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§1. Introduction and summary.

For these several years, several estimates for location and scale parameter in
non-parametric formulation have been advocated by several authors such as J.L.
Hodges Jr. and E.L. Lehmann [2], A. Hgyland [3], S. Kakeshita [4] and S. Kake-
shita and T. Yanagawa [5]. For the location parameter, Hodges and Lehmann pro-
posed the estimates which are based on rank test statistics including the Wilcoxon
test and normal score one. They discussed the properties of these estimates regard-
ing (1) regularity, (2) invariance, (3) symmetricity, (4) medianunbiasedness as small
sample properties, (5) asymptotic normality and (6) relative efficiency in terms of
reciprocal ratio of asymptotic variances as large sample behaviours.

A. Hoyland [3] discussed in detail the asymptotic relative efficiency of these
estimates relative to classical one in gross error model in which normally independ-
ently distributed variables are contaminated by a proportion « of gross error. And
he showed that their estimates are better than the classical one in the sense of
asymptotic efficiency of their estimates relative to classical one is larger than one,
when normal contaminated model.

T. Kitagawa discussed in detail the problems of sometimes pooling data and the
estimation after preliminary test of significance in the series of his papers “ Succes-
sive process of statistical inferences I~VI”.

It is our main purposes in this paper, to find and to discuss the properties the
estimate for location parameter in gross error model in the view points of successive
process of statistical inferences. In section 3, we shall introduce the definition of a
type of estimates for location by means of successive process of statistical inferences
and discuss the small sample properties such as regularity and invariance. In section
4, we shall discuss the asymptotic behaviour such as asymptotic normality including
the asymptotic symmetricity and medianunbiasedness, and asymptotic relative effi-
ciency of our estimate relative to classical one.

The author wishes to express his thanks to Prof. T. Kitagawa and Prof. N.
Furukawa for their encouragements and suggestions while this paper was being
prepared.

* Faculty of Science, Chiba University, Chiba.
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§2. Notations and known results.

Let X,, X,, -, X, and Y, Y,, ---, ¥, be two sets of mutually independent random
variables having continuous or absolutely continuous distributions

PLX; = x) = F(x) G=1,2 -, m)
P{Y; =y} =F(y—4) (G=1,2, -, n)

1)

respectively. We shall use the notations X=(X,, X,, -+, X)), Y=, Yy, -+, Yo,

Y4+a=(Y,+a, Y,+a, -, Y,+a) etc. with obvious conventions.
Let us consider the test statistic (X ; Y) for the hypothesis
Hy; 4=0
2.2)
H; 4>0.

We shall assume thoughout that
(a) this statistic A(x; y4-a) is a non-decreasing function of a for all x and y,
(b) for any assigned number 4, A(X; Y) has its expectation, which we shall
denote by E, {A(X; Y)}.

Specially when 4=0 we shall denote = E {A(X; Y)}, whose value is assumed
to be known to us. Hodges and Lehmann consider g as a symmetric point of dis-
tribution of A(X; Y).

In virture of A(X; Y) and the known constant g, let us now introdyce

d*=sup {d4; h(x; y—4)> p}
A¥* = inf {4; h(x; y—4) < p}

2.3)
and let us define
@4 A= (et

Hodges and Lehmann proposed 4 as the estimates of the location parameter 4.
As an example, let us consider Wilcoxon two sample test statistic in Mann-
Whitney form,

(2-5) h(x;y):Number {(l:])x X <ij 7':17 2: e, M, ]:11 2: "ty n} y
by means of A(X; Y), the median of the sets mn differences Y,— X, that is,
(2.6) 4= med (Y,— X))

7':1;"',7"

j=1,",n

turns out to be our estimate for our unknown location parameter /.

Let us now specify further and consider the following gross error model in which
normally independently distributed variables are contaminated by a proportion « of
gross error, (0<a <)

F) =1-a@(* ) ra0( 58
@7
Fo—dy=0—a@( 754 pao( 77274
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where (D<~~%ﬁ) denote the normal distribution function of mean g and variance ¢

In this case, asymptotic efficiency of 4 relative to J=V—X is calculated by A.

He¢yland and efficiency written by ARE(AA; 1) is greater than one when o is greater
than 0.01.

§ 3. Estimates for location after preliminary test of hypothesis.
Now let us consider the following gtoss error model in which the random vari-

ables are contaminated by a proportion « of gross error, 0 =< a <1)

P{X, = x} =(1—a)F®)+aG(-) G=1,2, -, m)
3.1
PIY, =3} =A-a)Fy—DH+aG(2=4) (=12, m.
In these circumstance, let us consider the hypothesis
Hy,; a=0
H,; a>0.

3.2)

From the stand points of view of the theory of successive process of statistical in-
ferences, when the preliminary test of hypothesis H, is rejected, we shall propose
our estimate 4 for location parameter 4, and the hypothesis H, is not rejected, we
shall define our estimate 4 for location parameter 4.

Let us denote T and R as the test statistic and the rejection region for the
hypothesis (3.2) respectively. Then our proposed estimates J for the location para-
meter 4 is written by

3.3 4= 40x(T)+11—5x(T))
where

1, TeR
(34) 3u(T) = {

0, T&R.

It is considered for example that the test statistic for the hypothesis (3.2), as

35) T=(7) li’;?_,;lgo(xi, +(h) lk§1¢(}'k, )
where
1, la—b|>c¢
3.6 o(a, b) = i
¢, otherwise.

Now we shall give some small sample properties of the proposed estimates defined
(3.3) and (3.4).

Theorem 1. (Regurarity) Let h(x;y) be a real valued function defined on (m+n)-
space such that h(x; y+a) is a non-decreasing function of a for all x and y. And let
us define 4 by (3.3) and (3.4).

Then the distribution of 4 is continuous or absolutely continuous when the distri-
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bution of (X, X,y ) Xmw Yy, -+, Y, 1s continuous or absolutely continuous respectively.

Proof. First suppose that the distribution of (X, Y) is continuous. Let G(u) be
the distribution function of J, that is P{J < u}=G(u). Now we shall prove that G(x)
is left continuous for all u. For ¢>0

Gu)—Gu—e) = Plu—e < 4 < u}
X)) =Plu—e<d<u, Te Ry+P{lu—e<I<u, T& R}
<Plu—e<d<u}+Plu—e<I<u}

and this last two terms tend to zero, when ¢ tends to zero. Because the distributions
of 4 and 7 are both continuous when the distribution of (X, Y) is continuous.
Suppose now that the distribution of (X, Y) is absolutely continuous. Let A be
any set on the real line with Lebesgue measure zero. Since
Plde Ay=P{de A, TeR}+P{lc A, T& R}
(3.3)
<P{de A}+P{dc A}

under the assumptions of theorem, both the distributions of 4 and 7 are absolutely
continuous, consequently both terms of the right hand side of (3.8) are zero. Hence
P{1 = A} =0 when the Lebesgue measure of set A is zero, this show that the abso-
lutely continuity of the distribution of 4.

Theorem 2. (Invariance) When 6x(T(x, y+a))=0x(T(x,y)) for all a, then the
invariance relation,

39 d(x; y+a)y=4(x; M+a
holds for all a.
Proof. This is an immediate consequence of definition of J, that is

A(x; y+a)= A(x; y+@)d(T(x, y+a)+I(x ; y+a)(1—x(T(x, y+a)))
(3.10) =(d(x; M+ a)3p(T(x, Y+ A(x ; 3)+a)(1—3p(T(x, 3))
= A(x; )8(TCx, )+ A(x ; )(1—8x(T(x, ¥)+a.

§4. Asymptotic properties of these estimates.

So far, we have defined the estimates J for 4 and discussed the small sample
properties of these estimates. Now in this section, we shall be concerned with their
large sample behaviours.

Lemma 1. Let T and R=1[c,, o) be a U-statistic and rejection region for testing
hypothesis (3.2). Assume that

@n Tim 05,,< im ¢pn,< lim ¢, < lim 0%, (a>0)

m,m—oo m,n—x m,n—o0 m,n—»o0

where 6%, , denote the expectation of T under the distribution of (3.1). Then the random
variable 0x(T) defined in (3.4) converges to zero or one in probability one corresponding
to a=0 or a>0.

Proof. When a =0, we shall show that P{dx(T") > ¢} —»0 (m, n—co) for any small
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e>0. For 1>¢>0,
PLoR(T) > e} = P{T > ¢y}

and for sufficiently large m and n, 63,, < ¢, <04, for a >0, hence
P{T> Cm,n} - P{ T‘agn,n > cm,n_agnyn} § P{ 1 T_ﬁ'?n.nl > Cm,n_ﬁgn.n} .

According to Tchebycheff’s inequality, this is evaluated by V[T 1/(Cp,n—8%..)° Where
V,[T] denote the variance of T when a =0, and this tends to zero as m and n tend
to oo.

When a >0, for any ¢>0

P{|0p(T)—1]> e} = Po{dp(T) = 0} = P{T < Cm,n} -
For sufficient large m and n, 65,, < ¢y, < 0%,
PAT <cppn} = PAIT—0501 > Onin—Cnn} = VoL T 1/ (O~ Cmyn)*
which tends to zero as m and »n tend to co, where V,[T] denote the variance of T,
when a > 0.

Let us now specify further and consider the following gross error model in which
independent normal observations are contaminated by a proportion « of gross error,

PAXi 22} =F0)=(1~a)0@)+ad( )
.2
PlY; =y} =FQy—dH= (l—a)®(y—4)+a¢<,y;4 )

Theorem 3. (Asymptotic normality) Let 4 be an estimate for the location 4
defined by (3.3) and (3.4), satisfying the assumptions of Lemma 1, under (4.2), then

1. ) S . .
N2(d—4) has the asymptotic normal distribution with mean zero and variance V,,
where N=m-+n,

1
A= (@=0)

1
5 0,
124012 f i f¥xdx} @9

“4.3) Vo=

A= lim m/(m-n) and f.(x) denote the probability density function of F(x) defined in

4.2).

This is proved by the Lemma 1 and the following Lemma 2.

Lemma 2. Let {U,} and {V,} be sequences of random variables. Suppose that
U, converges in law to a random variable U and V, converges in probability to a
constant ¢. Then U,+V, and U,V, converge in law to U+c and to cU respectively.

"“This Lemma 2 is proved in H. Cramér [1] p. 254.

Proof of Theorem 3. For 4 defined by (2.3) and (2.4) satisfying the assumptions

S TN 1
(a) and (b), and classical estimate 4, N2(J—4) and N2?(d—4) has the asymptotic
normal distribution of mean zero and variance V,and V, defined in (4.3) respectively.
According to these results, this Theorem is easily proved by means of Lemma 1
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and 2.
Theorem 4. (Asymptotic relative efficiency) Asymptotic relative efficiency of 4
relative to 1 denoted by ARE(J ; J) satisfying the assumptions of Lemma 1, is given by

ARE(d; H=1 (a=0)
1
e (@>0)
12{ j fidx}
where ARE(J: J) is defined by the reciprocal ratio of asymptotic variances of 4 and 1.

Consequently, our estimate defined in (3.3) and (3.4) is equivalent to classical 4
in the sense of asymptotic relative efficiency when a proportion « of gross error is

4.4 AREU: )=
ARE ; Jy=

zero, and when « is positive, our estimate J is equivalent to Hodges-Lehmann’ A.
Hence in both cases, our estimate J is equivalent or better than the classical 1.
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