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   § 1. Introduction and summary. 

   In this paper, we shall consider a problem on statistical analysis of second order 
homogeneous random fields  {  X(t), t E T } on a metric space T acted upon by a compact 

metric group G such that each g E G is a homeomorphism acting on T and the map-

ping (g, t)--,gt from GxT into T is continuous. 
   The fields { X(t), t e T } are observable on a compact set A C T invariant under 

every g E G. 
   As preliminaries, we shall consider in § 2 a measure p on a compact metric space 

A being a topological subspace of T invariant under every g E G such that for every 

g E G and any Borel set A of A, ,u(g A) = p(A). By a measure on a metric space we 
always mean a non-negative countably additive set-function defined on the 6-field of 

Borel subsets of the metric space. 

   It is shown in § 2 that there exists a Borel set V c A such that (i) G • V =A and 

(ii) Gvi n Gv2 = cb if v, # v2 (v1, v2 E V), (lemma 2.1) and that a mapping e : (g, 
is a Borel isomorphism between G x V and A, (lemma 2.2). We shall call V the Borel 
cross section of A with respect to G or simply the Borel cross section of A. 

   It is shown in theorem 2.1 that the induced measure p* = pe on G x V is de-

composed into a direct product measure of the normalized Haar measure on G and 

a measure m on the Borel cross section V in such a way that for any Borel set 

AXB CGX V, 

                      p* (A X B) = v (A) • m(B)
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where  1) is the normalized Haar measure on G and m is a measure on V. This result 
will be used in § 4. 

   We shall consider in § 3 the optimal linear estimator  2 of a random variable 
Z E L2(X(t), t E T) such that Z E L2(X(t), t E A) and U(g)Z = Z for all g E G where for 
any S C T L2(X(t), t E S) is a Hilbert space spanned by linear combinations of the 
field {X(t),t E S} under the scalar product (U, W) defined by (U, W)= E{U • W} and 

{U(g), g E G} are unitary operators on L2(X(t), t E T) defined by writing U(g)X(t) 
= X(gt) , t E T. 

   It is shown in theorem 3.1 that for any small s > 0 there exists a random variable 
Y E L2(X(t), t V) such that 

                     E {U(g)dg •1712 < E 

where V is a Borel cross section of A. The operator U(g)dg is well-defined on 

L2(X(t), t E A) and actually the projection operator onto the closed subspace V, con-
sisting of all random variables invariant under every U(g), g E G in L2(X(t), t A). 

   The situations being the same as in § 3, we shall proceed in § 4 further in details 
to construct more practical approximating sequence Y„, n = 1, 2, 3, --• for the optimal 
linear estimator 2 of the random variable Z invariant under every U(g), g E G such 
that 

                         2= 1.i.m 
GU(g)dg•Y„ , 

where 377, E L2(X(t), t V), n = 1, 2, 3, ••., are given by the followings : 

                 Y„ = X(s)117,(s)dm(s) , n = 1, 2, 3,, 

                                 V where {Hm(s), sE V, n= 1, 2, 3, —} is a sequence of continuous bounded functions on 

V which are determined by recursively and the measure m is determined by a 
measure on A invariant under every g E G. 

   In § 5 the metric space T has the same properties as in the previous sections 

except for T being compact and T itself being invariant under every g E G. We 

shall consider a second order homogeneous random field {X(t), t E T} with a mean 

value function m(t) = E{X(t)}, t E T. We assume that the field is observable on T. 
Let V be a Borel cross section of T with respect to G, that is, V is a Borel set of 

T such that G • V = T and Gv, n Gv, = 95 if v,� v, (v„ v, E V). 

   Then it is shown in theorem 5.3 that when the mean value function m(t), t E T, 

is invariant under every g E G, that is, m(t) = m(gt), for all g E G, and all t E T, the 

uniformly minimum variance unbiased linear estimator m(t) of the mean value function 

m(t) at t T is given by m(t) = U(g)dg • X(v), where for some h E G the point t is 

written as t = hv. 
   As an appendix, we shall write in § 6 several theorems which are ref ered to in 

our discussions.
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   § 2. Preliminaries. 

   In this section, we shall consider on decomposability of a measure  ,c1 on a compact 
set A of a metric space T acted upon by a compact metric group G. 

   Let T be a metric space. Let G be a compact metric group of homeomorphisms 
acting on T such that the mapping (g, t)--÷gt from G x T into T is continuous. 

   For any metric space X, we shall denote by 0, the a-field of Borel subsets of 

X, that is, is the smallest a-algebra of subsets of X containing all open sets. 

   Lemma 2.1. Let Ac T be a compact set invariant under every g E G. Then, there 

exists a Borel set V c A such that 

  (1)G • V = A , 

   (2)G • vi G • v, c5 if v,� v, G V). 

   We shall call a Borel set V satisfying (1) and (2) a Borel cross section of A with 
respect to G or simply a Borel cross section of A. 

   Proof. For any two points t1, t2 in A we shall say that t,—t, if there exists 

g EG such that t1= gt2. is an equivalence relation. Let [t] denote the equiv-
alence class containing t A. Let Al be the space of all such equivalence classes. 

The mapping t---,[t] from A into Al is continuous under the quotient topology and 
onto. Thus, the space Al is a continuous image of the compact set A under the 

mapping and hence _V/ is a compact metric space. 

   Thus, by a theorem of Federer and Morse (see theorem 6.1 in § 6) it follows that 

there exists a Borel set V c A satisfying (1) and (2). The proof of lemma 2.1 is 

complete. 

   We shall show that the space A may be identified with the product space G x V. 

   Lemma 2.2. Suppose that for any g E G, g e, there is no fixed point in A. 

   Then, the mapping 

 (3) : (g, v)—>gv 

is a Borel isomorphism between GXV and A. 

   Proof. From lemma 2.1 the mapping e : (g, v)----,gv from G x V into A is onto. 
Since there is no fixed point in A for any g E G, g e, the mapping e is one-one. 

From our assumption that the mapping (g, t)—>gt from GxT into T is continuous, 

it is clear that the mapping e is continuous. In particular, e is measurable. 

   Hence, by a theorem of Kuratowski (see theorem 6.2 in § 6) the inverse mapping 

e-1 is also measurable. Thus, we have proved lemma 2.2. 
   Remark. Lemma 2.2 may be proved alternatively by making use of a theorem 

,6.3 in § 6 in the virtue of the space A being compact. 

   Let tt be a measure on A invariant under every g G G, that is, for each g 

ict(g A) = p(A), A EV. 
   Without loss of generality, we assume that p(A) =1, in other words, p is a prob-

ability measure on A. 

   Let p* be the induced measure on G x V by the Borel isomorphism e from the 

measure on A.
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   Then, we have the  following  : 

   Theorem 2.1. The measure p* on Gx V is decomposed into a direct product meas-
ure in such a way that for any Borel set AxBcGx V, 

                p* (A x B) p(e(Ax B)) = v(A) • m(B) , 

where v is the normalized Haar measure on G and )n a probability measure on the 

Borel cross section V of A. 
   Proof. Both G x V and G are compact metric spaces and hence these are complete 

separable metric spaces. Therefore, these are automatically separable standard Borel 

spaces (see [10], page 133). 
   Let us consider the mapping 7: : (g, v)—>g from G x V onto G. Then it is clear 

that 7 is measurable since the mapping 7 is a projection from the product space 

G x V onto its coordinate space G. 

   Thus, it follows that there exists a regular conditional probability distribution 
of p* given 7:7, which we shall denote by r-ng(A X B), gEG, AXB G 

   This satisfies the following conditions : 

   ( ) For each gEG, r-ng(•) is a probability measure on G x V. 
   (ii) For each Borel set AxBCGXV, the mapping 2.--,Mg(AxB) is 80-measurable. 

   (iii) For any Borel set AxBGXV, 

                    p* (A X B) = 172 g(Ax B) dv( g) , 

where v is a probability measure on G such that v(E) -= p*(7.-1(E))= p*(E x V), E E 

(See [10], page 146). 
   In particular, we have for any EETG, 

  (4)p*(A x B n -1(E)) p*((A n E)x B) 

                          =J fizg(AxB)dv(g), AXB ETGxv. 

   Let us write 

                     mg(B)= ifig(G X B) , B E 

   Then we have by letting A= G in (4), 

  (5)p*(ExB)= mg(B)dv(g), 

for any EE3G and any B 31,, where mg(.) is a probability measure on V. 

   Since for each g EG and any Borel sets A and B of G and V respectively, 

p*(g A x B) = p(e (g A x B)) = p(e(A x B))= p* (A x B), it follows by letting particularly 
B= V in (5) that for any A E TG, 

                 v(gA)= p*(gA X V)= p*(A X V)= v(A). 

   This equality and the uniqueness of the invariant measure on G imply that the 

measure 2) is the normalized Haar measure on G. 

   Thus, we may write 

                  p*(AxB)= m(B)dg, AXB E TGxV •
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Hence we have for any  AETG, BO„, and h E G, 

                      p*(A X B)= ing(B)dg 

                                                  A 

                            = p*(h A x B) 

                               = nig(B)dg 
                                                                       h.4 

                                         = inh_i.g(B)dg. 

                                                     A 

   This implies that for any B E c-8,, and any g, h E G, 

                            mg(B)= inh(B) , 

in other words, mg(.) is a probability measure on V independent of g E G. 
   Let us write 

                        m(B) — mg(B) , B E by . 

Then we have for any Borel set AxBc G x V, 

                      p*(AxB)= c in(B)dg 

                                                        A 

                                  = v(A) • in(B) , 

where v is the normalized Haar measure on G and in a probability measure on V. 

Thus, we have proved theorem 2.1. 

   Example 2.1. Let T = R2 = {(x, y) — 00 < x < 00 — 00 < y < co}. Let G = SO(2), 

the group consisting of all rotations on T around the origin (0, 0). Let us consider 
aclosed disk A with a finite radius r, that is, A= {(x, y) E R,I 02x± y2 < 7.2}. 

   It is obvious that as a Borel cross section of A, we may take a set V = {(x, 0) 

10x�r}. 
   Since SO(2) is isomorphic to the torus group Go = {0 I 0 �. 0 < 277.1 with the group 

operation 01+02 = 03 where 01+0,== 03 mod 27r, 0 .� 03 < 27r, we may identify the space 

A with the product space V X Go. 

   Let p be a probability measure on A such that for any A E p(A) is proportional 
to the " area " of the set A, in other words, p is a uniform distribution on A. 

   Then p is invariant under every g E SO(2) and it is written as follows : 

   For any Borel set A c Go and B CV , 

                                   1                         dp(x, 0) = Br2,xdx•j'A 27r de .                   SBYA 
   Example 2.2. Let L3 = {(t, x, y, z)1 t2—(x2+y2+z2) = c2} where t, x, y, z and c are 

real numbers. Let G be a subgroup of the proper Lorentz group of order (3.1) such 
that its elements are of the following form : 

                     g=(1 0                          0' h'hSO (3) , 

where 0 denotes a zero vector (0, 0, 0) and 0' its transposed one. 
   Let A= {(t, x, y, z) E L31 0 x2+y2+z2 < a2} where a is a finite real number.
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Since A is invariant under every g E G, we may take a set 

                    V = {(- c2±u2, u, 0,0)10�u�_ a} e A 

as a Borel cross section of A. 

   Let p be a probability measure on A such that for any C e OA, p(C) is proportional 

to the " volume " of C, in other words, ri is uniformly distributed on A. Then p is 

invariant under every g E G. Thus, the measure p is decomposed into a direct product 

measure as follows : 

                dp(x, y, z)=dp(u, 8, co) 
                                         Bx (AixA2) 

                            13u2du1c                                = SBc2--2.12.A1x,'2                                           sin 8d8d 

where C is a set of all points (t, x, y, z) in A such that 

                               x = u • sin • cos ca , 

                            y = u • sin 0 • sin , 

                                   z 11 • COS , 

                               t = / c2-Fu2 , 

(8, co) E A,x A2 E TV and uEBE Tv (u is identified with a point / c'±u2, u, 0, 0) in V) 
and 

                = 2 - [a • A/a2+ c2H-c2 • log (I cl— I a+ -Va2-1-01)1-1 

   § 3. On the optimal linear interpolation of homogeneous random fields I. 

    3.1. Summary. 
   In this section we shall consider an interpolation problem of a homogeneous 

random field {X(t), t T} on a metric space T acted upon by a compact metric group 
G of homeomorphisms acting on T such that the mapping (g, t) —*gt from G x T into 
T is continuous. 

   The field {X(t), t e T} is observable on a compact set A C T invariant under every 

g G G. 
   Let Z E L2(X(t), t E T) be a random variable invariant under all unitary operators 

U(g), g G defined on L2(X(t), t T) by writing U(g)X(t) = X(gt), t E T. Let 2 
E L2(X(t), t E A) be the best linear estimator of Z on the basis of the realization of 

X(t) on A. 
    Let V be a subset of A such that A = G • V and G • yin G • 1:2 = if v1 # v, (v„ v2 E V). 

   Then it will be shown the following result : 
   For each r > 0, there exists a random variable Y E L2(X(t), t E V) such that 

El12—AY121 G s where A =f U(g)dg whose restriction to L2(X(t), t E A) is a projec-
                                    G tion operator onto the maximal closed subspace V1 invariant under all U(g), g E G, 

that is, V1= {u I U(g)u = u, for all g E G} e L2(X(t), t E T). 

    3.2. An interpolation problem of homogeneous random fields.
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   Let T be a metric space. Let G be a compact metric group of homeomorphisms 
acting on T such that the mapping (g,  t)--,gt from GxT into T is continuous. 

   Let {X(t), t E T} be a complex-valued homogeneous random field satisfying the 
conditions : 

  (1)E{X(t)} = 0, for all t E T. 

  (2)E{ X(t) 121 < , for all t E T . 

   (3)The convariance function of the field K(t, s) El X(t) • X(s)} 
          is a continuous positive definite function on Tx T. 

  (4)For each g E G, 

                         K(t, s)= K(gt, gs) , t, s E T . 

   Let A c T be a compact set invariant under every g E G and the field {X(t), t E T} 
be observable on A. 

   For a set Sc T we shall denote by L2(X(t), t E S) a Hilbert space consisting of 
all random variables which may be represented either as a finite linear combinations 

                            U = ci • X(ti) 

for some integer n, points t1,t2, ••• , to in S and complex numbers c1, c2, ••• , cn or as 
a limit in quadratic mean of such finite linear combinations under the scalar product 

(U, W) defined by (U, W) = E{U • W}. 
   It is well-known that for each g E G one can define a unitary operator U(g) on. 

L2(X(t), t E T) such that 

  (5)U(g)X(t)= X(gt) ,g E G , 

  (6)U(g) • U(h)= U(gh) , g, h E G . 

   Let Ho be a subspace of L2(X(t), t E T) consisting of all random variables u such 
that U(g)u = u for all g E G. 

   Let {un, n= 1, 2, 3, • • • } be a convergent sequence of random variables in Ho such 
that lim Un= U. Then, since II u —U(g)u u —unll + II U(g)un—U(g)ull = 2 • 11 u —u7,11, for 

all g E G, U(g)u = u, for all g E G. This implies that the subspace Ho is closed. 
   Let us write H1= Hon L2(X(t), t E A). 

   For any closed subspace H of L2(X(t), t E T) and any random variable u 

L2(X(t), t E T), we shall denote by Proj. (u I H) (or simply u I H) the projection of u 
onto H. 

   Let Z E L2(X(t), t E T) be such that Z E Ho but Z EE L2(X(t), t e A), that is, U(g)Z 
= Z, for all g E G but Z Er L2(X(t), t E A). 

   Let 2= Proj L2(X(t), t E A)). Then 2 is the best linear estimator of Z on the 
basis of the realization of {X(t), t E A} in such a sense that E{ I Z-2121 � E{ I Z—u I2} 
for any u E L2(X(t), t E A). 

   We shall prepare the following : 
   Lemma 3.1. For each g E G, U(g)2 = 2. 

   Proof. Z is decomposed uniquely in such a way that Z= 2+ W where W is a
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component of Z orthogonal to  1,2(X(0, t E A). Since for all g E G, U(g)Z 

+U(g)W, we have 2 —U(g)2 = U(g)W—W and hence I12—U(g)2112 = (2 —U(g)2, U(g)W 
—W)= (2, U(g)W)=(U(g)-' • 2, w)= O. Thus, we have proved lemma 3.1. 

   Let C(G) be a set of all bounded continuous functions on G. 
   Then we have the following lemma : 

   Lemma 3.2. For each pair of random variables y, u in 1,2(X(t), t T) 

                        (U(g)y, u) E C(G) . 

                     N 

    Proof. Let u„ = E Clcilt • X(tk,n), n =1, 2, 3, •••, be such that lim un= u. Then 
                                  k=1 

(U(g)y, un), n =1, 2, 3, ••-, converges uniformly to (U(g)y, u) since I (U (g)y , u)— (U (g)y , 
2201 = I (U(g)y, n—un) I 113'11 IIu —717,11. 

   Hence it is sufficient for us to prove that for all t E T, (U (g)y , X(t)) E C(G). 
   For each t E T, we have 

                 (U(g)y, X(t))—(U(h)y, X(t))1 

                       =1(y, U(g-i)X(t)—U(h-')X(t)) 

                         = I (y, X(g--1 • t-)— X(h-1 • t))I 

                       Ilyll 11 X(g-1 t)— X(h- • 011 

                       =2 • (K(t, t)—K(t, gh-1 • t)) 

   Since K(t, s) is continuous and gh-' • t t as g h, we see that (U(g)y, X(t)) E C(G) 
for all t E T. The boundedness of (U(g)y, u) is obvious since G is compact. 

   Let V c A be a Borel set such that G • V = A and G • v1nG • v2 = y5 if v1 # v2 

(v1, v2 E V). Since A is a compact metric space invariant under every g E G, we can 
choose such a set V in A (lemma 2.1 in § 2). 

   Now we have the following : 
   Theorem 3.1. For each s> 0, there is a random variable Y E 1,2(X(t), t m V) such 

that 
                          E{12—A- Y12} s, 

where A= U(g)dg whose restriction to L2(X(t), t E A) is a projection operator onto H1. 

   Proof. From lemma 3.2, it follows that for any fixed y E L,(X(t), t T), J(u) 

   (U(g)y, u)dg, u E L2(X(t), t E T), is a well-defined bounded linear functional on 

L2(X(t), t E T) where by • dg we mean the integration with respect to the normalized 

Haar measure on G. 
   From a theorem of Riesz it follows that there exists a unique random variable 

y* = U(g)dg • y in L2(X(t), t E T) such that J(u) = (y*, u). 

    For any E > 0, there exist t, = giv„ t2 = g,v,, ••• , tn= g„vn (gi m G, vi E V) and 
scalars a1, a2, ••• , an such that 

                   E {12 — ai • X(ti)1} < s . 
                                                       i=i 

   Let us put
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                               Y --= E a, • X(v i) . 
                                                             i=1 

Then,  Y  E L2(X(t), t E V). 
   We shall now evaluate E112— A • Y121. 

   We have 

            E {12— A•Y12}2—LU(g)dg2 

                       E {12 — ai f U(g) • X(v i)dgl 
                                    i=1 G 

                       =E{2— E a,U(ggi) • X(vi)dgl 
                                    i=1G 

(here we have used the invariant measure dg). 
   Since the random variable 2 is invariant with respect to all operators U(g), 

g G and dG 1, we have 

                                                          „ 

           E{ !Z—A• 21 = U(g)(Z— E aiU(gi)X(vi))dgi} 
                Gi=1 

                           IU(g)(2—1E a i X(t i))2dg-} 

                   • 

                    f E{1U(g)(2— aiX(ti)) 12      =} dg 
                     =f 02—jai • X(ti)I2 dg 

                 Gi=1 

                     = E{ 12—                                _aiX(ti)12} < s . 
                                                                 i=1 

   Now, we shall show that for any u L2(X(t), t E A), 

                      GU(g)dg • uProj1 Hi) • 

   From our assumptions, the operator U(.) is a continuous unitary representation 
of G on L2(X(t), t e T). 

   Hence, the representation (U(g), L2(X(t), t E T)) is completely reducible. 
   It is well-known that equivalent classes of irreducible representations for a com-

pact group is only countably many and each irreducible representation is finite 
dimensional. 
   Thus, L2(X(t), t T) is decomposed into the direct sum of closed subspaces V3, 

j =1, 2, 3, • such that 

   (7)L2(X(t), t E T) V1+ V2+ • • • + V Th+ • • - 

and also for each j (j 1, 2, 3, •-•), V; is a direct sum of di-dimensional (d; is finite) 
subspaces Kik, k = 1, 2, 3, ••• such that 

 (8)Vj= Vi2+ VA+ 

where (i) the decomposition (7) is unique, (ii) for each j (j = 1, 2, 3, •••), the dimension 
of V ik, k= I, 2, 2, ••-, are identical and dj, (iii) for each j, k (j, k= 1, 2, 3, ••.), V ik is
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an invariant subspace under the operators U(g), g E G, and for each k (k = 1, 2, 3, 
the restriction of U(.) onto V ik (in symbols M(.1)(•)= U(•) I V ik) is an irreducible 
unitary representation of G with dimension di and identical for each k (k = 1, 2, 3, •••), 

(iv) M(11)(g) and M(j2)(g) are inequivalent if j, �i2. 
   Let us choose an arbitrary orthonormal basis (e(ilk) , en, •• • , elj)) of the subspace 

V jk and fix it. Then the operator M(1)(g) is written by dixdi matrix 

                   111(i)(g)= {rniik)(g)} , 1, k -= 1, 2, 3, • •• , di . 

   It is well-known that for each 1, k, j (1, k = 1, 2, 3, ••• , di, j= 1, 2, 3, •••), mijk)(g) is 
a bounded continuous function on G and hence square-integrable with respect to the 
invariant measure on G. 

   The following orthogonality relations are well-known : 

                     milk)(g)mil,,(g)dg =  1  • 6,•,,,,,•                                 G•.J•J 

where Oi,i= 1 if i =j; = 0 otherwise. 
   These relations are independent of the choice of coordinate systems. 

   Let M")(g)= U(g) I Vik, k = 1, 2, 3, •-•, be the irreducible identity representation 
of G, that is, U(g) I V = I. Then, from Schur's lemma the irreducible identity re-

presentation of G is one-dimensional. 
   Hence, d, = 1, Mw(g) = 1 and 

                        V, - Ho- V11+ V12+ Vik+ ... 

where Ho= lu U(g)u = u, for all g E GI C L,(X(t), t E T). 
   Thus, from the orthogonality relations it follows that for each j (j = 2, 3, 4, 

for all v, tt= 1, 2, 3, •• • , di, 

                           inVgg)dg = 0 . 

   Let y, u L2(X(t), t E T) be any elements but fixed. Let yi= Proj (y I V3), 
ui= Proj (u I KO and yik= Proj (yIV pc), uik= Proj (u VA) and 

                     Yjk=Y'jV6'72+Y(fie`iT-E-Y`ild)e(ild) 

                       u •k=u(iVe`iVu(iTe(i2,2+ • •+u(ic,VeSti) . 
   Then we have 

              (U(g)y, u)dg= E Ef(111(i)(g)yik, uik)dg 
                                                 j=1 k=-1 G 

                         =EEEEy(112• u4) • f inf,•Vg)dg 
                                               j=1 k=1 v=1 p=1 

                                                                  co 

                         = E • ult) = ui) 
                                                     0=1 

                            = (yi, u) 

                       = (Proj (y I V 1), u) 

                    = (f U(g)dg • y, u)
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   Thus, the operator U(g)dg is a projection onto the closed subspace  Ho. It is 

obvious that 

                U(g)dg • L2(X(t), t e A) = Ho nL,(X(t), t E A) 

                                                = H1. 

   This completes the proof. 
   Example 3.1. Let R2 be the 2-dimensional Euclidean space. Let each point in 

R2 be written by the polar coordinate (r, 8), 0� r < 00, 0 27r. 

   Let G = SO(2) and A be a compact set such that 

              A {(r, 0) E R, I 0 < pi r p2 < 00, 0 0 27} . 

Then G . A A. Thus, as a Borel cross section of A, we may choose a set V = {(r, 0){ 

pi �r PO, since V obviously satisfies the conditions : 
   (i) A=G• V, 

   (ii) Gv1nGv2= cb if v1 # v2 (v1, V2 E V). 
   Let IX(r, 0), (r, 0) E R2} be a complex-valued homogeneous random field such that 

E{X(r, 0)} = 0, for all (r, 0) e R2, E{ I X(r, 0)12} < 00, for all (r, 0) E R2, the covariance 

function K((r, 0), (r', 0')) = E{X(r, 8) • X(r', 8')} = K((r, 0), (r', 0' —0)), for all (r, 0), (r', 0') 

e R2 and K((r, 0), (r', 8')) is a continuous positive definite function on R2XR2- 

   For each g E SO(2) such that 

                      / cos 0, sin 0 \                     g = —sin 0, cos 0)'00 < 27 , 

we shall define a unitary operator U(0), 0 < 27, by writing for each (r, 0*) G R2, 

                 U(0) • X(r, 0*) =- X(r, 0**) , 0<0** < 27r , 

where 0+0* 0**, mod 27-c. 

   Let Z = X(0, 0). Then, U(0)Z = Z, for all 0 (0 0 27r). 

   Thus, from theorem 3.1, it follows that for each E >0 there exists a random 

variable Y such that 

                  E{1227u1j.27rU(0)c/O • Yr }•<, 
where (a) Y is a finite linear combination of the field on V such that for some integer 
N, points (r1, 0), (r2, 0), ••• , (IN, 0) in V and complex numbers c1, c2, , c, 

                                      N 

                             Y= E c,X(rk, , 
                                                        k =1 

(b) 2 is the best linear estimator of Z= X(0, 0) on the basis of the realizations of 

IX(t), t E 

   § 4. On the optimal linear interpolation of homogeneous random fields II. 

    4.1. Summary. 
   In this section we shall continue considering a problem of interpolation for a 

homogeneous random field IX(t), t E T1 on a metric space T acted upon by a compact
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metric group G. 

    The field {X(t), t  E T} is observable on a compact set A invariant under every 

g E G. 
    Let Z E 1.2(X(t), t E T) be a random variable invariant with respect to all unitary 

operators U(g), g c G, defined on 1,2(X(t), t E T) by writing U(g)X(t) = X(gt), t E T. 
Let 2 E L2(X(t), t E A) be the best linear estimator of Z based on realizations of X(t) 
on A 

    We shall proceed further in details to construct a sequence of random variables 
 Y„, n = 1, 2, 3, ••• } such that 

    (i) Y,, E L2(X(t), t V), 72 = 1, 2, 3, 4, •••, 

   (ii) 2 =1.i.m U(g)dg•Y„,               n•-•G 
where Y,„, n 1, 2, 3, are concretely calculated on the basis of the realizations of 

the field on a Borel cross section V of A by making use of the theory of the repro-

ducing kernel Hilbert space generated by the covariance function of the field and the 

previous result in theorem 2.1 of § 2 on decomposability of measures on a compact 
metric space. 

   Definitions and notations appeared in the previous sections are used in this section 

as well with the same meanings. 

   4.2. An approximating sequence for the optimal linear interpolation. 
   Let T and G be the spaces identical with those defined in § 3. 

   For any metric space X, we shall denote by 3x the a-field of Borel subsets of X 

and C(X) a set of all bounded continuous functions on X. 

   Let {X(t), t E T} be a complex-valued homogeneous random field measurable with 

respect to TT satisfying the conditions : 

  (1)E{X(t)} = 0 , for all t E T . 

   (2)Ell X(t)i 21 < 00 , for all t E T . 

   (3)The covariance function K(t, s) = X(t)X(s)} is a 
               continuous positive definite function on T x T. 

   (4)For each g E G, K(t, s) = K(gt, gs), t, s E T. 

   The field {X(t), t T} is observable on a compact set A c T such that for every 

g E G, g • A= A. 
   For a set S C T, 1,2(X(t), t E S) denotes the Hilbert space same as defined in § 3. 

   By U(g), g E G we denote unitary operators defined on L2(X(t), t E T) by writing 

U(g)X(t) = X(gt), t T. 

   Let V c A be a Borel cross section of A, that is, V is a Borel subset of A such 
that 

   (i) G • V = A, 

   (ii) G • vi G • v2= 95 if v1� v2 (vi, v, E V). 
   Suppose that for any g E G, g e, there is no fixed point in A. Then, the mapping 

                          e : (g, 

is a Borel isomorphism between G x V and A (see lemma 2.2 in § 2).
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   Let  p be a measure on A invariant under every g E G such that the support of 

a is A. Let us denote by it* the induced measure on G x V from p on A by the 
Borel isomorphism e, that is, p* is a measure on Gx V such that for any AxB E 

                     p*(Ax B)= p((AX B)) . 

   Without loss of generality, we assume that i*(G x V) = 1, in other words, p* is 
a probability measure on G x V. From theorem 2.1 in § 2, it follows that j* may be 
decomposed into a direct product measure of the normalized Haar measure of G and 
a probability measure in on V such that for any AxB ETGxy, 

                       p*(A X B)= v(A) • m(B) . 

   Thus, we may and do identify the space A with the product space G x V and 
the measure p on A with the measure it* on G x V. 

   Let Z m L2(X(t), t E T) be such that 

   (i) For all g E G, U(g)Z = Z, 

   (ii) Z Er L2(X(t), t E A). 
Let 2 be the best linear estimator of Z on the basis of the realizations of the field 
X(t) on A. Actually, 2 is the projection of Z onto L2(X(t), t v A), that is, 

                    2 = Proj 12(X(t), t E A)) . 

   It has been shown in lemma 3.1 in § 3 that for each g m G, U(g)2 = Z. 
   Since the covariance function K(t, s) restricted to A x A is also continuous and 

positive definite, it follows from a theorem of Aronszajn (see thorem 6.4 in § 6) that 
K(t, s), t, s E A, generates a unique reproducing kernel Hilbert space H(K). 

   H(K) is actually a Hilbert space consisting of functions on A satisfying the 
conditions : 

   (K.1) For each t m A, K(t, •) E H(K). 
   (K.2) For any f m H(K), (1, K(t, • )), At), t E A, 

where by (f1, 1, a2)1C we denote the scalar product of every pair of elements f 1, f 2 in 
H(K). 
   We shall make use of the following theorem : 

   Theorem 4.1. ([12], page 10, THEOREM 2D). 
   There is a one-one, scalar product preserving linear mapping 0 from H(K) onto 

L2(X(t), t E A) such that 

  (5)0(K(t, • )) = X(t) , t E A . 

   Since the mapping 0 is an isometric isomorphism between H(K) and L2(X(t), t E A), 
one can define for each gEG a unitary operator U*(g) on H(K) by writing 

   (6)U(g) • cb(f)= 0(U*(g)f) , for each f E H(K) . 

The operators {U*(g), g E G} obviously satisfy the following : 

                U*(g) • U*(h) = U*(gh) , for all g, h E G. 

   We shall prepare the following :
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   Lemma 4.1. For any u  E L2(X(t), t E A), 

                   (0-1(u))(t)= E{u • X(t)} , t A . 

   Proof. Since 0 is an isometric isomorphism between H(K) and L2(X(t), t E A), 
there always exists a unique function h E H(K) such that 0(h) = u. Since 0 is scalar 

product preserving, 

                E{u • X(t)} = (u, X(t)) = ('(h), 0(K(t, • ))) 

                            = (h, K(t, • ))K = h(t) , t E- A . 

This shows that (0-1(0)(0 = E{u • X(t)}, t E A. 
   Let us denote by I a set of all functions in H(K) invariant under every U*(g), 

g E G, that is, 
                I= If E 1-1(K)1U*(g)f = f, for all g E GI . 

   Since H1= G L2(X(0, t E A)IU(g)u = u, for all g E G} is a closed subspace in 
L2(X(t), t E A) and I is an inverse image of H1 under 0, I is a closed subspace of 
H(K). 
   Now, let us define an operator K* on C(V) in such a manner that for any f C(V), 

                 (K*f)(t) = K(v, t)f(v)din(v) , t E A . 

   Then, we have the following : 
   Lemma 4.2. (i) K* • C(V) C H(K) C C(A). 

   (ii) For any f E C(V), 

                   0(K*f) LX(v)f(v)dm(v) . 
Thus, for any f e C(V), 0(K*f) E L2(X(t), t E V). 

   Proof. Let us consider a random variable 

                 u = X(v)f(v)dm(v) , for f E C(V) . 

Since Ell u121 < 00, the random variable u is well-defined and u i L2(X(t), t E V). 

From lemma 4.1, it follows that 

                  (K*f)(t) = K(v, t)f(v)dm(v) 

                       =J EI X(v)X(t)} f(v)dni(v) 
                                               ti 

                         = Elu • X(t)} 

                          = (0-1(u))(t) , t A . 

Thus 0(K* • f)= LX(v)f(v)dm(v). 
   Let h E H(K). Then, for any t, s E A, 

                h(t)— h(s)I = I (h, K(t, -)—K(s, • ))KI 

                            !INK • ̂ , K(t , t)+K(s, s)-2K(t, s) .
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Thus, h is continuous. Since A is compact, h is bounded. Thus, h  E C(A). This 
completes the proof of lemma 4.2. 

   Since for each pair of random variables y, it in L2(X(t), t G A), (U(g)y, u) E C(G), 

(lemma 3.2 in § 3), the operator 

                           U(g)dg 

is well-defined on L2(X(t), t E A). A is a projection operator on L,(X(t), t E A) onto 
the closed subspace H1 (theorem 3.1 in § 3). 

   Let us define an operator A* on H(K) in such a manner that for each h E H(K), 

                         A • cb(h) = 0(A* • h). 

   Then, A* = U*(g)dg, since for any u E L2(X(t), t E A), 

                 (A • 0(h), u) (U(g) • cb(h), u)dg 

                           (0(U*(g)h),u)dg 

                            = (U*(g)h, 0-1(u))Kcig 

                           = U*(g)dg • h, 0-1(u)) 

                     =(Cb($GU*(g)dg•h),u) 
                               = (0(A* • h), u). 

This implies that A* = U*(g)dg. 

   Lemma 4.3. For any f E H(K) and any g G, 

                    (U*(g)f)(t) = f(g-1 • t), t E A . 

In particular, if f E I, then for all g G and t e A, f(gt) = f(t). 
   Proof. From (5) and (6), it follows that U(g)X(t) = X(gt) = 0(K(gt, • )) = 

O(U*(g)K(t, -)). Hence, we have for any g G, and any t, s E A, 

                    (U*(g)K(t, -))(s)= K(gt, s) 

                                        = K(t, g-1 • s) . 
Thus, it follows that for any f E H(K), 

                  (U*(g)f)(t) = (U*(g)f, K(t, •))K 

                              (f, U*(g-1)K(t, •))K 

                              = (f, K(g-1 • t, •))K 

                               = f(g-1 • t) , t E A . 

   If f E I, then (U*(g)f)(0= f(t), t E A. Thus, f(g-1 • t) = f(t), for all g E G. This 
is equivalent to the statement that f(gt)-=f(t) for all g E G. 

   We shall define an operator K on a Hilbert space 1,2(A, TA, a) consisting of all
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square integrable functions on A with respect to the measure in such a way that 

for any  f  E  L2(A,  TA,  1-1), 

                (Kf)(t) = SAK(s,f(s)dp(s) , t E A . 
   We have the following : 

   Lemma 4.4. For any h E I, A*K*h = Kh and K • I C H(K). 

   Proof. Suppose h E I, and let us consider the following random variables : 

                      u1= f X(v)h(v)dm(v) , 

                     u2= f AX(t)h(t)dp(t) . 
Then, it is obvious that u, and u2 are well-defined and u1 E L2(X(t), t E V) and u, 
E L2(X(t), t E A). From lemma 4.2, it follows that u1= cb(K* • h). 

   Now, we have 

                 (0-1(u2), K(t, •)).K = E{u,X(t)} 

                           EIX(s)X(t)}h(s)dp(s) 

                         = f AK(s, t)h(s)dp(s) 
                              (K•h)(t) , t A . 

This implies that K • I C H(K) and 

                    0(K • h) = SX(t)h(t)dp(t) . 
   Thus, for any g E G, any f E H(K) and any h E E, 

            (f, LI*(g)K* • h)ic =(Cb(f), 0(u*(g)I-c* • h)) 

                       = (0(f), U(g) • 0(K* h)) 

                     = (0(f), U(g) • f,X(s)h(s)dm(s)) 

                     (cb(f), f vX(gs)h(s)dm(s)) 
                      = f EIO(f) • X(gs)}h(s)dm(s) 

                       = f f(gs)h(s)dm(s) . 
Hence, we have 

                (f, A* • K* • h)K = (f, U*(g)K* • h),dg 

                            = 
GVdg •f(gs)h(s)dm(s) 

                            =
GVAgs)h(s)dm(s)dg
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Since for any h  E E, h(t) = h(gt), t E A, 

                (f, A* • K* • h)K-= GVf(gs)h(gs)dm(s)dg 

                         = 
Af(t)h(Od li(t) 

                        =
AE10(f) • X(01 h(t)d p(t) 

                      = E {0( f) • AX(t)h(t)die(t)} 
                      =(0(f),O(Kh)) 

                          =(f, Kh)K 

Thus, for any h E E, A* • K* • h= K • h. The proof of lemma 4.4 is now complete. 

   Lemma 4.5. Let p,(0= E{Z• X(0}, t E A. Then, p, E E. 

   Proof. Since for any t E A, p,(0= EIZ • X(01= El2 • X(01, pz H(K). Since Z 
is invariant with respect to all U(g), g E G, we have for any g E G, Z = 0(p,)= U(g)2 
=U(g)- 0(p,)=0(U*(g) • pz). Thus, p, = U*(g)• p,, that is, p, E I. 

    Lemma 4.6. 

   (i) For any HE C(V), 

                                A*K*H—pzE I . 

   (ii) For any constant a, 

                          (I* — a A*K*)E C I , 

where 1* is the identity operator on H(K). 

   Proof. First, we shall prove that for any g EG, U*(g)A* = A*. For any f, h 
E H(K) and g E G, 

                (f, U*(g)A*h)K=(U*(g-l)f, A*h)K 

                             —J
G(U*(g-1)f, U*(g*)h)Kdg* 

                           = (f, U*(g)U*(g*)h)Kdg* 

                            = ( f, U*(gg*)h)„dg* 

                           = (f, U*(g0h)Kdg' 

                            = (f, A*h)K 

   Since K*C(V)CH(K), A*K*H is well-defined and an element in H(K). Thus, for 
any g E G, 

                U*(g)(A*K*H—p,)=U*(g)A*K*H—U*(g)p, 

                                  =A*K*H—pz. 

This implies that A*K* H — p, E
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   Now, we shall prove the second half of lemma 4.6. 
   For any  h  E  I and any g EG, 

              U*(g) (I*-a • A*K*)h = U*(g)h-a U*(g)A*K*h 

                                    = h-a • A*K*h 

                                  = (I* -a • A*K*) • h . 

   Thus, the proof of lemma 4.6 is now complete. 
   Here, we have the following : 

   Theorem 4.2. Let {Hn, n=1, 2, 3, -} be a sequence of functions in C(V) defined 
recursively in such a way that 

   (7)Hii(t)= Hn_i(t)-a • (A*K*Hn,(t)-pz(t)), t E V , 

where a is a constant and Ho(t) is an arbitrary function in C(V). 
   Let us define a sequence of random variables {Y„, it = 1, 2, 3, •••} in such a way that 

                   Yn = X(s)Iiii(s)dm(s) , n =1, 2, 3, •-• . 

Then, (i) Y. E L2(X(t), t E V), for all n (n =1, 2, 3, ••.). 

   (ii) For a constant a such that 0 < a <2ID, where D = K(t, t)dp(t), 

                       2 = 1.i.m 
GU(g)dgY. 

   In order to prove theorem 4.2, we shall first need to derive several lemmas. 

   Since
AK(t, s)I2 dtt(t)d p(s) <co, that is, the operator K is compact on L2(11, 3A, 1-2), 

      A the eigen-values of the operator K are only countably many. 

    Let 22„ v = 1, 2, 3, be non-trivial eigen-values and co„(t), t E A, v=1, 2, 3, •-•, be 
the corresponding normalized eigen-functions of the covariance function K(t, s) such 

that 

                 2, • ca,(t)= f K(s, t) • co,(s)d p(s) , t E A . 

                               A 

    Since K(t, s), t, s e A, is positive definite, the eigen-values 2,, v=1, 2, 3, ••-, are 

positive real numbers. 
   It is well-known that the covariance function K(t, s) may be expanded as follows : 

   (8)K(t, s) = E 2, • go,(t) • co,(s) , t,seA. 

(Cf. [14], page 278, Mercer's theorem). 
   Lemma 4.7. The family of all eigen-functions =1, 2, 3, •••1 spans the Hilbert 

space L2(A, 8A, 14. 

    Proof. Let f G L2(A, JO be such that for all v= 1, 2, 3, •••, 

                     (f, coDA= fAf(t). co(t)cipt(t)=---,0 
where we denote by (f, h)A the scalar product of each pair of functions f, h in 

L2(A, 8 10.
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   Then, from (8), it follows that 

 SA SA                       K(t, s)f(t)f(s)dp(t)dp(s) 

                             = 2, • l(f, co2:)Al2= 0 . 

Since K(t, s) is positive definite, f must be a zero element in L2(A, a). This implies 
that 1.2(.1,3A, a) is spanned by Igo , 1)=1, 2, 3, 

    Lemma 4.8. 

   ( i ) For each v (1.) =1, 2, 3, H(K). 

    (ii) (co,' C°p)K = y if v=it, 
               = 0, if v# p. 

   (iii) 2,1 • X(s) • co,(s)dp(s)• 

                       A 

    Proof. Let us write 

                   Xk= X(S) •Cpk(S)dig(S)k = 1, 2, 3,. 

                            A It is easily seen that E{ I Xk 12}= Ak < .0 and Xk L,(X(t) , t c A). Since (0-1(X0)(t) 
= E {Xk • X(0} = Ak • COW), t E A, 

                        Xk = 0(2k cok) = 2k • Cb(Cok) • 

Thus, cok H(K) and cb(C0)= AV • Xk. 

   Since E{X,• )77,}=Ak if k=n; = 0 if k�n, 

                      (CDk, C901C=(0(C°k), Cb(CD72)) 

                              = • AV • E{Xk • X n} 

                           = , if k = n , 

                            = 0 , if k#n . 
'Thus

, we have proved lemma 4.8. 
   Lemma 4.9. For any h E H(K), 

                             E 2;' • 10, < °c) • 
                                                               ,-1 

   Proof. Since H(K) C 1,2(A,A„f1), h may be expanded as follows : 

                    h(t)= E (h, cp„)A co,(t) , t E A . 

`Thus, we have 

                   II ha= E E (h, Co,)A • (h, p)A • (49,, Cop).K 
                                                v=1 p=1 

                    = E AV • 1(h, 49,)A 12 • 

This completes the proof of lemma 4.9. 

   Lemma 4.10. Let B(a) be such that
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 B(a)  = suP IKI* —a • A* • K*).f111C 
                                         IlflIK=1 

                                      fEE 
where a is a constant. 

   Then, B(a) < 1 if 0 < a <21 D, where D = K(t,Odp(t). 

                                            A 

   Proof. For any 11 E, we have the following expansion : 

                              ro 

                    h(t) = E (h, co )A • co,(t) , t e A . 

Thus, from lemma 4.4, it follows that 

                    A* • K* • h= K • h =E 2, • (h, . 

Hence, we have 

                  (I* —a • A* • K*)h= E a—a•2D(h, CO Xi • . 

Thus, we have the following inequality :              

II(/*—a•A* • K*)hlii= E 2;-` • 11—a • 2„12 • 1(h, Co,)Al2 
                                                                 ,=1 

                            < E 2,71 • 1(h, c0,)Al2=11hIlic, 
                                                                      ,=i 

if for all 1) = 1, 2, 3, 11—a • 2,1 <1. 

   This condition can be satisfied by choosing the constant a such that 2/2* > a > 0, 

where 2* = Max (21, 22, 23, •• • , 

   Since D = K(t, t)c 1/1(0= 2, > 2*, if a is such that 0 < a < 2/D, 
    A - 

               

Ij(I* —a • A* • K*)hili < , for any h E . 

   Thus, we have proved lemma 4.10. 
   We are now ready to derive the proof of theorem 4.2. 

   Let us apply the operator A* • K* on both sides of (7). Then, we have 

            A* • K* Iln= A* • K* • 11n_1—a • A* K*(A* K* • Hn-1—pz). 

Thus, for each n = 1, 2, 3, •••), 

             A* K* • = (I* — a • A* K*)(A* • K* • 117,-1—pz) 

                             —(.1*—a • A* • K*)Th (A* • K* •1-10-0 - 

Since A* • K* • 110—p, I, we readily find the following inequality : 

            A* • K* • H.—pz11 K — a • A* • K *)" • (A* • K * • II 0— Pz)II 

                           B(a)" • II A* K* Ho—pzI1 K • 

Hence, by choosing the constant a such that B(a) < 1, we have                       

11A*. K* • 117,—p,IIK-0 , as n-*oc. 

   From lemma 4.2, it follows that for each n (n =1, 2, 3, •-•),
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 177, = X(s)11"n(s)dm(s) , 

is well-defined and 17, E L2(X(t), t V). 

   Since 17, = 0(K* • HA A • Yr, = c5(-4* • K* • Ha), where A = Li(g)dg and A* 

= U*(g)dg. 

   Thus, it follows that 

                 A* • K* • I I PAK 5(-4* • K* • 110--4'(p,)11 

                                  =11A • Y„ -2m-0 as 11-, . 

This completes the proof of theorem 4.2. 
   Example 4.1. Let T be the unit sphere with radius c in R3, that is, T = {(x, y, z) 

E R,I x2 -Hy2- z2 c2}. 
   Let (8, co), 0 , 0 co < 27, be such that 

                               x = c • sin • cos co , 

                               y=c•sin8 sin co , 

                                z = c•cos 0 , 
where (x, y, z) E T. 

   Let G be a subgroup of SO(3) such that each element of G is of the form : 

                       / cos 22, sin 7), 0 
                        cosy), 0 , 0 � , 

             \ 0, 0, 1 

that is, G is a group consisting of all rotations around the z-axis. 
   Let IX(0, co), (8, CO) E T} be a homogeneous random field on T such that 

   ( i ) E{X(0, co)} = 0, for all (0, SO) E T, 
   (ii) El I X(0, co)121 < no, for all (8, CO) E T, 

   (iii) K((8, co), (8', cc')) = E{X(8, yo) • X(8', co')} 
                    = K((8, 0), (8', co' -co)), for all (8, co), (8', co') E T. 

   Let us define unitary operators U(go), 0 CO < 27, on L2(X(t), t E T) by writing 

                       U(yo), X(8, co') = X(8, co") , 

where 0 cc" < 27, yo-1--co/ co", mod 27r. 
   Let A be such that 

                 A={(0,010<pip2�7r,O�co<27}. 

Then, we may choose as a Borel cross section of A a set V such that 

                     V = {(19, 0) Pe 9P2} 

   Suppose that the field { X(8, co), (8, co) E T } is observable on A. 
   Let 4i be a probability measure distributing uniformly on T. Then, it is written 

as follows :
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 d  !JO  , (p) = 2 sin 8 d8 • 21r7r cico . 
   Let Z = X(0, 0). Then, Z is invariant with respect to every U(co), < 277. 

   Now, let a sequence of functions 111,, n = 1, 2, 3, •-• } be defined recursively as 

follows : 

          1-1,(0=- In_ i(t)— a • (A* • fn K((8, 0), t)H,,_1(0, 0) dm(0)-- pz(t)) 

                                               0 where to z(t) = El X(0, 0) • X(t)}, t E A, 

                         dm(8)= 21- sin 0 dO , 

                      110(t) tEA. 

Then, from theorem 4.2, it follows that 

                        2 =1.i.m 2n U(y)dy • Yn, 
                               n-. 0 

where IT, 7' X(8, 0)11,(8, 0)dm(0).

§ 5. On the uniformly minimum variance unbiased linear estimates of mean 
     value functions of homogeneous random fields.

   5.1. Summary. 

   In this section we shall consider an estimation problem of mean value functions 

m(t) of homogeneous random fields X(t), t T} on a compact metric space T acted 
upon by a compact metric group G. 

   We assume that mean value functions m(t) are G-invariant, that is, m(t)= m(gt), 

for all g E G and t G T. 

   Let V be a Borel cross section of T, in other words, V be a subset of T such 

that G . V = T and G • v, n G • v2= cb if v1 # v2 (v1, v2 E V). 

   Then, it is shown that the uniformly minimum variance unbiased linear estimate 

m(t) of the mean value function m(t) admits the expression 

                   m(t) = f U(g)dg • X(v) , v E V , 
where t = g' v for some g' E G and v E V, and {U(g), g E G} are unitary operators 
on L2(X(t), t E T) defined by writing U(g)X(t) = X(gt). 

   5.2. An estimation problem of mean value functions. 

   Let T be a compact metric space acted upon by a compact metric group G such 

that (i) G • T = T, (ii) each g E G is a homeomorphism acting on T and (iii) the map-

ping (g,t)—>gt from GxT onto T is continuous. 
   From our assumptions, it follows that there exists a Borel subset V of T such 

that G . V = T and G n G • r, = 95 if vi 7L2 (VD Vz E V), (see lemma 2.1 in § 2). 

   Let {X(t), t E T} be a homogeneous random field on T with the following 

properties : 

  (1) E{ x(012} < cc, for all t E T.
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   (2) The covariance function K(t,  s)  = Cov (X(t), X(s)) is continuous positive definite 
      function on Tx T. 

   (3) For each g E G, K(t, s) K(gt, gs), t, s E T. 
   Let us denote the mean value function of the field by 

                      m(t)= E{X(t)} , t E T . 

   Let L2(X(t), t E T) be the Hilbert space consisting of all random variables which 
may be represented either as a finite linear combination 

                             u = ci • X(ti) 

for some integer n, points 1-1,4, ••• , tn in T and scalars c1, c2, •-• , cn or as a limit in 

quadratic mean of such finite linear combinations under the scalar product (u, z) 
defined by 

                 (u, z)= Eni{u z} = Cov (u, z)+Enilu) • E7,121 . 

The subscript m on an expectation operator E is written to indicate that the expec-
tation is computed under the assumption that m(•) is the true mean value function. 

   Since the covariance function K(t, s), t, s E T, is continuous positive definite, it 
follows from a theorem of Aronszajn (see theorem 6.4 in § 6) that K(t, s) generates 
a unique reproducing kernel Hilbert space H(K). 

   H(K) is actually a Hilbert space consisting of functions on T satisfying the 
conditions : 

   (K.1) For each t E T, K(t, •) E H(K). 
   (K.2) For any f E H(K), 

                     (f, K(t, •)), = f(t) , t E T , 

where by (f, h), we denote the scalar product of each pair of functions f, h in H(K). 
   Let Al be an arbitrarily given subset of H(K) and let us assume that m E M. 
   We shall make use of the following theorem : 

   Theorem 5.1. ([11], page 29, Theorem 4A). There is a linear one-one mapping 

0 from H(K) onto L2(X(t), t E T) with the following properties : 
   (L.1) For each t E T, 0(K(t, •))= X(t). 

  (L.2) For any f E H(K), 

                 Eni{0( f)} =(f, m)„ , for all m E M . 

   (L.3) For any f, h E H(K), 

                    Cov (0(f), 0(h))=(f, h), • 

   We shall make use of the definition of an unbiased linear estimate of the mean 
value function m(t), t E T, introduced by E. Parzen [11]. 

   A random variable 0(h), h E H(K), is said to be an unbiased linear estimate of 
the value m(t) at a particular point t E T of the mean value function m(.) if 

               Em{cb(h)} = (h, m)K = m(t) , for all m E M . 

   For any Hilbert space H and its closed subspace H* and any element u E H, we 
shall denote by
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                          Proj  (u  I  H*) 
 the projection of u onto H*. 

    We shall use the following : 
    Theorem 5.2. ([11], page 29, theorem 4A). The uniformly minimum variance 

unbiased linear estimate m(t) of m(t) G M is given by 

                     m(t) = 0(Proj (K(t, -)I M)) 

where 1V1 is the smallest closed subspace of H(K) containing M. 
    Now, let us write 

                I =IfEH(K)If(t)=Agt), for all g G}. 

Hereafter, we shall assume that the mean value function m(t) is invariant under 
every g e G, in other words, 

                                     M(•) E . 

   For each g G, let us define a linear operator U(g) on L2(X(t), t e T) by writing 
U(g)X(t) X(gt), t E T. Then, since m I and 

           (U(g)X(t), U(g)X(s)) = Cov (X(gt), X(gs))+m(gt)m(gs) 

                          = K(t , s)+ m(t)m(s) 

                               =_-_(X(t), X(s)), 

the operators U(g), g GG, are unitary. 
   Since the following inequality holds : 

         f — sb(h)II2 

                  (1+11 m112K) • IIf—hllK, for any f, h E H(K) , 

the mapping 0 is a linear homeomorphism between H(K) and L2(X(t), t E T). 

   Lemma 5.1. Let B be a closed linear subspace of H(K) and the mean value func-
tion     m G B. Then, for any f E H(K), 

                 (Proj (f IB))= Proj (0( f)I0(B)) 

   Proof. Since o is a homeomorphism between H(K) and L2(X(t), t eT), 0(B) is 

closed. 
   For any f E H(K), there is a unique decomposition such that 

                           f =fi+f2 

where f1= Proj (f 1B) and f2 = Proj (f I B-1-). 
   Let ui= Proj (Cb(f ) 10(B)) and112= Proj (Off)0(13)-9. Then, cb(f )=--ui +1120( f 

+0(f2)• 
   Since u1 E cb(B), there is a unique function k B such that O(k)=u1. Thus, we 

have 

              11(f1)—u1112=0(f2))—(0(fi),0(f2)) 

                           — (m, k)K(m, f2)K—(m, fl)K(m, f2)K 

                              (),
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since m B and  f, B'. 

   Lemma 5.2. Let V1= tulU(g)u= u, for all g G G} C L2(X(t), t G T). Then, V1 is 
a closed subspace of L2(X(t), t T) and cb(f)= V1. Thus, I is a closed subspace of 
H(K). 
   Proof. For any 211, u1 E V1 and any scalars a, 13, 

                    U(g)(au1+43u2)=-- a • U(g)u,- i3U(g)u2 

                                      = au,± ,8u2 • 

Let {un, n =1, 2, 3, —} be a sequence in V, such that for u* L2(X(t), t T),                            

Ilun— 011 —0 as 77 00 . 
Then, for any g G,                

!Iu* — Li(g)u*I1 +11 U (g)u „ — U(g)u* 
                              = 2 • 11 t u* —0, as n oo . 

   Thus, u* V, and hence V , is closed. 
   For any h G I and any g E G, 

         (U(g)0(h), X(t)) = (cb(h), U(g-1)X(0) 
                      = (0(h) , X(g--1 • t)) 

                           = (h, K(g-1 • t, •))K-F-(h, m)K(m, •Dic 

                        = h(g-q)+(h, m)Km(g-lt) 

                     = h(t)+(h, m)Km(t) 

                     = (cb(h), X(t)) , for all t T . 

This implies that U(g)0(h)= cb(h), for all g e G. Thus, 0(2') C V1. 
   Conversely, for any z E V1, there exists a unique function f E H(K) such that 

b(f)=z. 

   Since U(g)cb(f)=0(f), for all g e G, we have 

           (0(f), X(t))=./(0-1-(f, m)Km(t) 

                  =(U(g)cb(f), X(t)) 

                    -= (0(f), X(g-lt)) 

                      = f(g--10±(f, m)K • m(t) , for all t E T . 

Thus, it follows that f(t) = f(g-lt), for all g G and t E T. 
   This implies that f E Z. Thus, we have proved that 

                             V1= cb(f) . 

   Since V1 is closed and cb is a homeomorphism, I is closed. 
   We have now the following : 

   Theorem 5.3. Let m(t) be the uniformly minimum variance unbiased linear estimate 
of the value m(t) at the point t E T of the mean value function m E I. 

   Then, m(t) is written as follows :
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                     m(t) =  U(g)dg  • X(v) , 

where t = g*v for some g* E G and v E V. 
   If T is a homogeneous space, that is, G is transitive on T, then the Borel cross 

section V consisting of a single point vo E T and 

                       m(t) = U(g)dg • X(vo) • 

   Proof. First, we shall show that the operator .1. U(g)dg is well-defined. 
   Since for any fixed y E L2(X(t), t E T) and for all t E T, 

            i(U(g)y, X(0)— (U (h)y , X(t))I 

                     2 . (K(t, K(t, gh--'t)) , g, h E G , 

(U(g)y, E C(G), for any fixed z L2(X(t), t E T), where C(G) is a set of all bounded 

continuous functions on G. Hence, it is clear that the operator U(g)dg is well-

defined on L2(X(t), t T). 

   By the same arguments in the proof of theorem 3.1 in § 3, we see that the 

operator U(g)dg is the projection operator onto the closed subspace V, of L2(X(t), 

t E T). 
   From theorem 5.2 and lemma 5.1, it follows that the uniformly minimum variance 

unbiased linear estimate m(t) of m(t), t = g*v E T (g* E G, v V), is given by 

                     m(t) = (Proj (K(t, •)1 I)) 

                       = Proj (cb(K(t, •))10(I)) 

                       = Proj (X(t) I V1) 

                          = U(g)dg • X(t) . 

   Since X(t) = X(g*v) = U(g*)X(v), it is written as follows : 

                           U(g)dg • U(g*)X(v) 

                         = U(g)U(g*)dg • X(v) 

                         = U(gg*)dg X(v) 

                          =J U(g)dg • X(v) , 

(here we have used the invariant measure dg). 
   If G is transitive on T, then for any t E T and any v E T, there exists g* E G 

such that t=g*vo. 
   Thus, we have
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 m(t) =  f  U(g)dg  • U(g*)X(vo) 

                          = U(gg*)dg • X(vo) 

                             U(g)dg • X(v 0) • 

   Now, the proof of theorem 5.3 is complete. 

   § 6. Appendix. 

   Theorem 6.1. ([10], page 23, theorem 4.2) 

   Let X and Y be compact metric spaces and g a continuous map of X onto Y. 

Then there is a Borel set Bc X such that g(B)----- Y and g is one-one on B. 
   Theorem 6.2. ([10], page 21, theorem 3.9) 

   Let X1, X2 be complete separable metric spaces and Eic X,, Ec X, two sets, E, 

being a Borel set. Let co be a measurable one-one map of E1 into X2 such that co(E1) 
= E2. Then E2 is a Borel set. 

   Theorem 6.3. ([17], page 131) 

   A one-to-one continuous mapping of a compact space onto a Hausdorff space is 

a homeomorphism. 

   Theorem 6.4. ([12], page 7, theorem 2B) 
   A symmetric non-negative kernel K generates a unique Hilbert space, which we 

denote by H(K), of which K is the reproducing kernel.
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