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§1. Introduction.

The main purpose of this paper is to note that for the validity of Theorem 3 in
[4], the assumption A.3 can be replaced by (iv) of Lemma there. By looking over
the proof of Theorem 3, it is clear that (iv) of Lemma plays the crucial importance,
and A.3 is needed merely to guarantee (iv) of Lemma [4].

For the sake of clearness we restate Theorems 3 and 4, Lemma [4] and some
useful definitions [3]. Consider a slippage problem of an exponential family, involing
parameters i, 4 and 4, where i=0,1,---,m, 4 is a real-valued parameter with 4=0
when i=0, and the remaining parameter 6 is an unspecified nuisance parameter.
Let X be a random vector distributed according to one of the following densities

[ po(x;0,0)=C(0, 6)exp (U],
pi(x: d,0)=Cd, @) exp[AT,(x0)+0U(x)]  (@=1,--,m)

M

with respect to a c-additive measure g, where —oco < 4 <occ. We assume there is a
finite group of measurable transformations, G = { g}, on the sample space X of X such
that G is homomorphics to either the permutation group, /[1={=,}, on (1,2, ---, m) or
its transitive subgroup, and in addition, G is homomorphic to a group, H = {/,}, on
4 ={4} consisting of only two elements -+1 and —1 under multiplication. Furthermore
the following assumptions are needed.

Al ATi(x):(th)Tﬂgi(gx) ,
A2 Ux)=U(gx),
A3 Cd, 0)=C(h 4, 0)

for all g= G and h, is corresponding to each g.

A4 U is complete for p(x; 0, 8).

Lemma 4. For all g G
(1) the distribution of X satisfies

P¥(A; 4,0)=P7,(g4; hd, 6),
(ii) the marginal distribution of U satisfies

PY(B; 4, 0)=PY,(B; hd, 0),
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(ili) the conditional distribution of X given U =u satisfies
PE(Afu; 4, 0)=Pi(gA u; hhd, 0),
(iv) the density of the conditional distribution of X given U=u 1s

dPE™(xfu; 4)=C(4; wyexp [JT(x)Jdv(x; u),
where
@  vA;w)=v(gA; w

(b) Cd; uy=Ch4d; w)
for all g<=G.
We considered a problem of testing the null hypothesis H, against the alternative
H, =1, ,m):
H,: X has the density p,(x; 0, 8)
@
H,: X has the density p,(x;4,60) @=1,--,m),
where 4 + 0, but unspecified.
Definitions [3].
1. A decision function o(x)=(@y(X), ¢,(%), -+, (X)) is of size a for Hy if Eyo(X)
1l—a.
It is of exact size a for H, if the equality holds.
2. A decision function @o(x)=(¢y(x), ¢(x), -+, @n(x)) is unbiased of size a if

1\%

Eg(X)= - =Epu(X),  BEgX)Sa and ZEpXza.
3. A decision function @(x)=/(@ux), ¢,(x), -+, on(x)) s symmetric in power for
H; if
(3) Elgpl(X) _ = Em“Dm(X) .

The common value of (3) is called the power of ¢ for H; G=1,--,m). ¢(x) is
called the most powerful symmetric of size o« (MPS of size «) for H,, if it maximizes
each term of (3) subject to size a and (3.

We have the following theorems.

Theorem 3 [4]. A decision function defined by

o, w)y=1, £w), 0 when max | T, ()<, =, >kw

@i(x, W)= 14]32‘1(;’) “) , 0 when [T =, < max T.(%)

(=12, ,m) and, the functions &) and k(u) are determined by
5' ox, Wpe(x/u; Odv(x; u)=1—«a for all u
X

consititutes an unbiased uniformly MPS of size a test for testing (2) when the probability
density is given by (1) and when the assumptions above hold.

Theorem 4 [4]. Assuming that the conditions in Theorem 3 hold. Suppose that
there exists statistics V,=H(U, Ty) (=1, ---, m) which are independent of U when
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4=0, and max |v;|=|v;| if and only if max|t;|=]1;| for each fixed u. Let V=(V,,
-, V. then an unbiased uniformly MPS of size-a test for testing (2) is given by

p)=1, ¢, 0 when max |v;|<, =, >k
e=""00 0 when vyl =, <max v,

where & and k are no longer dependent on u and depending on the size condition.

§2. Main Theorem and Examples.

For the sake of completeness, we shall state above remark as follows. Let X be
a random vector distributed according to a density (1), and hence the conditional
density of X given U =u with respect to a probability measure v(A/w), AeN A is
a o-field of subsets of the sample space X), again belongs to the exponential family
distributions of the form, say,

pEw(x/u; 4)=C(d/u)exp [4S,(x)].

All the assumptions in section 1 remain validly with the exception of A.3. For the
sake of clearness we revise from A.l till A4 as follows.

Al Si(x) = (hgd)sngi(gx)
A2 Ulx)=U(gx
A’3 v(A/u)=v(gA/uw),  Cdjuw)=C(h,d/u)

for all g G and h, is corresponding to each g.
A4 U is complete for p,(x; 0, ).
Main Theorem. Consider a vector-valued decision function ¢(x, u) given by:

ox, w)=1, &), 0 when mzilxlsi(x)l<, =, > k(u)

@i, u):%—(‘fg(ft’)“), 0 when |S,(H]=, <max|S®)!,

and

[ oo wpxiu; Oduxly=1—a  for all u,

constitutes an unbiased uniformly MPS of size « test for testing (2) when the probability
desity is given by (1) and the assumptions above hold. J(x, u) is the number of times
that |S,(x)| attains the maximum.

For the sake of demonstration, we consider the following examples.

Example 1. Let X=(X,, ---, X,,) be a random vector variable distributed accord-
ing to the normal distribution with a vector mean (4,, ---, 8,) and a variance con-
variance matrix ¢2J, where ¢® is known. Without loss of generality we put o*=1.

We shall consider the problem of testing the hypothesis H, against the alternative
H, i=1,--,m):
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Hy: 0,= - =0,=0
Hi: 0= =0, =0—d =0, = =0,=0

where 4 +0, —oo < 8 < oo and both are unspecified.
The probability density of X with respect to the Lebesgue measure p is

polx; 0, )= C(0, 0) exp [mbx]
pi(x; 4, 0)=C, ) exp [4x;+mbx] (=1, ,m)

where
Cd, 0)=Q/V2r)"exp[—42/2— 46 —m?/2]
and
- 1 2
X = Wg‘,lxi

We have therefore

Tix)=x; and U(x)= i X;.
i=1

Clearly A’4 is satisfied. There exists a measurable transformation group G = {g} of
order 2(m!), namely the permutation of (x,, ---, x,,) combined with the transformation
of (x,, -, x,) to (2x—x,, -+, 2X—x,,), satisfies the assumption A’2.

In order to establish A’l and A’3, we have to work out the conditional distri-
bution of X,, -, X,, given X=4x. It is of course, a singular normal distribution and
has no density with respect to the ordinary Lebesgue measure over m dimensional
Fuclidean space, but it has a density with respect to the Lebesgue measure vy over
m—1 dimensional hypersurface where X x; is fixed at mx. For the sake of con-

venience, putting y,==x,—% (=1, .-, m—1), we start with the joint density of
(¥4, ¥s, *** » ¥m-1, ), which is justified by the one to one correspondence to (x, -+, x,).
The transformation group now reduced to the group G’={g’}, which consists of
2(m ) transformations from (v, -, V-1, X) t0 (Yugly, ) Yz lom-19 ) combined with the
one to (—y,, *** , —¥m-1, £), where y, here is to be understood as —(y,+ - +¥n-1).
The conditional density of (y, :-, ¥,-,) 1S given by

) Fin e mal®=Cexp [~ "o D Jexp ray ) (i=0,1, 0, m)

with respect to the m—1 dimensional Lebesgue measure v(A|%) over the hypersurface.
It can be seen that it satisfies A’l and A’3 for the group G’. This becomes more
clear by expressing (4) in terms of (x,, ---, x,) which is gtven by

PFFx| T H=C)exp [A(x—D]  (=0,1, =, m)
with respect to v, where

C(d)=(1/~/2z)™ - exp [_M] ,

2m

By Main Theorem an unbiased uniformly MPS of size a test ¢ exists and it is
of the form:
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SDO(JC, -f) = 17 5(-72)’ 0 when maX 1xi_xll <, =, > k(.f)
® FET
©i(x, X)= ]a‘) fc) 2,0 when |x—%]=, < m?x lx;,—X|

where k(X) and &(%) are determined by

EfoyX, X)|%;0]=1—a for all x.
Let
Vi=HU, S)=x,—% G=1,--,m),

we see that V, are independent of U/ when 4=0 and max|v;|=|v;| if and only if
max |x;—X|=|x;—%| for each fixed u=%. By Theorem 4 [cf. Introduction] the form
(5) of ¢ can be written by

p)=1, & 0 when max|v;|<, =, >k
%(V)Z*lfj(%@n 0  when |v;|=, <m§1x|vi|

where & and % are no longer dependent on ¥ and depending only on the size con-
dition.

Example 2. The case where ¢? is unknown.

Suppose we have m normal populations N(4,, ¢%) (i=1, ---, m), where ¢2 is common
and unknown. We consider testing of the following m--1 hypotheses:

H,: 0,=0,= - =0,=0
against
Hi: 0,=0,= - =0;,,=0,;—4=0,,= - =0,=6 (@=1--,m
from the sample of size n, (0;; x;y, -, X») (t=1, ---, m), from each one of the m

populations, where 4+ 0, —co < # < oo, both are unspecified.
The joint distribution density of X=(X;, -+, Xin, Xoy, = » Xoms =+ » Xonts =+ » Xun)
under H, and H; (i=1, ---, m) are given respectively by

2 9
po(x; 0, 0, a)—Cexp[— 907 ]exp[ 20212_“2@]—}— s mnx]
Ppi(x; 4,060,065 =Cexp [—%_30_2(254_4)]
exp[ - ‘2?2’2 Exzﬂr 02 mnx+~4"’f] (=12, m

=1 j=1

with respect to the Lebesgue measure yp, where

C:<1/27f02)l7211’ nx; = %xij =1, -, m
i=t

and

Ms
tal

m
E ij
=1 j

||

1
We may put
T{x)=%;
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and

U@ =(Z Zxk %)

i=1 j=1

Thus the minimal sufficient statistic for the parameter space for all the hypo-
these is (%, ---, £qn, 22 X}, Whereas it is (%, X, XX x3) for H,and H;, and (%, X x%)
for H, It is clear that A’4 is satisfied.

There is again a measurable transformation group G = {g} of the sample space
¥, consisting of 2(m!) elements, of the same form as in Example 1 where x; is con-
ceived to be (x;, -, X;z) (=1, -, m) and % to be ¥ in the present example, satisfies
the assumption A’2.

In order to establish A’l and A’3, we have to work out the conditional density
given X and f} i)(x“-—i)z. This conditional distribution is again a singular distri-
bution. To d:)_ltlii_s1 we make transformation of variables, y=Ax where y' = (¥, =" » Yin»
Votr s Vons s Ymar s Yai)s X = (Xaws =0 » Ximo Ko =0 » Xows *** » Xmmas =* 5 Xmw and A is an
orthogonal matrix with y,, =+/mn% and

m. n m n
mns’= 3 2 (x;—%P =2 Zy?j“y%l .
i=1 j=1 =1 j=1

The joint density turns out to be

mnf?

. _ nd
35 4,0, 0)=Cexp [ — "y — 5 (20+D)]
MmN , 5, = 7 =, nd _
exp [ — oy (B +—y mnk+-T5- () |
where %,(») is an expression of %, as a linear function of y. This is also equal to

pi(ix Yies =t 5 Yino Vot =0 5 Yo *** 5 Yoy **° » Yn ® /-1, B’ 02)

~(1)"7 () e [ 145501

2
‘ exp [__"5%—}—%4_‘“)(7: Vigs =7 ymn>]f(3—-c) (l - 0’ 1’ Tt 771)

where f(%) is the probability density of % and w(X, ¥y, -+ , ¥ms) 1S again an expression
of ¥,—X in terms of y.
We again madke the trdnsformation

Vi =N mMnszy; =1, ,m;j=1,-,n; N+ D).
‘Then it satisfies
Sxh=1

where the summation is over (=1, ---,m, j=1, . ,n, G,))+#(, 1). The Jacobian
of this transformation is

(mn)™rsmr

g __ ... _~ "
—2f— " —Zmin-1

=%
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The joint prabahility of (z,5, 244, -+, Zps X, mns?) is therefore given by

D212 s Zmin-1y X, mus®; 4, 6, o?)

= o)™ s (LY ()Y e [ 14D ]

20%m

mns® | nd

*€Xp _%'g“ +‘;72 7’(312, s Zmen-1y 2: mns"’)]f(?)

@=0,1,-,m

with respect to the Lebesgue measure, and r(z,,, -, Zmm-1» %, mns?) can be expressed
as %,—X in terms of x.
2
It is known that —m?;nz—s— is distributed according to the non-central chi-square
distribution with degrees of freedom mn—1 and parameter of noncentrality 1 is
n4*(m—1)/2mo®. Therefore the probability density of mnS? is given by

mns? )ﬂ;ﬁ .

1, 22 \ 26 mns?
200 ¢ Bkl ma—1 exp [_ 20° ]
P(755—+k)
Hence the conditional probability density of (zy,, -, Znw-1) given ¥ and mns® is
given by
(6) pi(zl2’ R zm(n—l)lii mnsz; A/O-Z)
A )2k Nk
. co (__2‘ (mns ) _ k-1
=wmym[ g i
Lz“k!Z”‘F( mn2 1+k) ( m ) ]
nA . = 2 ; —
- €Xp [? 7(Z19s "+ » Zmen—1y X MNS )] ¢=0,1,--,m)

with respect to m—2 dimensional Lebesgue measure yv(A|%, mns?). We express (6) in
terms of x which is given by

pi™(x| %, mns®; 4/0%)
A 2k
e (5 (mnsty
=@Wmrm 3 G )mn_l
=0 k120 (R k)

)T

- €Xp ['“n‘ggf (fz—J:C)] (l :01 1» Tt m)
with respect to .

It can be seen that it satisfies A’l and A’3. By Main Theorem, an unbiased
uniformly MPS of size a test ¢ exists and it is of the form:

vo(x, X, mns?) =1, &F, mns?), 0 when max|XI,—X|<, =, > k(&, mns?)
) -
1—oy(x, %, mns® 0

¢J(x: X, mns?) = j(X, %, mns?)

when [%,—%|=, < max|x;,—X|
i
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where [(x, X, mns?) is the number of times that max |X,—X| is attained. k(X, mns?
1

and &(%, mns?) are determined by

E o (X, )?, mnSH| X, mns?; 0]=1—a for all ¥ and mns®.

Let
Vi=HU, S)=E—D/al 2 B (,=0 (=12, ,m).
i=1 j=1
We see that V, are independent of UU when 4/¢?=0 and max |v;| = |v;| if and only

if max |X;,—%|=|%;—X| for each fixed ¥ and mns®. By Theorem 4 [cf. Introduction]
the form (6) of ¢ can be written by

o =1, & 0 when maxjv| <, =, >k

o) =""2 0 when |v|=, <max|v,|

O]

where & and % are no longer dependent upon X and ﬁ f}(xij—?)z.
i=1 j=1

Remark. If we examine Example 2, it can be easily seen that n need not be
more than 1, it can be equal to 1. The procedure of this case was proposed in Kudo
[2], as a test of an outlier, whose table has been computed, in part, by Grubbs [1].
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