) 

and a sequence  {in}n--1 is equivalent to (5.6), for each j= 1, 2, ••• , N and all n 

(5.12)Var 1CaPH 1)(x ni-1) I en, an]Kl(uP))2±K,(64(11))2-1--K„ 

where 
           up) can)( n, an) c(in*) (en-1, an-1) and Var CC0P+1)(xn-N)1n, an] 

is a conditional variance of cap+1)(x"71) given a history an) at instant n. Then, _to? 
j= 1, 2, 3, •••, N, we have 

                          P Dim up) -= 0] =1 

                 urn E[(up))2,3]= 0 for all 0 <45 < 1 , 

and 

                         lim E [(up))2] = 0 . 

   PROOF. By the construction of cp+')(V+1, an."), for j= 1, 2, ••• , N, we have 

(5.13)er1)(en+1, ann cA+1)(en, an) 

                     c(in)(en, an)+7.n+I(04-1)(x n+1) c.(in)(en, an)) cA+1)(en, an) 

                       c(in)(en, an) c(1.14) (en-1, an-1) + r„,(04-1)(x7in 6n*-,1)(71, 

                       +c(in*H-1)(en, an)c( .4(en-1, art-3.)± c(i12anan1) 

                          c(in)(en ,an)) ±(en1, anc(in*-i-1)(e71, all) 

                     = (1-7-7,4•1)(CP)(en, an) c(in,12 - an- 1)) 

                     + — in+1)(C742 (V-% art- 1) c(i471) (re an)) 

                    +r n+i(cop+1)(xn+1) c(ins71)(en an)) 

The equality (5.13) can be written in terms of ur'), ti(in) and 67) as 

(5.14)u'in+1) = (1—r Ti±oup+(1-7..+1)67)+(co(in+1)(xn+1)c(ji,*-1)(Vi, an)) 

Squareing both sides of (5.14) and then taking conditional expectation with respect 
to a history (V, an) at instant n, we can obtain from (5.12), for j= 1, 2, ••• , N, 

(5.15)E E(u(in+1))2 I en,an] < (1rn+0a20178)277,4.1)2(0(in))2 

                   +2(1rn+1)2 u(;) I I e(in) I +r7,+111(i(uP))2+K2(19P))21,--K3i 

                  C1-22-7,÷1÷r+1(i+K1)1(uP))2+11+r;i+I(1+K2)1(0(in))2 

                +21 u(18 I I OP) I +Ii+11C3 

Noting that, for j= 1, 2, ••• , N and all n, 

                      21 up) I 0(f) I C ri,4-i(ii7n,)2+(ff7"))2/r„4-1 

from (5.15) we have for j= 1, 2, ••• , N
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<5.16) Eaup+1))2 an] � [1 —2rn+1 r;1+1(1+KI)](Le(;))2 

                          +11+7;7+1(1+-K-2)1(8P))2+ rn+I(U(1)2 

                            (OP))2/rn+ +12;+11C3 

                         = El +;1±i(1+1(i)i(ucin))2 r.4_1(u(i71))2 

                            +cl+r,+i(l+K-2)10P))2+(e(;))2/rii,I+7;,_,K.,. 

tin= (uP))2, vn= (uP))2pn=i1+1(1±K)andC m = C1 +r,i+1(1+ 1C2)i(O(J"))2-1-(67))7/.+3 
4-7;';+1K2 satisfy (A1)--(A5), (2.1), (2.2) and (2.3) by (5.6), (5,10), (5.11) and (5.16), There-
fore, by Lemma 1, it follows that for j= 1, 2, ••• , N 

                          P[lim 2171)= 0] =1 
                                                  n-09 

and 
                  lim Eaup))2,31 = 0 for all 0 < r3 < 1 . 

Taking the unconditional expectation on both side of (5.16) 

<5.17)E[(up+1))21 --1E1-17,4-,±r,i+1(1±K1)iEC(u7'))21 

                    +11+2-`;',1(1+1c0iEuen21+ED9P))21/rii+,±ii,11(3 

                    =ii—rii÷i{i—rn,(1+KiMEC(uP))2] 

                    +c1+71,i(1+K2)1E[(61(n))21±E[(61P))211rn+1+2I+1K-3. 

.a„= Eau(n))21 and An=-[1+ 2I+1(1+ K2)] E[(67))21EL(0:11))21/r.4_,+ f;)7+1 K3 satisfy 
(2.14), (2.15) and (2.16) by (5.6), (5.10), (5.11) and (5.17). Therefore, by Lemma 2, it 
follows that for j= 1, 2, ••• , N 

                         lim EE(up))21= 0 . 
                                               n-00 

Thus the proof of the theorem is completed. 
   Next we have the following theorem concerning the order of mean convergence. 

   THEOREM 5.2. Suppose that (5.12) and the following conditions are satisfied: 

(5.18)rn=a/na, a>0, -21-<a<1 

<5.19)Ea0P))21= 0(n-2w) , co> a, for j =1, 2, •.•, N. 

Then, we have 

                                  0(n-2('-'))ifco <-23                                                         -a 

                E[(up))21 = 
                                0(72-11) if w�2-3-a . 

   PROOF. By (5.17), (5.18) and (5.19) there exist a positive integer N and three 

positive constant C1, C2, C3 such that for all n 

<5.20)EE(up+1))2] (1—C1/na)Eau7'))2]+c2/n2a±c3/ 

Consequently we have for w < -2- a
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(5.21) EC(ur))21 (1— C na) E [(WI))2] C 41 n2w 

and for co 23 a 

(5.22)Er(ur1)21 (1—C1/ nlE [(14(j"))21+C5/112w-a 

where C4 and C5 are some constants. Thus an application of Lemma 3 for 
.an= Mup))2] gives us the results of the theorem . 

   Now we shall show two examples extremely similar to those in the previous 
section. 
   EXAMPLE 5.1. We consider an algorithm for a sequence {1/n};=1 and a model 

with s categories which satisfies the following conditions : 

(5.23)each pattern space Xn is equivalent to a space X , 

<5.24)p n+1, oi n, an) q(n-1-1)(ei I On) fei(xn+1,                                         ) for all n and i , 

(5.25)E q(n+1)                                 ) 1 for all n , 

(5.26)for a set of real numbers {q1}7_1, there are two positive 

real numbers C, a such that 

       PC q(n+1)(0i I On)-4i1� C/ (n +1)1+"] =1 for i =1, 2, ••• , s —1 and all n , 
where 

                     0 q 1 for each i= 1, 2, • , s 
and 

                             E qi= 1 , 
                                                           1=1 

(5.27) foi(x)dx = 1 for all i . 

                          X Suppose that, at each instant, a system of orthonormal functions {Cot(x)} =1 defined 

on the pattern space X is given and, for all i and j, we have 

(5.28)E DoXx)] = Lco3(x)fei(x)dx < 00 . 
In this case, we have, from (5.5), for all n and j, 

(5.29)C(142 (en-1, an-1) = CA2 (On-1) 

                           = E Eoj[co,(xn)i en 1]
i=1 

                           = E gnei I On-DE 0 i[C Dj(Xn)] 
                                                         i=1 

and 

(5.30) p) cp,i) (On-1)c( j1+1) (en) E (q(n) On-1) q(n+1)(0 i I on))E0i(goi(x)) 
                                                         i=1 

                              = 
i=i(q(n)(6On-1) — q(71+1)(8OnDEE 0o ,(x))                       E 

                                — Ee,(C 0.7(x))] •
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By using (5.26), (5.28) and (5.30), we can easily show that there exist a sequence of 

non-negative real numbers  {MiL}Z=1, a positive constant K such that 

(5.31)P +1)(0 (i"))2 �_ M ,i] =1 for all n and j 

(5.32)E Mn < 
                                                         n=1 

and 

(5.33)Var (X n +1) 16n] Kfor all n and j . 

Thus Theorem 5.1 holds in this case. 

   EXAMPLE 5.2. We consider an algoritum for a sequence fl/nal,7_,'2< a <1) 
and a model with s categories which satisfies (5.23), (5.24), (5.25), (5.27) and a follow-

ing condition: there exists a set of real numbers lqilf=1 such that 

(5.34)E [(q' +" (0 ,} On) — q i)2] = 0 ((n +1)- .2w),> a 

is true for all n and i, where 0 q 1 for i= 1, 2, ••• , s and E qi =1. Further, it 
                                                                                                  i=1 

is assumed that the same system as a given system of orthonormal functions 

140,(x)1Pr=i in Example 5.1 is given. By using (5.30) and (5.34), we can easily obtain 

(5.35)E [(OPT] = 0(n- 2(`') 

and 

(5.36)Var o;(x n +1) I On] Kfor all n and all j , 

where K is a certain constant. Thus the result of Theorem 5.2 holds in this case. 
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