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   § 1. Summary. 

   In this paper we consider probability measures on a complete separable metric 
space T (or on a topological subspace T of a complete separable metric space T*) 
with which a compact metric group G of homeomorphisms acting on T is associated. 

   Let i be an arbitrary probability measure on T invariant under every g E G. 
Then it is shown that for an arbitrary small s> 0, there always exists a compact 
set A0cT and a probability measure 1j0 on T invariant under every g E G such that 

   (i) G • Ao= 
   (ii) The support of po is a closed subset of A0. 

   (iii) For every Borel set A, I p(A)-1i0(A)1 < s. 
   (iv) Let V be a Borel set in A0 such that G. V = A, and Gv, n Gv, = c if 7), v„ 

(v1, v2 E 17), whose existence is shown in lemma 3. Then the probability measure po 
is decomposed into a direct product measure of the normalized Haar measure of G 
and a probability measure on V. 

   § 2. Decomposition of G-invariant probability measures. 

   Let T be a complete separable metric space or a topological subspace of a 
complete separable metric space T*. Let G be a compact metric group of homeo-
morphisms acting on T such that G-T=T and the mapping (g, —gt from G x T 
into T is continuous. 

   For any metric space X we shall denote byx the a-field of Borel subsets of X. 
   Let !I be a probability measure defined on TT and invariant under every g E G, 

that is, 

  (1)t,e(T)= 1. 

   (2)For each g E G, p( g A) = p(A), A E 8T • 

   Lemma 1. Let g and t be any elements of G and T respectively but be fixed. 
Let W be an arbitrary neighbourhood of gt E T. Then we can always find a neigh-
bourhood U of t such that W=gU. 

   * Faculty of Science, Kagoshima University, Kagoshima. 

                                 57



58Takeaki  NAGAI

     Proof. g: t-.gt is a homeomorphism from T onto itself and g-1 CW g-1 W is 
  an inverse image of the open set W under the mapping g. Hence, g--' •W is open. 

     Since t=g-1•gtEg--1W, g'W is a neighbourhood of t. Thus, by writing 
  U =-g-l•W, we see that W = gU. 

     Lemma 2. Let A be the support of the probability measure p. 
    Then A= A. 

     Proof. A is a set of all elements t ET such that for any neighbourhood U of t, 

 p(U)> 0. (See [2], page 28). 
     Let W be an arbitrary neighbourhood of gt E T, where g and t are any fixed 

  elements of G and A respectively. 
     Then from lemma 1, we can choose a neighbourhood U of t such that W = gU. 

 Thus, we see that p(W) = p(gU) = p(U)> 0. This implies that gt E A for all g G 
  and hence G • A C A. 

     Since A C G • A, we have proved that G • A= A. 
     Lemma 3. Let r cT be a compact set invariant under every g 

     Then there is a Borel set V c T such that 

   (3)r=G -V , 

    (4)Gv1nGv2= if v, # v„ (v„ v2E V) . 

     Proof. For any two points t1, t2e T, we shall say that 4-42 if there exists 

 g E G such that gt1=t2. " is an equivalence relation. Let M be the space of all 
  such equivalence classes. Let [t] denote the equivalence class containing t. Then, 

 since the mapping t ->[t] from r into M is continuous under the quotient topology 
  and is onto, we see that M is a continuous image of the compact set I' under this 

  mapping and hence M is a compact metric space. 
     Thus, by a theorem of Federer and Morse (see [2], page 23, Theorem 4.2), it 

 follows that there exists a Borel set vcr satisfying (3) and (4). 
     Now, we have the following : 

     Lemma 4. Let r CT be the set considered in lemma 3 and suppose for any gEG, 

 g# e, there is no fixed point in T. 
    Then the mapping 

  (5) : (g, v)->gv 

 is a Borel isomorphism between Gx V and T. 

     Proof. From lemma 3, we see that the mapping e : G x v-r is onto. Since 
 there is no fixed point in r for any g E G, g # e, e is one-one. From our assumption, 

 it is clear that the mapping e is continuous. 
     In particular, e is measurable. Hence, by a theorem of Kuratowski (See [2], 

  page 21, theorem 3.9), e-1 is measurable. 
     Thus, we have proved lemma 4. 

     Now we have the following theorem. 

     Theorem 1. Let the support A of p be compact. Let V C T be a Borel set such 
 that G • V = A and Gv1nGv2= O if v, v2, (v1, v2E V) and the mapping e:(g ,v)---,gv 

 be a Borel isomorphism between Gx V and A.
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       Let C be a Borel set in T and A and B Borel subsets in G and V respectively 
     such that 

 e(A  x  B)  =CnA  • 
     Then, 

                            p(C) = v(A) • p(B) , 
     where v is the normalized Haar measure on G and p a probability measure on OV• 

        Proof. Let us notice that A is a compact set in T and hence A E OT. Therefore 
    TA is the a-field of subsets of A of the form AnA, AE TT, that is, TA= = AnA      

I A E- 07,1. 
        Now let us define a set function it on TA in such a way that : 

         For each 1-4 =AnAETA, AE T, 

                             i(A)=p(A) • 
        It is easy to see that is a probability measure on TA. Indeed, for any A E TA, 

    0 5 fiCzo= p(A) 1 and it (A) = p(A) =1. 
        Let {A, = A„ n A, Ai, E TT, v = 1, 2, ••-} be a sequence of disjoint sets in BA-

     However {A, ; v = 1, 2, ••• , A, E 37,} are not necessarily disjoint. 

       Let us notice that U A, = U (A, n A)U U (AL, n in, and U (A, n A) and U (A,nAc) 
           v=1 11,-=-1v=1v=1v=1 

                               co ,.., co 

     are disjoint. Since U A, U A, n A, we have 
                     v=1 v=1 

                   A,)=,a(u A,) 
                v=1v=1 

                 oo/co                         =AU(1n A))+11(u(Avn Ac))               v=v=1 

       From the fact that p(U (A, n Ac)) p(AC) = 0, it follows that 
                                                       v=1 

                       12(U1Ay) = ja(U1(A, n A))             == 

                              = E p(A, n A) 

                               = E POO • 
                                                                              v=1 

        Thus, we have proved that is a probability measure on TA. 

        By p* let us denote the probability measure on 0, <, induced by the mapping 

     e-1 from A onto G x V, that is, JO is the probability measure such that for any 
     Ax B E (A E G, B E Ov), 

                          p*(A x B)= ii(e(A X B)) . 

        Since both G x V and G are complete separable metric spaces, these are auto-

     matically separable standard Borel spaces (see [2], page 133). 
        Let us consider the mapping it : (g, g from G x V onto G. Then it is clear 

     that n- is measurable, since for any E TG, 7-1(E) = Ex V E TG ,Y. 

        Thus, it follows that there exists a regular conditional probability distribution
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of p* given  7r, which we shall denote by fn" g(AxB), g E G, AxB 0,x v. This satisfies 
the following conditions : 

   ( i ) For each g E G, g(•) is a probability measure on TG, v. 

   (ii) For each A xB E 3Gxv, the mapping g — mg(A x B) is TG-measurable and 

       p* (A X B) = Mg(Ax B)dv(g) , 

where v(E)= it*(7-1(E))= P*(E X V), E E TG. (See [2], page 146). 

   It is obvious that v is a probability measure on 

   In particular, we have for any E e 3G, 

  (6) p*(Ax B nz-1(E))= it*((A n E)x B) 

                         =J fit g(Ax B)dv(g) , Ax B EOG.v • 

   Let us write 

                      m g(B) = g(G X B) , B E TV • 

Then we have by putting A = G in (6), 

  (7)p*(Ex B)= mg(B)dv(g) , 

for any EETG and any B Tv, where mg(.) is a probability measure on Tv. 

   Let A E TG and B Tv and C= 172 ETI7y= g't, g' E A, t E B}. Then for any g EG, 

               p*(g A X B)= ((g A X B))= ( gC) = 12(C) 

                        = ((A x B))= p*(Ax B) . 

Hence it follows by putting particularly B = V in (7) that 

          v(g A) = p*(g A X V) = p*(A X V ) = v(A) for any AE TG. 

This implies that v is the normalized Haar measure on G. 
   Thus, we may write 

                      p*(A X B)= mg(B)dg 

                                                         A 

   Now, for any A E TG, B E Tv and h E G, 

                       p*(Ax B)= Amg(B)dg 

                                = (h A X B) 

                             = mg(B)dg 
                                                      hA 

                              =g(B)dg 

                                                      A This implies that for any B E Ov and any g, g' E G, 

                       mg(B)= m (B) , 

in other words, mg(B) is a probability measure on Tv independent of g E G. 

   Let us write 

                       p(B)= m g(B) , B .
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Then we have for any C  T such that '(Ax B) = C n A, Ax B TGxv, 

                    p(C) fi(C n A) 

                              x B)) 

                            = p*(Ax B) 

                            = 
Ap(B)dg 

                                     = 2.) (A) • p(B). 

Thus, we have proved theorem 1. 
   Now, let us consider the case where the support of the probability measure p is 

not necessarily compact in T. 

   Lemma 5. For any E > 0, there exists a compact set A0 in T such that 

 (8)G • A0-= Ao • 

 (9) ,u(A0) > 1—E/3 . 

   Proof. Every probability measure on a complete separable metric space or on a 

topological subspace which is a Borel subset of such a metric space is tight (See [2], 

page 29). Hence, for any small E> 0, there is a compact set Cc T such that 

                           p(C)> 1—E/3. 

   From a theorem of Tychonoff, it follows that GxC is compact, since it is a 
topological product space of a compact metric group G and a compact metric space 

C. From our assumption, the mapping r : (g, gt from GxT into T is continuous 
and G • C = r(G x C) is a continuous image of a compact set G x C. Hence G • C is 

compact. 

   Let us write A,=G • C. Then A0 is invariant under every g E G and p(A0)_� p(C) 

> 1—E/3. 
   Let us consider a probability measure 1a0 on T defined by 

  (10)                    N(A) _  p(A A
0)o)  , A.                            1,( 

Then, since p0(A0) = 1, the support of po is compact. 

   Since G. A0 = A°, we see that for any g E G and A e TT, gA n A,=--g(A n A0). 

Thus, it is clear that for any g G, ito(gA)= ito(A), A ETT. 

   Now, we have the following theorem : 

   Theorem 2. For an arbitrary small E > 0, there exists a compact set AocT 
and a probability measure p, on ZIT such that 

   (11) The support of p, is a closed subset of A0. 

   (12) For any g E G and A G 

                            it0(gA)= po(A), 
and 

   (13) For any A E TT,                        

I P(A)— Po(A)i < E . 

   Proof. We have already shown that the existence of the compact set A0 and the
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probability measure  ito satisfying (11) and (12). 
   Now, we shall prove (13). 

   Since for any A E TT, 

                    PO) = AO+ tt(A n, X)) , 

we have the following inequality :               

1 it(A)— tgo(A)1 

                  =,~(An 494 p(A n Ao)._ [(A n AO) 
                                       Ii(110) 

                  1i(A n AO+ p(A n A0) 1-1(A0))1 POO 
                    = fICAD • a -1-1-1 it(A0)) • 

As long as E is not greater than 1, 1+11 p(A0) is less than 5/2. 
   Thus, we have I ii(A)— 110(A)1< (5/6)E < E, for any A 

   This completes the proof. 
   Thus, in generally, every probability measure on T invariant under every g E G 

can be approximated by a direct product probability measure of the normalized Haar 
measure on G and a probability measure on a Borel set V satisfying the conditions 
stated in lemma 3 as closely as possible. 

   Example 1. Let T = R2= {(0, r)1 0 r < co, 0 0 < 27r} and G = SO(2). Let us 
consider a compact set r = {(6, r)I0 r a, 0 -� 0 27r} and a set V --= {(0, r)I 0 r a}, 
where a is a finite real number. 

   Then it is obvious that V satisfies the conditions (3) and (4) in lemma 3. 
   Let te be a probability measure on TT and p(F) = 1. If for any A E Tr, p(A) is 

proportional to the area of the set A, then the probability measure it is invariant 
under every g E SO(2) and

' it is written in the view of theorem 1 as follows :                              1 
                                             r)=

A-27Td0 •a2                                                     , rdr, ,                        Ax1341(° 

where A E TG and B E 
   Example 2. Let L3 = {(t, x, y, .z) I t2 2±y2+z2) = 2, ,                                              cwhere c is a real number 

and (t, x, y, z)'s are points in 4-dim. Euclidean space R4. Let G be a subgroup of 
the proper Lorentz group of the order (3, 1) such that its elements are of the following 
f orm : 

                       1 0                     g o' h)' h SO (3) , 

where 0 in the above expression denotes 3 x 1 -zero vector and also 1 x 3-zero vector. 

   Let 1L be a probability measure on L3 invariant under every g E G. Let the 

support of the measure II be such that 

                 F = {(t, x, y, z) E L,10 a2} 

where a is a finite real number. 

   Let us consider a set 

                V= r,0,0)]0<_r_<a}CT.
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Then V satisfies the conditions (3) and (4) in lemma 3. 

   Suppose that for any C  E 8r, [(C) is proportional to the area of C. Then it is 
written in the view of theorem 1 as follows : 

            5 dp(x, y, z) di,e(r, 0, co)                                           AixA2xs 

                =f1 sin OdOd 
                Al.A,yoi3r2  dr ,                                           Bc2r2 

where C is a set of all points (t, x, y, z) in T such that 

                             x = r • sin 0 • cos c5 , 

                             y =r • sin 0 • sin co , 

                                   z =_r•cos 0 , 

                                    t c2--F r2 , 

           a—1 

(0, CO) E Ai X A2 E OG and rEBEO,, and IS=[‘fr2/(c2-1--r2)112dr]. 

                                                         0
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