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§1. Introduction and Summary.

In recent years considerable attention has been given to the problems of learning
in pattern recognition. All of these problems involve to determine an algorithm of
classification which patterns become to be collected into a set of groups according
to the accumulation of knowledge. In this paper, each group is called a category.
Then each pattern is a random sample from the group to which they belong. There-
fore, corresponding to each category, there is a probability distribution law by which
each observed pattern is drawn. In the case when all of these distribution laws of
the categories are known, a classification rule was introduced according to the
methods of statistical decision theory by several authors ([127], [197), and also in the
case when all of the distributions have unknown parameters but a priori distributions
of the parameters are given to us, a Bayes approach is valid to determine a classi-
fication rule. ([20], [28])

However, we are confronted with the case when there is not so much amount of
information as we can apply a Bayes approach. When there can be assumed a
“training ” sequence of observed patterns with their correct classification given by
an external indication, it has been tried to find an algorithm by which a function
converging to the decision function, which is optimal in the Bayes sense, can be
constructed on the basis of a training sequence. ([18], [20], [22]) In general, this
approach has been called ““learning with a teacher” in the classification problems
in pattern recognition. In this approach, many authors used a linear system of
linearly independent functions or orthonormal functions and developed learning
theories for the pattern classification problems on the basis of a training sequence
associated with independent, identically distributed random variables. The algorithm
introduced by them is a kind of applications of stochastic approximation theory.

On the other hand, when such a training sequence cannot be assumed, by several
authors ([23], [24], [26]) the various decision rules and algorithms were developed
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on the basis of a independent sequence of unclassified, observed patterns. This
approach has been called “learning without a teacher” or “self-learning” in the
problems of pattern recognition. '

However, the assumption that a sequence of patterns is observed from the
independent distributed random variables does not seem to us to cover the whole
real situation in pattern recognition. On this reason, in this paper, we shall treat
the pattern classification problems on the basis of a dependent sequence of observed
patterns. In the case of learning with a teacher, we give a sequence of linear systems
of orthonormal functions as an approximation to the decision function which is
optimal in the Bayes sense. In the case of self-learning, we propose a decision
function in place of the function optimal in the Bayes sense and try to give an
approxXimation to the decision function proposed. Our algorithm is an application
of the method introduced by T. Kitagawa [19] in the successive process of statistical
control. This method, which may be called modified stochastic approximation, was
investigated by V. Dupa€ [12] in detail.

This paper consists of six sections. In Section 2, we shall give several lemmas
necessary for the proofs of main results in this paper. In Section 3, we shall give
preparatory expositions concerning a model of the pattern classification problems
and an application of the Bayes decision rule for our model. In Section 4, we shall
investigate the pattern classification problems in which there are two categories and
is assumed a training sequence. In Section 5, we shall be also concerned with the
pattern classification problems when a training sequence cannot be assumed.

§2. Preliminaries.

In this section three lemmas are given and proved for the sake of the proofs
of main results of this paper. Let us consider a real valued stochastic process
{»"}%-1 and three sequences of non-negative real valued measurable functions {U,}3.,,
{Valpoy and {{,}y-,, where each U,, V, and {, are measurable functions defined on
R" for every n.

Let us write U,=U, (', -, ¥, V.=V, (3", -,y and {, =&, (3, ---, y") for
the sake of simplicity. We denote the expected values of three stochastic variables
U, Vyand {, by E[U,], E[V,] and E[{,]. Furthermore, we denote the conditional
expectation of three stochastic variables U,.,, V.., and &,., given the variables
VL5 Y% e Y DY EQUns |yt - 371, E[Vasy 3" - 377 and E[Cpu]y" - 3.

In what follows, let {y,};-, and {g,}5-, be two sequences of real numbers. Now,
we introduce the fundamental conditions for three stochastic processes {U,}o,,
{Vala-: and {{)5-0:

(Al) E[U,] and E[V,] exist,

(A2) E[Ups |yt - y" 1= U+ p)Un—7a Vot hold for all n,

(A3) Sra=oc0 (1220, n=1,2,--) and 3} | a| <os,
n=1 n=1

(A4) There exists a sequence of positive numbers {M,}>_, such that
P, =M,]=1for n=1,2, ..,
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(A5) 3 M, <co.
n=1
LEMMA 1. Let the following conditions for three stochastic processes {Uyr}s-;.
{Vateo, and {L)3-, be satisfied:

2.1) Conditions (Al)~(A5) hold,
2.2 limy,=0,
2.3) If there exists a subsequence {n;}y., of a sequence {n};_, such that

P[limV,, =0]=1, then P[lim U, =0]=1,
k—oo k—o

Then
PllimU,=0]=1 and for all 0 < <1, lim E[U8]=0.

n—oo

PrOOF. Let us write A4, = ﬁ (14| DU, for the sake of simplicity. Since by (A2)
k=n
ElApe]= E{E[Ans.| ¥ -+, 37}

:E{kﬁTk(1+|ﬂk|)E[Un+1[ Y e, yn]}

< TI A+ DECA+] o DUn—72VatCad

=n+

o0

1T (1 pDELV.]

= I+ DELU 7,

+ I (| mDETED,
we have for all n
@29 El4n] = E[Ax]—12ELVA]+CELLT,
where

C= T (1+ ).
Then, the repeated applications of the inequalities (2.4) gives us

25) 0= EC4,] < EL4,]- 37 ELVI+CE ELLD.

From (2.5), we have for all n

o8

0=

rE[VI< E[AJ+C§E[CJ :

1

1

Hence, from (Al), (A4) and (A5) we have

2.6) S E[Val<oo.

Therefore, by (2.6) and (A3), there exists a subsequence {n.};., of a sequence {n};.,
such that
lim E[V,,]=0.

k—oc
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This implies that, since V,,_ is non-negative, there exists a subsequence {n,}...
of the sequence {n;};, such that

@0 P[lim V,, =0]=1.

From (2.3), this sequence {n,}2, satisfies

(2.8) P[lim U,,, =0]=1.

§—00

Next, putting

Wo= 4+ C(Cut 3 EGI -, 370),  C=TLA+ m),

k 1

and noting that
E[Wn+1|ylt AR yn:]

- E[A"‘“‘*’C(Cnﬂ’f’k:izE[Cklyl’ -, yn+1:|)

yl’ .y27 oy J"n:l
= Eluss| 3, -, 3" 0 CL ELGusal ¥, "0 3 EAELGY, -, 0" 9% 3]

©0
=n+

k

Ut 1 e DECUnsal 3, 3"I4C 3 ELGIY, -+, 3]

1

< I (4] DI+ | DUnALa +C S ELG, 37

< 44C(L+ 3 ELGIY, -, 7))
= Wny

we know that such stochastic process {W,};., is a lower semi-martingale. By a
property of a lower semi-martingale there exists a random variable A* such that

2.9 Pllim W,=A*]=1
and
(2.10) E[A*] <oo.

We can easily prove, from (A4) and (A5), that
Pllim{,=0]=1

T—CO

and

P(lim 5 E[GIy, -, y]=0)=1.

n—oo k=n+

Therefore, the definition of the stochastic process {W,}., gives us

@11 PllimA,=A%]=1.
Using the definition of A4,, (A3) and (2.9) we have
(2.12) Pllim U,=A*]=1.

Further, from (2.8) and (2.12), we have



On the Pattern Classification Problems by Learning (I) 35

2.13) PLlim U, =0]=1.

‘Also using (2.13), the uniformely integrable property of {U,}>.,, 0<pB<1 and the
non-negative property of U,, we have
lim E[U8) = E[hm UB1=0.

n—co

“Thus, the proof of the lemma is completed. .

LEMMA 2. Let {a,}2., be a sequence of non-negative real numbers. Suppose that
there exist a positive integer n, two sequences of non-negative real numbers {rato=y
and {A,}7-, such that

(2.14) Unir = (A—pped@n+ Ay for all nz=n,,
(2.15) Sra=co and limy,=0,
n=1 n—oe
(2.16) S A, <o
n=1
Then, it holds that
lima,=0.

Proor. The repeated application of the inequalities (2.14) for an integer m = n,
gives us

ap § (177m)am—1+Am+l
= (1 Tk)ano+ Z kHI(l 7)AL.

k= no
Hence, we have

(2.17) A = F (g, m)a,,+G(ng, m),
where
Fn, m)= m! (1 7o) and G(n,, m)_t % HI[IA A—7rA, .
Since
Fogmy= 11 (A-pp=exp (= 3 7).,

we have from (2.15)
2.18) F(ng, m) —0 as m-—oo.

Further, noting that for an integer N (m= N=n,)

Gy, m) = E - roAct E H (A=rdAs,

l=ng-1 k=l+1

we have two positive constants C, and C, for which

(2.19) Gt M= CIL(1—7)+C, 3 A,
k=N {=N-=-1
<C,exp ( rk)JrC ‘ TYAIA“

‘Hence, from (2.19), we have
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(2.20) G(n,, m)—0 as m-»co and then N—oco.

By (2.18) and (2.20), we have
lima,=0.

n—co

Thus, the proof of the lemma is completed.

Next, we mention without proof the lemma given by V. Dupa€ [9], a modification
of the result of K.L. Chung.

LEMMA 3. Let {a,}3_, be a sequence of non-negative real numbers. Suppose that
there exist a positive integer n,, two positive constants A and B such that

2.21) Oney < (1—A/n%a,+B/n' for all n=n,,
(2.22) t real number and 0 <s<1.

Then, we have
lim sup n*-*a, < B/A .

n—co

§3. The Model and the Bayes decision rule in the Pattern Classification Problems.

In this section, we give a model under which the learning theories will be devel-
oped later. Generally, in pattern classification problems, each observed pattern x in
pattern space is a random sample from a group to which they belong and each group
is called a category. Therefore, corresponding to each category, there is a prob-
ability distribution law by which each observed pattern is drawn. We consider the
case when there exist s categories 4, 6,, --- , #; and we denote a set of s categories
0, - ,05 by 6.

Hence, an outcome in pattern classification problem is described by a pair (x, 6).
The element x is an observed pattern in pattern space and 6§ specifies the category
of an observed pattern. But generally # is unknown to the observer. For a sequence
of observed patterns x!, x%, ---, we can consider a sequence :

@B (x4, 09, (22, 0%, -, (x™, ™), --

with x"e X, and §"= 0, where X, is a pattern space at instant n and " =46, if x"
is a sample value from a specific category #,. From such sequence, the result of
the first » history is expressed by two sets

=@ xh 27 and at=(0" 6 -, 0").
Then a history (§", a™) at each instant n is an element of the set (X", @), where
X=X XxX,;x - xX, and @"=0OxOx --- XO.

In what follows, we shall assume that, for each 7, the transition probability
distribution of an outcome at instant n-+1 given a history at instant n has the
density function. We denote this transition probability density function by

(32 px™, 0" ET, am) .

Next, we can consider “a posteriori” probability density function according to
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Bayes formula: after an observed pattern x"*!' at instant n-+1 was known, we have
a following “a posteriori ” probability density function for a”8"+'= (@, @, ---, ™),

[(aMp(e", 6% &% a®)
E > H(dn)p(x il 0“71 r1 1 En: dn)

;H/ 677 ﬁﬂ+l 2]

33 IT o (a0741) =

where /I(a™) is a probability distribution of «”= @". Then if all transition proba-
bility density functions at each instant are known to the observer, the classification
of an observed pattern x™“' at each instant n-+1 will be determined by the largest
of the quantities I ,.,(a"8), [ .. (a",), -+, I . (a"@,) and this decision rule will
be called the Bayes decision rule. When O = {#,, 0,} we can define for an observed
pattern x"*! at instant n+1 and a given history (¢", «™) at instant »

B4 D¥xm 8% at)y =M s i(2"0)— 1T nsi(@”s) -

By the Bayes decision rule we have an optimal decision rule:
x™*! ig classified in category #, if D*(x""'|&", a™) =0,
classified in category #, if D*(x™"'[&", a™) < 0.

This decision rule is equivalent to the following decision rule:
x™1 ig classified in category ¢, if D(x""|&", a® =0,

classified in category 4, if D(x""|&", a™) <0,
where

(3.5 D(x™ g, at) = p(x™, 0,18", a)—p(x™, 6,187, a”).

§4. Pattern classification by learning with a teacher.

In this section, we shall investigate the pattern classification problem for the
model having two categories. We treat the case where the amount of a priori
information on the transition probability density functions in the model is small but
an observer is indicated by a teacher the category from which an observed pattern
is extracted. By a training sequence we shall imply a sequence (x1, 6%), -+, (x*, 67), ---,
where #' is a category indicated by a teacher at instant ;. This will correspond to
learning with reinforcement indicated by a teacher and may be called “learning with
a teacher ”. The pattern classification problem considered here is to find a decision
rule to classify a pattern x° in a category for i=n--1 on the basis of a training
sequence up to n.

It is generally known that the Bayes decision rule minimizes the probability of
misclassification. It is reasonable, therefore, to consider a method of approximation
to the limit of D(x™|&" a®), if it exists, by using a training sequence. In what
follows, it is assumed that the limit of D(x*"|&", a®) exists.

Firstly, we give a system of orthonormal functions {@{"""(x"*)}Y, defined on
each pattern space X,,, at each instant n-+1 such that

1if i=j
j\ QDE"“)(X n+l) gp}nl—l)(xnﬂ-l) dx nrl
i 0 otherwise.
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Secondly, we approximate an unknown decision function D(x"*'|&", a”) at this instant
by a finite series

N N
(4.1) D*(xn+llén’ an) — Z C§S16+1)(En’ an)@én+l)(‘rn+l)
i=1

which minimizes a quantity [,,, defined by

42 L= [ {DG™ g7, am)—Dx"1 €7, am)idanst
Xn+1
where
~ N
3 D(x™E", a™) = B e (Er aei i (xm)

i=1

and {c{"t"(&", a™}{L, are unknown coeflicients for a history at instant n.

Hence, we can reduce this problem to the problem of finding an algorithm by
which we can construct, on the basis of a training sequence, a random variable
cPE", a™ (j=1, 2, ---, N), converging to ¢(£"", a®*) as n—co in some sense.

Now by differentiating [,,, with respect to each ¢{**?, equating the derivatives
to zero and using the orthonormal property of {o""(x™")}¥,, we have for each
j=1,2,-+, N at each instant n-1

4.4 cHU(EY, a™) = Eg LoftP(x™ |67, at]—Epl o7 (2™ )€, a],
where

Eﬂi[(},)-(j/n%—l)(xn»x—l) | En, an] :j‘ QD;-"H)(JC "*'l)p(x""‘l, 01_ ] E"» a")dx"“ X
X n41

Furthermore, we have for each instant n+1 and j=1,2,---, N
@5 EET at) = ELd ™0 )ei P (x ) —A—d M@ ) (x )€, a ],
where d+P("*") is a random variable on @ at instant n+1 defined by
1 if "' =0,
drn(grty —

0 otherwise .

In view of the above argument, we shall construct the following algorithm for a
sequence of non-negative real numbers {y,};_, such that

Mze

Rt

(4.6) Sy.=co and <.
n=1

4
/

n=1

At first, using an outcome (x!, ') of an observed pattern x' at instant 1 and a
category 6!, to which x' belongs, indicated by a teacher, we make, for j=1, 2, --- , N,
cH(EY, al):
J ’ .

4D eP(E, @) = o+, (PO () — (A= p VO NP () —e}
where
=0 for j=12,--,N
and
1 if =6,

PO =
0 otherwise.
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Secondly, using an outcome (x? #%) of an observed pattern x2? at instant 2 and a
category 6% to which x? belongs, indicated by a teacher, we make, for j=1,2, ---, N,
P,

(A8 PE @)= P&, a) 7. oD (EIeP(x)—L—pPEDeP (D)~ & all},

where
1 if 2=26,
‘02('92)j .
0 otherwise .
In general, using an outcome (x™*', #**') of an observed pattern x”*' at instant n-+1
and a category 6"*!, to which x™' belongs, indicated by a teacher, we make, for
j=12,..-, N, C;nﬂ)(sn»fl, amtly

(49 e E, @) = P(ET AN 0T R )

—(p O G () — O E a))
where

1 if g1 =4¢,
p(ﬂ+1)(0ﬂ+1) —
0 otherwise .

Concerning these two random variables c{(&", a™) and ¢%(£"%, @) we have
the following theorems.

THEOREM 4.1. Let the following condition be satisfied: there are a sequence of
non-negative real numbers {M,};., and three positive constants K, K,, K, such that

(4.10) S M, < oo,
n=1

(4.11) PLOPY = rpeM,1=1 Jor each j=1,2,---,N and all n,
where 07 = cR(E™ Y, a® )—cB(E™, a™) and a sequence {y,}z., satisfy (4.6),
4.12) Var (Y7187, a™) < K,(ui Y+ K,07)+ K, for all j and n,

where
Y}n%—l) e p(n-i—l)(ﬂn—%l)gp‘(]_nﬂ}(xn%—l)ﬁ(l_pin-‘rl)(&n+1))¢}n+1)(0n+1) ,

up = o (e At =G @,

and Var [Y 77 |&", a™] is a conditional variance of Y9 given a history (E%, a™) at
instant n. Then, for j=1,2,3, ---, N, we have

Plim u = 0] =1

lim E[(u)*]=0  for all 0<B<1

and
lim E[(u{)*]=0.

PrOOF. By the construction of ¢{*P(&**!, ™) for j=1, 2, ---, N, we have
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CFEET, am) =P (En, )

= c{(E, @)y [0TTOT P () — (L= p IO @ (T
— (€, af)]— ek N(E an)

=cPE", ah)—cE™, @t ) [oTTET e ()
—(A—p™RO P — P E, af)
FEREE @) - cRE, at ) FeRET, at )= (€ a)]
FeRE T, atH—BET @)

==7alef(€" a—cR(E ", a™ )]
A —7ns DLERE™, @™ ) —cFED, a)]
Franlp™MPOHEF (") = (L= p (@) () = BTV ER, @]

(4.13)

The equality (4.13) can be written in terms of u{"*Y, uy¥, §7° and Y {'" as

“4.14) ll}n‘l) j(1’_7n+1)u;")—f(1*Tn+1)6§")+7’n+1[Yfi"“)ﬁc}'-}ém(fn, am].
Squareing both sides of (4.14), we can obtain
(4.15) @) = (=70 ) @)+ A =71 2:0)"(07)

LY 7 =B a2 41057
2= s s (Y 0= CVE, @D
2= ne (Y = CE AN

Now, taking conditional expectation on both sides of (4.15) and using (4.12), we have
for j=1,2,--, N,

4.16)  E[Luy 1€, a1 = A7) @) +(L—72:0*05)
F20 =7 ) U 110 | 77 LK)+ K(0) + K]
= (127 pert 7oA+ K@)+ [1+77, (- K)J07)
+2fug| 1057 .
Noting that for j=1,2, .-, N and all n
2[u 10971 = 7 naa@) (67 /1 01
from (4.16) we have for j=1,2, .-, N
@17 Ef@e™)? e, a®) < [1—27p+ i+ KD [ 1473, + K)1(057)?
F7 (UG O 7 nart 171 K
= 14750 KD J@) 1)+ (1472 (1 Ko 1(057)
+OPY /7 nert 73 Ks -

Unp =@y, Vo=@, pn=7w(1+K) and & =[14+77.,0+K)107) +07) /7 neat
720K, satisfy (A1)~(A5), (2.1), (2.2) and (2.3) by (4.6), (4.10), (4.11) and (4.17). There-
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fore, by Lemma 1, it follows that for j=1,2,-.-, N

Pllim u=0]=1

and
lim E[(u{?)*]=0 for all 0<fB<1.

Taking the unconditional expectation on both sides of (4.17) we have for j=1,2,---, N
18 ELO4 )] [l pnar 7 KDIELW)]
H+ 77+ K)IEL@O7) T+ ELO7) 1/ 1 naat 7 Ks
=—rpll=7n @+ KD EL ()]
7R+ K IELO7) 1+ ETO7) 1/ 7 nra 77 s -

a,= EL@u)*] and A, = [+ 72,0+ K)IELO7) 1+ ELOT) Y/ e 1 Ko satisty 2.14),
(2.15) and (2.16) by (4.6), (4.10), (4.11) and (4.18). Therefore, by Lemma 2, it follows
that for j=1,2, .--, N

lim E[(u)*]1=0.

Thus the proof of the theorem is completed.
Next we have the following theorem concerning the order of mean convergence.
THEOREM 4.2. Suppose that (4.12) and the following conditions are satisfied :

(4.19) ra=a/mt, >0, b <a<l,
(4.20) E[@PP]1=00), @>a for j=1,2 -, N.

Then we have
O(n—Q(m«lr)) lf w < g o
ELui)]= 3
omn=— iy w= 5 @
where the notation f(n)=0(g(n)) means lim sup | f(n)/g(n)| < co.

PRrOOF. By (4.18), (4.19) and (4.20), there exist a positive integer N and three
positive constants C,, C,, C, such that, for all n =N,
@.21) EL(uy 1= (A= Co/ ) ELP) 1+ Co/ 24 Cy /1200
Consequently, we have for w < :2)) a

(422) E[(u.(in-H))Q] ; (17 Cl/nr\)E[(u-(ilz})Z]_i_ C;/an(Uﬁll
and for w = g a

423 ELuf )] £ (1~C/n)ELuPY 1+ Co/n,

where C, and C; are some constants. Thus an application of Lemma 3 for a,=
E[(u{)*] gives us the result of the theorem.
EXAMPLE 4.1. We consider an algorithm for a sequence {1/n}7., and a model
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with two categories which satisfies the following condition :

(4.23) each pattern space X, is equivalent to a space X,
(4.24) P(x™, 018", a) = g t(0,10™) fo,(x ™Y for all n and 17,
(4.25) qu‘"*”({)i\ﬁn);l for all n

0y

that is, ¢"**(0,|6™) is a conditional probability of a category #, at instant n+1 for
a given category 6" at instant n,

(4.26) for a real number ¢, (0 < ¢, <1), there are two positive constants C, & such that

PLIq™2(0,10™—q,| < C/(n+1)'*<]=1  for all n,
(4.27 f fo(Ddx=1  for all i
X

that is, f4,(x) is a conditional probability density function which we can observe a
pattern x from a given category 4,.

Suppose that, at each instant, a system of orthonormal functions {¢,(x)}¥, defined
on the pattern space X is given and, for all i and j, we have

(4.28) Ep[g300)= | 30 fo)dx <co.
In this case, we have, from (4.4), for all n
(4.29) CRET, am ) = O™

=q"(0,10" HE.Lo(x)]—q™(0,] 0"V Ep[¢,(x)]
and

(4.30) 650 = ¢ (™) —c (@™
=(q(0,16" =g (0,10 Ep L o;(x)]
—(@"(G:16" ) —q (0, | 0M)Eg,[0,(x)]
=(q™(0,10" )=, 6" N(Ep,Lo(x)]—Eg,L0(0)]) .

By using (4.26), (4.28) and (4.30), we can easily prove that there exist a sequence of
non-negative real numbers {M,}3., a positive constant K such that

(4.31) Pl(n+DH@P»Y=M,1=1 for all n and j
(4.32) S M, < oo

n=1
and
(4.33) Var[Y P [ ]1< K for all » and j
where

Y}’IH»I) o p(n+l)(0n+l)¢j(xn+1)__(1_p(ﬂ.—l-l)(ﬁn—“—l))“pj(xn-l-l) .

Thus, the results of Theorem 4.1 hold in this case
ExXAMPLE 4.2 We consider an algorithm for a sequence {1/n*}:_,, (% <a <1)
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and a model with two categories which satisfies (4.23), (4.24), (4.25), (4.27) and the
following condition : there exists a real number ¢, (0=<g4,<1) such that
(4.39) E[(g"(0,10")—q)*1=0[(n+D)™™], o>a

is true for all n.

Suppose that the same system as a given system of orthonormal functions
{p:(0}¥, in Example 4.1 is given. By using (4.29) and (4.30), we can easily obtain

(4.35) EL@)]=0(n"*),

and

(4.36) Var[Y P |9"]< K  for all n and j,
where

Y}nw‘»l) —_— p(n-%l)((}n+1>90j<xn+l> _(1 _p(n+1)(0n»;-1))€0j(xn+|)

and K is a constant. Thus the result of Theorem 4.2 holds.

§5. Pattern classification by self-learning.

In this section, we shall investigate the pattern classification problem for the
model having s categories. We treat the case where, in addition to the condition
that the amount of a priori information on the transition probability functions and
the category set is small, there cannot be assumed a training sequence. In this case,
we have to consider the pattern classification problem only on the basis of observed
but unclassified patterns. This will correspond to learning without reinforcement
indicated by a teacher and may be called “learning without a teacher” or self-
learning.

At the first glance, self-learning seems to be impossible, as we are merely ob-
serving a sequence of random variables, which may not be even independent. It is
reasonable, however, to assign to each mode of the limit of p(x™**|£", a™), if it exists,
a category, and to treat the problem in the manner like a problem of pattern reco-
gnition, where

s

6D px™EY am)y = 2 p(x™, 6,16 a”).

i=1

By the above consideration, it is reasonable to treat the method of approximation
to p(x"|&"% @™ by using observed and unclassified patterns. In what follows, let
us assume that the limit of p(x™*'|&", a™) exists.

Firstly, we give a system of orthonormal functions {@, "™ (x™")}¥, defined on
each pattern space X,., such that
1 if 1=j
[ gmmmppsereydarns =
Xnt1 0 otherwise .

Secondly, we approximate an unknown p(x"*'|&", «”) at this instant by a finite series

~ N
(52) p*(xn+l|§n’ an) — § CZ{:ik-H,‘(En’ an>(,9£n+l>(x"+l)
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which minimizes a quantity J,., defined by

(5.3) Jow={_ TpGx™[&" an—p(r+|g" aTdx"s,
X1
where
~ N
(54) p(.’f" ll:n, n) — Zl cén%—l}(gn’ an)¢£n+1’y(x n-:~1)
and {c{"" V(&% a™}¥, are unknown coefficients for a given history (", @) at instant

i. Hence, we can reduce this problem to the problem of finding an algorithm by
which we can construct, from an observed sequence, a random variable ¢;?(§", a™)
(j=1,2, -+, N), converging to ¢ (£", a*') as n—oo in some sense.

Now by differentiating I,,, with respect to each ¢{**?, equating the derivatives
to zero and using the orthonormal property of {e{*’(x"*")}}X,, we have for each
j=1,2,--, N at each instant n+1

63) CE o) = ELop (x| E, ],

where

ELof e [eh arl= 2§ - oG pGe, 6i[8" afydat.

n41l
In view of the above argument, we shall construct a following algorithm with
a sequence of non-negative real numbers {y,}».; such that

(5.6) i Tn=00 and E Ta <00,

n=1 n=1
At first, using an observed but unclassified pattern x' at instant 1, we make, for
j=12, -, N, cP(&", a'):
(57) (1)(51 1) — C§0)+T1((P}])(X l)_cjl);) s
where

e =0 for all j.

Secondly, using an obssrved but unclassified pattern x* at instant 2, we make, for
=12, N, (&% a*):
5.8 cP (8% a®) = ¢ (&, a) e (xF)—cP(EY, at)) .
In general, using an observed but unclassified pattern x™ at instant n, we make, for
] - 1’ 2) Tty -’\'7) C_;'n;(én! an) :
59 N @)= IET @ )l (e — e E, @)

Concerning these two random variables c¢;¥(§" a™ and cR ("', a"') we have
the following theorems.

THEOREM 5.1. Let the following condition be satisfied: there are a sequence of
non-negaiive real numbers {M,}5., and three positive constants K,, K,, K, such that

(.10) f} M, <o,

(5.11) PLOT < yppaM]=1 Jor each j=1,2,---, N and all n,
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where
0‘;") — C,(;?k) (En—l’ an—l)_cﬂfl)(sn, an)
and a sequence {y,}y-, is equivalent to (5.6), for each j=1,2, .-, N and all n
(.12 Var L7 (x™ ) [€Y, a™] = K\(u?)*+ K07+ K,
where
Uy’ =", am)—cEE Y, a) and Var [ePt(x™)| &7, a]

is a conditional variance of ¢ P(x"™') given a history (§", ™) at instant n. Then, for
7=1,2,3, -, N, we have

Pllimu{®=0]=1

n-—0

lim E[(u)*]=0  for all 0<B<1,

n—oo

and
lim Ef(u™)*]1=0.

PrOOF. By the construction of ¢{"*P(¢"+!, a™*'), for j=1, 2, ---, N, we have
(5.13) Cprh(EmTL @y cnAO(ER, ™)
=", A A s (@F P (M) — P (ET, @) —cHV(ET, a)
=", aM)—cF (E"7Y, @)y (@ (M) — T P(ET, a”)
+eEPET a) =R E™ @t R ET, ath
—cP (", ")+ (E" at ) —cE(ET, a)
=A=72:0(E", a™—cR(E™, a™™)
HA =y )R E™ Y @™ ) —cHET, a™)
F 7@ (AT —cFET, am)
The equality (5.13) can be written in terms of u®™, u and 6 as
(5.14) Ut = (L U+ ) 0 H (0 D™ — e U ER @)

Squareing both sides of (5.14) and then taking conditional expectation with respect
to a history (€%, a®) at instant n, we can obtain from (5.12), for j=1,2, ..., N,

(5.15) G S B R o N (S E Gk
20—y ns)® (U | 1077|772l K (u§P) + Ko (07°) + K, ]
= [1=27 0+ 72a -+ KDWY + 47700+ K)J07)
20U 10| 73K
Noting that, for j=1,2, ---, N and all n,
21u 107 = 7 na (U HOF) T rr
from (5.15) we have for j=1,2, ---, N
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©16) ELQy 6% a ]S [1=2rnentria(l+ K) Iy
I KD O+ Fara)?
HOPY/Tass T3k
= [l 7l K J@P) 7 s ()
PR+ KD IO+ 6P Ttk

Un= i), Va=@{)?, ta=1rial+K) and C,=[147% 0+ KO 405/ 7 nss
+r"+1K satisfy (A1)~(A5), (2.1), (2.2) and (2.3) by (5.6), (5,10), 5. 11) and (5.16), There-
fore, by Lemma 1, it follows that for j=1,2, --., N

Pllimup=0]=1
and "
}Lff.} E[(uy?]=0 for all 0<3<1.

Taking the unconditional expectation on both side of (5.16)
(5.17) ELui )] = [1—7na+raa(l+K)IEL(u)?]

4K JELO) T+ ELO7) 1/ 1 rea 1K

= =7na{l=7pe I+ KD} IE L))
H A7+ K IELOF 1+ ELO)Y 1/ 1 nea 731K -

a,=E[W)] and A, =[1+7i0( + K)IELOP) T+ ELOP)] /7am + 730K, satisty
(2.14), (2.15) and (2.16) by (5.6), (5.10), (5.11) and (5.17). Therefore, by Lemma 2, it
follows that for j=1,2, .-, N

lim E[(u)*]=0.
Thus the proof of the theorem is completed.

Next we have the following theorem concerning the order of mean convergence.
THEOREM 5.2. Suppose that (5.12) and the following conditions are satisfied :

(5.18) 7n=a/n*, a>0, é— <a<l

(5.19) E[@0M*]1=0n"*), w@>a, forj=1,2,-,N.
Then, we have

O(n-z(m-a)) lf w < g
EL(u)] = 5
Oo(n=" if o= =g

Proor. By (5.17), (5.18) and (5.19) there exist a positive integer N and three
positive constant C,, C,, C; such that for all n>N

(.20 ELGuy Y] = (1—Cy/ ) EL) 1+ Co/ n-+Cy o=

Consequently we have for w <f:23—a
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(5.21) E[u§ )] < (1—C,/nE[(u§)?]+C/n-e
and for o> 3 a
©22) EL(ug ")) = (1—Cy/n)EL@) 1+ Cof no ™,

where C, and C, are some constants. Thus an application of Lemma 3 for
a, = E[(u§)*] gives us the results of the theorem.

Now we shall show two examples extremely similar to those in the previous
section.

EXAMPLE 5.1. We consider an algorithm for a sequence {1/n}7., and a model
with s categories which satisfies the following conditions :

(5.23) each pattern space X, is equivalent to a space X,
(5.24) P, 0,167, a™) = g8, 6™ fo, (x ™) for all » and 7,
(5.25) ' >3 gmg,16m =1 for all n,

8;<6
(5.26) for a set of real numbers {g;}i{.,, there are two positive

real numbers C, a such that

PLIG™(0;10™—q;| < C/(n+1)+*]=1 for 1=1,2,--,s—1 and all n,

where
0<g¢,<1 for each i=1,2, .-,s
and
©27 [ foodx=1 for all i.
X

Suppose that, at each instant, a system of orthonormal functions {¢;(x)}¥, defined
on the pattern space X is given and, for all ; and j, we have

(5.28) Er[ o)1= [_gi@fs(ddx<oo.

In this case, we have, from (5.5), for all n and j,

©.29) CRE, @)= (07)
= 3 Eolo/G] 0"
= 33 (0:] 0" D EaLo,xM)]
and
6.30) 070 = cR (0" D=l (0" = 33O~ (Ol 0D Eay(,())
= 5 00" D= E: 0 Eayli0)

—Ee(0,(0)].
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By using (5.26), (5.28) and (5.30), we can easily show that there exist a sequence of
non-negative real numbers {M,}3;, a positive constant K such that

(5.31) P[+1)@™F<M,]=1  for all n and j
(5.32) . M, < oo
n=1
and
(5.33) Var [o;(x™) "] =< K for all n and ;.

Thus Theorem 5.1 holds in this case.
ExaMPLE 5.2. We consider an algoritum for a sequence {1/n%}7_,, (é <a <1>

and a model with s categories which satisfies (5.23), (5.24), (5.25), (5.27) and a follow-
ing condition: there exists a set of real numbers {¢;}{-; such that

(5.34) ELg™ 70,10 —g¢)"]=0((n+1)7*), w>a

is true for all n and i, where 0<¢, <1 for i=1,2,-.-, s and f} g;=1. Further, it
i=1

is assumed that the same system as a given system of orthonormal functions
{0}, in Example 5.1 is given. By using (5.30) and (5.34), we can easily obtain

(5.35) EL(@P)*]=00n"*)
and
(5.36) Var[g;(x™)|0"] = K for all » and all 7,

where K is a certain constant. Thus the result of Theorem 5.2 holds in this case.
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