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'

§1. Introduction and summary.

In this paper, we shall consider a problem on statistical analysis of second order
homogeneous random fields {X(t), t= T} on a metric space T acted upon by a compact
metric group G such that each g« G is a homeomorphism acting on T and the map-
ping (g, t)—gt from GXT into T is continuous.

The fields {X(?),t = T} are observable on a compact set AC T invariant under
every g<G.

As preliminaries, we shall consider in §2 a measure y on a compact metric space
/A being a topological subspace of T invariant under every g < G such that for every
g€ G and any Borel set A of A, u(gA)= p(A). By a measure on a metric space we
always mean a non-negative countably additive set-function defined on the o-field of
Borel subsets of the metric space.

It is shown in § 2 that there exists a Borel set V' 4 such that (i) G- V=4 and
(i) Gv,N\Gr,=¢ if v, #v, (v, v, V), (lemma 2.1) and that a mapping &: (g, v)—gv
is a Borel isomorphism between GXV and 4, (lemma 2.2). We shall call V the Borel
cross section of 4 with respect to G or simply the Borel cross section of A.

It is shown in theorem 2.1 that the induced measure p*=p& on GXV is de-
composed into a direct product measure of the normalized Haar measure on G and
a measure m on the Borel cross section V in such a way that for any Borel set
AXBCGXYV,

w¥(AXB)=v(A) - m(B)
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66 Takeaki NAGAI

where v is the normalized Haar measure on G and m is a measure on V. This result
will be used in §4.

We shall consider in § 3 the optimal linear estimator Z of a random variable
Ze L,(X(t),t= T) such that Za L,(X(®), te A) and U(g)Z=Z for all g G where for
any SCT L,(X(®),tS) is a Hilbert space spanned by linear combinations of the
field {X(#), = S} under the scalar product (I, W) defined by (U, W)= E{U - W} and
{U(g), g= G} are unitary operators on L, X({),t< T) defined by writing U(g)X()
=X(gt), t=T.

It is shown in theorem 3.1 that for any small ¢ >0 there exists a random variable
Y e L,(X(#),te V) such that

E{IZA—j’GU(g)dg‘ Y|2}<s

where V is a Borel cross section of 4. The operator j. U(g)dg is well-defined on
G

L(X(®),t< A) and actually the projection operator onto the closed subspace V, con-
sisting of all random variables invariant under every U(g), g= G in Ly(X(@®), t € A).

The situations being the same as in § 3, we shall proceed in §4 further in details
to construct more practical approximating sequence {Y,, n=1, 2, 3, ---} for the optimal

linear estimator Z of the random variable Z invariant under every U(g), g G such
that

Z=1lim f Ulg)dg- Y.,
n—oo G
where Y, e L(X(H),teV), n=1,2,3, -, are given by the followings:
Y,= j XSH()dms), n=1,23, -,
v

where {H,(s), se€V, n=1,2,3, .-} is a sequence of continuous bounded functions on
V which are determined by recursively and the measure m is determined by a
measure on / invariant under every ge<G.

In §5 the metric space T has the same properties as in the previous sections
except for T being compact and T itself being invariant under every g=G. We
shall consider a second order homogeneous random field {X(f), < T} with a mean
value function m()=E{X({®)}, t=T. We assume that the field is observable on 7.
Let V be a Borel cross section of T with respect to G, that is, V is a Borel set of
T such that G-V =T and Gv,\Gv,=¢ if v, =v, @, v, € V).

Then it is shown in theorem 5.3 that when the mean value function m@®), t< T,
is invariant under every g <G, that is, m(t) = m(gt), for all g G, and all t T, the
uniformly minimum variance unbiased linear estimator n;zt) of the mean value function
m(t) at t T is given by m/(\t):j U(g)dg - X(v), where for some h <G the point £ is
written as t = hv. ¢

As an appendix, we shall write in §6 several theorems which are refered to in
our discussions.
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§2. Preliminaries.

In this section, we shall consider on decomposability of a measure ¢ on a compact
set /1 of a metric space T acted upon by a compact metric group G.

Let T be a metric space. Let G be a compact metric group of homeomorphisms
acting on T such that the mapping (g, t) —gt from GXT into T is continuous.

For any metric space X, we shall denote by By the o-field of Borel subsets of
X, that is, By is the smallest o-algebra of subsets of X containing all open sets.

Lemma 2.1. Let ACT beacompact set invariant under every g=G. Then, there
exisls a Borel set VT A such that

) G-V=4,
) G-vynG-v,=0¢ if v, #v, v, e V).

We shall call a Borel set V satisfying (1) and (2) a Borel cross section of /1 with
respect to G or simply a Borel cross section of A.

Proof. For any two points ¢, ¢, in /4 we shall say that f,~t¢, if there exists
g < G such that ¢, =gt,. “~ " is an equivalence relation. Let [¢] denote the equiv-
alence class containing t< 4. Let M be the space of all such equivalence classes.
The mapping ¢t —[¢] from . into M is continuous under the quotient topology and
onto. Thus, the space M is a continuous image of the compact set 4 under the
mapping and hence M is a compact metric space.

Thus, by a theorem of Federer and Morse (see theorem 6.1 in § 6) it follows that
there exists a Borel set V. satisfying (1) and (2). The proof of lemma 2.1 is
complete,.

We shall show that the space /4 may be identified with the product space Gx V.

Lemma 2.2. Suppose that for any g =G, g+e, there is no jixed point in A.

Then, the mapping

3 £: (g, v)—gv

is a Borel isomorphism between GXV and A.

Proof. From lemma 2.1 the mapping £:(g,v)—gr from GxV into /A is onto.
Since there is no fixed point in A for any g< G, g+ ¢, the mapping & is one-one.
From our assumption that the mapping (g, ) —gf from GXT into T is continuous,
it is clear that the mapping £ is continuous. In particular, £ is measurable.

Hence, by a theorem of Kuratowski (see theorem 6.2 in § 6) the inverse mapping
&' is also measurable. Thus, we have proved lemma 2.2.

Remark. Lemma 2.2 may be proved alternatively by making use of a theorem
6.3 in §6 in the virtue of the space A4 being compact.

Let 4 be a measure on / invariant under every g< G, that is, for each g<G,
wlgA)= p(A), AcB,.

Without loss of generality, we assume that p(4)=1, in other words, x is a prob-
ability measure on /.

Let u#* be the induced measure on GXV by the Borel isomorphism & from the
measure g on A.
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Then, we have the following:
Theorem 2.1. The measure p* on GXV is decomposed tnto a direct product rmeas-
ure in such a way that for any Borel set AXBCGXYV,

p*(AXB) = pE(AX B)) =v(4) - m(B),

where v is the normalized Haar measure on G and m a probability measure on the
Borel cross section V of A.

Proof. Both GXV and G are compact metric spaces and hence these are complete
separable metric spaces. Therefore, these are automatically separable standard Borel
spaces (see [10], page 133).

Let us consider the mapping = :(g, v) —>g from GXV onto G. Then it is clear
that m is measurable since the mapping = is a projection from the product space
G XV onto its coordinate space G.

Thus, it follows that there exists a regular conditional probability distribution
of p* given =, which we shall denote by M, (AXB), g€ G, AXB & Bg.y.

This satisfies the following conditions:

(i) For each g G, m-) is a probability measure on GX V.

(ii) For each Borel set AXBC GxV, the mapping g— (A X B) is B,-measurable.

(iiiy For any Borel set AXBCGXV,

pHAxB)=| L AXB)du(g),

where v is a probability measure on G such that v(E)= p*(@"(E)=p*(EX V), E<B,.
(See [10], page 146).
In particular, we have for any E < B,

@ pAXBNTHE)) = p* (AN E)XB)

={ m(AxB)de), AXBeBg.y.
E

Let us write
my(B)=m,(GXDB), Be%B,.

Then we have by letting A=G in (4),

® PHEXB)= [ mB)du(g),

for any F<®B, and any B By, where m(-) is a probability measure on V.

Since for each g G and any Borel sets A and B of G and V respectively,
p*(gAX B)y = u(§(gAXB)) = i(§(AX B)) = u*(AX B), it follows by letting particularly
B=V in (5) that for any A = Bg,

v(gA) = p(gAX V) = p*(AX V) =v(A).

This equality and the uniqueness of the invariant measure on G imply that the
measure v is the normalized Haar measure on G.
Thus, we may write

p*(AX B) :Lm(B)dg, AXB&Bgup-
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Hence we have for any A =%B;, BB, and h G,
#*(AX B) = j _my(B)dg
= p*(hAXB)

= j m(B)dg
hA4

= f My-1a(B)dg .
4
This implies that for any B=®, and any g, h =G,
my(B)=my(B),

in other words, m,(-) is a probability measure on V independent of ¢ =G.
Let us write
m(B)=myB), Be®B,.

Then we have for any Borel set AXBCGXV,
PH(AXB)= f m(B)dg
va

=y(A) - m(B),

where v is the normalized Haar measure on G and m a probability measure on V.
Thus, we have proved theorem 2.1.

Example 2.1. Let T=R,={(x,))|—c0o<x <00, —co<y< oo}, Let G=S0(2),
the group consisting of all rotations on 7 around the origin (0,0). Let us consider
a¥closed disk /4 with a finite radius r, that is, A={(x, ») € R, |0 =< x2 2 < r?}.

It is obvious that as a Borel cross section of /4, we may take a set V={(x, 0)
[0=x=7r}.

Since SO(2) is isomorphic to the torus group G,={#]0=<6 <2z} with the group
operation 6,+4-0,=0, where 6,+0,= 0, mod 2z, 0 <8, < 2z, we may identify the space
A with the product space V XG,.

Let p be a probability measure on . such that for any A € B, u(A) is proportional
to the “area” of the set A, in other words, g is a uniform distribution on .

Then p is invariant under every g < SO(2) and it is written as follows:

For any Borel set AC G, and BCV,

co—( 2 L
j‘BxAdlu(A’ 0) o J.B 7’2 de ’ 5.,1 277.' dﬁ .
Example 2.2. Let L,={Q, x, 3, 2) | *—(x*+3y*+2%)=c*} where ¢, x,y,z and ¢ are
real numbers. Let G be a subgroup of the proper Lorentz group of order (3.1) such
that its elements are of the following form:

e=(p ). heso®),

where 0 denotes a zero vector (0, 0, 0) and 0’ its transposed one.
Let A={(t, x,y,2)= L, |0 x*+y*+22<a®} where « is a finite real number.
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Since A is invariant under every g G, we may take a set

V={(c+u u,0,0)|05uga}C 4
as a Borel cross section of /.
Let u be a probability measure on 4 such that for any Ce B, u(C) is proportional
to the “ volume ” of C, in other words, p is uniformly distributed on 4. Then g is

invariant under every ge G. Thus, the measure p is decompesed into a direct product
measure as follows:

~fcai‘a(x, ¥, Z) :j‘ du(u, 6, ¢)

Bx (A1 X Ag)

f \/@f{—u du- —4-1{ Llwg sin 8dfd ¢
where C is a set of all points (¢, x, y, 2) in A such that
x=u-sinf-cos ¢,
y=u-sinf.sing,
z=u-cosf,
t=+/c"u?,

@, o) = Al>‘<A2 e B, and u = BB, (uis identified with a point (+v/c*+u?, u, 0,0) in V)
and

B=2-[a-var+c+c*-log(lc|—|a++va*+c2 )] .

§3. On the optimal linear interpolation of homogeneous random fields I.

3.1. Summary.

In this section we shall consider an interpolation problem of a homogeneous
random field {X(¢), < T} on a metric space T acted upon by a compact metric group
G of homeomorphisms acting on T such that the mapping (g, t) —gt from GXT into
T is continuous.

The field {X(?), t € T} is observable on a compact set /4 C T invariant under every
g<G.

Let Ze& L,(X(?),t< T) be a random variable invariant under all unitary operators
U(g), g=G defined on L,(X(t),t<T) by writing U(@X(t)=X(gt), teT. Let Z
e L,(X(}), t € A) be the best linear estimator of Z on the basis of the realization of
X&) on A.

Let V be a subset of 4 such that A=G-Vand G-v,\G-v,=¢ if v, v, (v, v,€V).

Then it will be shown the following result:

For each ¢>0, there exists a random variable Y e L,(X(#),?< V) such that

E{|Z—AY|?} <¢ where A:fGU(g)dg whose restriction to L,(X(¥), t = A) is a projec-

tion operator onto the maximal closed subspace V, invariant under all U(g), g<G,
that is, V,={u|U(Qu=u, for all g G} C L, (X®),t< T).
3.2. An interpolation problem of homogeneous random fields.
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Let T be a metric space. Let G be a compact metric group of homeomorphisms
acting on T such that the mapping (g, ) —gt¢ from GXT into T is continuous.

Let {X(),t<= T} be a complex-valued homogeneous random field satisfying the
conditions :

) E{X®}=0, for all teT.
(2) E{| X®|*} <o, for all teT.

) The convariance function of the field K(¢, s) = E{X(®) - X(s)}
is a continuous positive definite function on TXT.

4) For each geG,
K(t, s) = K(gt, gs), t,seT.

Let AC T be a compact set invariant under every g € G and the field {X(®),t= T}
be observable on /.

For a set SC T we shall denote by L,(X(f),t<S) a Hilbert space consisting of
all random variables which may be represented either as a finite linear combinations

U= 3¢, X{t)
i=1

for some integer n, points ¢, t,, ---, {, in S and complex numbers c¢,, ¢,, «--, ¢, Or as
a limit in quadratic mean of such finite linear combinations under the scalar product
(U, W) defined by (U, W)=E{U - W}.

It is well-known that for each g G one can define a unitary operator U(g) on
L,(X(@),t < T) such that

®) Ul X)) = X(gD), geG,
(6) Ulg) - Uh=U(gh), g heG.

Let H, be a subspace of L,(X(¥),t< T) consisting of all random variables u such
that U(gu=u for all g=G.

Let {u,, n=1,2,3, -} be a convergent sequence of random variables in H, such
that lim u,=wu. Then, since |[u—U(Qu| = |lu—u,|+1U(Qu,—U(Qu|| =2 -|u—u,l|, for

all ge G, U(gu=u, for all g G. This implies that the subspace H, is closed.

Let us write H,=H, N\ L(X({®), t € A).

For any closed subspace H of L, (X(®),t<T) and any random variable u in
L,(X(®), t e T), we shall denote by Proj.(u|H) (or simply u|H) the projection of u
onto H.

Let Ze L,(X(),t= T) be such that Z= H, but Z& L,(X(1), t = 4), that is, U(g)Z
=7, for all g G but Z& L(X(),t< A).

Let Z=Proj(Z|L(X(),t< A). Then Z is the best linear estimator of Z on the
basis of the realization of {X(f), t < A} in such a sense that E{|Z—Z|%} < E{|Z—u/|?}
for any u € L,(X(@®), t € 4).

We shall prepare the following:

Lemma 3.1. For each g=G, U(g)Z:Z.

Proof. Z is decomposed uniquely in such a way that Z=Z-+W where W is a
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component of Z orthogonal to L,(X(f), t< A). Since for all g€ G, Z=Z2+W=U(g)Z
+U()W, we have Z—U(g)Z = U(g)W—W and hence |Z—U(g)Z|*=(Z—U(g)Z, U(@W
—WY=C, U(g)W)=(U(g)"*-Z, W)=0. Thus, we have proved lemma 3.1.
Let C(G) be a set of all bounded continuous functions on G.
Then we have the following lemma :
Lemma 3.2. For each pair of random variables y, u in Ly (X(@®),t<T)
U(gy, w e CG) .
Np
Proof. Let u,= 2 ¢y n- X(tr,n), n=1,2,3,---, be such that limu,=u. Then
k=1

noc

Wiy, uy, n=1,2,3, -, converges uniformly to (U(g)y, u) since [(U(Q)y, u)—(U(L)y,
un)i = l(U(g)y’ u—un)& é ”y“ ° “u—unH'

Hence it is sufficient for us to prove that for all t = T, (U(g)y, X)) € C(G).

For each t= T, we have

[(U(g)y, XB)—Uhyy, X))
=1y, U(g™HX(O—Uh ) X@®)]
=[(y, X(g7-H—X(h"' - 1)
=lyl-I1X(g™" - =X - D
=2yl (K@ H—K{, gh™ - 1)).

Since K(t, s) is continuous and gh~'-t—t as g—h, we see that (U(g)y, X)) € C(G)
for all 1t T. The boundedness of (U(g)y, ) is obvious since G is compact.

Let VC A be a Borel set such that G- V=4 and G.v,"G-v,=¢ if v, £,
(v, v, € V). Since 4 is a compact metric space invariant under every g< G, we can
choose such a set V in A (lemma 2.1 in §2).

Now we have the following: »

Theorem 3.1. For each ¢ >0, there is a random variable Y € L(X(®), t € V) such
that

E{|Z—A-Y|*} <e,
where A :j U(g)dg whose restriction to L,(X(f), t € A) is a projection operator onto H,.
G

Proof. From lemma 3.2, it follows that for any fixed ye L,(X(®), teT), J(u)
:f WUy, wdg, us L,(X®),t<T), is a well-defined bounded linear functional on

G
L,(X(®),te T) where by j - dg we mean the integration with respect to the normalized

Haar measure on G.
From a theorem of Riesz it follows that there exists a unique random variable

k= j U(g)dg -y in L(X(®),t< T) such that J(u) = (¥*, u).
G
For any &>0, there exist t, =g, L,=gwW,, -, t, =g, (&G, 1;€V) and
scalars a,, a,, -+, @, such that
~ n 2
7 — ;o X(t; .
E{|Z— Sai- x| } <
Let us put
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Y=Sa,- X@).
i=1

Then, Y e L,(X(®),t= V).
We shall now evaluate E{|Z—A-Y|}.
We have

E(Z-A- Y1 =E{|2-{ Uiz ]}
=5{|2-Fe.f 00 xwode] }

= E{|2- 3a.f Utgg)- Xwode| }

(here we have used the invariant measure dg).
Since the random variable Z is invariant with respect to all operators U(g),

g<G and fadczl, we have
E(2-A-Y1%) = E{ | U(@)(2— Zale)Xw)de| }
= 5{,Juto (2~ S e
= E{|u@ (2~ Sax) M dg
:LE{IZLéai - x(t)| Ydg

2}<s.

Now, we shall show that for any u € L,(X(®), t = A),

= E{|2- Sa. X

JUt@)de - u=Proju|Hy.

From our assumptions, the operator [U(-) is a continuous unitary representation
of G on L,(X(D),teT).

Hence, the representation (U(g), L,(X(), t € T)) is completely reducible.

It is well-known that equivalent classes of irreducible representations for a com-
pact group is only countably many and each irreducible representation is finite
dimensional.

Thus, L(X(f), { = T) is decomposed into the direct sum of closed subspaces V;,,
7j=1,2,3, - such that

M LX), teT)=V,+V,+ - £Vt -

and also for each j (j7=1,2,3,-), V; is a direct sum of d;-dimensional (d; is finite)
subspaces V;, k=1, 2, 3, .- such that

(8> Vj: Vj1+ ij+ +ij+

‘where (i) the decomposition (7) is unique, (ii) for each j (j =1, 2, 3, ---), the dimension
of Vyu, k=1,2,2, -, are identical and d;, (iii) for each j, & (j, k=1,2,3, ), V; is
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an invariant subspace under the operators U(g), g < G, and for each £ (=1, 2, 3, ---)
the restriction of U(-) onto V, (in symbols MP(-)=U(:)|V,) is an irreducible
unitary representation of G with dimension d; and identical for each 2 (=1, 2,3, ---),
(iv) MY2(g) and MY2(g) are inequivalent if j, # j,.

Let us choose an arbitrary orthonormal basis (e{, e, ---, ¢;&”) of the subspace
V;, and fix it. Then the operator M‘’(g) is written by d;Xd; matrix

MP(g)={m#()}, Lk=1,2,3 -,4d;.

It is well-known that for each [, &,j ([, k=1,2,3, - ,d;, i=1,2,3, ), mf(g) is
a bounded continuous function on G and hence square-integrable with respect to the
invariant measure on G.

The following orthogonality relations are well-known :

— 1
_f mig(g)mif(g)dg = a4 Opa* Ok * 051 5
J

where g, ;=1 if i=j; =0 otherwise.

These relations are independent of the choice of coordinate systems.

Let MY(@)=U(@)| Vi k=1,2,3, -, be the irreducible identity representation
of G, that is, U(g)|V,,=1 Then, from Schur’s lemma the irreducible identity re-
presentation of G is one-dimensional.

Hence, d; =1, M®(g)=1 and

Vi=Hy=Vy+ Vit +Vut -,

where Hy={u|U(Qu=u, for all g G} C L,(X(®),t< T).
Thus, from the orthogonality relations it follows that for each j (j=2, 3,4, ),
for all v, u=1,2,3, ---, d,,

J msixerdg=0.
Let y,uc Ly(X(®),t<T) be any elements but fixed. Let y;,=Proj(y|V),,
u;=Proj(u|V; and y;,=Proj (y| V), u;, =Proj(u|V,) and
Yix =YReRtyieR + - +yfredsy,

Ujr=ujieR FuReR 4 - +ulllelds .
Then we have

f WU(g)y, wdg = f (MP(@)yjis us)dg
zééiiw;wﬁm@@
:g)ly“‘ uff = (yy, uy)
=0 W)

=Proj(y|Vy, )

= (fGU(g)dg% u)
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Thus, the operator f U(g)dg is a projection onto the closed subspace H, It is
G
obvious that

[ U@dg - LX), te H=H,n LX®, 1< )
=H,.
This completes the proof.
Example 3.1. Let R, be the 2-dimensional Euclidean space. Let each point in

R, be written by the polar coordinate (7, §), 0 <r < oo, 00 < 2m.
Let G=S0(2) and 4 be a compact set such that

A={(r,0) =R, |0< p, <7< p, <o, 0=0=2n).

Then G-A=/A. Thus, as a Borel cross section of /, we may choose a set V = {(r, 0)|
01 =7 =p,}, since V obviously satisfies the conditions:

(i) A=G-V,

i) GuvNGu,=¢ if v, #v, (v, v, € V).

Let {X(r, 0), (, ) € R,} be a complex-valued homogeneous random field such that
E{X(r, 6)} =0, for all (r, ) e R,, E{| X(r, 6)|?} < o, for all (r, §) € R,, the covariance
function K((r, 0), (+', ")) = E{X(r, 8) - X(r’, 6")} = K((r, 0), (', 0’ —0)), for all (r, 6), (+',0")
€ R, and K((, ), (r/, 8’)) is a continuous positive definite function on R,X R,.

For each ge SO(2) such that

o cosf, sind
g'(*sinﬁ, cos @/’ 0=0<2x,
we shall define a unitary operator U(f), 0 <6 < 2z, by writing for each (r, %) & R,,

U@ - X(r, 6%) = X(r, 6*%), 0<% < 2r,

where @-4-6* = 6**, mod 2z.

Let Z=X(0,0). Then, U(®Z=Z, for all § (0<6 < 2r).

Thus, from theorem 3.1, it follows that for each ¢>0 there exists a random
variable Y such that

~ 1 27 2
E{|Z— o | "U@ds- Y] }<s,
where (a) Y is a finite linear combination of the field on V such that for some integer
N, points (r,, 0), (75, 0), -+, (ry, 0) in V and complex numbers c,, ¢,, «- , ¢y

Y =3 X 0),
k=1

(b) Z is the best linear estimator of Z= X(0, 0) on the basis of the realizations of
{X(®), t e 4).

§4. On the optimal linear interpolation of homogeneous random fields II.

4.1. Summary.
In this section we shall continue considering a problem of interpolation for a
homogeneous random field {X(¢), t = T} on a metric space T acted upon by a compact
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metric group G.

The field {X(#), t = T} is observable on a compact set . invariant under every
g=G.

Let Z< L,(X(t),t=T) be a random variable invariant with respect to all unitary
operators U(g), g= G, defined on L,(X(t),t< T) by writing U(@)X(®) = X(gt), t= T.
Let Z< L(X(t), t = A) be the best linear estimator of Z based on realizations of X
on A

We shall proceed further in details to construct a sequence of random variables
{Y,, n=1,2,3, .} such that

1) Y,eL(X@®,teV), n=1,2,3,4, -,

(i) Z=lim | U(g)dg- Y
where Y,, n=1, 2, 3, -, are concretely calculated on the basis of the realizations of
the field on a Borel cross section V of 4 by making use of the theory of the repro-
ducing kernel Hilbert space generated by the covariance function of the field and the
previous result in theorem 2.1 of §2 on decomposability of measures on a compact
metric space.

Definitions and notations appeared in the previous sections are used in this section
as well with the same meanings.

4.2. An approximating sequence for the optimal linear interpolation.

Let T and G be the spaces identical with those defined in § 3.

For any metric space X, we shall denote by B, the o-field of Borel subsets of X
and C(X) a set of all bounded continuous functions on X.

Let {X(#),t= T} be a complex-valued homogeneous random field measurable with
respect to B, satisfying the conditions:

@ E{XH} =0, for all t=T.

@) E{|X®]*} <, for all teT.

3) The covariance function K(¢, s)= E{X®)X(s)} is a
continuous positive definite function on Tx 7.

€Y For each g =G, K@, s)=K(gt, gs), t, s T.

The field {X(?),t =T} is observable on a compact set A T such that for every
geG, g-A=4.

For a set SC T, Ly(X(®),t<=S) denotes the Hilbert space same as defined in § 3.

By U(g), g =G we denote unitary operators defined on L,(X(), < T) by writing
U@X(t) = X(gt), teT.

Let Vc A4 be a Borel cross section of A, that is, V is a Borel subset of /4 such
that

(i) G-V=4,

() G-vynG-v,=¢ if v,#v, @,v,E€ V).

Suppose that for any g< G, g+ ¢, there is no fixed point in 4. Then, the mapping

§: (g, v)—gv

is a Borel isomorphism between GXV and A (see lemma 2.2 in §2).
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Let x be a measure on / invariant under every g€ G such that the support of
¢ is A. Let us denote by g* the induced measure on GXV from p on A by the
Borel isomorphism £, that is, p* is a measure on GX V such that for any AXB < Bsvs

pH(AXB)= u&(AX B)).

Without loss of generality, we assume that p*(Gx V)=1, in other words, u* is
a probability measure on GX V. From theorem 2.1 in §2, it follows that g* may be
decomposed into a direct product measure of the normalized Haar measure of G and
a probability measure m on V such that for any AXB < Bs.y,

pHAXB)=yv(A)- m(B).

Thus, we may and do identify the space A with the product space GXV and
the measure g on A4 with the measure y* on GX V.

Let Z< L,(X(t),t= T) be such that

(i) For all geG, U(g)Z=2727,

(1) Zea& L(X(®),ts A).
Let Z be the best linear estimator of Z on the basis of the realizations of the field
X() on A. Actually, Z is the projection of Z onto L,(X(}), t € A), that is,

7 =Proj (Z|L(X®), t= D).

It has been shown in lemma 3.1 in § 3 that for each g= G, U(g)Z:Z

Since the covariance function K(/, s) restricted to Ax A is also continuous and
positive definite, it follows from a theorem of Aronszajn (see thorem 6.4 in §6) that
K(, s), t, s = A, generates a unique reproducing kernel Hilbert space H(K).

H(K) is actually a Hilbert space consisting of functions on A satisfying the
conditions :

(K.1) For each t= A, K¢, ) € H(K).

(K.2) For any fe< H(K), (f, K(t, - Dg=f1), te 4,
where by (f,, f.)x we denote the scalar product of every pair of elements f,, f, in
H(K).

We shall make use of the following theorem:

Theorem 4.1. ([12], page 10, THEOREM 2D).

There is a one-one, scalar product preserving linear mapping ¢ from H(K) onto
LX), t < A) such that

® PEE, - N=XD, te .

Since the mapping ¢ is an isometric isomorphism between H(K) and L,(X(), te ),
one can define for each g< G a unitary operator U*(g) on H(K) by writing

® U(g) - (f)=¢WU*g)f), for each feHK).
The operators {U*(g), g € G} obviously satisfy the following:
U*(g) - U¥h)y=U*(gh), for all g, heG.

We shall prepare the following:
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Lemma 4.1. For any ue L,(X@®), te 1),
@) =E{u-X®}, ted.

Proof. Since ¢ is an isometric isomorphism between H(K) and L,(X(),t< A),
there always exists a unique function h & H(K) such that ¢(h)=u. Since ¢ is scalar
product preserving,

E{u- X} = (u, X)) = (¢h), KL, -))
=(h, K, NDe=h@), t=.

This shows that (¢ '(W)(t) = E{u-X(®)}, t € A.
Let us denote by X a set of all functions in H(K) invariant under every U*(g),
g € G, that is,
2={feHK)\ UM f =/, for all g= G}.

Since H,={uec L,(X(), t e DH|U(gu=u, for all g G} is a closed subspace in
L(X(®),t< A) and Y is an inverse image of H, under ¢, X is a closed subspace of
H(K).

Now, let us define an operator K* on C(V) in such a manner that for any f = C(V),

W= K, Df@dm@),  t=d.

Then, we have the following:
Lemma 4.2. (i) K*-C(V)C HK)C C(A).
(i) For any fe C(V),

QK= [ XO)[@)dm).
Thus, for any [ C(V), ¢(K*f) e L(X({#),t V).

Proof. Let us consider a random variable

u= fVX(w fWdm@), for fe (V).

Since FE{|u|?} <oo, the random variable u is weil-defined and u< L(X(®),t=V).
From lemma 4.1, it follows that

EHO = [ K@, DI@)dmE)

- f,,E{X@))_@}f(v) dm)

= E{u - X()}
= (¢~ )(@), ted.
Thus $(i* - )= X0)[@)dm).
Let he H(K). Then, for any ¢, s 4,
A —h(s)| = |(h, K, -)—KC(s, - Dx|
< |hlg- VK, )+K(s, —2K({, s) .
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Thus, 7 is continuous. Since A is compact, h is bounded. Thus, h e C(4). This
completes the proof of lemma 4.2.

Since for each pair of random variables v, u in L,(X(®), t € A), (U(Q)y, v) = C(G),
(lemma 3.2 in § 3), the operator

A={ U(g)dg
G
is well-defined on L,(X(#),t= A). A is a projection operator on L,(X(?),t< A) onto

the closed subspace H, (theorem 3.1 in §3).
Let us define an operator A* on H(K) in such a manner that for each h < H(K),

A-Ph)=(A* . h).
Then, A* :f U*(g)dg, since for any u < L(X({), t & A),
G

(A- g, w={ (U(g)- $(h), widg
= [ @U*oh), wdg
= [ WHh ¢ ()xdg

=(f ux@dg - h, ¢w)

=(¢(§ vo)dg-h),u)
= (¢(A* - h), u).
This implies that A*— j _U*9)dg.
Lemma 4.3. For any fe H(K) and any g< G,
Ux@H=fg*-t, ted.
In particular, if fe X, then for all g G and te A, f(gt)=f({).
Proof. From (5) and (6), it follows that U(g)X({)= X(gt)=¢K(gt, )=
d(U*(K(t, -)). Hence, we have for any g=G, and any ¢, s < 4,
(UH@K(, ) =Kgt, 9
=K{t, g5,
Thus, it follows that for any fe H(X),
U HO= UK S, Kt, Nk
=(f, UX(g DK, Dk
=(/, K(g*-t, Nk
=flg?t-b, ted.

If fe2, then (U)W =S, t=A. Thus, f(g* t)=f(), for all g= G. This
is equivalent to the statement that f(gt)=/(¢) for all g G.
We shall define an operator K on a Hilbert space L,(4, B, y) consisting of all
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square integrable functions on 4 with respect to the measure g in such a way that
for any f < Ly(4, By, 1),

KW= [ K DAduts),  t=d.

We have the following:
Lemma 4.4. For any he Y, A*K*h=FKh and K.Y C H(K).
Proof. Suppose he X, and let us consider the following random variables:

U= fVX(v)h(v)dm(v) s

U, = j POUOLIO

Then, it is obvious that u, and u, are well-defined and u, € L,(X(¥),t V) and u,
e L,(X(®),t= A). From lemma 4.2, it follows that u, = ¢(K* - h).
Now, we have

(gb—l(uz)r K(t: '))K - E{uzm}

= LE{X(s)m}h(S)d#(s)

= j KGs, Dh(s)dp(s)

=K-hO, ted.
This implies that K- X c H(K) and

G- = XOROdp@).

Thus, for any g= G, any fe HK) and any he 2,

(f; UNQK* - Bg = (P(f), pU*(K* - b))
=), U(Q) - p(K* - h))

= (9, U®)- | X(©h(s)dm(s))
= (9N, § X(g9h(s)dm(s))
= | B9 - K@ RE)dms)

= [ Aehdm(s).
Hence, we have
(f, A% K W= (f, UN@K* - h)xdg

= IG dg- fvf (g)h(s)dm(s)

={ | fg9hsdm(s)dg .
GYY
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Since for any he X, h(t)=h(gt), te 4,

(f, 4% K* W= [ fes)iesdm(s)dg
= | FORDdu)
= [ Etg() OO0

= E{¢(/)- [ XOhOdu®}

= (@), p(Kh)
=(f, Khk .
Thus, for any he Y, A*- K*-h=K-h. The proof of lemma 4.4 is now complete.

Lemma 4.5. Let p,()=E{Z-X{O)}, te A. Then, p,cX.

Proof. Since for any te 4, p,()=E{Z- XY = E{Z- XD}, ng\H(K). Since Z:
is invariant with respect to all U(g), g= G, we have forany g€ G, Z=¢(p,)=U(QZ
=U(9) - §(0,) =PU*(g) - p,). Thus, p,=U*(g)- p,, that is, p, 2.

Lemma 4.6.

(i) For any He C(V),

A*K*H—p, e X .

(i) For any constant «,

(F—aA*K®Y C X,
where I* is the identity operator on H(K).

Proof. First, we shall prove that for any ge G, U*(g)A*= A*. For any f, h
€ H(K) and g G,

(f, UN@A*)x = (U*(g S, A*h)k

= | WUHe™r, UK(ghde* :
= | (, Ux(@U*(g")hxdg*
= [ (f, UX(ag®hyxdg*

=[ (7, Ur(gNhxdg’

=(f, A*h)g .

Since K*C(V)C H(K), A*K*H is well-defined and an element in H(K). Thus, for
any geG,
U*(@(A*K*H—p,) = U*(g A*K*H—U*(g)p,
= A*K*H—p, .
This implies that A*K*H—p, = 3.
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Now, we shall prove the second half of lemma 4.6.
For any h= ¥ and any g=G,

U@ (I*—a - AXK*)h = U*(@h—a - UX(QA*K*h
=h—a- A*K*h
={*—a- A*K*) - h.
Thus, the proof of lemma 4.6 is now complete.
Here, we have the following:

Theorem 4.2. Let {H, n=1,2,3,-} be a sequence of functions in C(V) defined
recursively in such a way that

) H,(O)=H,.()—a - (A*K*H,.,(D—p(1), teV,
where o is a constant and H(t) is an arbitrary function in C(V).
Let us define a sequence of random variables {Y,, n=1,2,3, .-} in such a way that

o j X H(s)dm(s), n=1,273, .
v

Then, (1) Y, L(X®),te V), for all n (n=1,2,3, ---).
(ii) For a constant a such that 0 <a <2/D, where D:j K(t, Hydu(d),
4

Z:l;zi;g} fGU(g)dg- Y,.

In order to prove theorem 4.2, we shall first need to derive several lemmas.

Since L L[K(t, s)|2dp)dp(s) < oo, that is, the operator K is compact on L,(4, B4, 1),
the eigen-values of the operator K are only countably many.

Let 1,, v=1, 2,3, ---, be non-trivial eigen-values and ¢,(), t€4,v=1,2,3, -, be

the corresponding normalized eigen-functions of the covariance function K(¢, s) such
that

2ee={ K0 pdus),  ted.

Since K(t, s), t, s A, is positive definite, the eigen-values 4,, v=1,2,3, -, are
positive real numbers.
It is well-known that the covariance function K{(¢, s) may be expanded as follows:

® K, 9)=3 4 00 0L, tsed.

(Cf. [14], page 278, Mercer’s theorem).

Lemma 4.7. The family of all eigen-functions {¢,, v=1,2,3, ---} spans the Hilbert
space Ly(A, B4, p).

Proof. Let f e L,(4, By ) be such that for all v=1,2,3, -,

(fr pda= | fO-o.Ddp)=0,

where we denote by (f, h)4 the scalar product of each pair of functions f, 4 in
LZ(A: 'S'BAJ H)-
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Then, from (8), it follows that
[ J K@ 9508 dutdus)

:vézu' |(fr ¢y)/‘l2:0

Since K(¢, s) is positive definite, f must be a zero element in L,(.1, B, )
that L,(4, B, #) is spanned by {¢,, v=1,2,3 -}
Lemma 4.8.

(i) For each v (v=1,2,3, --), ¢, = HK).
(D) (o, o)r=A4% if v=p,

=0, if v#p
@) G =7 [ X e.0dus).

Proof. Let us write

Xk:j‘A X(s) - op(s)du(s) , r=1,2,3, .

It is easily seen that E{|X;|*}=2,<oo and X, e L(X(®),t<.l).
=E{X; - X} =2 - o), t € 4,
X = - o) =i - P(01) .
Thus, ¢, = HK) and ¢(o) = 2471+ X,
Since E{X; - X,} =4, if k=n; =0if kxn,
(Prr L) = (@), P(@m))

=it At E{ X, - X,

= A, if k=n,

=0, if k#n.

‘Thus, we have proved lemma 4.8.
Lemma 4.9. For any h = H(K),

= 2257 [(h @a]* < co.

Proof. Since H(K)C L.,(A, By ), h may be expanded as follows:

)= § (h, @04 0.0, ted.
v=1
“Thus, we have

Ihlzx=

n[\'jg

22(/1 ¢4 O o (Gur 0,5

Vel e al®

I
ﬁMs

“This completes the proof of lemma 4.9.
Lemma 4.10. Let B(a) be such that

83

This implies

Since (P~Y(X)®)
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Bla)= sup |(I*—a- A*- K*)f|x
1=t
fezr

where « is a constant.
Then, B(e) <1 if 0< a <2/D, where D :L K(t, Hdu®).
Proof. For any h =2, we have the following expansion:
K= Sk a0,  ted.

Thus, from lemma 4.4, it follows that

A5 K¥ h=K-h=32-(h 04" 0, .
y=1

Hence, we have
(I —a- A% K= (L—a- ) 04 0, -
p=1

Thus, we have the following inequality:

1" —a - A% K*)hli%éi A —as 4,17 [(hy @4l

Ms

<B4, @4l =Rk,

if forallv=1,23 -, [l—a-4,|<1.
This condition can be satisfied by choosing the constant a such that 2/2* > a >0,
where A* = Max (4, 4y, 4y, =+, Ay *+°)-

Since D= L K, Hdp(h)y =3 2,> 2, if a is such that 0< a <2/D,
v=1

I *—a - A% - K¥h|% < |hll%, for any hel.

Thus, we have proved lemma 4.10.
We are now ready to derive the proof of theorem 4.2.
Let us apply the operator A*. K* on both sides of (7). Then, we have

A¥ K* H,y=A* - K* . H, —a- A% K¥(A*- K*-H,_,—p,).
Thus, for each n (n=1, 2,3, ---),
Ax K% Hy—p,=([*—a - A* - K¥)(A* - K* - H,_,—p,)
=U*—a- A% K**- (A% - K*-Hi—p,).
Since A*-K*-H,—p, X, we readily find the following inequality :
| A% - K* - Hy— g = | (T —a - A% K# - (A% - K* - Hy—p))]
S Bl@)"- |A*- K* - Hy—p, |k .
Hence, by choosing the constant a such that B(a) <1, we have
fA* - K*-H,—p,|x—0, as n—oo.

From lemma 4.2, it follows that for each n (n=1, 2, 3, --),
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Vo= f XOH)dm(s),

is well-defined and Y, € L(X(0), t & V).
Since Y,=dK*-H,), A-Y,=¢A* - K*-H,), where A :_f U(g)dg and A*
= U*(9)e.

Thus, it follows that

LA K Hy— = 9% - K* - H)— (0,
=|A-Y,~Z]|—0 as n-—co.

This completes the proof of theorem 4.2.

Example 4.1. Let T be the unit sphere with radius ¢ in R,, that is, T={(x, y, 2)
E R, |22+ 22 =%}
Let (4, ¢), 0=0==, 0= ¢ <27, be such that

x=c-sinf-cos ¢,
y=c-sin@-sin ¢,
z=c-cos@,
where (x,y,2)= T.
Let G be a subgroup of SO(3) such that each element of G is of the form:

cosp, sinyp, 0
g:(—sinn, cos 7, 0), 0=y9p<or,
0, 0, 1
that is, G is a group consisting of all rotations around the z-axis.
Let {X(, ¢), (6, ¢)= T} be a homogeneous random field on T such that
(1) E{X@, )} =0, for all 4, 9T,
(i) E{| X, 9)|*} <o, for all (¢, p) €T,
(iil) K@, ¢), (0", ")) = E{X(, ¢) - X(¢', ¢")}
=K(@, 0), (¢, ¢'—¢)), for all (8, ¢), (@', ¢ T.

Let us define unitary operators U(yp), 0 < ¢ <2z, on L(X(¥),t = T) by writing

Ulp), X0, )= X, ¢"),

where 0 < o” <27, ¢4¢’ = ¢”, mod 2x.
Let A be such that

A=1{0,p|0<p, =0 p, =7 0= ¢ < 2r}.
Then, we may choose as a Borel cross section of 4 a set V such that
V=A0,0)p,=0=p,}.

Suppose that the field {X(, ¢), (8, ¢) = T} is observable on A.

Let ¢ be a probability measure distributing uniformly on 7. Then, it is written
as follows:



86 Takeaki NAGAI

dy0, 9)= 7 sin 8 do- pdo.

Let Z= X(0,0). Then, Z is invariant with respect to every U(p), 0 < ¢ < 2.
Now, let a sequence of functions {H,, n=1,2,3,---} be defined recursively as
follows :

Ho(®)=Ho(O—a - (A% [TK(@, 0), DH,_ (6, 0) dm(®)—p.())

where p,() = E{X(0, 0)- X(D)}, t = 4,
dm(@)= 5 sinddg,

Hb=1, ted.

Then, from theorem 4.2, it follows that
-~ . 2r
2=1lim j Ul@)do - Y,
n—o o

where Y, — j " X(0, OH, (8, 0)dm(6).
0

§5. On the uniformly minimum variance unbiased linear estimates of mean
value functions of homogeneous random fields.

5.1. Summary.

In this section we shall consider an estimation problem of mean value functions
m(t) of homogeneous random fields {X(#),t= T} on a compact metric space T acted
upon by a compact metric group G.

We assume that mean value functions m(t) are G-invariant, that is, m(t) =m(gt),
for all g G and t= T.

Let V be a Borel cross section of 7, in other words, V be a subset of T such
that G- V=T and G-v,nG-v,=¢ if v, #v, (v, v, € V).

Then, it is shown that the uniformly minimum variance unbiased linear estimate
n?(\t) of the mean value function m(f) admits the expression

= Udg-X@), vev,

where t=g’-v for some g’ =G and ve V, and {U(g), g= G} are unitary operators
on L,(X(@®),t<T) defined by writing U(g)X()= X(g?).

5.2. An estimation problem of mean value functions.

Let T be a compact metric space acted upon by a compact metric group G such
that (i) G- T=T, (ii) each g G is a homeomorphism acting on T and (iii) the map-
ping (g, ) —gt from GxT onto T is continuous.

From our assumptions, it follows that there exists a Borel subset V of T such
that G- V=T and G-v;"\G-v,=¢ if v, %v, (v, v,€ V), (see lemma 2.1 in §2).

Let {X(®), t=T} be a homogeneous random field on T with the following
properties:

@) E{IX®|*} <ce, for all teT.
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(2) The covariance function K(t, s) = Cov (X(), X(s)) is continuous positive definite
function on TxT.

(3) For each g G, K(t, s)=K(gt, gs), t,seT.

Let us denote the mean value function of the field by

mt) = E{XQ®)}, teT.

Let L,(X(),t<=T) be the Hilbert space consisting of all random variables which
may be represented either as a finite linear combination

U= i} ¢, - X(y)
i=1

for some integer n, points ¢, ¢, ---, ¢, in 7 and scalars c,, ¢, ---, ¢, or as a limit in
quadratic mean of such finite linear combinations under the scalar product (u, z)
defined by

u, z2)=E,{u-z} =Cov (u, 2)+ E,{u} - E,{z}.

The subscript m on an expectation operator E is written to indicate that the expec-
tation is computed under the assumption that m(-) is the true mean value function.

Since the covariance function K(¢, s), t, s T, is continuous positive definite, it
follows from a theorem of Aronszajn (see theorem 6.4 in §6) that K(f, s) generates
a unique reproducing kernel Hilbert space H(K).

H(K) is actually a Hilbert space consisting of functions on T satisfying the
conditions :

(K.1) For each te T, K(t, -) € HK).

(K.2) For any fe H(K),

(f, K@, Nx=fty, teT,
where by (f, h)x we denote the scalar product of each pair of functions f, A in H(K).
Let A be an arbitrarily given subset of H(X) and let us assume that m € M.
We shall make use of the following theorem:
Theorem 5.1. ([11], page 29, Theorem 4A). There is a linear one-one mapping
¢ from H(K) onto L(X(®),t< T) with the following properties:
(L.1) For each te T, ¢p(K({, )= X(@).
(L.2) For any f e HK),

E ()} =(f, Mg, for all me M.
(L.3) For any f, he HK),
Cov (¢( ), () = ([, M)k -

We shall make use of the definition of an unbiased linear estimate of the mean
value function m(t), ¢t € T, introduced by E. Parzen [11].

A random variable ¢(h), h = H(K), is said to be an unbiased linear estimate of
the value m(t) at a particular point & T of the mean value function m(-) if

E o)} = (h, m)g=m(), for all me M.

For any Hilbert space H and its closed subspace H* and any element u = H, we
shall denote by
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Proj (u| H*)
the projection of u onto H*.

We shall use the following:
Theorem 5.2. ([117], page 29, theorem 4A). The uniformly minimum variance

unbiased linear estimate m/(\t) of m(tye M is given by
AN . _
m(t) = P(Proj (K(t, -)| M)

where M is the smallest closed subspace of H(K) containing M.
Now, let us write
2={fe HK)|f{t)=f(gt), for all g= G}.
Hereafter, we shall assume that the mean value function m({) is invariant under

every g < G, in other words,
m(-)e .

For each ge G, let us define a linear operator U(g) on L,(X(f),t< T) by writing
U)X = X(gt), t=T. Then, since me ¥ and
U(®XWM), U(X(s) = Cov (X(g1), X(gs)+m(gt)m(gs)
= K@, s)+m()m(s)
= (X(®), X(s,
the operators U(g), g = G, are unitary.
Since the following inequality holds:
I /=hlk = 1)) —om)?
=A+|mli- | f—hlk, for any f, he H(K),

the mapping ¢ is a linear homeomorphism between H(KX) and L,(X(,te T).
Lemma 5.1. Let B be a closed linear subspace of H(K) and the mean value func-

tion me B. Then, for any f € H(K),
¢ (Proj (f|B)) = Proj (¢(N)¢(B)) -
Proof. Since ¢ is a homeomorphism between H(K) and L, (X(#),t=T), ¢(B) is

closed.
For any f e H(K), there is a unique decomposition such that

f:f1+f2
where f, =Proj (f|B) and f,=Proj(f|B%).
Let u, =Proj(¢(f)|¢(B)) and u, =Proj (¢(/)|P(B)5). Then, o(f)=u,+u, = §(f)
+P(fo)-

Since u, € ¢(B), there is a unique function k= B such that ¢(k)=wu,. Thus, we
have

I(fD—usl* = (g PN — @GS, (S2))
- (WL: k)K(m’ fz)K—(m’ fl)K(m: fZ)K
=0,
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since m < B and f, € B+.
Lemma 5.2. Let V,={u|U(@u=u, for all g G}C L(X(),t=T). Then, V, is
a closed subspace of LyX(®),teT) and ¢(X)=V,. Thus, 3 is a closed subspace of
H(K).
Proof. For any u,, u, = V, and any scalars «, j3,
U(g)(aul—,@uz) =a- U(g)ul“\"ﬁu(g)uz
= au,+Bu,.
Let {u, n=1,23,-} be a sequence in V, such that for u*e L(X(®),t<T),
lu,—u*] —0 as n—ooo.
Then, for any g= G,
lux—U(@u*|| = |u*—u, |+ | U(@u.— U(gu*|
=2 |u,—u*]| —0, as n—oo.
Thus, u* < V, and hence V, is closed.
For any he X and any g<G,
U(@¢h), X(1) = (P, U(g™HX(®)
=), X(g*-1)
=(h, K(g=* - t, Ng+h, m)g(m, K(g7't, D
= h(g7'D)+(h, m)pgm(g™'1)
= h(t)+(h, m)gm(t)
=(p(h), X(t), for all teT.

This implies that U(g)¢(h) =¢(h), for all g G. Thus, ¢X)C V,.
Conversely, for any z € V,, there exists a unique function fe H(K) such that

W)=z
Since U(Q)¢(f)=¢(f), for all g G, we have
(@), X)) =fO)+(f, m)em(®)
=(U(@¢(f), X))
= (@), X(g7')
=f(g)+(f, m)g - m(t), for all teT.
Thus, it follows that f({)=f(g't), for all g= G and t= T.
This implies that f = 2. Thus, we have proved that
V.= ¢'(2) .
Since V, is closed and ¢ is a homeomorphism, Y is closed.
We have now the following:
Theorem 5.3. Let m/(\t) be the uniformly minimum variance unbiased linear estimate
of the value m(t) at the point t T of the mean value function me Y.

Then, rr/zZt) is written as follows:
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n=[ Uledg- Xw),

where t =g*v for some g*= G and ve V.
If T is a homogeneous space, that is, G is transitive on T, then the Borel cross
section V consisting of a single point vy T and

n=[_Ugdg- Xw).

Proof. First, we shall show that the operator JG U(g)dg is well-defined.
Since for any fixed y e L,(X(#),t< T) and for all t =T,
[(U(&)y, X()— WUy, XB)]
=2yl - (K@ H—K@, gh™'t), g heG,
U9y, z) € C(G), for any fixed z € L,(X(®), t = T), where C(G) is a set of all bounded

continuous functions on G. Hence, it is clear that the operator j U(g)dg is well-
G
defined on L,(X(®),t< T).
By the same arguments in the proof of theorem 3.1 in §3, we see that the

operator jGU(g)dg is the projection operator onto the closed subspace V, of L.(X(®),
teT).

From theorem 5.2 and lemma 5.1, it follows that the uniformly minimum variance
unbiased linear estimate m/(\t) of mt), t=g*veT (g¥e G, ve V), is given by

m(h) = ¢ (Proj (K{, -)| 5))
= Proj (¢(K(t, )| ()
= Proj (X(O| V,)

= jomg)dg‘ X@).
Since X(t)= X(g*v)=U(g*)X(®), it is written as follows:
N
mh = | Ue)dg- UgHX®)
= [ U@U(g"dg - X)
= | Uteg®dg - X)
=, U@yds- X,
(here we have used the invariant measure dg).
If G is transitive on T, then for any {< T and any v,< 7T, there exists g*=G

such that = g*v,.
Thus, we have
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A\
(= | U(g)dg - Ueg")Xw)
=), Ulgg®dg - Xy

— [ Utoydg - X@y.

Now, the proof of theorem 5.3 is complete.

§6. Appendix.

Theorem 6.1. ([107, page 23, theorem 4.2)

Let X and Y be compact metric spaces and g a continuous map of X onto Y.
Then there is a Borel set BC X such that g(B)=Y and g is one-one on B.

Theorem 6.2. ([10], page 21, theorem 3.9)

Let X,, X, be complete separable metric spaces and E,C X,, E,C X, two sets, E,
being a Borel set. Let ¢ be a measurable one-one map of E, into X, such that o(E))
= E,. Then E, is a Borel set.

Theorem 6.3. ([17], page 131)

A one-to-one continuous mapping of a compact space onto a Hausdorff space is
a homeomor phism.

Theorem 6.4. ([127], page 7, theorem 2B)

A symmetric non-negative kernel K generates a unique Hilbert space, which we
denote by H(K), of which K is the reproducing kernel.
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