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   1. Introduction 

   Let X1, X2, •-• , Xn1 and YY                          _1,-2, Yn2 be two independent sample of observations 

with continuous cumulative distribution function F")(t) and F(2)(0 respectively. 
   Testing the statistical hypotheses such as H: 4 = 0 vs. AH: 4> 0 for F")(t)---- F(t) 

and F")(t)-= F(t-4) or H: c = 0-210-1= 1 vs. AH: c> 1 for F")(0= F(tIcii) and F(2)(0 
=F(t/u2), where assumption for F is merely its continuity, form the class of 

problems of two-sample nonparametric tests in the sense that two populations are 
involved, and (at least asymptotically) the test statistics are distribution-free, thus 

the rejection region is free from the unknown c. d. f., F. Various statistics proposed 

for these two problems are of either rank statistics or U statistics type. 
   For the corresponding problems of point estimation several attempts have been 

made to apply nonparametric test statistics in order to obtain robust estimrtors. 

Among them the most famous one would be the following Hodges and Lehmann's 

estimates. 

    Let x= (x1, x2, ••• , x„,), Y= (Y1, y2, ••• 31n2), Y-Fa= (Yi±a, y2+a, •-• , yii2-Fa) for any 
real number a and T(x, y) be a test statistic for the hypothesis H; 4 = 0 against the 

alternative 4 > 0. Under conditions (A) T(x, y+a) is a non-decreasing function of a 

for all x and y and (B) when 4=0, there exists ET(X, Y), say t, which is inde-

pendent of F, Hodges and Lehmann [3] defined the estimator A of 4 as follows. 

(1.1)j=(4*-4-4**)12, 

where 4* = sup {4 ; T(x, y 4) > , and 4** = inf {4 : T(x, y-4) < 
   Especially the estimator A based on the two-sample Wilcoxon statistic is called 

Hodges and Lehmann estimator and its remarkable robustness has been explored by 

many authors such as Hodges and Lehmann [3], Lehmann [6], [7] Hoyland [5], 

Ramachandramurty [9], Sp jotvoll [10] and others. 

   Now as stated above Hodges and Lehmann considered the estimates based on 

rank tests, thus the statistics T(x, y) in (1.1) are (at least asymptotically) " distribu-

tion-free ", but the estimators A based on this " distribution-free " T(x, y) are not 
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" distribution -free ", since the variance of the asymptotic distribution of the estimator 
depends on the underlying distribution. Here the emphasis must be laid on " dis-

tribution-free " and it might be natural to raise the question. " How " distribution-

free " of the statistic T(x, y) cause to bring forth the robustness of the estimator ?" 
" Isn't it possible to obtain more robust estimator through extending our considera-

tion to " non-distribution-free " T(x, y) ?" The purpose of this paper is to investigate 

these questions. 

   Our answer is roughly summerised as follows ; " distribution-free " property of 

the test statistic has an only little contribution to the robustness of the estimator 

based on the test statistic and it is possible to obtain more robust estimator by 

considering outside " non-distribution-free " statistics. 
   In section 2 we shall preliminarily investigate a certain type of U statistics. 

In section 3 we shall exemplify new estimators of a shift parameter based on "non-

distribution-free " U statistics, which are a generalization of Hodges and Lehmann 

estimator and are shown to be more robust than Hodges and Lehmann estimator. 

Following the same manner as (1.1) we shall define the estimates for a dispersion 

parameter in section 4 and exemplify new estimators based on " non-distribution-
free " U statistics and compare it with ordinary nonparametric estimator based on 
" distribution -free " U statistics . New estimators appear to be especially useful, 

since in case the underlying distribution is normal its asymptotic relative efficiency 

relative to the maximum likelihood estimator is up to 0.95, whereas that of ordinary 

nonparametric estimator is only 0.61. 

   2. Preliminaries 

   The following theorem 2.1 (i), (ii) concerning U statistics are well known results 

(for example, see Sugiura [11]) and (iii) is a slight modification of (ii) and the theo-
rem 2.2 and 2.3 are generalizations of Hoeffding [4] to the two-sample case. 

   Let X1, X2, , X7,1 and Y1, Y2, • Y712 be random samples with c. d. f. F(')(t) and 

F(2)(t) respectively and 0(x1,••• , y„••• , y7„) be a real valued function which is 
symmetric in each set of variables x1,••• , xi, and y1, •-• , yin. Put 

(2.1)U(x, y) =1I*0(x,1, , ,Y37„), 
               n n 

              (Tri)(7;1) 
where the summation I* extends over all possible sets of subscripts, (i1, ••• 

(j„ , jni) such that 1 < i2 < ••• < m, 1 ji <12 < < jm In. The statistics 
U defined by (2.1) is called U statistics. 

   THEOREM 2.1. (i) If E(0)--- 72, then E(U)=77. 

   (ii) Suppose that E(0)=77 and E(02)< 00. Further let n1= pN and n2 = (1—p)N 
with p, 0 < p< 1, positive constant independent of N. Then as N-00 the statistic 
-‘/N (U-77) is distributed according as normal distribution , whose mean is 0 and vari-
ance is given by 

(2.2)=7722                       C0+ m2                                              CO1                 P1 —P
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where r        ,d id 2meansthe covariance of  0(x1, •-• xm ; Yi, • y 70 and (x1, ••• fd14-1, • • • , 

x;7, ; Y1, ••• .Yd2, ••• with xi, x'j; yk, yi being independentry distributed as F(1)(t); 
F(2'(t) respectively. 

   (iii) Suppose that the function 0 depends on N, denote it by N and corresponding 
U and y by UN and 72N respectively. Further suppose that ON is uniformly bounded 

and ON as N 00, then the statistic -^ N (UN—?;N) has the same limiting distribu-

tion as (ii). 

   PROOF. For the proof of (i), (ii) see Sugiura [11, p. 386]. (iii) is obtained by a 

slight modification of the proof of (ii), thus we shall omit the proof. 

   THEOREM 2.2. The quantity c:io as defined in Theorem 2.1 satisfies the inequalities 

           (i)0 < Cnl , 0 < 2,0if 1 a, < 711 
             a, a, 

(2.3) 

                 0<  <eo,32if 1 131 < 
                        t3i 

                                   1  (2.4)(C,=—C„0 Co(C„—C„,0—o,)       (ii) 0— a ipi—6;022,-W-

                        U 1 < a2 m, �_ ;3, <132 

   THEOREM 2.3. The variance a2(11) of U satistics (2.1) satisfy the inequalities 

               m2 77,4 
(2.5),()AU)72n

2Col+n,n2 

                     171,111,,7n2 

                                                  mmCmo Con,)•                        =n 1("7"--1-71Cn1112 

Further the quantity rL, given in (2.2) satisfies the inequalities 

                                                  711  (2.6)p c(77,0+ip OM • 
   For proving Theorem 2.2 and 2.3 we shall require the following lemma. 

   LEMMA 2.1. If 

                 a 3 

<2.7)5,,5= E E--1r±i3-r-s(a)(3)Crs with 600= coo=o , 
         r=0 s=0S 

we have 

(2.8)Crt,3=-- (a)(8)Ors                                    r=0 8-0 r s 
and 

(2.9)Oais.� 0 . 

   PROOF. (2.8) follows (2.7) by induction. For proving (2.9) we shall first show 
that Ca,3� 0 for any pair (a, is), a, (3 0. Let 

                ' ECX1, ..• XM nt)
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     0,,3(x„,;yis)=E0(x„,xo,Xo+1, ,Yi,37,s11,••• Y.),- 

       Tu s3(xi, ; Y,3)=0,p-(x„ •-• , xa, yi, ••• , 37,0-77 

then we have 

(2.10)C,,3 EI gr0,3(Xi, , X,1; 17,3)12� 

Let 

                   7200=722, 77,,3=E10,,3(Xi, ••• , X, ;yl, ••• , 17,3)12. 

Then 

                                            CO33 = 7)(1,3-7200 

and on substituting this in (2.7) we have 

                   50,3_ ir,s-r-s(a)e)77, 
         s=0S 

From (2.7) and (2.10) we have 510 C10 >_ and 5L                                            01—01�- 0. Thus (2.9) is true for 

a =1, p = 0 and a = 0, p = 1. Suppose that (2.9) is true for any pair (a, j3). Then. 
(2.9) will be shown to hold for (a+1, (3). Let 

             600(x1)=-010(x)-77 

                Ors(xi, ••• xr+1; • ys) = r+i,s(Xi, • • • , xr+1; y1, • • • ys) 

                                                   —0r,s(X2, ' • • , Xr-1-1; Yi, ••• ys) • 
For arbitrary x1, let 

          Tirs()CD= EOrs2(Xi, X2, • Xr+1; Yl,•-• Ys), r= 0, 1, 2, •-• , a-1, 

                                               s= 0, 1, 2, , p . 
Then by induction hypothesis 

                                1)e)yirs(xi)>. 0 
                                               r=1 s=0 

for any x1. Now ET2rs(X)=-                                  and hence 

            E1-&-1,3(Xi)i=(-1)(1-1-,5-r-s-1(a-1)C)(727.+„-72rs) 
         r=0 s=1S' 

                            (-1)a÷:3–r–s(a)(8)Yirs =Oais.            r=0 s=0S 

Thus we have Oc,÷1,,3� 0. Similarly it follows that Oc„,,5+1 0. Thus the proof of the 
lemma is complete. 

   PROOF of Theorem 2.2. 

  (i) By (2.8) we have for al < a2 

                                 a 

                 aiCa20act2CaiO— al2_,(,z(arl)Or0 
                                                            r=i 

                           al r
ai(a2)a2(ai)iaro±ai(a2)oro 

                 r=ir/r-1\r/•
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 From  (2.9),  and  since  aer2)—a,(ar1) �  0  if 1 r a1 < a„  it  follows a1Cu20�- 
 and  similarly  we  obtain  3  ,  Thus  we  have  right  hand  side  inequalities 

of (2.3). The left hand side inequalities are obtained from (2.10). 

   (ii) By (2.8) it follows 

                   Ca'3—(Ca°H-C''')=�i(ar)(13s)órs. 
Thus from (2.9) we have left hand side inequalities of (2.4). Moreover we have for 
al < a2 and t31 < P2 

            aiPi(C„2,92 Cci20 Coss) a2t32(Cao, Caio CO33) 

                             al t31            = EE Lalga2)(132)—a2132(a)(13)]5'-' 
          r=1s=1r SrS 

                                  a2 

             + E E aiiii(a2)(32)5„± E(12aiPi(ai32) Ors 
                     r=1 s=idi1r Sr=ai 1 s--1 

From (2.9), and since 

     a1i3er2)(112) a2P2(ari) Cs) 0 if 1 r<a, < a2, 1 < 
then if follows 

                      a1P1(C,1232 Ca20CO352)>_=a2i32(C01,91Call)CO331) • 

Thus the proof of the theorem 2.2 is complete. 
   PROOF of Theorem 2.3. The variance a2(U) of U statistics (2.1) is given as 

follows. 
                          1(m(n, —(n2 — <2

.11)o-2(U)                      yn
2\,-0rsAm—rA m—s 

From (2.3) and (2.4) we have 

               aClo+PCoi+aP(Cii Cio Col) < 

                  a _t_a3                                           LD77,00771 1-2(5777,77/.C7710COM) •mrn 

Substituting these inequalities to (2.11), and using the identities 

                                         i
k-1)n,--1\                                                 i= 1, 2 , 

                        (n,—;ni , 
                                         1r=1.                km—k1//)m) ' 

we obtain (2.5). The last part of the theorem follows immediately from (2.2) and 

by multiplying N to both sides of (2.5) and letting N—>00. Thus the proof of the 

theorem 2.3 is complete.
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   3. Estimator for a shift parameter 

   We shall consider in this section the robustness of the estimator for a shift 

parameter. 
    Let x1, x2, • •• , x„ and y1, y2, • • • , yn2 be independent random samples with c. d. f, 

F")(t) = F(t) and F(2)(0= F(t—J) respectively, and let h(x1, x2, ••• , x7) be any m variate 

symmetric real valued function such that 

(3.1)h(ax1+b, ••• , ax,n+b)= ah(x„ ••• , 

for any real a and b. 

   We shall restrict the U statistics (2.1) as follows. 

(3.2)0(x1, ••• , x.; y1 ••• yin) = Co(h(x, ••• , xni); h(y1, ••• Y.)) 

where 

                        { 1 if u ,                           co(u, 1:)= 
                                   0 otherwise . 

   U statistics thus restricted are seen to be " distribution-free " for m= 1, but 
" non -distribution-free " for m 2 and satisfy conditions (A) and (B) in section 1 and 

the estimator 2ini(x, y) of LI obtained from (1.1) using this U statistics as T(x, y) is 

easily given by the median of h(yji, ••• , •-• , xi.), Clin1)(nm2) in number, 
where y32, ••• )1377.0 1 j1<72< ••• <j„,rti and xj1, xi2, •-• , xini, <i2< •-• <im�ni 
are drawn from x„ x2, ••• x,1, and y1, V                                     - 2, ''• yn2, respectively. We shall denote the 

estimator by 

             4,(x, y) = med [h(y31, y.,2, • , , xim)] 

                                             1  7'    Example 3.1. Suppose that h(x1, x2, ••• , x,,)=  E xi, then we have 
                                                       m ,=, 

                     y) med 31+ ••• +y,m)—(xii+ •-• +xim)11m , 

which is an extension of well known Hodges and Lehmann estimator. 
   Example 3.2. Suppose that h(x1, x2, , xin)= med (x1, •-• , xn,) , then we have 

            4,2(x, y) = med [med (y,,, , (x,„ , 

   Science Hodges-Lehmann [3] has been investigated the characteristics of 21 

given in (1.1) from the general point of view, we shall not state it for 21,,(x, y), 
except for its asymptotic normality. To obtain limiting distribution of jni(x, y) we 
need the following lemma due to Hodges-Lehmann [3]. 

   LEMMA 3.1. For any real number a the estimate 2i.(x, y) satisfy the inequalities 

       P [U (X , Y— a) < 1/2] P Y) a] P [U(X , Y— a) 1/2] . 

   Let the c. d. f. of the statistics S= h(Y1, Y2, ••• Y70—h(Xi, X2, , X„,) be G,„(s)• 
and its p. d. f. be gm(s), where Xi and 173, i, j =1. 2, ••• , in are supposed to be inde-

pendent and identically distributed with c. d. f. F. 
   THEOREM 3.1. Suppose that gm(0) # 0. Theh N (zi,i(x, y)-4) has a limiting normat
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distribution whose mean is 0 and variance is  il/en,(0), where rm is given in (2.2) with 

Xi, X"i; Yk, Y; being independent and identically distributed as F(t). 
   PROOF. From the lemma 3.1, and since 4.(x, yd-c)= 4,(x, y)+c, it follows for 

any a 
                               1 1 

         lirn Pj[N 2 (21,i(X, Y)-4)a] = lim Po[U(X, Y— aN 2)1                                                                            -] 

       11 

                 = lim PoIN [U(X, Y— aN 2 )- E0U(X, Y— aN 2)] 

                   1 1 
                  N 2[ 2E0U(X, Y—aN 2)]} , 

where Po and E, mean the probability and expectation under 4 =0.From Theorem 
      11 

2.1 (iii) it follows under Po that N 2 [U(X, Y—aN 2)— Eo(X, Y—aN-1  2)] is distributed 
asymptotically according as a normal distribution with mean 0 and variance 
where r2n, is given in (2.2) with Xi, X ;; Yk, Y; being independent and identically 
distributed as F(t). Further we have as N 00 

  1 1111 
        N 22EoU(X, Y — aN 2 )] = N 2 [G,(aA")—G,i(0)] ag,(0). 

Thus the proof of the theorem 3.1 is complete. 
   The asymptotic efficiency of 4,,(x , y) relative to the classical estimator y—x, 

denoted by A. R. E. (4(x, y)IY—U in the sence of reciprocal ratio of asymptotic 
variance is given as follows. 

                                                                  2 (3.3)A. R. E. (4,(x, Y)I,(0) 
                                   f- 

                                        P(1—P)r;,. 

where cif means the variance of the statistic. Assume that the variance of T=h(X„ 
••• , Xm) with Xi, i= 1, 2, •-• , m being independent and identically distributed as F(x) 

exists and denote it by a:L. Then we have 
   THEOREM 3.2. For any continuous c. d. f., F(x) which satisfy E(X)2 <00 and gm(0) 

  0 we have 

(3.4)A. R. E. (4(x, Y)I — � 0.864 6r2f/mcr;,, . 

   PROOF. We shall denote by qm(x) the p. d. f. of the statistics T = h(X1, ••• , Xm). 

Then we have g1i(0).= ql(x)dx. Moreover it has been shown by Hodges-Lehmann 

[2] that 12cr2,,,,GqL(x)dx)20.864, thus it follows 
(3.5)a.:2f g;,,(0) 0.864 a2f /12 6m . 

Further from (3.2) and definition of r                                   did we have 

   Cmo= Com = Cov {co[h(X , Xm) ; h(Y1, , Ym)], CoCh(X 1, • • • , X 77, ; h(17., • • • , Y'701 

      = P[h(X„ , X,) < h(Y „ • •• , Ym), h(X1, , X„,) < h(r, , rni)] 

       —{P[h(X„ • • • , Xm) < h(Y 1770i12= 1/3-1/4 = 1/12 . 

Thus we have from (2.6) that
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                     m  

(3.6)                     p1171p 12 p(1— p) • 

Thus substituting (3.5) and (3.6) to (3.3), we have the desired result. We shall in the 
sequel consider the estimator jrn, given in the example 3.1. 

   COROLLARY. Under the conditions of Theorem 3.2 we have 

                A. R. E. (4,119 —2) 0.864 for any m _�1 . 

   PROOF. Since h(x1, • • • , x,,,,)= (x1+ • • • + x20/ m, we have o..;), _= (6/ m. Thus from (3.4) 
we have the result. 

   THEOREM 3.3. Let the underlying distribution F(x) be a standard normal c. d. f.. 

Then we have for m= 1, 2, ••• 

             3/7 A. R. E. y < A. R. E. (4,,,,11 y- x) < 1 . 

   PROOF. When F(x) is a standard normal c. d. f. we have o.2 =1, ,g„,(0)=--(m/47) 
and L'       =.01 = 1/4—(1/27r) cos-'(1/2m). Thus it follows from (2.2) and (3.3) that 

(3.7)A. R. E. (217.0 11)-50 = 1/12m(7-2 cos-1(1/2 m)) 

Now we shall consider the function 

                  a(x) -= x[7r —2 cos-1(1/12 x)] for x 1 . 

Since d2a(x)/ cl2x=P1x2(x2-1/4)(1-1/4x2) 2 ]-1 > 0 for x 1, then da(x)/dx is a strictly 
increasing function of x� 1. But since da(x)/ dx —0 as x co, then da(x)/ dx 0 for 
x� 1. Thus a(x) is a strictly decreasing function of x �1. Thus we have m[7-2 
cos-1(1/2 m) > (m+1)Dr —2 cos-1(1/2(m+1)] for any integer m� 1. Thus it follows 
from (3.7) that A. R. E. (4,11 < A. R. E. (4-1-1,1 Y--T). Further it is clear that 

A. R. E. (211,11Y —.T)= 3/7 and A. R. E. (4,119—.T) —31 as m-->09. Thus the proof of the 
theorem is complete. 

   Now we shall give the numerical values of A. R. E. (4m,119 —x) for some specific 
distributions. 

   (1) Suppose that F be a standard normal c. d. f., then numerical values of (3.7) 
is obtained either by using the table [8], or by the six point interporation, and 

given in Table 3.1. 

   (2) Suppose that F be a chi-square c. d. f., F(x) 0X;,(t)dt,(t) = (2F(v/2))-1 

(t/2)"2-1e-w2, then we have 

(3.8) 6f=2v,                          2/) 

(3.9) gm(0) = mr (2a-1)/22aF2(2a) , 

(3.10) = m2(2 — 1/ 4)/P(1 - , 

wherea= my/2 
                                  u-1 r --1 A-

                2=AE E E E B(i, j, k, 1) C(i, j, k, I) 
                                     i=0 j=0 k=0 1=0 

                  A = [(a — v/2)] -2[F(v/2]-1 , 

                       B(i, j, k,1)=2i+k+'+2-4a/a1+1+'12
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          C(i, j, k, 1)=r(2a —1—i— v/2)T(2a—k —v12)F(j+1+1)/2)  F( a—i)  •  F(j+1)-  F(a—k)  •  F(1+1)• 

Substituting (3.8), (3.9) and (3.10) to (3.3), we can obtain numerical values of A. R. E. 

(4,11Y—U which are calculated by using an electric computer, NEAC 2200-500, of 
Osaka University and given in Table 3.1. 

   (3) Suppose that F be a contaminated normal c. d. f.,; F (x) = PN(x)+ q N(x— 0) , 

q = 1-p, where N(x) is a standard normal c. d. f., then we have 

(3.11)A. R. E. (ji,i I —) = (3/7)(1+Pq02)11-F2Pq(e-'214-1)12 , 

(3.12)A. R. E. (22,119-50 = 62f gRO)/ p(1— , 

where 

            a2f =+pq02, 

            g,(0)= rp4+41)2q4H-q4+4(p3q+pq3)e-62'8-1-2p2q2e-'31/A/27. , 

            = (42*-1)/p(1— p) , 

               2 2 

        2* E E j, 1/4) 
                               i= -2 j=1 

             A-2,-2 = qB3 , A-2 ,-1 = 2q131133 , 202B3 , 

         A_2,1=203134,A-2,2 = 0 = , 

            A_10=2PB,B3+2qB,B2, 2pB2B3+2qB1B4 , A1 ,2= 2PB3134, 

             A0,0 = PBTH-03, Ao„=2P.81,62+2qB2B4 , A0,2 2PB2B4, 

             A1,1 Pi% -HqBi , A1,2 2PB2B4 , A2,2 = P1674 

           Bl = P (p 2+2q 2) , B2 = q(q2+2Y) , B3 = Pzq B4= Pq2 

             F(a, b, r)-exp [—-„ (x2-2rxy-Hy2)]dxdy . 
                       b 27E-A/1—r2z(i —7 ) 

Numerical values of (3.11) and (3.12) are given in Table 3.2, which were compued 
by means of NEAC 2200-500 of Osaka University either by using the table [8] 

utilising the identities 

                  F(—a, —b, r)--= F(a, b, r)+(a(a)+ a(b))I2 , 

                  F(—a, b, r)= —F(a, b, —r)+(1—a(b))/2 , 

                     x where a(x) =1/A/2* exp (—x2/2)dx, or by the six point interpolation. 
                            -.r 

   Note that the U statistic corresponding to j„, ,„ m= 1, i. e. Wilcoxon two-sample 
statistic, is " distribution-free ", but the estimators j„, ,„ m� 2 are based on " non-
distribution-free " U statistics. 

   Corollary, Theorem 3.3 and the inspection of the Table 3.1 and 3.2 lead one to 
the following conclusions ; 

   (i) A. R. E. (2 0.864 for all m= 1, 2, ••• and for any underlying distri-
butions which satisfy the regularity conditions. 

   (ii) A. R. F.(401.37-1) increases monotonically from 0.955 to 1 as M increase 
from 1 to infinitive for a normal underlying distribution .
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   (iii) _� 2 are more robust than 4m,1 m= 1 for distributions nearest to the 
normal such as contaminated normal distributions F(x)=PN(x)-FqN(x-0) 0 q 0.2 
0 �_ 1. 

   (iv) For distributions not nearest to the normal distribution such as contamin-
ated normal distributions F (x) = pAr(x)i qN(x- 0), 0 q 0.2, B > 1 and chi-square dis-

tributions, the robustness of in 2 decreases as in increases, though we have 

for latter distribution A. R. E. (217,,,,1 y > 1 for all in= 1, 2, • ••. 

       TABLE 3. 1. Values of A.R.E. (71,,,illy-X) for the normal and the chi-square 
                   distributions with I, =1, 2, 3, 4, 5 degree of freedom. 

            m  ----1246 
F -- 

  Normal0. 95490. 98940. 99740. 9989 

  Z2 2 = 1co3. 23411. 63371. 3739 

      23. 00001. 58821. 25431. 1651 

      31. 82381. 33111. 15861. 1060 

      41. 50001. 22811. 11511. 0780 

      51.35101. 17281. 09001.0615 

         TABLE 3. 2. Values of A.R.E. I31- , m =1, 2, for the contaminated 
                  normal distribution F(x)=p1V(x)+0(x-0), q= -p. 

          0.40.81.02.03.0 

          0. 00. 95490. 95490. 95490. 95490. 9549 

   10. 10. 95510. 95690. 95961. 02201. 2166 

          0. 20. 95500. 95550. 95650. 99661. 1869 

         0. 00. 98940. 98940. 98940. 98940. 9894 

   20. 10. 98950. 99050. 99201. 02171. 1173 

         0.2 0.9894 0.9896 0.9900 0.9996 1.0522 

   4. Estimator for a dispersion parameter. 

   Let Xi, i= 1, 2, • • , n1 and Y.), j =1, 2, • •• , n2 be independent random variables 
with c. d. f. Fw(t)=F(t/a1) and F(2)(t)_=F(tla2) respectively. We shall consider in 
this section the robustness of the estimator for a dispersion parameter c= u„ 

   Let h(x1, x,, •-• , x77,) be any m-variate symmetric real valued function such that 

(4.1) h(ax1, • • • , ah(x1, , xm) for any real a> 0 . 

   We shall consider the U-statistics which satisfy (2.1), (3.2) and (4.1). These U 
statistics are seen to be " distribution-free " for m 1 but " non-distribution-free 'r 

for m �_ 2. Following the same manner as (1.1) we can obtain an estimator es of c 

as follows.
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(4.2) c —(c*-f-c**)12 

where 

                       c* = sup {a, U(x, y/a)> re} 

                      c** = inf {a ; U(x, y/ a) <} . 

   Since ,tt = EOU(X, Y) =1/2, it follows from (4.2) that the concrete form of the 

estimator ern(x, y) of c derived from above Ustatistics is easily obtained as a median 

of h(yii,, yin„)/h(xii, xi„• •• , xim), (nin)(m) in number, where xi„ • •• , 
          ••• <im�n, and 32;1, yi„ Yin, I —‹ <32 < ••• <im�n, are drawn from 

x1, x,, ••• , x„ and y1, y2, ••• yn, respectively. We shall denote it by 

                eni(x, y) = med [h(yji, 37;2, ••• , yhm)/h(xii, x„, ••• , xim)] 

   Example 4.1. Suppose that h(x„ x2, ••• , xn.„)= (xi+ xli+ ••• +4)2, then it satisfies 

(4.1) and the estimator turns out to be 

           ey)= med ECYJ1+y`j2+±y2ini)/(xii+42-1—•••ixim)1,1, . 

   Example 4.2. Suppose that h(x1, x2, ••• , xm) = med x11, ix21, ••• , I x7,1). Then it 
satisfies (4.1) and the corresponding estimator is 

          .,2(x, y)= med {med (I v                                  ••• Y3.1)/med (I I xim DI • 

   Let the p. d. f. of the satistic T = h(X1, X2, ••• , X„,,)/h(Yi, Y2, IC) with Xi, Yj 
 j =1, 2, • • , in being independent and identically distributed as F(x) be pm(x). Then 

we have 

   THEOREM 4.1. Suppose that pm(1) 0. Then N2 (en,(x, y)—c) has a limiting normal 
distribution with mean 0 and variance cym/pL(1), where TL is given in Theorem 3.1. 

   PROOF. We shall omit the proof, since it is obtained by an analogous manner 
as that of Theorem 3.1. 

   Let the maximum likelihood estimator of c with F(x) standard normal c. d. f. be 
em .L. Then we have 

                        "2 "1 

                        em.L.= (n, E y,/n,E xD1'2, 
                               j=ii=i 

which is distributed according as asymptotically normal distribution with mean 0 

and variance 

              K2= c2(p4— te2)/ 4p(1— p)tti , where pi = xlf(x)dx 

   Thus the asymptotic efficiency of em,(x, y) relative to em.L. is given as follows. 

(4.3)A. R. E. (en,(x, y) I em.L)= K2p;,,(1)/c2ii, 

   Now we shall give the numerical values of (4.3) for the estimator en.„, given in 

the example 4.1 for specific distributions. 

   Let the c. d. f. of random variable X be F and suppose that X2 is distributed 

as chi-square distribution with i) degree of freedom so F turns to a standered normal
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c. d. f. when v = 1. Then we have 

                                 ____ c2(21)p(1 0-1 , 

                      An(1) _= I imv)[27Th'-' F2(mv/2)]-1 , 

and n;., is given in (3.10). Substituting above equalities to (4.3) we obtain numercal 
values of A. R. E. (e. ,,lcm.L.), which are given in Table 4.1. 

   Note that the U statistic corresponding to the estimator cm,l m=1, which is 

seen to be equivalent to Sukhatme's T statistic [12] for symmetric distribution 

functions, is " distribution-free ", while the estimators em,i in= 2 are based on " non-

distribution-free" U statistics. 
   Inspection of Table 4.1 leads one to the following conclusions ; 

   (i) Asymptotic relative efficiency of en„, m= 1 relative to the maximum likeli-
hood estimator em,, is only 0.61 for the underlying normal distribution, thus the 
efficiency loss is large for one to use ordinary nonparametric estimator cm,l 711 =1 
instead of emL when the underlying distribution has large possibility to be a normal. 

   (ii) A. R. E. (en„, em,L), m = 2 is quite high for the underlying normal distribution, 
for example A. R. E. (e.,1 I em,L)= 0.95, m= 6, thus we can improve A. R. E. (emlem,L) 
by extending our consideration to the estimators en,,, m 2 based on " non-distribu-

tion-free " statistics. 

   (iii) A. R. E. (e„,, em,L) for chi-square distribution with v degree of freedom in-
creases as v increases from 1 to 5 for each m, which shows the robustness of en„, 
for each m. 

   Of course there exists family of distributions which make A. R. E. (e.,1 I em,L) 

larger than 1, for example A. R. E. (cio I em,L)> 1 for distributions which have the 
p. d. f. 

             1itio-Fro          f( x)=F((3+ a)/2)  exp, a � 1.5 

and A. R. E. (cl,l I em,L)—. as a 00. 

      TABLE 4. 1. Values of A.R.E.(cm,l I e                                        _ m=1, 2, 4, 6, when X2 is distributed 
                   as chi-square distribution with I., degree of freedom. 

           m 
z2v1246 

     = 10. 60790. 80800. 91900. 9541 

      20. 75000. 89330. 96030. 9790 

      30. 81060. 92440. 9736O. 9865 

      40. 84380. 94030. 98000. 9900 

      50. 84880. 95000. 98370. 9919 
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