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0. Summary

This paper is concerned with two-sample nonparametric tests for dispersion
alternatives. Various nonparametric tests such as Tamura’s , Sukhatme’s T,
Mood’s M and Freund-Ansari’s W (Barton-David’s and Siegel-Tukey’s) are considered
and compared from the point of view of the Bahadur asymptotic efficiency for the
symmetric distribution. Final results are given in section 4.

1. Introduction

Let X, X,, -, Xp and Y,, Y, ---, Y, be two samples of independent observations
drawn from two populations with cumulative distribution functions F((x—&)/¢,) and
F((x—mn)/0,), respectively. We shall assume in what follows that F(x) is absolutely
continuous and F(0)=1/2.

For testing the hypotheses

Hy:0,=0,
(1.1)

AH: 0, + o, (or o,<ay,),
various attempts have been made to construct nonparametric tests by authors such
as Mood [9], Sukhatme [117], Freund and Ansari [7], Barton and David [4], Tamura
[127, Siegel and Tukey [107, Capon [5], Klotz [8] and others. But as Klotz [8] has
pointed out, there is (at least asymptotically) an equivalence in the sense of test
statistics among the test of Freund-Ansari, Barton-David and Siegel-Turkey, and
hence we shall restrict our consideration to the tests of Sukhatme, Tamura, Mood
and Freund-Ansari, whose test statistics are given as follows.

Let denote min (x, y) and max(x,y) by x Ay and xV y, respedtively.

Sukhatme’s T':

n
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1; ifOAy<x<OVy
¢(]C, y) - {
0; otherwise.
Tamura’s Q :
Q(D: E E (at naxyj)y2>y
<m>< ) ajlay B~ ﬁ?¢) ! v
1 — .
Q - (m>( TL) oS ﬁ? gb(yﬁu yﬁg ’ xcrp -xa'z) )
where
1; if A <xy, x,<¥ VY,
gb(xl, xz;ynyz): l .
0; otherwise.
Mood’s M :
. 1 N . N+1 2
A4— T 1§1 (1_ 2 ) ZN’i ’
where

N=m+n,
1; if the i-th smallest in the combined sample is an X,

ZN,i = A
0; otherwise.

Freund-Ansari’s W:
N+1

—1

N+1
E 2

' )ZM )

It is noted that the Sukhatme’s T and Tamura’s Q are U statistics, while Mood’s
M and Freund-Ansari’s W are rank statistics. The critical region of each test is
given, respectively one sided (AH:o,<o, and two sided testing problem, by
T®>c, T®<e, QV>¢, Q¥ <c¢, M>cor W>c¢ |T®|>c¢, |Q®|>¢, |M|>c or |W]
>c¢, i=1, 2, where ¢ is a generic constant. The asymptotic efficiencies of these
tests have been so far investigated from the point of view of the Pitman efficiency.
It is known that both T (or T®) and W have the same asymptotic efficiencies and
Q® (or Q®) and M have another same asymptotic efficiencies, and the latter is
larger for certain wide class of distributions.

Since the Pitman efficiency is a measure of efficiency concerning a power in the
neighbourhood of #=46, the tests with same Pitman efficiency do not necessarily
have the same efficiency for any #>0. Take Tamura’s Q® and Q® for example.
Though they are shown to have the same Pitman efficiency, more of our experiences
and the recent paper of the author [13] shows Q® more powerful than Q® for
testing problem H:6=1 vs. AH: 8> 1 Therefore further investigations are needed
for the tests with the same Pitman efficiency.

The purpose of this paper is to give a further comparison to these tests based
on the statistics mentioned above by means of the Bahadur asymptotic efficiency
[2]. As noticed by Bahadur [3], Bahadur efficiency has some pitfalls, since it is an
approximate measure of efficiency. To cover these pitfalls some Monte Carlo ex-
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periments are being prepared for the forth comming paper.

2. Asymptotic slopes of tests

We shall assume the location parameters & and % to be known. In the case of
Tamura’s @, Mood’s M or Freund-Amnsari’s W, it is sufficient to assume only the
difference 7—¢& to be known, since they are translation invariant. Since all tests
under consideration are scale invariant, we can assume without loss of generality
throughout the paper that two samples, X of size m and Y of size n, are drawn
from the population F(x) and G(x)= F(x/0), respectively, where § =0,/0,. Then the
hypotheses (1.1) are reduced to

H,: =1
AH: 0+1 (or 6>1).

Let m=pN, n=(1—p)N and 0< p <1. The asymptotic slope of the test statistic
T =Ty is defined by Bahadur [2] as follows. Let T={Ty} be a sequence of test
statistics which satisfy the following conditions.

[. There exists a continuous distribution function F such that under H,

Iim P[Ty<t]=F(@) for any ¢.

N—co

II. There exist a constant a, 0 < a < oo, such that

2
log [1—F ()] = — 112’7[1+0(1)] as {—oo.
III. There exists a function b(f), 0 < b(f) < co under AH such that for any 6 =1
Lim P

TN o
W—b(ﬁ)‘>s]—0 for any ¢>0.

Let Ky(x)= —2log Ly(x), where Ly(x)=1—F(Ty(x)). Then it can be shown that

" under non null hypothesis IJ{IN tends in probability to the quantity C(6)= a[b(6)]*

as N —co. The quantity C(f) is called by Bahadur as an asymptotic slope of the
test statistics T={Ty}.
Now we shall give the asymptotic slope of T, Let

TG = (T(n;%)/(j:%?;z >1/2.

Then under H,, T¥ is known (for example see [117) to have limiting standard normal
distribution. Thus above conditions I and II are satisfied with a=1. By using
Chebychev’s inequality the quantity b,o (f) which satisfies the condition III is easily
obtained as follows.

brw (0) = (48p(1—p)] | :OFdG—LO%FdG—l /4].

Thus the asymptotic slope of T is obtained as Cro () = bhw (6).
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From the similar computations the asymptotic slope of each test statistic dealt
with in this paper is given as follows.
For T®, T® and W

Cro (0)= Cy(0) = 18p(1—p) | FdG—| * FaG—1/4],
@1

Cro (0)=18p(1—p)[ | :GdF—jf GdFP-1/4] ;
for Q™ and Q@

Cow 0)=180p01—p)[ |~ F*dG—( iFdG)z—l/IZ:r ,
@2

Cow 0)=180p(1—p)[ [~ GaF—([ " Gar) —1/12] ;
and for M

2.3 Cu(0) = 180p(1— )] (1—20)/6 21— p) | :FGdG—pj:ondG—o— { iFdG]j.

REMARK: M and W are rank statistics of Chernoff-Savage type. In general,
under some regurality conditions given by Chernoff-Savage [6], asymptotic slopes
of the rank tests of Chernoff-Savage type are given as follows;

CO) = (pp—po)’/*
where

p = JLHGIAF ),
o= Jdz,

TR IRCES(FETON]

H(x) and J(x) are defined in Chernoff-Savage [6].

Let &, be the class of distribution functions which are absolutely continuous
and symmetric about the origin.

We need the following lemma in section 3.

LEMMA. Let F(x) e F, and G(x)= F(x/6), then

@) 1/4<j:F2dcg1/3 for 0<0<1,
1/3<j_°°mF2ng1/2 for 1<f<oco;
(ii) a< [ FGdG=1/3  for 0<f=1,
1/3<j:FGdG§3/8 for 1< <oo;

(iii) 1/4<j°°chg3/8 for 0<6<1,
]
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3/8<j FIG<1/2  for 1<0<oo;
0

(iv) { T FG < { ;chc for 0<=<1,

20

j"oFZdG>jmhFGdG forl<@<oco.
PROOF. Since

a(6) zj;ﬁ‘mc =1/2—2f j F(OHF(—0D)dF (1)

and
a@)—a(l,) = Zf oo(F(ﬁlt)—F(ﬁzi))(F(ﬁltHF(ﬁzi)—l)dF(f) >0

for any 6,>6,>0, we find that a(ﬂ):J‘F%ZG is an increasing function of 6> 0.

Thus we obtain (i). (ii) is immediately obtained from (i). (iii) is obvious. By a
similar argument as (i), we can easily prove (iv). (Q.E.D)

3. Comparison of the tests

Let TY, T be two sequences of test statistics with asymptotic slopes Cr(6)
and CpP(6), respectively, then Bahadur asymptotic efficiency of T relative to T®
is defined as ¢ rP(0)= Cr(0)/CrP(0). Now we shall consider the comparison of
each test.

THEOREM 1. (T® wvs. T®, QP vs. Q® and QP vs. M)

(i) For arbitrary F,

©r® 10 (@)= @y, 0 (@) =1 for any 6 >0, 6 +1.
(i) For any F e F,,
©o@ oW (0) > @y oo (0)>1 Jor any 0<6<1,
0@ 0w (0) <@y 0w (0) <1 Jor any 6>1.
PrOOF. By integration by part (i) can be immediately obtained from (2.1). (ii)

First we shall consider Q% wvs. M. Since J‘mFdG:l/Z for any Fe &; and G()
= F'(x/0), thus from (2.2) and (2.3) it follows that

Coo )= Cu(0)=180p(1—p){ ([~ F2aG-1 /3) —

(20/3-20—p)f " FGdG—pf :OFZdG)Z}

=180p(1—p)A,(D) A,0),
where

A,0) = (1—p)(jF2dG—2chdG+1/3) - (l—p)f(F—G)ZdG >0

for any >0, =1,
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Af0) =+ p)( [ F2dG—1/3) +20—p)([ FGdG—1/3) |

Since from the lemma A,(8) <0 (>0)for 0 <8 <11 < <o), we have Co ()—Cy(6)
<0 (>0) for 0<f# <1 (1< <o) Since Cow (A)x0for any 6> 0, 61, we get the
right hand side inequality. Next, from the above results, it is immediately obtained
that @y o2 (0) <1 (> 1) for 0 <O <1 (1<f <o) Thus we get the left hand side
inequality. Q.E.D)

The theorem means that the efficiency of Tamura’s Q, unlike that of Sukhatme’s
T, depends on the direction of the alternative hypothesis; Q” is more efficient than
Q® for the one sided case AH: 6> 1, but less efficient for AH: 6 <1.

In the case one might expect to get higher efficiency by adding Q" and —Q®
for the two sided testing problem. The new statistic Q2 =Q®—Q® is also a U
statistic given as follows.

1
Q(lz) - 77;’1 77: a]Z&‘]az w(xnly xqu ; 'y'al’ yﬁZ) ’
(2)(2) 5
where
1 iy Ay, <x;, %<V,
(U(Xl, Xoy Vi yz) - -1 if XA X, <Yy Yo <XV Xy

0 if otherwise.
Denoting the mean value of Q“® by p,,(f), then we get
10 =2 [ [[F ()~ F(TdGxdG(0) 2 [ [ [6(3)— G T dF ()dF (5) .
<y <y

From the general theory of U statistics NV3(Q9?~— pu,,(6)) has limiting normal distri-
bution with mean 0 and its asymptotic variance under null hypothesis is easily cal-
culated as follows.

4
o5(1) = '4510(1;"0) .

Thus the efficacy of Q“® in the Mood’s sense is given by

(450 o) = 18000 |~ @F@-Der P ],

=

which is equivalent to that of Q. Thus we get the following theorem.
THEOREM 2. Q“? has the same Pitman efficiency as QV.
THEOREM 3. For any Fe F,, we get

6)) ©e® ,0u(0) > @eu qw () >1 Jor 0< <1,
Ve (0) <pguv qw (@) <1 for §>1;
(1) @) if 0<p<1/2, then ppan (@) <1 (>1) for 0<0<1 (1< <o),
() 7 0<p<1/2, then pou y(@)=1 for any >0, §+1,
© i 1/2<p <], then @uun (@) >1 (<) for 0<8<1 1 <0< 0).
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PrOOF. The asymptotic slope of Q“® is easily obtained as follows.
2.4) Cou(0) = 4500 —)| | :chf( { f_opdc)l { _GdF— (f :GdF)ZT.
Then we get from (2.2) and (2.3)
Con O~ Conit= 5o [A(] " Peac— L) ~(f prac—[ Gar)]
=450(1—p)B(0)Bx(0) ,

Co(0)—Cu®) = 1500 (|~ FrdG—] iG%iF)z

—4( 2gp —2(1—p)f:deG;pfindG)ZJ
=450(1—p)D,(0)D,(6)

for any Fe= &, where

B.0)= iFZdG+ { ioszF—Z/?) = :C(F—G)QdG ,
B,(0)= 3(]1F2d(;—1 /3) +2(ffcdc—1 /3) ,
D\(6)=(1—20) }Z(chydc ,

D)= (1+ 2p)(fjf2dc—1/3)+(6—4p)(j;FGdG—1/3)

Thus by the lemma and the similar argument as in the theorem 1 (ii) we complete
the proof. . Q.E.D)
Since T, T and W are seen to have the same efficiency in the sence of
Bahadur as well as Pitman, we shall in the sequel consider only W among them
and compare it with Q> and M.
Let denote by f the p.d.f. of F, and define the class of distribution functions
F sy Fony Fgo and Fs_ as follows.

Fo={F; Fe F, xf(fx) is bounded and continuous in >0

for any x>0 a.e. (F)},

Fu={F;Fed, | :xf(x)F(x)dF(x) > aj:xf(x)dF(x)} ,
Fo=(F; FE Gy, | fOF@IF@=af xf()aF W},

F={F;Fed,, | Omxf(x)F(x)dF(x) <af Y (0dF (),

where a=(15+2+/15)/30.
THEOREM 4. (Q° vs. W and M vs. W) There exists an ¢ >0 such that
(i) if FeFyy, then oqw (@), oy w@®>1 for 1—e <8 <1l4e, 0+1,
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(i) if F& Fg, then both @ w(@)—1 and ¢y w(@)—1 have the same sign for
l—e<f<1l+e 01,
(i) if Fe ., then ¢qu w(@), ouw@ >1 for 1—e <0 <lie, 6+ 1.
Proor. We shall first prove for Q¥ vs. W. From (2.1) and (2.2) it follows for
any Fe F;
Cow (0)—Cy(0) = 4p(1—P) EXDE0) ,
where

E(0) = 3«/§U;F2dG—1/3)+4«/37(fifd6~—3/8) ,

E0)=3v5({ :F2dGA—1/3)*4\/§ (f :FdG—3/8) ,

From the lemma mentioned above we get E,(6) <0 (>0) for 0 <8 <1 (1 <0 < o).
Further it follows that

E0)=6v5 ] j[F?(ax)—,?}/ gj;ﬁ Fon+ 2V ? \"/%?’V 3 P ]dr@.

Thus we get dE,(0)/d0=12+/5 A(#) for any F e F,, where

AO= [ ef @R[ FOn—V3EE3 Jar .
Since E,(1)=0, then there exists an ¢ >0 such that (i) if A(1) >0, then E,(#)<0 (>0)
for 1—e <8 <1 1<6<1+e), (i) if A(1)=0, then either E,(6) >0 or <0 for 1—e <@
<1te #=1 and (i) if A(l) <0, then E,(@)>0 (<0) for 1—e <0 <1 (1 <0 <1+e).
Thus it follows that (i) if Fe F,,, then Cow ()—Cu(@) >0 for 1—e < <l+e, 6#1,
(i) if F& Ty Cow (0)—Cy(6) has the same sign for 1—e <6 <1+4e, 6 +1 and (iii) if
Fe F,_, then Cow ()—Cy(f) <0 for 1—e <8 <14, §+1. But as Cp(f) #0 for any
>0, #+1, thus we get the conclusions stated in the theorem. Next we shall prove
for M vs. W. From (2.1) and (2.3) it follows that for any Fe &,

Cu(6)—Cw(0) = 12p(1—p) EXOE (D),

where
EF0)=vI5[(o-2/3+20-p)| FGdG+p[  F*dG|+4([ ~FdG—3/8),
—0S —0 0
E¥0)= x/ﬁ[(p—Z)/3+2(1l—p)roFGdG—i—meFQdG:I—élq " FdG—3/8)
. . .
Thus the similar computations as above lead the proof of the theorem. (Q.E.D)

REMARK. The class of distribution functions ;. is wide enough to include
normal, logistic and double exponential distributions among others, while &,_, gener-
ally, includes distributions more spread than those belonging to &y, Cauchy distri-
bution for example.

4. Conclusions

From the theorems above we can summarise our results briefly as follows. It
is noted that the comparison depends not only on the underlying distribution but
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also on the direction of the alternative hypothesis.

For the right-sided testing problem H,: § =1 vs. AH: > 1, Q is always the most
efficient among Q%, Q®, Q“? and M for any distribution F e &,

For two-sided hypothesis H,: 0 =1 vs. AH: 6 +1, unlike Sukhatme’s T and T®
have the same asymptotic efficiencies for any distributions and for any ¢>0, §+1,
efficiencies of Q¥ and Q® depend on the alternative hypothesis. Theorem 2 and 3
lead one to the following comparisons among Q, Q, Q“® and M.

(i) For 0<p<1/2

P o0 (0) > 0y v (0) > poa» g (6) > 1 for any 0< 80 <1,
©e® q® (0) < @y,om (0) < @gao g (0) <1 for any 0>1;

@ii) For p=1/2
0@ 0w (B) > @y ,q0 () =ou2 qw () >1  for any 0 <8 <1,

©o@ o (6) < @y, () = Qo s () < 1 for any 6 >1;
(iii) For 1/2<p <1

0o o (0) > ©au2,qw (0) > @y, (B) >1  for any 00 <1,

0@ ,0m (0) < @ou (w (8) <@y ow (B) <1 for any 6> 1.

Thus within our present knowledge, we have no decisive choice among Q%, Q®,
Q“® and M for two-side testing problems.

For any distribution belonging to F,,., Q™ and M are more efficient than W,
but less efficient for &,_.
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