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1. Introduction

Let X,, X,, -+, X,,and Y, ¥, ---, Y, be two independent sample of observations
with continuous cumulative distribution function F®(t) and F®(t) respectively.

Testing the statistical hypotheses such as H: 4=0ws. AH: 4> 0 for F@{)=F()
and FP()=F({t—4) or H:c=o0,/0,=1 vs. AH:c>1 for FO{)=F(t/o,) and F®()
= F(t/0,), where assumption for F is merely its continuity, form the class of
problems of two-sample nonparametric tests in the sense that two populations are
involved, and (at least asymptotically) the test statistics are distribution-free, thus
the rejection region is free from the unknown c.d.f.,, F. Various statistics proposed
for these two problems are of either rank statistics or U statistics type.

For the corresponding problems of point estimation several attempts have been
made to apply nonparametric test statistics in order to obtain robust estimrtors.
Among them the most famous one would be the following Hodges and Lehmann’s
estimates.

Let x=(x, Xz, =+, Xap)y Y= (V1 Yoy =+, Yno)y ¥+a=(¥,+4a, ¥;+a, -, ¥, +a) for any
real number ¢ and T(x, y) be a test statistic for the hypothesis H; 4 =0 against the
alternative 4 >0. Under conditions (A) T'(x, y+a) is 2 non-decreasing function of a
for all x and y and (B) when 4=0, there exists ET(X,Y), say g, which is inde-
pendent of F, Hodges and Lehmann [3] defined the estimator 4 of 4 as follows.

Ry d=(4*+4%9/2,

where 4*=sup {4; T(x, y—4)> ¢}, and 4**=inf {4: T(x, y—4) < p}.

Especially the estimator 4 based on the two-sample Wilcoxon statistic is called
Hodges and Lehmann estimator and its remarkable robustness has been explored by
many authors such as Hodges and Lehmann [3], Lehmann [6], [7] Hgyland [5],
Ramachandramurty [9], Spjgtvoll [10] and others.

Now as stated above Hodges and Lehmann considered the estimates based on
rank tests, thus the statistics 7'(x, y) in (1.1) are (at least asymptotically) “ distribu-
tion-free 7, but the estimators 4 based on this “distribution-free” T'(x, y) are not

* Department of General Education, Kumamoto University, Kumamoto, Japan.

1



8%

Takashi YANAGAwWA

“distribution-free ”, since the variance of the asymptotic distribution of the estimator
depends on the underlying distribution. Here the emphasis must be laid on *dis-
tribution-free ” and it might be natural to raise the question. “ How * distribution-
free ” of the statistic 7'(x, ¥) cause to bring forth the robustness of the estimator ?”
“Isn’t it possible to obtain more robust estimator through extending our considera-
tion to “ non-distribution-free” T(x, ¥) ?” The purpose of this paper is to investigate
these questions.

Our answer is roughly summerised as follows; “ distribution-free” property of
the test statistic has an only little contribution to the robustness of the estimator
based on the test statistic and it is possible to obtain more robust estimator by
considering outside “ non-distribution-free ” statistics.

In section 2 we shall preliminarily investigate a certain type of U statistics.
In section 3 we shall exemplify new estimators of a shift parameter based on “non-
distribution-free ” U statistics, which are a generalization of Hodges and Lehmann
estimator and are shown to be more robust than Hodges and Lehmann estimator.
Following the same manner as (1.1) we shall define the estimates for a dispersion
parameter in section 4 and exemplify new estimators based on “non-distribution-
free” U statistics and compare it with ordinary nonparametric estimator based on
“ distribution-free ” U statistics. New estimators appear to be especially useful,
since in case the underlying distribution is normal its asymptotic relative efficiency
relative to the maximum likelihood estimator is up to 0.95, whereas that of ordinary
nonparametric estimator is only 0.61.

2. Preliminaries

The following theorem 2.1 (i), (ii) concerning U statistics are well known results
(for example, see Sugiura [117) and (iii) is a slight modification of (ii) and the theo-
rem 2.2 and 2.3 are generalizations of Hoeffding [4] to the two-sample case.

Let X,, X,, -, X,, and Y,, Y,, ---, Y,, be random samples with ¢.d. f. F®¥(#) and

F®(h) respectively and @(x,, -+, Xpn; Y1, -+, ) be a real valued function which is
symmetric in each set of variables x,, ---, x, and y,, ---, y,. Put
1 )
(21) U(x: y): (7{1)(”2) Z*Q(JC“, Tty xim ’ .yjn . yjm) s
m m
where the summation X* extends over all possible sets of subscripts, (i, -, i),

(5 Jm) such that 151, <0, < <1, =m, 1 <7, <j, < -+ <jp=m. The statistics
U defined by (2.1) is called U statistics. '
THEOREM 2.1. (i) If E(@)=7, then E(U)=n1).
(1) Suppose that E(@)=7n and E(@?) < co. Further let n,=pN and n,=(1—p)N
with p, 0< p <1, positive constant independent of N. Then as N—oo the statistic
VN U—n) is disiributed according as normal distribution, whose mean is 0 and vari-

ance is given by
2

2.2 Zz’nﬁwim
22 rm=—p Gt ;¢
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’
Xavy Xagrn s

ms .ylr Tt ym) a?ld ¢(xlr Tty
, Vo) With Xy X755 vy, 31 being independentry distributed as F(1);

where (4,4, means the covariance of @(x,;, ---, x
X3 Yooty Vazr Vagrr o
F®(b) respectively.

(iii) Suppose that the function @ depends on N, denote it by @y and corresponding
U and 5 by Uy and ny respectively. Further suppose that @y is uniformly bounded
and @y —@ as N-— oo, then the statistic v N (Uy—
tion as (ii).

Proor. For the proof of (i), (ii) see Sugiura [11, p. 386]. (iii) is obtained by a
slight modification of the proof of (ii), thus we shall omit the proof.

THEOREM 2.2. The quantity £, ; as defined in Theorem 2.1 satisfies the inequalities

ny) has the same limiting distribu-

" > )
() 0= Smo < Snae flsa, <ay=<m
«, a,
{2.3)
— CO,A§1 :0,.32 s -~ ’
0<. 3 gig,f Jy1<58,<3,5m
1 P2
.. 1
(24) (11) 0 < \77"3 (sn 15591 Cnl,0750551) g *Cm (Cﬂ'z,.igAC/‘(g,O‘CU,I:'2>

if 1fa,<a,<m, 158, <pB.=m.

THEOREM 2.3. The variance ¢*(U) of U satistics (2.1) satisfy the inequalities

m? m? mt e e
2.5) 71717 CroF- P —Lor+ - n, (=& =2 0*(U)
m m
é 7’”7,1’” Cm0+ n :0m (Cmm Sm COm) .

2 o M o m
(26) 0< Th= 0 Comot 17_10 Com -

For proving Theorem 2.2 and 2.3 we shall require the following lemma.
LEmmA 2.1. If

@ 3 . ~ o

(2.7 5'«\33 = 120 s§o (— 1)"'{_’“4_8(3) (f)Crx with 8y =80 =0,
we have
@8 =5 () (B
( ) n')’ TZOSZ;)( )( )OTS
and
(2.9) 0,52 0.

ProoF. (2.8) follows (2.7) by induction. For proving (2.9) we shall first show

that {,;=0 for any pair (o, ), a, 5=0. Let

p=ED(X,, -

’ Xm; Yl’ T Ym)’
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Dos(Xyy =+ s Xas Vis 05 V3) = ED(xy, -+ Xy Xagsr s X3 Vi3 ¥ Yaan s Y »
Uos(xy, o Xy Yip s V) = Qug(Xy oy X3 Yo o0 Y97,

then we have

(2.10) Cag=FE{¥ 5(X1, -, X,; Y, -, Y)}P=0.

Let
7]00:772 ’ ncrﬁ:E{¢aﬁ(Xlr Tt Xa; le ] Yﬁ)}z .

Then
Cu'ﬁ = yinﬁ;vOO ’

and on substituting this in (2.7) we have
— & d aps-r-sf & ‘6
b= 5 B (O

From (2.7) and (2.10) we have 8,,=,,=0 and 8,,=,;=0. Thus (2.9) is true for
a=1, =0 and «=0, f=1. Suppose that (2.9) is true for any pair (a, 8). Then
(2.9) will be shown to hold for (a-+1, ). Let

@oo(xl) =0,(x)—7,

@Ts(xly vty Xy Yoot yv): @7441,3(](1: oty Xy Yoot J’\-)

_@r,a(xz: iy Xy Yoot ys) .
For arbitrary x,, let

r?rs(xl):E@rg(xlr X2r tTTy Xr+1; Yl’ Sty Ys): T:O, ]-: 2) ttty a—l )

s=0,1,2, -+, 8.
Then by induction hypothesis

a—1 N
\

5 a8 at3-1-r-s ‘1 =
bessd =2 (1 (C N (P (=0
for any x,. Now E7,(X)=7,s1,;—7., and hence

EANRS S 5 oTCE MRt (s (4 [N

& ﬁ atB-r-s —
=& S ()=

Thus we have d,.,,3=0. Similarly it follows that 0a,341 = 0. Thus the proof of the
lemma is complete.
PROOF of Theorem 2.2.

(i) By (2.8) we have for a, <a,

2 s 1 s
alCa’zo-aazCalO: a, E ( ,’,.2)57‘0‘_0-’2 2 < rl)aro
r=1 1=1

= Z[a ()]t 3 (5o

r=a11



On Some Robust Estimators Based on Non-Distribution-Free U Statistics 5

From (2.9), and since a1<6;2)~a2(a1> =0 if l=r<a, <a, it follows @,la= alee

and similarly we obtain 8,{s, = B:{o,z- Thus we have right hand side inequalities

of (2.3). The left hand side inequalities are obtained from (2.10).
(i) By (2.8) it follows

C—Cat =3 £ ()(0)o.

r=1 s=1

Thus from (2.9) we have left hand side inequalities of (2.4). Moreover we have for
a, <a, and 8, <8,

alﬁl(éa’zﬁzlCazo‘Coﬁz)_azﬁz(zalﬁl_Cmo_Coﬁl)
= 2 S [as($)(*)-ap(3) (7)o
L8 S an (D E Sas (D))o

r=ay 1 8=

From (2.9), and since
W (D)) ()E)20 i 1r<a<a 1252855,

then if follows
alﬁl(Cngﬁz—anoi(‘;Oﬁg) = aztgz(Calﬁl_“;n'w*Cuﬂl) .

Thus the proof of the theorem 2.2 is complete.
Proor of Theorem 2.3. The variance ¢%(U) of U statistics (2.1) is given as

follows.
aty o= 5 £ e

(m)( )

From (2.3) and (2.4) we have

alyt [BCM“‘C‘HB(CM" L=l = Cn,ﬁ

I\ME

s a, B aB
= ﬂ,TCmu [ C0m+ m? (Cmm Cmo_'Com)-

Substituting these inequalities to (2.11), and using the identities

k1< )( ) (n_l, i=1,2,
G =G =Lz

we obtain (2.5). The last part of the theorem follows immediately from (2.2) and
by multiplying N to both sides of (2.5 and letting N —oo. Thus the proof of the
theorem 2.3 is complete.
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3. Estimator for a shift parameter

We shall consider in this section the robustness of the estimator for a shift
parameter.

Let xj, %, -, X,, and ¥, ¥, -+, Yo, be independent random samples with c.d. f.
FOW)=F() and F®(t)= F(t—4) respectively, and let A(x,, x,, ---, Xx,,) be any m variate
symmetric real valued function such that

(31) h(ax1+b) Tty axm+b): ah<x17 Tty xm)JFb

for any real a and b.
We shall restrict the U statistics (2.1) as follows.

(32) @(-xl’ oy X Yo s ym): ‘p(h(xlv Tt xm) ; h(yl, RE] ym))

where
1 if u<v,
99(1!, V)=
0 otherwise.
U statistics thus restricted are seen to be “distribution-free” for m=1, but
“non-distribution-free ” for m =2 and satisfy conditions (A) and (B) in section 1 and
the estimator 4,(x,y) of 4 obtained from (1.1) using this U statistics as T(x, y) is

easily given by the median of A(y;, ---, ¥;,,)—A(x:y, -5 Xip) (Z;) (Z;) in number,
where ¥, ¥, o Vi 1E71<0< v <Jn=Zm and Xy, Xy, o0y Xy 154 <3< vee <0 Em
are drawn from x,, x,, ==+, X, and ¥, ¥,, -, ¥n,, respectively. We shall denote the
estimator by

-

An(x, ¥)=med [h(¥;,, Yip =+ s Vi) —h(Xiyy Xigs =+, Xip)] -

Example 3.1. Suppose that h(x, x,, -+, x,) = 717 % x;, then we have
i=1

A i(x, )= med [(j,+ -+ +¥50)— X+ - + 2001/ m,

which is an extension of well known Hodges and Lehmann estimator.
Example 3.2. Suppose that h(x,, x,, ---, x,) = med (x, ---, x,,), then we have

jm,z(x: y) - med [med (yjl’ Tty yjm)_’med (xip ) xim):l .

Science Hodges-Lehmann [3] has been investigated the characteristics of 4
given in (1.1) from the general point of view, we shall not state it for J,(x, ),
except for its asymptotic normality. To obtain limiting distribution of J,(x, ) we
need the following lemma due to Hodges-Lehmann [3].

LEMMA 3.1. For any real number a the estimate 4,(x,y) satisfy the inequalities

PIUX, Y—a)<1/2]< P[4 (X, Y)<a]<P[UX, Y—a)<1/2].

Let the c.d.f. of the statistics S=m(Y,, Y,, -, Y )—h(X,, X,, ---, X)) be G,(s)y
and its p.d.f. be g,(s), where X; and Y}, i,j=1.2, ---, m are supposed to be inde-
pendent and identically distributed with c.d.f. F.

THEOREM 3.1. Suppose that g,(0) = 0. Theh v/ N (d,(x, ¥)—4) has a limiting normal
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distribution whose mean is 0 and variance is y%,/g%(0), where y3, is given in (2.2) with
X X4 Yy, Y being independent and identically distributed as F(D).

PROOF. From the lemma 3.1, and since d.(x, y+¢)= d.(x, y)+c, it follows for
any a

.

ey

lim P,LN ‘}(Jm(X, V)y—H<a]=1lim PLUX, Y—aN
N2 Newoo
1
—lim P,(N * [UX, Y —aN ™ )= E,U(X, Y —aN )]
N-—oc

SN[ S —EUX, Y—aN~ )},

where P, and E, mean the r)robablllty and expectat10n under 4=0. From Theorem
2.1 (iii) it follows under P, that N ’[U(X Y—aN 1) E(X,Y—aN~ 1)] is distributed
asymptotically according as a normal distribution with mean 0 and variance j3,
where 73, is given in (2.2) with X;, X}; Y,, Y| being independent and identically
distributed as F({). Further we have as N—oo

NPL§ —EUX, Y—aN 3)1= N2 [GulaN *)—Gul®] — agn(0).

Thus the proof of the theorem 3.1 is complete.

The asymptotic efficiency of 4,(x, ») relative to the classical estimator j—Z%,
denoted by A. R.E.(d.(x,¥)|7—%), in the sence of reciprocal ratio of asymptotic
variance is given as follows.

» = = B afgm(o)
33) A.R.E.(dnx, )5 -0)= 570,

where ¢% means the variance of the statistic. Assume that the variance of T=h(X,,
., X,) with X;, i=1,2, ---, m being independent and identically distributed as I(x)
exists and denote it by ¢%. Then we have

THEOREM 3.2. For any continuous c.d. f., F(x) which satisfy E(X)* <co and g,0)
20 we have

(3.4) A.R. E.(d,,(x, »)|7—%) = 0.864 0%/ mo?, .
PrOOF. We shall denote by ¢,(x) the p.d.f. of the statistics T=h(X,, ---, X,).
Then we have gm(O):fqgn(x)dx. Moreover it has been shown by Hodges-Lehmann

[2] that 1263 (| q?n(x)a'x>2§ 0.864, thus it follows

(3.5) 0% g%(0) = 0.864 0% /12 a2, .
Further from (3.2) and definition of {;4, we have
Cmo= Com = Cov {@[A(X,, -+, Xp) s R(Yy, -+, Yi) b @Lh(Xy, oy X A(YT, -, YiOT)
=P[X,, o, Xp) <AYy, o, Vi), WXy, o, X)) < (Y7, -+, Y1)
—{P[A(X,, -, Xp) <h(Yy -, Y )1}?=1/3—-1/4=1/12.

Thus we have from (2.6) that
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s e My . M e M
(3.6) Tm= o Cmo T I—p Com 12 p(l—p)
Thus substituting (3.5) and (3.6) to (3.3), we have the desired result. We shall in the

sequel consider the estimator 4,, given in the example 3.1.
COROLLARY. Under the conditions of Theorem 3.2 we have

A.R.E.(d,,|7—%) =0.864 for any m=1.

PROOF. Since h(x,, -+, Xp) ={(x+ - +x,)/m, we have 6% =0%/m. Thus from (3.4)
we have the result.
THEOREM 3.3. Let the underlying distribution F(x) be a standard normal c.d. f..

Then we have for m=1, 2, -+
3/T< AR E (dp,|7—3) <A R E.(dpsy | 7—%) <1.

ProOOF. When F(x) is a standard normal c.d.f. we have o5 =1, gm(O):(m/éln)'l—’
and &,p="Cp =1/4—(/27) cos™*(1/2m). Thus it follows from (2.2) and (3.3) that

3D AR E.(dp,|7—%=1/12m(x—2 cos™'(1/2 m)) .
Now we shall consider the function

a(x)=x[x—2 cos™'(1/12 x)] for x>1.

Since d?a(x)/d*x = [4x*(x*—1/H(1—-1/4x?) ";']‘1 >0 for x=1, then da(x)/dx is a strictly
increasing function of x=1. But since da(x)/dx—0 as x— oo, then da(x)/dx <0 for
x>=1. Thus a{) is a strictly decreasing function of x>1. Thus we have m[zx—2
cos~}(1/2m) > (m+1D[x—2cos '(1/2(m+1)] for any integer m=1. Thus it follows
from (3.7) that A.R.E.(dp.|3—%) < A.R. E.(dps,,,|5—%). Further it is clear that
A R.E. (ﬁmly—f):3/7r and A.R. E. (Jm,1|37—92)~+1 as m—oo. Thus the proof of the
theorem is complete.

Now we shall give the numerical values of A.R.E.(d,,|7—%) for some specific
distributions.

(1) Suppose that F be a standard normal c.d.f., then numerical values of (3.7)
is obtained either by using the table [8], or by the six point interporation, and
given in Table 3.1.

(2) Suppose that F be a chi-square c.d.f,, F(x):fxxi(t)dt, n®=_er@/2)"
{t/2)"*"'e"?, then we have ¢

39 ot =2y,
3.9 2n(0) = m["@a—1)/20*2a),
where a=my/2

1=A% 2 T S BGI kD) CG b kD)

A=[(a—y/21°LL'/2]7",
B(l, ]‘, k, l) — 2i+k+»+2—4a/3]‘+1+w2 ,
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I'Ca—1—i—y/2 2a—1—k—y/2)(j+I1+v/2)
Ta—)- -G+ -I'a—k)-I'(1+1)
Substituting (3.8), (3.9) and (3.10) to (3.3), we can obtain numerical values of A. R. E.
(d,,|7—%), which are calculated by using an electric computer, NEAC 2200-500, of
Osaka University and given in Table 3.1.
(3) Suppose that F be a contaminated normal c.d.f.,; F(x)=pN(®)+gN(x—6),
=1—p, where N(x) is a standard normal c.d. f., then we have

CG, j, b 1)=

(3.11) AR E.(d,,,|5—0=@/m)A+pgb"[1+2pg(e " —1)]*,
(3.12) A R.E.(dy,|7—2) = 05 g¥0)/ p(1— )73,
where

o} = 1+pq0?,

&0) = [p*+4p°q* +q* +A(p*q+Dge "+ 2p*qPe "]/ 2z,
=@ —10/p(l—p),
= 3N ALFG 7 1/4)

1=—2 j=1

A, ,=qB}, A.,.,=2qB.B,, A_,,=29B,B;,

A,y =29B,B,, A,,=0, A, _,=pBitqB;,

A, =2pB,By+2qB,B,, A_,,=2pB,By+2qB,B,, A_,,=2pB,B,,
Awo=pBi+qBi, A, =2pB,B,+2qB,B,, A,,=2pB.B,,

441,1 =pBi+qB%, Ax,z =2pB,B,, Az,:} =pBi,
B, =p(p*+2¢%), B,=q(¢*+2p%, B, =%, B,=pq?,
N S 1 o 2 ,
Fa, b, r)*ju L j omv1—pe 0L g oy (2 2rxy-+39)]dxdy
Numerical values of (3.11) and (3.12) are given in Table 3.2, which were compued
by means of NEAC 2200-500 of Osaka University either by using the table [8]
utilising the identities
F(—a, —b, ")=F(a, b, -+ (a(a)+ad)/2,
F(—a,b,n=—F(a, b, =) +{1—a®))/2,

where a(x):jx 1/+/27 exp (—x%/2)dx, or by the six point interpolation.

Note that the U statistic corresponding to ﬁm,,, m=1, i.e. Wilcoxon two-sample
statistic, is “ distribution-free ”, but the estimators 4, , m =2 are based on “ non-
distribution-free ” U statistics.

Corollary, Theorem 3.3 and the inspection of the Table 3.1 and 3.2 lead one to
the following conclusions ;

() AR E.(d,,|5—%=0864 for all m=1,2, - and for any underlying distri-
butions which satisfy the regularity conditions.

(ii) A.R.E. (ﬁm,lly—f) increases monotonically from 0.955 to 1 as m increase
from 1 to infinitive for a normal underlying distribution.
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(iii) Jm,1 m =2 are more robust than zfm,] m =1 for distributions nearest to the
normal such as contaminated normal distributions F(x)=pN(x)+gNx—0) 0=<¢=0.2
0=o<1.

(iv) For distributions not nearest to the normal distribution such as contamin-
ated normal distributions F(x)=pN(x)+gN(x—8), 0<¢=0.2, 6> 1 and chi-square dis-
tributions, the robustness of Jm,l m = 2 decreases as m increases, though we have
for latter distribution A. R. E.(d,,|7—%)>1 for all m=1,2, --..

TAaBLE 3.1. Values of A.R.E. (ﬁm,l]jz—i) for the normal and the chi-square
distributions with v=1, 2, 3, 4, 5 degree of freedom.

;“\\, \ﬁ\ 1 2 4 6
© Normal 019 0984 09974 0.9989
2 -1 ® . a4 Lesr 13739
2 3.0000  1.5882 1.2543 1.1651
3 1.8238 1331 L1586 1.1060
1 15000 12281 L1151 1.0780
5 © L3s0 L1728 1.0%00 10615

TaBLE 3.2. Values of A.R.E. (dp,,|5—%), m=1, 2, for the contaminated
normal distribution F(x)=pN(x)+gN(x—f0), ¢g=1-p.

m 4 0.4 0.8 1.0 2.0 3.0

q
7 00 0.9549 09549  0.9549  0.9549 0.9549
1 01 0.9551 0.9569  0.9596  1.0220 1.2166
0.2 0. 9550 0.955 0.9565  0.9966  1.1869
0.0 0984 09894 09894 09894 09804
2 o1 0. 9895 0.9905  0.9920 10217  1.1173
o2 0.9894  0.989%6  0.9900 |  0.9996  1.0522

4. Estimator for a dispersion parameter.

Let X,,i=1,2,---,n,and Y,, j=1,2,.--, n, be independent random variables
with c¢.d. f. FO({)=F(/o,) and F®()= F(t/o,) respectively. We shall consider in
this section the robustness of the estimator for a dispersion parameter c=ga,/0,.

Let h(x, x,, -+, x,) be any m-variate symmetric real valued function such that

“.1) h(ax,, -+, axy) = ah(xy, -+, xp) for any real a>0.

We shall consider the U-statistics which satisfy (2.1), (3.2) and (4.1). These U
statistics are seen to be “distribution-free” for m=1 but “ non-distribution-free’”

for m>=2. Following the same manner as (1.1) we can obtain an estimator ¢ of ¢
as follows.
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“4.2) G

where
c* = sup {a, U(}C, y/a) > ],!}
c¥*=inf {a; Ulx, y/a) < p} .

Since = E,U(X, Y)=1/2, it follows from (4.2) that the concrete form of the
estimator ¢,(x, ») of ¢ derived from above U statistics is easily obtained as a median

n\/n .
of Ay ¥iye s Yi) M Xiys Xigy =5 Xip),s (ml>(mz) in number, where x, x;,, -+, Xy,
=1, <6, < <ip=n, and Y;, Y5, =5 Vi [ 271 <] < - <jp=n, are drawn from
X1 Xy, o0y Xpy and yy, ¥, -, Vi, respectively. We shall denote it by

ém(x’ y) = med [h(yjl! yjzr Tty yjm)/h'(xip Kigs "0 s xim)] .

1
Example 4.1. Suppose that A(x,, x,, -+, x,,) = (x3+x3+ --- +-x2) 2, then it satisfies
(4.1) and the estimator turns out to be

1
C,1(X, ¥) = med [(¥5,+05,+ -+ +05,)/ (i +xi+ o +xip)]? .

Example 4.2. Suppose that h(x,, x,, -+, xz)=med (| x,|, | x5}, ===, |x,]). Then it
satisfies (4.1) and the corresponding estimator is

Cm,o(x, ¥) = med {med (|¥;,], -+, |¥m)/med (| x5, -, [xim D}

Let the p.d. f. of the satistic T=h(X,, X,, -+, Xp)/W(Y, Y, -, Y,) with X,,Y;
i,j=1,2, ---, m being independent and identically distributed as F(x) be p,(x). Then
we have

THEOREM 4.1. Suppose that p,(1) 0. Then N‘—%(ém(x, y)—c) has a limiting normal
distribution with mean 0 and variance c*r%/pi(l), where 7%, is given in Theorem 3.1.

ProOOF. We shall omit the proof, since it is obtained by an analogous manner
as that of Theorem 3.1.

Let the maximum likelihood estimator of ¢ with F(x) standard normal c. d. f. be
¢y... Then we have

ny n1
Ey.p.=(ny Zly'j-/nz 21 )V,
i= i=
which is distributed according as asymptotically normal distribution with mean 0
and variance

£ = c*(pu,—py)/4p(l—p)s, where p,= jxif(x)a’x .

Thus the asymptotic efficiency of é,(x, y) relative to ¢, ; is given as follows.
(4.3) AR E.Cnlx, My )= pnL)/c*rs .

Now we shall give the numerical values of (4.3) for the estimator é,, given in
the example 4.1 for specific distributions.

Let the c.d.f. of random variable X be F and suppose that X? is distributed
as chi-square distribution with v degree of freedom so F turns to a standered normafl
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c.d. f. when v=1. Then we have

K= cvp(l—o)",
Dal) = L )[2™= 1m0 /217,

and 73 is given in (3.10). Substituting above equalities to (4.3) we obtain numercal
values of A.R.E.(¢p,i|cx..), which are given in Table 4.1.

Note that the U statistic corresponding to the estimator é,, m=1, which is
seen to be equivalent to Sukhatme’s T statistic [12] for symmetric distribution
functions, is “ distribution-free ”, while the estimators ¢,,, m=2 are based on “ non-
distribution-free ” U statistics.

Inspection of Table 4.1 leads one to the following conclusions;

(i) Asymptotic relative efficiency of ¢,, m=1 relative to the maximum likeli-
hood estimator ¢, ; is only 0.61 for the underlying normal distribution, thus the
efficiency loss is large for one to use ordinary nonparametric estimator ¢,, m=1
instead of ¢y, when the underlying distribution has large possibility to be a normal.

(i) A.R.E.(é,,!¢xy,.), m=2 is quite high for the underlying normal distribution,
for example A.R.E.(Cp,|Cx,.)=0095 m=6, thus we can improve A.R.E.({,|Cy,1)
by extending our consideration to the estimators ¢,, m =2 based on “ non-distribu-
tion-free ” statistics.

(iii) A.R.E.(én, |Cy,.) for chi-square distribution with » degree of freedom in-
creases as vy increases from 1 to 5 for each m, which shows the robustness of ¢, ;
for each m.

Of course there exists family of distributions which make A.R.E.(¢yn,|Cu,1)
larger than 1, for example A. R. E.(é,|¢y,.)>1 for distributions which have the
p.d. f.

= r(t:ﬂla)/'zT exp (*I”? "/M)’ azl5

and A.R.E.(,,]€y,.) —0c0 a8 a—oo.

TaBrLE 4.1. Values of A.R.E. (€,,;|Cy..), m=1,2,4,6, when X2 is distributed
as chi-square distribution with y degree of freedom.

eri m 1 2 4 6
- v 0. 6079 © 0.8080 10,9190 o094
g 0. 7500 © 0.8933  0.9603 0. 9790
3 0.8106 0.9244 0.9736 09865

1 0.8438 0. 9403 0. 9800 10,9900

5 0. 8488 0. 9500 0. 9837 0.9919
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