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     0. Summary 

   This paper is concerned with two-sample nonparametric tests for dispersion 

alternatives. Various nonparametric tests such as Tamura's Q, Sukhatme's T, 

Mood's Al and Freund-Ansari's W (Barton-David's and Siegel-Tukey's) are considered 
and compared from the point of view of the Bahadur asymptotic efficiency for the 

symmetric distribution. Final results are given in section 4.

   1. Introduction 

    Let X1, X2, ••• , X, and Y„ Y2, ••• , Yii be two samples of independent observations 

drawn from two populations with cumulative distribution functions F((x--)/01) and 

F((x--72)/a2), respectively. We shall assume in what follows that F(x) is absolutely 

continuous and F(0) = 1/2. 
   For testing the hypotheses 

                             11°: a,= 
0.1) 
                           AH: a,# a, (or 61 < 0•2) , 

various attempts have been made to construct nonparametric tests by authors such 
as Mood [9], Sukhatme [11], Freund and Ansari [7], Barton and David [4], Tamura 

[12], Siegel and Tukey [10], Capon [5], Klotz [8] and others. But as Klotz [8] has 
pointed out, there is (at least asymptotically) an equivalence in the sense of test 
statistics among the test of Freund-Ansari, Barton-David and Siegel-Turkey, and 
hence we shall restrict our consideration to the tests of Sukhatme, Tamura, Mood 

and Freund-Ansari, whose test statistics are given as follows. 

   Let denote min (x, y) and max (x, y) by x Ay and x V y, respedtively. 

   Sukhatme's T: 

                                  1  ni                       T1" = E E 46(xi, YJ) 

                       m 

                           1  m                    Tm = 
m n7'(y;, 

where 
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       {

                         1; if OAy<x<OVy 
                     95(x, .Y)=                             0 

; otherwise . 
   Tamura's Q : 

                  Q(1) =-EO(ic,„x,r2 ; y,3„y,32), 

               (2m)1(2n)‘2 

               Q(1) =1                                 E E O(Y,31,; xcrpX,2)                  en" 
/31i32 
                 2 2 

where 

                            {1 ; if yi A Y2 < Xi, X2 <V Y2                   Cb(Xl, X2 ; Y1, Y2)                                   0 
; otherwise . 

   Mood's M: 

                 M= NN+1 )27 
      N,                               2 

where 

         N-=m+n, 

               1 ; if the i-th smallest in the combined sample is an X , 
           ZN ,i =                0 

; otherwise . 

   Freund-Ansari's W: 

                  W =  1  .(!_r, (  N-I-1I N4-1l)zs,,        N22 

   It is noted that the Sukhatme's T and Tamura's Q are U statistics, while Mood's 

M and Freund-Ansari's W are rank statistics. The critical region of each test is 

given, respectively one sided (AH: 61<62) and two sided testing problem, by 
T")> c, T") <c, Q(1) > c, Q(2) < c, M> c or W> c T“)I> c, IQ' I> c, >c or I WI 

> c, i= 1, 2, where c is a generic constant. The asymptotic efficiencies of these 
tests have been so far investigated from the point of view of the Pitman efficiency. 

It is known that both T") (or T(2)) and W have the same asymptotic efficiencies and 

Q(" (or Q")) and M have another same asymptotic efficiencies, and the latter is 
larger for certain wide class of distributions. 

   Since the Pitman efficiency is a measure of efficiency concerning a power in the 

neighbourhood of 0=00, the tests with same Pitman efficiency do not necessarily 

have the same efficiency for any 0> 0. Take Tamura's Q") and Q(2) for example. 

Though they are shown to have the same Pitman efficiency, more of our experiences 

and the recent paper of the author [13] shows Q(1) more powerful than Q(2) for 

testing problem H: 0 = 1 vs. AH: 0> 1• Therefore further investigations are needed 

for the tests with the same Pitman efficiency. 
   The purpose of this paper is to give a further comparison to these tests based 

on the statistics mentioned above by means of the Bahadur asymptotic efficiency 

[2]. As noticed by Bahadur [3], Bahadur efficiency has some pitfalls, since it is an 
approximate measure of efficiency. To cover these pitfalls some Monte Carlo ex-
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periments are being prepared for the forth comming paper.

   2. Asymptotic slopes of tests 

   We shall assume the location parameters and yi to be known. In the case of 

Tamura's Q, Mood's M or Freund-Ansari's W, it is sufficient to assume only the 

difference to be known, since they are translation invariant. Since all tests 

under consideration are scale invariant, we can assume without loss of generality 

throughout the paper that two samples, X of size m and Y of size n, are drawn 

from the population F(x) and G(x).= F(x/0), respectively, where 8 = Q2/a1. Then the 

hypotheses (1.1) are reduced to 

                        H0: 0 = 1 

            AH : 8#1 or >1) 

   Let m pN, n = (1— p)N and 0 < p < 1. The asymptotic slope of the test statistic 

T=TN is defined by Bahadur [2] as follows. Let T = {TN} be a sequence of test 

statistics which satisfy the following conditions. 

   I. There exists a continuous distribution function F such that under H, 

                    urn Pr[TN�_t]= F(t) for any t . 
                               N—co 

   II. There exist a constant a, 0 < a < co, such that 

                log [1 —F(t)]=2?[1+0(1)] as t--,oc) . 
   III. There exists a function b(0), 0 < b(0) < 00 under AH such that for any 0 � 1                     

I TN               11r11311N —b(0) > s]= 0 for any E> 0 . 

Let KN(x) = —2 log LN(x), where LN(x) = 1— F(T N(x)). Then it can be shown that 

under non null hypothesisNN tendsin probability to the quantity C(0) = a[b(0)]2 
as N . The quantity C(0) is called by Bahadur as an asymptotic slope of the 

test statistics T= {TN}. 

   Now we shall give the asymptotic slope of T"). Let 

                     T(„;)(To)1ni±n \1/2 
                              4( 48mn 

Then under Ho, T1) is known (for example see [111) to have limiting standard normal 

distribution. Thus above conditions I and II are satisfied with a= 1. By using 

Chebychev's inequality the quantity bra) (0) which satisfies the condition III is easily 

obtained as follows. 

               bTa.) (0) = (48p(1—p))11$ FdG— FdG —1/ 4]. 
                                                                 (3, 

Thus the asymptotic slope of T") is obtained as Gra) (0) = b3,0) (0).
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   From the similar computations the asymptotic slope of each test statistic dealt 

with in this paper is given as follows. 

   For  T"), P" and W 

                                                                    0 

              CT (1) (8)-=Cw(6) = 48p(1 —-FdG—S FdG-1/2, 
(2.1) 

            CT (2) (0)=48p(1—p)[0f-GdF—SGdF-1/4]2 ; 
                                             0 for C2(1) and Q(2) 

           C(20)(8)= 180p(1—p)[f:F2dG—(f:FdG)2—1/12]2, 
(2.2) 

            CQ (2) (19) = 180p(1—G2c1F—(f1GdF)2 —1 /12]2; 
and for M 

(2.3) Cm(0)=180p(1—p)[(1-2p)/6-2(1—p)f FGdG—pf F2dG±S _FdG1. 

                  _ 

   REMARK : M and W are rank statistics of Chernoff-Savage type. In general, 

under some regurality conditions given by Chernoff-Savage [6], asymptotic slopes 

of the rank tests of Chernoff-Savage type are given as follows ; 

                     C(8) = --P02/r2 
where 

                 du = f J[11(x)]dF(x) , 

                                     1 

                    ,u0= f0J-(x)dx , 
               1—

ppo112 
                  =J(x)dx—J(x)dx)], 

H(x) and J(x) are defined in Chernoff-Savage [6]. 

   Let 9 be the class of distribution functions which are absolutely continuous 

and symmetric about the origin. 

   We need the following lemma in section 3. 
   LEMMA. Let F(x) E gs and G(x) = F(x/8), then 

  (i)1/4 < F2dG � 1/3 for 0 <0 , 

                 1/3 <$._ F2dG� 1/2 for 1 < 8 < oo ; 

  (ii)1/4 < f FGdG _� 1/3 for 0 <0 �1, 

               1/3 <s7FGdG� 3/8 for 1 < <co; 

  (iii)1/4 < —FdG.� 3/8 for 0 < 1 , 

                                     0
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 3/8<  f  FdG  1/2 for 1 < 0 < 

  (iv)ST F2c/G � ST FGdG for 0 < 0 � 1 , 

               $T F2c/G> $T FGdG for 1 < 0 < 00 . 
    PROOF. Since 

                F2dG = 1/2-2f — F(0t)F(-0t)dF(t) 
                                              0 and 

         a(0 1)— a(0 2) = 2 .1 (F (0 it) — F (0 20)(F (0 it)± F (0 ,t) —1)d F (0> 0 
for any 01> 02> 0, we find that a(0) = f F2dG is an increasing function of 0 > 0. 
Thus we obtain (i). (ii) is immediately obtained from (i). (iii) is obvious. By a 
similar argument as (i), we can easily prove (iv).(Q. E. D.) 

   3. Comparison of the tests 

   Let T (1), T (;) be two sequences of test statistics with asymptotic slopes C (0) 
and C71(0), respectively, then Bahadur asymptotic efficiency of T(Ar' relative to TV 
is defined as goTT,T(,$)(0)= CrT(6)/C71(0). Now we shall consider the comparison of 
each test. 

   THEOREM 1. (T (1) vs. T"), V" vs. Q(2) and V" vs. M) 

   (i) For arbitrary F, 

               Cor(2) ,T(i) (0)= Cow, T(i) (0) = 1 for any 0 > 0, 0 < 1. 

   (ii) For any F E s, 

              coQ(2) ,Q(1) (0)> comma, (0)> 1 for any 0 < 0 < 1 , 

              c0,2(2),0) (0) < cpm,Q(1) (0) < 1 for any 0 > 1 . 

   PROOF. By integration by part (i) can be immediately obtained from (2.1). (ii) 

First we shall consider Q") vs. M. Since ST FdG =1/2 for any FE and G(x) 
= F(x/0), thus from (2.2) and (2.3) it follows that 

        CQ(1) (0)—CM(0) = 180p(1 — p){ (ST F2dG-1/3)2— 

                         (2p/3-2(1—p)fFGdG— pfF2dG)2} 
                   =180p(1—p)111(0)A2(8) , 

where 

        Ai(0)= (1— p)(f F2dG —2 f FGdG-_1/3) = (1— p) f (F—G)2dG > 0 

                                       for any 0 > 0, 0 1 ,
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 A2(0)= (1+ p)(f FYG —1/ 3) ±2(1—p)(f FGdG —1/ 3) 

Since from the lemma A,(0) < 0 (> 0) for 0 < 8 < 1 (1 < 8 < co), we have Ce, (0)—Cji(8) 

< 0 (> 0) for 0 < 0 < 1 (1 < 8 <Do). Since CQw (0)# 0 for any 0> 0, 8 1, we get the 
right hand side inequality. Next, from the above results, it is immediately obtained 

that COm,(2(2) (8) < 1 (> 1) for 0 < 8 < 1 (1 < 0 < 00). Thus we get the left hand side 
inequality.(Q. E. D.) 

   The theorem means that the efficiency of Tamura's Q, unlike that of Sukhatme's 

T, depends on the direction of the alternative hypothesis ; Q(1) is more efficient than 

V" for the one sided case AH: 0> 1, but less efficient for AH: 0 < 1. 
   In the case one might expect to get higher efficiency by adding Q") and —Q") 

for the two sided testing problem. The new statistic Q"" = —Q(2) is also a U 

statistic given as follows. 

                 Q(12) =1                                          E (.0(x,„ X.2 ; Y,31, Y,52) y 

                (m2 )( 2n) ̂ g; 
where 

                                ' 1 if 
yi A Y2 < Xiy X2 <Y1 V Y2 

                 a)(x„ X2 ; Y1, Y2) = —1 if xl A X2 < yi, Y2 < X1 V X2 

                               0 if otherwise . 

Denoting the mean value of Q(12' by t t12(8), then we get 

      1112(0) -= 2 f f [F(y)—F(x)]2dG(x)dG(y)— 2 f f [G(y)—G(x)]2c1F(x)dF(Y) • 
    x<ys<y 

From the general theory of U statistics N1/2(Q(12)-it12(8)) has limiting normal distri-

bution with mean 0 and its asymptotic variance under null hypothesis is easily cal-

culated as follows. 

                             4                            (11-‘7X1) 45
p(1—p) • 

Thus the efficacy of Q(12' in the Mood's sense is given by 

      (d d88)                e1/u,2(1))2 = 180p (1— pff (2F(x)-1)xf(x)dF(x)f 
                          = which is equivalent to that of Cr). Thus we get the following theorem. 

   THEOREM 2. Q(12) has the same Pitman efficiency as Q. 
   THEOREM 3. For any F E 9„ we get 

   (i)99Q(2) ,Q(12)(0) > COQ(12),Q(1) (0)> 1 for 0 < 8 < 1 , 

                     Q (2) y Q (12) (0) < COQ (12),Q (1) (0) < 1for 0> 1 ; 

   (ii) (a) if 0 < p <1/2, then yQ02),,,,,(0)< 1 (> 1) for 0 < 8 <1 (1 < 0 < 00) y 

      (b) if 0 < p < 1/2, then goo2)01(0)---= =1 for any 0> 0, 8 # 1, 

      (c) if 1/2 < p < 1, then soo2),,(0)> 1 (< 1) for 0 < 8 < 1 (1 < 8 <00).
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   PROOF. The asymptotic slope of  Q°2' is easily obtained as follows. 

                                                                                                 2  

 (2.4)CQ(12)(0) = 45p(1—pif —F2dG—(fFdG) 2G2dF± (ST GdF)12 . 
Then we get from (2.2) and (2.3) 

                 ( 

        (0)—Co2)(0)= 45p(1—p)[4(i. F2dG—1 2s—F2dG— G2dF)] 
                  = 45p(1—p)131(0)B2(0), 

      CQ(12)(0)—Cm(0)= 45p(1—p)[(f F2dG— G2c/F) 

                  —4( 23P —2(1 —p)fFGdGsofF2dG) 
                  45p(1—p)D1(0)D2(0) 

for any Fgs, where 

           B,(0)= f F2dG+ filoG2dF-2/3 = f (F—G)2dG , 
          B2(0)= 3(j. F2dG-1/3)± 2(f :FGdG-1/3) , 

            D,(0)= (1— 2p)f (F—G)2dG , 

           P2(0)= (1+ 2p)(f F2dG-1/3)+ (6-4p)(f FGdG-1/3) 
Thus by the lemma and the similar argument as in the theorem 1 (ii) we complete 

the proof.(Q. E. D.) 

   Since T"), T(2) and W are seen to have the same efficiency in the sence of 

Bahadur as well as Pitman, we shall in the sequel consider only W among them 
and compare it with Q(1) and M. 

   Let denote by f the p. d. f. of F, and define the class of distribution functions 

g SS, EF2f,SO and gs_ as follows. 

           °F SS IF;Fegs, xf(0x) is bounded and continuous in 0> 0 

                                     for any x> 0 a. e. (F)} , 

          gs+= IF; F E „, -'xf(x)F(x)dF(x) > afxf(x)dF(x)} , 
    00 

          g 0 = IF; Fe g „, ''xf(x)F(x)dF(x) af:xf(x)dF(x)} , 

                                         0 

          g „ = IF; F e „, c'xf(x)F(x)dF(x) < (If:xf (x)dF(x)} , 
                                         0 where a= (15+2A/15)/30. 

   THEOREM 4. (Q") vs. W and M vs. W) There exists an s> 0 such that 

    (i) if F G g ,, then coe),11(0),go,,w(0)> 1 for 1—s < 0 <1+s, 0 1,
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   (ii) if F E gs„ then both goe) ,w(0)-1 and gom,w(0)-1 have the same sign for 
       1—e<6 <1±s, 8±1, 

   (iii) if F then caQ(i),w(0), Com,w(0)> 1 for 1—s < 0 <1+s, 8 ± 1. 
   PROOF. We shall first prove for (2(" vs. W. From (2.1) and (2.2) it follows for 

any FE ES 
                  CQ(1)(0)—Cw(0)=4p(1—p)E,(0)E,(0), 

where 

           E1(8) = 3V5 F2c/G — 1/3) 4A/3 (f :FdG-318) , 

           E2(0)=3V5 TF2dG-1/3)-4-\/3 (f :FdG-3/8) 

From the lemma mentioned above we get E1(8) <0 (> 0) for 0 < 0 <1 (1 < 8 <co)._ 
Further it follows that 

        E2(0)= 6-V5 501F2(0x)—2'`31//-1-3V5F(8x)+2V5±3V3F2(x)I1F(x).          7V5 

Thus we get dE2(0) 1c10 =12V5 A(0) for any FE g„, where 

               A(0)= xf(ex)[F(Ox)— 3-`/S-+_2A/ idF(x) . 
      06V5 

Since E2(1) = 0, then there exists an s> 0 such that (i) if A(1)> 0, then E,(0)<0 (>0) 
for 1—s <0 <1 (1 < 0 <1+0, (ii) if A(1)=0, then either E2(0)> 0 or < 0 for 1—s < 

<1+s, 8 ± 1 and (iii) if A(1) < 0, then E2(6)> 0 (< 0) for 1—s <0 <1 (1 < 8 < 1+s). 
Thus it follows that (i) if FE 9" S+, then Col) (0)—Cw(0)> 0 for 1—s <0 <1+s, 8 ± 1, 

(ii) if F E g so, CO) (19)—Cw(0) has the same sign for 1—s <0 <1+s, 0 ± 1 and (iii) if 
F E 9-8_, then Co) (0)—Cw(0) < 0 for 1—s <0 <1+s, 8 ± 1. But as Cw(0)± 0 for any 

0> 0, 1, thus we get the conclusions stated in the theorem. Next we shall prove 
for M vs. W. From (2.1) and (2.3) it follows that for any F „ 

                 C m(0)— Cll,(0) =12p(1— p)Et(0)E(0) 

where 

       l'(0) = ̂ 15 [(p —2)/3+2(1 —p)f: FGdG+ pf: F2dG]+4(f FdG —3/8) , 

                                                                - 

      E1((0)= V15[(p-2)/3+2(1— p)f FGdG+ pfF2c/G1-4(5FdG-318) 

Thus the similar computations as above lead the proof of the theorem. (Q. E. D.) 
   REMARK. The class of distribution functions gs, is wide enough to include 

normal, logistic and double exponential distributions among others, while gs_, gener-

ally, includes distributions more spread than those belonging to gs+, Cauchy distri-

bution for example. 

   4. Conclusions 

   From the theorems above we can summarise our results briefly as follows. It 

is noted that the comparison depends not only on the underlying distribution but
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also on the direction of the alternative hypothesis. 

   For the right-sided testing problem  110: 1 vs. AH: 0> 1, Q") is always the most 

efficient among V", Q"), Q° and 114 for any distribution F 

   For two-sided hypothesis 110: 8 =1 vs. AH: 8 1, unlike Sukhatme's P" and P" 

have the same asymptotic efficiencies for any distributions and for any 0> 0, 0 -4-= 1, 

efficiencies of Q") and Q") depend on the alternative hypothesis. Theorem 2 and 3 
lead one to the following comparisons among Q"), V", Q° and M. 

  (i) For 0 < p <1/2 

             ,Q(1) (0) > co ,Q (8)> yoQ02),Q(1) (0)> 1 for any 0 < 8 <1 , 

         40,20 ,Q(1) (8) < 40,,Q(1) (8) < coo2),Qa) (0) < 1 for any 0> 1; 

   (ii) For p= 1/2 

          c0,2(2),(2(1) (9) > com,e) co02),Qu, (0)> 1 for any 0 < 8 <1, 

           coo) ,Q(1) (8) < m ,Q(1) (8) _= CO Q(12) ,Q(1) (8) < 1 for any 0> 1; 

   (iii) For 1/2 < p <1 

          coQ(2),Q0) (8)> yo2),Q(1) (6) > Iv,Q(1) (0)> 1 for any 0 < 8 < 1 , 

          coo) ,o) (0) < co(2(12),0) (8) < com,Qa) (8) < 1 for any 0> 1 . 

Thus within our present knowledge, we have no decisive choice among Q"), Q(2), 

V") and M for two-side testing problems. 
    For any distribution belonging to • 84_, Q(1) and M are more efficient than W, 

but less efficient for 9s_. 
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