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An analytic decision rule is developed for a problem of multi-stage stochastic
strategy-making in a stochastic system. The problem of multi-stage stochastic
strategy-making is characterized as making of an optimal sequence of strategic
functions which is so called “stochastic dynamic programming.”

On the basis of the stochastic dynamic programming, a theoretical survey will
be conducted from a new angle of the measurement of a reasonable utility function
of amount of money in the stochastic system. Furthermore, one of the reasons why
the strategy maximizing expectation of amount of money produces contradiction will
be illustrated. And it will be also illustrated that  Bernoulli’s utility function” is
not always applicable but it is applicable only through some modifications in the
system.

The author wishes to express his hearty thanks to Professor T. Kitagawa for his
continuous encouragement and guidance throughout this work.

§1. Introduction

Let us call employment of a strategy on a stochastic scheme * stochastic
strategy-making.” In multi-stage stochastic strategy-making, a decision is made at
each stage on the basis of the information available at that stage. That information
typically consists of realized values pertaining to the previous and current stages
and expectations pertaining to the ensuing stages. Optimal strategy to such problem
consists of (i) an optimal first stage decision, and (ii) an optimal decision rule for the
additional stages. A decision rule may be denoted as a sequence of functions of
certain variables on those stages. And a first stage decision also may be denoted by
functions of the certain variables in combination with the realized values of the
variables at that stage.

In this paper, a sequence of functions of amount of money which denotes a de-
cision rule and each function of the sequence are called “strategic functions.” And
making of an optimal sequence of strategic functions (i.e. an optimal strategic func-
tion) from an initial time through an assigned last time in a stochastic system, on the
basis of a criterion, is called “stochastic dynamic programming.”
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16 Yasuo KuGiMiva

The problem of dynamic programming and the problem of stochastic dynamic
programming have been studied extensively in recent years [2, 3, 5, 7, 10, 14, 17, etc.].
It may be generally agreed that the stochastic dynamic programming is conducted
by (i) building a stochastic dynamic system, (ii) defining a feasible strategic func-
tion and determining the set of all feasible strategic functions in the system, and
(iii) defining a reasonable criterion which measures degrees of effectiveness of any
feasible strategic function in the system.

The problem of stochastic dynamic programming which we shall develop in this
paper is characterized from the following points of view.

(1) In the stochastic dynamic system, a decision maker employs a sequence of
functions of amount of money as his strategy. He chooses his actual strategy at
each time as the value of strategic function on the amount of his money at that time,
and obtains (positive or negative) money at the next time.

(2) In the system, the decision maker adds the obtained (positive or negative)
money to the amount of his money. If the amount of his money reaches a lower
bound at a time by means of the sequence of strategic functions, he cannot set his
strategies at the ensuing times, and he is bankrupted.

(3 If (i) a lower bound of amount of money is assigned, and (ii) a decision
maker has an amount of money at the initial time and he chooses a sequence of
strategic functions, the amount of his money at each ensuing time can be forecast
by the Markov process.

(4) A definition of feasible strategic function is given in connection with the
bankruptcy.

(5) A reasonable criterion which measures degrees of effectiveness of a sequence
of feasible strategic functions is made objectively from an economic point of view,
by pursuing the Markov process produced by the sequence of strategic functions and
the lower bound of amount of money.

Especially, in making a reasonable criterion, the following situations are noticed.

In many economic situations, a realistic formulation of the problem of stochastic
dynamic programming frequently involves a large, possibly infinite, number of stages.
And it may be safe to remember that the real last time of programming may be infinite
future. However, in many cases, the need arises to truncate the many-stages or
infinite stages after a “ manageable ” number of stages. The original problem is then
replaced by a “ proximate ” problem involving finite stages. And no generally appli-
cable criterion to such a “ proximate ” problem has yet been developed to the best
of our knowledge.

Charnes, Dréze and Miller? state the following on the general theoretical manners
in order to replace the original problem of a multi-stage stochastic strategy-making
by a proximate problem.

The terminal conditions of the proximate problem somehow reflect the relevance
of the future (beyond the truncation point) for immediate decisions. These conditions
may, for instance, prescribe the terminal levels of certain variables of the system, or

1) See [5] p. 308.
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more generally assign “values” or “ utilities” to such levels. Terminal conditions can
be specified in various ways, namely,

(Ist approach) by invoking constraints or value judgments external to the immediate
context of the problem;

(2nd approach) by establishing “ convergence properties” and truncating the pro-
blem at a sufficiently remote point in time, so that solutions to the proximate problem
will be “ arbitrarily close to optimal ” ;

(3rd approach) by deducing from an analysis of the original problem the proper-
ties that terminal conditions for the proximate problem must have, if an optimal
solution to the proximate problem is to be consistent, under appropriate continuation,
with an optimal solution to the original problem.

Now, there are many studies [1, 6, 8, 11, 14, 16 etc.] which define criterions for
the stochastic strategy-making by means of a mathematical expectation of “ utility
of amount of money ” (which is a value judgment) made from external of the imme-
diate context of the problem. And, in recent years, for the purpose of stochastic
strategy making, the problem of measurement of an actual utility function of amount
of money has been studied extensively [1, 6, 8, 11, 13, 16 etc.].

However, even if a decision maker intends to employ a utility function of amount
of money from external to the immediate context of the problem in making an optimal
stochastic strategy, he must not employ the utility function only on the basis of his
subjectivity. For instance, if a linear utility function is employed only on the basis
of certain subjectivity, the strategy which maximizes mathematical expectation of
utility of amount of money is equal to the strategy which maximizes mathematical
expectation of amount of money. And it is agreed that the strategy which maximizes
expectation of amount of money cannot always be optimal for the purpose of obtain-
ing the maximal amount of money, such as the strategies in “ Petersbrug’s problem
and “problem of portfolio selection.” Therefore, if a decision maker employs a linear
utility function only on the basis of his subjectivity, in many cases, the utility func-
tion is not applicable.

In a multi-stage stochastic strategy making on the basis of a stochastic dynamic
system, one must choose his utility function so that it may not contradict any
objective reasonable conditions in the system. And some objective reasonable condi-
tions for a utility function in a stochastic dynamic system are made from the points
of view of the 3rd approach above. This paper intends to provide a modest con-
tribution to a utility function which does not contradict some conditions which seem
reasonable from the points of view of the 3rd approach above. Furthermore, it will
be shown that the utility function has an important meaning also from the point of
view of the 2nd approach.

We will begin by defining some fundamental notations (in Section 2). Then we
will build a simple stochastic dynamic system which is a base of our arguments (in
Section 3). And we define a feasible strategic function and develop a fundamental
manner of the stochastic dynamic programming in the system (in Section 4).

Now, generally, the fundamental manner of the stochastic dynamic programming
meets with serious difficulties. It is necessary to introduce some manners in order



18 Yasuo KuGciMiva

to evade the difficulties. The manners to evade the difficulties will be illustrated
(in Sections 5 and 6).

Next, it is necessary to define a criterion which measures degree of effectiveness
of each feasible strategic function, for the stochastic dynamic programming in the
system defined in Section 3. It may seem reasonable that the criterion is defined on
the basis of a utility function, from the point of view of the 1st approach above.
However, we propose some assumptions concerning the utility function, which seems
reasonable from the point of view of the 3rd approach in actual economic situations.
And we will produce an analytic utility function which satisfies the proposed assump-
tions (in Section 7).

Furthermore, we see that the analytic utility function produced in Section 7 is
really reasonable from the point of view of the 2nd approach, in the multi-stage
stochastic strategy-making in the system defined in Section 3 (in Section 8). The
theory in Section 8 will serve to point out many misuses of the “ law of large numbers.”
And we see that the linear utility function and the Bernoulli’s utility function [4]
are not applicable in the system defined in Section 3, from some theoretical points of
view in the stochastic dynamic programming (in Section 9).

§2. Notation

(i) e (t=0,1,2,-.-) denotes a variable noticed at a time t.

(i) B; and C, t=0,1, 2, ---) denote certain stochastic variables realize themselves
as b; and c,, respectively. Probability density functions of the stochastic variables
B, and C, are denoted by %, and ¢,, respectively. And, the mathematical expectation
of the stochastic variable G(B,) with density function 7, is denoted by E(G(B,)), and

that of the stochastic variable G(C,) with density function ¢, is denoted by E(G(C,))

(iii)y D(B,) denotes the domain on which the probability density fllIlCthIl of the
stochastic variable B, is positive.

(iv) If there are no confusions by omitting the suffix which assigns a time ¢,
the suffix may be neglected, so that C, may be denoted by simple C.

(v) Dc denotes the complement domain of a domain D.

(vi) Vector (¢u, Caass -+, Cy) is denoted by ¥C or simple C. If we have 8<c, <7
(t=n,n+1, -, N) with respect to two constants g and y, for short, all inequalities
are denoted by 3 <¥C<7y.

(vii) A sequence of functions {f,(e,), fns:(€nsd), -, fu{ex)} are denoted by F(n, N),
and so on. If each component function f(e) (t=n, n+1,..-, N) of F(n, N) satisfies
the relation T(e,) < f.(e,) (or T(e,)=f.(e;)) on a domain D with respect to a function
T(e), for short, all relations are denoted by T(¢) < F(n, N) (or T(e)~ F(n, N)) on the
domain D, and so on.

(viii) F(n, N; F(n, o)) denotes the initial sub-sequence of £(n, ) composed of
N—n+1 component functions. And F(n, co; F(n, N)) is an infinite sequence of func-
tions in which the initial sub-sequence through the N—n41-th function fy{ey) coincides
with F(n, N).
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§3. System Building

Let us build a system which is a foundation for our following argument. In the
system, b, denotes a capital money, and x, and y, denote activity levels. A system
is defined by the following conditions.

CONDITION 3.1. (i) A sequence of independent stochastic real variables {C,, C,, C,,
-} is given. Each stochastic variable C, realizes itself as c, at the time t+1 1=0,1,2,
s

(ii) All stochastic variables C/s (t=0,1, 2, ---) have a common bounded probability
density function ¢,. And we have 0< E{Ct} =m<1.

(ii) There are constants ﬁ(0<,9< 1) and 7(0 <y <1) which are independent of t,
.and for which (i) we have

FER)) P{Q(—ﬁ<cz<-/)}:1 t=0,12 -,

and (i) we have ¢,(e)) >0 on the domain (—f, y); that is, we have
(3.2) P{"“‘8+5>Ct}25>0 (t:O, 1’ 21 "')

with respect to any assigned positive number ¢, in combination with a suitable chosen
positive number 0.

CONDITION 3.2. (i) Constants K, M and v and the initial amount of capital money
b, are known by a decision maker at the initial time 0, where 0<r<m<1 and
M < min (—K/r, by).

(ii) The decision maker chooses a sequence of single valued non-negative functions
{fo(ey), f1(e), - , fxlex)} (for short F(O, N), which is defined on the direct product

N
space TL {e,; e,> M}. Each function f(e) is a continuous function on the domain
t=0

{e,; e, > MY} except finite discontinuous points.

fi(e) and F(n, N) are called “ strategic function.”

(iii) The decision maker sets his strategic value as x,=fy(by) and y,=b,—x, at
the initial time 0, and he earns an amount of money (which may be negative)

3.3) o=1Cy XoFT7 yo+ K
.at the time 1.

ConDITION 3.3. (i) At the time t (t=1,2,3,--), the decision maker knows the
amount of capital money at that time, b,.

(i) If b, is greater than M, the decision maker sets his strategic values as x,
=f(b) and y,=b,—x, al the time t, and he earns an amount of money (which may be
negative)

(34) gL:CL'xt+T'yt+K (t:lr 2’ 37 "')

at the time t+1. However, if b, is smaller than or equal to M, he cannot set his
strategic value. That is, the decision maker suffers an exact loss b,—b, (< M—by)

1) This value —K/r will play an important role in the following arguments. A practical
meaning of this value will be illustrated in Section 5.
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which cannot recover forever, and he is bankrupted.
CONDITION 3.4. If the amount of money g, is earned, the amount of money is
added to b, at the time t-+1, i.e. we have

3.5 bery=b,1g, t=0,1,2 ).

In what follows, let us call the system defined by Conditions 3.1 through 3.4
“first type of stochastic dynamic management system,” and denote the system by
“S.D.M.S.-1.”

In S.D.M.S.-1, we have the following fundamental stochastic relation
(3.6) Bioy=b+C,- [,(0)+7 - (b—fib)+K=A+7) - b;+(C;—7) fib)+K
b:>M; t=0,1,2,--).

Now, if (i) a decision maker has an amount of capital money b, and he chooses
a strategic function F(n, N) at a time n, and (ii) a sequence of realizations {c,, ¢,
Cness -+, Cy} realizes from a sequence of stochastic variables {C,, C,.,, ---, Cy}, then
the amount of capital money at a time s (n+1<s< N-+1), b, is uniquely determined
through successive application. of the stochastic relation (3.6). Therefore, in what
follows, let By(b,, F(n, N)) (n+1<s< N+1) denote such a stochastic variable as may
produce b, as its realization being subject to stochastic variables C/s (t=mn, n}+1,
-+, s—1), on the basis of the capital money b, and the strategic function F(n, N).

§4. Fundamental Stochastic Dynamic Programming in S. D. M. S.-1.

In order to carry out the stochastic dynamic programming in S.D.M.S.-1, first
of all, let us define a feasible strategic function in S.D.M. S.-1.

DEFINITION 4.1. Such strategic function F(n, co) as the relations
4.1 P{ \U (B,= M}|bn, F(n, 0)} =0, F(n, 00)z 0

1=t

hold true is called “b,-feasible.”V

A b,-feasible strategic function is denoted by F(n, oo; b)) = {fn(en; br), fusi(nss;
b2, Frnea(rss; by), -} and the set of all b,-feasible strategic functions is denoted by
T, co; by).

DEFINITION 4.2. An element of the set EOD%(n,oo;bn) 1s called “ D-feasible.”

A D-feasible strategic function is denoted by F(n, co; D)= {f,(es; D), fri1(lnsy; D),
...}, and the set N\ F(n, oo; b,) is denoted by F(n, co; D).
bp=D

DEFINITION 4.3. Let ¢ denote the empty set. If a strategic function F(n, N)
satisfies the following two conditions

1) In actual economic situations, such an attitude with respect to a feasible strategic func-
tion seems to be too strict, since any entrepreneur cannot carry out his own management activity
without a certain amount of probability of going bankrupt. However, such an assumed attitude
in making strategic function does not restrict the generality of argument in order to apply
the attitude to an actual stochastic strately-making. If a decision maker admits the risk of
going bankrupt to a certain amount of probability, our following argument can be modified
according to the amount of risk he admits.
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4.2) P i <sz<\* (B, < M)|b,, F(n, N)} =0, F(n, N) =0
and o
“.3) FIN+1, 005 DB yiy(by, F(n, N)) # 6,

then the strategic function F(n, N) is called “b,-feasible.”
A b,-feasible strategic function is denoted by F(n, N; b,) = {f2(¢n; b, [re1(rss; bu)s
-, fx(ex; b,)} and the set of all b,-feasible strategic functions is denoted by
T, N; by).
DEFINITION 4.4. An element of the set (’\ %(n, N; by) is called “ D-feasible.”
A D-feasible strategic function is denoted by F(n, N; D)= {fn(en; D), frni(nss; D),
-, fxlex; D)}, and the set ﬂ T(n, N; b,) is denoted by F(n, N; D).

DEFINITION 45. Jf a steategw Sfunction is D(B,)-feasible with respect to a stochas-
tic variable B,, the strategic function is also called “ B,-feasible.”

A B,-feasible strategic function is denoted by F(n, co; B,) = {fuls; Bw), fnr1(€nsi;
B, Freolnsas Ba), -} or F(n, N; By)= {falen; By, Snii(lnass Bu), -+, Inley; Bo)}. And
the set of all B,-feasible strategic functions is denoted by §(n, oo, B,) or §(n, N; B,).

Siles s by)

Jiley; bo)

foleos be)

Fig. 4.1.

Next, let us define a criterion which measures the degree of effectiveness of any
b,-feasible strategic function in S.D.M.S.-I. According to the point of view of the
first approach in Section 1, let us employ the following:
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DEFINITION 4.6. At a time n, if (i) a decision maker has an amount of capital
money b,, (i) he assigns the last time of programming N, and (iii) he chooses a
utility function of amount of money E(e), then the functional

44 UWFE®m, N;ba); by, E)EN—lj LE {€BysD by, F(n, N; b))} —£(b)]

TN+

defined on F(n, N;b,) is called a “(b,, &)-criterion functional,” and a functional
lim U(F(n, N; F(n, co; by)); by, &) defined on §F(n, oo ; b,) is also called a “ (b, &)-criterion
N-co

functional.”

DEFINITION 4.7. In S.D. M. S.-1, if (i) the (b,, &)-criterion functional UF(n, N; b,) ;
ba, &) (or U(F(n, co; by); by, &) defined on §(n, N; b,) (or Fn, co; b)) is finite or nega-
tive infinite, and (i) a strategic function F(n, N; b,) (or F(n, oo ; b)) maximizes the
(ba, &)-criterion functional UFM, N; by); by, &) (or U(F(n, oo ; by); by, &) in F(n, N; by)
(or §(n, o ; b)), then the strategic function F(n, N; b,) (or F(n, co; by) is called “ (b,, &)-
optimal’

In what follows, a (b,, £)-optimal strategic function is denoted by F*(n, N; b,, &)
(or F*(n, oo; by, £)), and the set of all (b,, £)-optimal strategic functions is denoted by
F*(n, N; by, &) (01 F*(n, 00 ; by, ).

As we saw in Section 1, the original problem of the stochastic dynamic program-
ming in S.D.M.S.-1 may be making of a (b, £)-optimal strategic function F*(0, oo ;
by, £). However, the need arises to truncate the infinite stages after a “ manageable ”
number of stages, and to make a (b,, £)-optimal strategic function F*(0, N; b,, £).

Now, if a B,-feasible strategic function F(n, N; B,) and a utility function &(e)
are assinged, U(F(n, N; B,); e,, ) may be a function of e, on the domain D(B,).
We can define a stochastic variable U(F(n, N; B,); B,, £) which will realizes itself
as U(F(n, N; B,); b,, §). Hence, we can calculate the mathematical expectation
E{UWF(n, N; B,); By, &)} if a stochastic variable B, and a B,-feasible strategic func-

n
tion F(n, N; B,) are assigned. That is, if a stochastic variable B, is assigned and a
utility function £(¢) is employed, then E {U(F(n, N; B,); B, &)} is also a functional
Tn

defined on the set §(n, N; B,). We have the following

DEFINITION 4.8. The functional E{UFn, N; B,); B, &)}, defined on the basis

n

of (4.4) being connected with a stochastic variable B,, is called a “ (B,, &)-criterion
functional.”

DEFINITION 4.9. In S.D.M.S.-I, if (i) the (B,, &-criterion functional E {UFm, N;
B.); By, &) is finite or negative infinite on F(n, N; B,), and (ii) a strategzc Sfunction
F(n, N; B,) maximizes the (B, &)-criterion functional E{U®Fn, N; B,); By, &)} in

A~ In
F(n, N; B,), then the strategic function F(n, N; B,) is called ““ (B, &)-optimal.”

1) In S.D.M.S-I, if (i) each stochastic variable C, (¢=0, 1, 2,-..) has not any positive
variance contradicting Condition 3.1, and (ii) there are no restrictions with respect to the upper
bound of f;(b,), then any values of optimal strategic function at each time may be equal to 0
in the case of ¢,—r < 0, and the values may be positive infinite in the case of ¢,—r > 0. However,
if Cys are stochastic variables which have positive variance, the stochastic dynamic program-
ming is not always so simple.
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In what follows, a (b,, &)-optimal strategic function is denoted by F*(n, N; By, &),
and the set of all (B,, £)-optimal strategic function is denoted by F*(n, N; B, §).

Applying the principle of optimality in dynamic programming which is generalized
on S.D.M.S.-], in connection with (4.4), we have

@5)  E{UFE*(n, N; By, £); By, £)} = hex )E {UWF(®, N; By); Ba )}

n,N; Bp) 7,

1 . .BY-B.E
- W:%ﬂj 'fng:f;sn) {;‘n[U(fn(en ’ Bn) ; Ba, §)

+(N—m)- max E {UFEn+1, N; B ; Buey €)

F(n-1,N; Bpy1(Bp.Snlen; Bu))) ny.q
| Bry fr(en; B}
_ 1 . BY.
- ‘N—:ﬁ¥]ﬁ + max E[U(fn(en ’ Bn) ’ Bn' E)

Inlens By) 74,
+(N—n) . E {U(F*(n+1, N, Bn+1y E): Bn+1! E)anrfn(en; Bn)}]
-1

(n=0,1,2,--,N; By=by).

§5. A Special Domain D and the Set of All D-feasible strategic functions

Now, if we intend to obtain a (b, £)-optimal strategic function F*(0, N; b,, £) in
S.D.M.S.-I by means of the forward working algorithm on the basis of the relation
(4.5), it is, at least, necessary (i) to purse the domain D(B,(b,, F(0, N; b,)) with respect
to each n (n=1,2, -, N) and each F(0, N; by in FO0, N; b,), and (i) to verify that
either a (b, £)-optimal strategic function F*(n, N; b, &) can or cannot be chosen
with respect to each n (#=0,1,2,---, N) and to any b, on the domain D(B,(b,,
F*0, N; by, £&))). Therefore, if we intend to conduct the stochastic dynamic program-
ming in S.D.M.S.-I directly by means of the stochastic relation (4.5), the derivation
and computation of an optimal solution meets with considerable difficulties. One must
thus simplify the problem of stochastic dynamic programming so that the forward
working algorithm may be applied more easily.

For our purpose, first of all, let us introduce special domains D, Nys by the
following

DEFINITION 5.1. Let ¢ be the empty set. Such domain D(n, N) (or D(n; c0)) as
the following two conditions

GD Fn, N; Do, N)y=¢  (or F(n, oo; D(n, 00)) # ¢)

and

(5.2) U Fm Niby=¢ (or U B, 00;0)=9)
bp=D(n,N,¢ bp=D(n,0)C

hold true is called a “ maximal fuasible domain” pertaining to n and N (or n and o).
Then, we have the following
THEOREM 5.1. If there is the domain D(n, N) pertaining to any assigned non-
negative integers n and N such that n < N, these domains D(n, NYs are independent
of n and N in S.D. M.S.-I.
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PRrROOF. If there is a b,-feasible strategic function £(n, oo ; b,), the strategic func-
tion F(n, N; F(n, o ; b,) is also a b,-feasible strategic function, according to Definitions
4.1 and 4.3. Therefore, we have

5.3) D(n, )< D(n, N).

Furthermore, if there is a b,-feasible strategic function F(n, N; b,), we can also choose
such a b,-feasible strategic function F(n, co;b,) as

G4 F(n, N; byy=F(n, N; F(n, co; b))
holds true according to Definitions 4.1 and 4.3. Hence, we have
(5.5) D(n, N) < D(n, ).

According to (5.3) and (5.5), we have D(n, N)=D(n, ). And, since the stochastic
process {Cy, C,, C,, ---} is a stationary stochastic process in S.D.M.S.-1I, the domain
D(n, o) is independent of n, and the theorem is verified. Q.E.D.

Hence, we have the following
DEFINITION 5.2. We call the domain D0, o0) the “ maximal feasible domain,” and

denote the domain as simple D.
Let us verify that (i) there is the maximal feasible domain D, and that (ii) we can

determine the concrete structure of the set of all D-feasible strategic functions F(n, N;
D), in S.D.M.S.-I. First, let us verify the following :

THEOREM 5.2. In S.D.M.S.-I, if —K/r>b, (> M), there are no b,-feasible strate-
gic function F(0, 00; by), and also no byfeasible strategic function F0, N; by (N=0,
1,2, ).

Proor. If a decision maker has capital money b, and he employs a strategic
function f;(e,) at a time ¢, the following relation

(5.6 Biis(by, fle)+K/r =A+7) - b+ (Co—7) - fulb)+K+K/r
= (1+T) - (b;*}-K/T)—F(Ct—T') 'ft(bt> (t = 0) 1! 2) "') s

is obtained, according to the fundamental stochastic relation (3.6).
Let us assume that b, < —K/r and a strategic function £F(0, o) = { f(e,), 7:(e)),
fz(ez), ...} is a b,feasible strategic function. Then, we have the relation

GY)) Bo(bs, F(0, c0)+-K/r
=) Bt K/ B (L) (Comn) - fiBulby, PO, )
(S:l’ 2: 3: ey Bozbo),

applying the relation (5.6) successively.
And, even if any constant M is assigned, we can choose such an integer n as

the relation
(;.8) A4+r)" b+ K/r) S M+K/r

holds true in the case of b--K/r <0, since we have » >0 from Condition 3.2-(i).
Furthermore, according to Condition 3.1-(iii), we can choose such a positive num-
ber p as
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holds true. And, of course, we have the relation
(5.10) P{f(B)=0]by, FO, )} =1 (t=0,1,2, )

which, in combination of (5.9), yields us
n—1 A P
(5.11) P{Z (4" (Comn) - JUBIZ 01 by PO, 00} = p" >0

with respect to the integer n chosen in (5.8).
Connecting the relations (5.8) and (5.11) with the relation (5.7), we have

(512 P{B, < M|b, < —K/r, F(0, )}
= P{B,+K/r < M+K/r|b,< —K/r, F(0, )}
=p">0.

This relation shows that the strategic function F(0, c0) cannot be any b,-feasible
strategic function in the case of b, < —K/r, and we have a contradiction. Q.E.D.

COROLLARY 5.2.1. In S.D.M.S.~I, if there is a D-feasible strategic function, any
element of the domain D is not smaller than —K/r.

COROLLARY 5.22. In S.D.M.S.-I, if P{B,< —K/r|b, F'(0, N)} >0 at a certain
timet (t=0,1,2, -, N), the strategic function F(n, N) is not b,-feasible.

ProOF. According to the assumption of this corollary, we can choose such two
positive numbers ¢ and § as

(613 P{B,£ —K/r—e|b, F(0, )} >8>0 (0=t=N)

holds true. And by means of the same manner as we have obtained (5.12), we can
choose a positive number v and a positive integer n such that the relation

(5.14) P{Byn < M|b, < —K/r—e, F(0, 00; F@O, N)} >v">0
holds true.

Hence, we have
(5.15) P{Bysn < M|by, FO, co; (0, N} >d-»">0

which shows the strategic function F(0, N) cannot be b,-feasible, (see Fig. 5.1). Q.E.D.
COROLLARY 5.23. We have f(—K/r;b,)=0 (b,=—K/r) with respect to each
t (t=mn,n+1,--, N).
ProOF. According to (3.6), we have

(516) BL.H(bL — —K/?’, ft(et H bn>)+K/r
=47 (= K/ € - K[ b+ K+ K/
=(C,—n) - f(—K/r;by)  (t=n,n+l, -, N).

On the other hand, there is such a positive number § as P{C,—r < —r}>d>0
holds true, from Condition 3.1-(iii). Since the relation B,.,(b;=—K/7, fi(e:; b)+K/r
=(C,—7) - f(—K/r; b,) 20 must be held with probability 1 from Corollary 5.2.2,
f(—K/r) must be equal to 0 according to (5.16). Q.E.D.
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THEOREM 5.3. Let B8 be the constant defined iu Condition 3.1-(iii). In S.D.M.S.-1,
if a strategic function F(0, oo) satisfies the relation

(.17 0 < F(O, 0}y SAH+7) - (e+K/n)/(B+7)
on the domain [ —K/r, o), then we have also
(518) P\ Bz —K/n)|by= —K/r, FO, =)} =1.

PRrROOF. In order to prove this theorem, as the first step, let us verify the following

LemMma 531. In S.D.M.S.-I, we have
(619 P{Bi,, =z —K/r|by= —K/r,0=f(e) =(A+1) - (e, +K/N/(B+1}=1.

ProoF oF LEMMA 531. We have P{—f3<C,<y}=1 from (3.1). Therefore, if
fi(e;) =0, we have

(6.20)  P{L+7) - 0 +K/NF(Co—7) - fulb) Z A+7) - b+ K/1)H(—F—) - fu(b)} =1.
Furthermore, if b,+-K/r=0 and 0= /(b)) < A+7) - (b,+K/r)/(f+7), we have
(.21 A+7)- (bc‘}‘K/r)‘l‘(_AB—r) -fu(b) =0,

since B+r > 0.
Applying the relations (5.20) and (5.21) to the relation (5.6), we can admit the

relation (5.19). LEmMMA 53.1. Q.E.D.
If we apply the mathematical induction to (5.19), we can admit this theorem.
Q.E.D.

COROLLARY 5.3.1. The maximal feasible domain D (defined by Definition 5.2) is
the domain [—K/r, o).

ProOF. According to Corollary 5.2.1 and Theorem 5.3, we can admit this corol-
lary. Q.E.D.
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COROLLARY 53.2. In S.D.M.S.-I, if a strategic function F(n, N) satisfies the
relation

(6.22) 05 F(n, N) S+ - (e+K/n)/(B+7)

on the domain D (defined in Corollary 5.3.2), the steategic function is D-feasible.
COROLLARY 5.3.3. If a strategic function F(n, N) satisfies the relation (5.22), we
have

(5.23) P{ ﬂNi (B> —K/Nb,>—~K/r, F(n, N)} =1.

nT1=tS
The number N may be substituted by oo.

Theorem 5.3 (and Corollary 5.3.2) shows that the relation (5.17) (and (5.22)) is
sufficient condition in order that the strategic function F(0, o) (and F(0, N)) is D-
feasible. Furthermore, let us verify that this condition is also necessary condition.

Now, in the following many cases, we employ the following notation.

(524) ?;[_;_Lié)/? - ht(el) ) H(Tl, ZV) = {hn(en): hn+1(en+1>: Tty nN(eN)}
(e,eD; t=n,n+1, .-, N).

Then, each function h,(e,) is uniquely determined on the domain (—K/7, o) according
to the function f;(¢;). And it is a single valued continuous function on the domain
(—K/r, o) except finite points.

h,(—K/r) may be any finite value since we have f,(—K/r)=0 from Corollary 5.2.3.
However, for the sake of simplicity, let us assume as follows:

(5.25) lim he)=h,(—=K/r) t=0,1,2,-).

eg—»—K|r
Then, h,(e;) is uniquely determined from the function f,(¢,) on the domain D, and it
is a single valued continuous function on that domain except finite points. In what
follows, let us denote as fe ; D)/(e,+K/r)=h,e,; D), and denote as H(n, N; D)
= {h(en; D), hyai(ensy; D), -, hy(ey; D)}. Then, we have the relation
(5.26) 0< H(n, N; D)y A-+0)/(B+7)

from (5.22) and (5.24).
Furthermore, applying the relation (5.24) to (3.6), we have a fundamental stochastic
relation

(G27) By t+K/r=0A+K/1) A+r+(Co—1)- h(b)) (b= —K/r, t=0,1,2, ).
And if b, = D, we have the following stochastic relation

(5.28) By(bn, F(n, N; D)+ K/r

= GutK/7) - TLA+7+(Co=1) - h(Bulba, F(, N; D; DY)

(t=n+1, n+2, .-, N+1),
applying (5.27) successively.
Now, we have the following
THEOREM 5.4. Let F(0, o) be the set of all strategic functions F(0, oo)'s which
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satisfy the relation (5.17) on the domain D. Then, we have
(5.29) (0, ) =F(0, oo ; D).

ProOF. We have §(0, )= F0, co; D) from Theorem 53. Let us verify the
relation (0, co) 2 F(0, co; D).

First, let a strategic function F£(0, oo)z{fo(eo),fl(el),fz(ez),--~} be a strategic
function which does not belong to F(0, ). Then, there is a time t at which (i) the
relation 0= F(0, t—1; F(0, ) L A+7) - (e+K/r)/(f+7) holds true on the domain D,
and (ii) we can choose such a number b, in the domain D as the relation
(5:30) Fib)> A+n)- b+ K/n/(B+7)
holds true.

Now, we have the following

LEMMA 54.1. In S.D.M.S-I, if b,e D and fu(b)> (1+7)- (b-+K/r)/(B+7), we
can choose such a positive number 8, and two numbers b’ and b” as —K/r <b' < b, < b”
and the relation

(5.31) P{Bu, < —K/r|b’ <b,<b", fi(e)} > 8,>0

holds true with vespect to any b, in the domain [b’, b”), (see Fig. 5.2).
PRrROOF OF LEMMA 5.4.1.

b, | - By, (b, ft(er))

——K/?’ S

~- 4
t ~< /> 3,
~
\\
1

-

Fig. 5.2.

The function ﬁ(et) is a continuous function on the domain D except finite points,
due to Condition 3.2-(ii). Therefore, if the assumption of this lemma is true, we can
choose a positive number ¢ and two numbers 5’ and b” so that (i) —K/r<b' <b,<b”
may hold, and (ii) the function f,(¢,) may be continuous in the domain [b/, b7), and
(iii) the relation

(5:32) - Fib) > Q41 - b+ K/r)/(B+r—e) =0
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may hold true with respect to any b, in the domain [¥’, b”), (see Fig. 5.3). Hence,
we have

fuled

A41) - (e,+-K/r)
B+r—e

A1) - (e +K/1)

pr
—K/r bbb K
Fig. 5.3.
(5.33) A7) - (by+K/D)+(—p—r+e) - fulb) <0

with respect to any b, in the domain [/, b”).
Furthermore, if we assign the positive number ¢ employed in (5.33), there is a
positive number §, such that the relation P{C, < —fS+=¢}>d,>0 holds true, due to

7
/
/s
Ve
// b
// o N.ﬂ,;{/ Bl(bov F(O’ t_'l; F(Or CC)))
Ve oI -
yd b’ Wiz
Ve
7/
/
/ ///
V2 -
V4 ///
Vv —
// -
b
—K/r
0 t

Fig. 5A4.
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Condition 3.1-(ii). Therefore, we have
(5.39) P{A+7) - (be+K/P)+(Co—7) - [u(be)
S A+D) - (bt K/ND+(—B—r+e) - fub)} > 6, >0

with respect to any b, in the domain D (and also in the domain [/, b")).
Connecting (5.33) and (5.34) with (5.6), we have (5.31). LemMa 54.1. Q.E.D.
LEMMA 5.4.2. If we assign any two numbers b’ and b” (b’ <b”) in the domain D,

we can choose such a positive number 8, and a number b, as the relation

(5.35) P{b’ < B, < b"1b,, FO, t—1; F(0, o)} >8,>0

holds true, (see Fig. 5.4).
ProOF OF LEMMA 5.4.2. Applying the notation (5.24) to the strategic function

F(0, t—1; F(0, oo)), let us denote as follows:

fs(es) = (€s+K/7’) : ﬁs(%) ’ (5 - Or 1) 2! R t_l)
(5.36) . R R n
H(O, t—1) = {hy(ey), hy(ey), -+, he-r(e-1)} -

Now, since the assumption (5.25) is employed, we have
P{ N (B+K/r=z0)|by+K/r 20,0 FO,t—1; F(0, 00) S (A141)-(e+K/N/(B+1)}
1ss=t
(5.37
=P{ N (BoAK/r=0)|b+K/r=0,0< HO, t—-1) S A+1/(B+n} =1,
158t
according to the definition of the functions F(0, t—1; F(0, «)) and FI(O, t—1). There-
fore, if we apply the functions F(n, N; F(0, c0)) and ﬁ(O, t—1) in (5.28), we have
Py s—1 A s
(5.38)  By(by, HO, t—1))+K/r = (by+K/7) - [{] (I47r+(Ci—1) - hi(By(by, H(O, t—1)))
(S—'_—l, 2, ttt t; Bozbl])'

Hence, we can see that if a vector C = {¢,, ¢, -+, ¢,_,} is assigned, ¢, is determined
by e, through the following recurring relation

s$—1 A
(.39 es+K/r=(e,+K/r)- ':1:](:’(1+T+(Ci_r) ~hie))  (s=L2,--,0),
and ¢, can be recognized as a function of e, on the domain D. For the sake of
simplicity, let us denote the function of ¢, as
(5.40) e, =Ciey; C, HO, t—1)).

Then, we have the following :

LEMMA 54.2-1. If —B<C<y, the function e,={, (e,; C, ﬁ(O, t—1)) is a contin-
uous function of e, on the domain D.

Proor orF LEMMA 5.4.2-1. According to (5.39), we have a function of e,

(54D e, = (e +K/1) - (L+7-+(co—1) - h(e)—K/r (e D),

which is continuous on the domain D, since we have —f8<c¢, <y and 0= ﬁo(eo)
=< (@A+r/(B+r) on that domain.
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Next, let us assume that (i) the function ¢, defined by (5.40) is a continuous
function of e, on the domain D, and (ii) the domain of ¢, is also D. Then, according
to (5.39), we have

(542) €541 = (es+K/r) : (1+T+(Cx—-7’) : ﬁs(ex))—K/T .

We can admit that (i) e,,, is a continuous function of ¢, on the domain D and also
it is a continuous function of ¢, on the domain D, and (ii) the domain of e, is D.
Applying the mathematical induction, we can admit this lemma.
LEmMMA 54.2-1. Q.E.D.
Next, let us employ the following
DEFINITION 5.3. Let {C; by, b, ﬁ(O, t—1)} be a set of all vectors C's so that the
relation {,(b,; C, I:I(O, t—1)=0b, holds true for assigned b, b, and ﬁ(O, t—1). And let
(C; by, D, HO, t—1)} be a set U (€ by, by, HQ©, t—1)} defined for assigned b, (a domain)

¢=D

D and (the fnnction) ﬁ(O, t—1). That is, we may also define as follows.
{C; by, by HO, t—1)} = {C; Llbo; €, HO, t—1)=1b,} ,

(543) . )
{C; by, D, HQO, t—1)} = {C; by ; €, H(O, t—1)) € D} .

Then, we have the following
LEMMA 5.4.2-2. Let % be the set of all rational numbers which are not smaller
than —K/r. If D, is an open sub-set of D, then we have

(5.44) U {C; b, Dy, HO, t—1)} = U {C; b, D,, H(QO, t—1)} .
R »=D

ProOOF OF LEMMA 5.4.2-2. [t is easy to see that the following relation is true.

(5.45) U {C; b, Dy, HQO, t—1)} € \U {C; b, Dy, H(QO, t—1)} .
R

b=D

Therefore, let us verify the following relation.

(5.46) U {C; b, D,, HQO, t—1)} 2 U {C; b, D,, A©, t—1)} .
R »=D

Let b, be any element of D, and let ¢ be any assigned element of the set
{C; b, D,, HO, t—1)}. Then, according to Definition 5.3, we have

(5AT) Cby; €, A, t—1))=b, & D,.
Since D, is an open set, we can choose such a positive number ¢ as may cause
any ¢; in the domain (b,—¢, b,+¢) to be an element of D, (see Fig. 5.5).
Furthermore, since the function ez:(;(eﬂ;é‘, ﬁ(O, t—1)) is a continuous function

of ¢, on the domain D from Lemma 5.4.2-1, we can choose a positive number § so
that the relation

(5.48) 1C(bo; €, HO, t—1)—Lu(e,; €, HQO, t—1)| = |b)—e,| <&

holds true on the domain D {e,; |b,—e,| <3}. We can choose a rational number R
in the set D\ {e,; |b,—e,] <6}, and we have CL(R;(:‘, ﬁ(O, t—1) e D,, (see Fig. 5.5).
That is, we have
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(5.49) U AC; b, Do, HO, t—1)} 2 {C; by, Do, HO, 1-1))
R
with respect to any assigned b, in the domain D. Hence we have also
(5.50) U {C; b, Dy, O, t—1)} 2 U {C; b, D, H(O, t—1)} .
e v=D

According to (5.45) and (5.50), we can admit this lemma. LEMMA 54.2-2. Q.E.D.

LEMMA 5.4.2-3. Let b/, b”, 5" and b” be any four numbers such that —K/r <b’ <b”
<b' <b”. And let D, and D, be two domains (b', b”) and [b’, b”), respectively. Then,
we have

(5.51) (C; b, Dy, HO, t—DYS U {C; b, Dy, HQO, t—1)}

bSRNL—~K/7,by"]

7 e, = (e, é, ﬁ(O, i—1))
4= P —————— ===
|
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!
_L.___E/ _____________ e
|
i
-!-___bll _______________ Jl_ ________
D n |
Lo__p I ~,+ _______ U,
! |
|
—K/r } | e
—K/r b by
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with respect to any b} in the domain D, (see Fig. 5.6).

PROOF OF LEMMA 5.4.2-3. Let C be any element of the set {C; b}, D, ﬁ(O, t—1)},
then we have ¢,(0); C, ﬁ(O, t—1)) € D, according to Definition 5.3..

Now, since (i) we have &(—K/r:C, ﬁ(O, t—1))= —K/r due to the definition of
the function ¢, defined by (5.40) in Combination with (5.39), and (ii) the function
ey C, ﬁ(O, {—1)) is a continuous function of ¢, on the domain D according to Lemma
54.2-1, then we can choose a number b in the domain [—K/r, b)] so that ,(b;
¢, Ao, t—1)) e D, holds true, (see Fig. 5.6).

Therefore, we have

(5:52) (€50, Dy HO, t=DYS U {C;b, Dy, HO, t—1)} .

b=DN[- K/r,by’]

Due to this relation (5.52) and Lemma 5.4.2-2, we can admit the relation (5.51),
since the domain D, is an open interval in the domain D). @ LemMA 54.2-3. Q.E.D.

Next, let m{C; b, D, ﬁ(O, t—1)} be the probability measure of a set {C;
b, D, H(0, t—1)}, then, the probability measure is equal to P{B,(b,, H(0, t—1) < D}.
If we put a domain (b, b”) (C D) as D,, we have

(5.53) m{C; by, Do, H(O, t—1)} = P{b’ < B, < b" | b,, H(0, t—1)}
hence, we have the following :
LEMMA 54.2-4. Let v/, b", 6’ and b” be any four numbers in the domain D so that
b’ < b” b’ <b”, and let D, and D, may be two domains (b’, b”) and [5’, b"), respectively.
If there is a number b), in the domain D so that
(5.54) m{C; b}, D,, HQO, t—1)} >0,
there is also a rational number b, so that —K/r <b,< b} and
(5.55) m{C; by, Dy, H(O, t—1)} >0
holds true, (see Fig. 5.7).

T B, B, t—1))
WEZ__ ~
\\\\\\\\\ b/
- — - b//
T D, V> 02 By(b,, H(O, t—1))
N S
\\\\\\\\ b’
—K/r
0 t

Fig. 5.7.
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PrOOF OF LEMMA 5.4.2-4.

According to Lemma 5.4.2-3 and the relation (5.54), we have a relation
(5.56) 0<m{C; by D, AO, t—=D}y<m[___\J  {C; b, D, HO, t=1)}].

bERNI-K/rbo']

Since the set of rational numbers ®t N\[—K/r, b;] is a denumerable set, let us
denote the set by an infinite sequence of rational numbers {R,, R,, R;, :--}. Then,
we have

G5 0<ml U {C; b, Dy HO, t—D}I= £ m{C; Ru, Do, HO, =)} .

bERNL—K/7:b0']
That is, we can choose, at least, a rational number R, so that m{C; R;, D,, ﬁ(O, -1}
> 0. Putting as b,=R,;, we can admit this lemma. LEmMMA 54.2-4. Q.E.D.

LEMMA 5.4.2-5. If b’ is any assigned number so that b’ > —K/r, there are two

numbers by (> —K/r) and b” (>0b") so that the following relation holds true, (see
Fig. 5.8).

(5.58) P{b’ < B, < 5" b}, H(0, t—1)} > 0.

PrOOF OF LEMMA 5.4.2-5.

’5//
- - % B.(b,, H(0, 1—1))
b} - bt
—K/r
0 t
Fig. 5.8.
We have the relation
(5.59) P{ N (B,z—K/n\be D, HO, t—1)} =1
0=s=t-—-1

according to Theorem 5.3 and the definition of the function ﬁ(O, t—1). Therefore,
we have also

G.60) P( N O=h(B)=A+n/@E+r)Ibe D, HO, - =1.
Hence, we have
(5.61) P{l4r < 14+7+(C—7) - h(B)|bo = —K/7, H(O, t—1)}
= P{0=<(C,—7) - h(B)|bo= —K/r, HQ, t—1)}
= P{C,—7> 0} - P{O< A(B)|b,= —K/r, HQ, t—D} = p
(s=0,1,2,..-,t-1),
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from (5.60) in combination with Conditions 3.1-(ii) and 3.2-(1). Applying (5.61) to the
relation (5.38), we have

(5.62) P{(by+K/r)- A+r) = B+ K/rby = —K/r, HO, 1—1)} Z 1> 0.

If we choose a number b, (> —K/r) so that (bj--K/r) - (1--r)=5'+K/r, and a suf-
ficiently large number 57, then we have

(5.63) P{b'"+K/r<B.+K/r<b"+K/r} = P{§' < B, <b"|b}, HO, t—1)} >0

which verifies this lemma is true. LEMMA 54.2-5. Q.E.D.

Now, let b’ and b” be any two numbers so that —K/r<b’'<b”. If we choose
:a number 5’ larger than b7, and choose a sufficiently large number 5”, then we can
-choose a number b} (> —K/r) so that (5.58) holds true, according to Lemma 5.4.2-5.
Therefore, we can choose a rational number b, and a positive number §, so that
the relation —K/r < b,< b, and the relation

{5.64) P{b’ < B, <b"|b,, F0, t—1; F(0, c0)}
= P{b’ < B, < b”|b,, HO, t—1)} > d,> 0
Thold true, according to Lemma 5.4.2-4, (see Fig. 5.9). Lemma 54.2. Q.E.D.
b”| >0
Y » B,(b;, F(O, t—1: F(0, oo))

T by > 0. > 0

LY Biby, FO, t—1; RO, o))

—K/r

Fig. 59.

Lemmas 5.4.1 and 5.4.2 show that we can choose a number b, in the domain D
-and two positive numbers ¢, and g, so that the relation

«5.65) P{B.s, < —K/r|b,, F(0, o)}
> min P{B., < —K/r|b. fi(e)}

b =bp=b/
- P{b’ £ B, < b"|b,, F(0, t—1; F(0, )} =, -0,
“holds true. That is, we can admit that if £(0, co) & (0, o), then we have also £(0, <o)

& ¥(0, oo ; D), according to Corollary 5.2.2. Hence, we have the relation (0, co)
2%, co; D), and we can admit this theorem due to Theorem 5.3.

THEOREM 54. Q.E.D.
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§6. Simplification of the Stochastic Dynamic Programming in S.D. M. S.-1

In order to evade difficulties in derivation and calculation of the (b,, &)-optimal
strategic function on the basis of the relation (4.5) in S.D. M. S.-1, the sets §(n, N; D)’s
(n=0,1,2,--,N; N=0,1,2,---) will play an important role. Furthermore, let us
prepare the following definitions.

DEFINITION 6.1. In S.D.M.S.-I, if (i) a (b, &)-criterion functional U(F(n, N; D);
b., £) is finite or negative infinite on §(n, N; D), and a strategic function F(n, N; D)
maximizes the (b,, &)-criterion functional UFm, N; D); b, &) in §(n, N; D), then tne
strategic function F(n, N; D) is called “(D; by, &-optimal.”

A (D; b,, &)-optimal strategic function is denoted by F*(n, N; D; b,, &), and the
set of all (D} b,, &)-optimal strategic function is denoted by §*(n, N; D; by, &).

DErFINITION 6.2. In S.D.M.S.-I, if (i) a(B,, &-criterion functional E {U(F(n, N;

T

D; B,, &)} (where D(B,)< D) is finite or negative infinite on ¥(n, N; D), and (ii) a
strategic function F(n, N; D) maximizes the (B,, £)-criterion functional E{U(F(n, N;
Dy; B,, &)} in §(u, N; D), then the strategic function F(n, N; D) is called’v"‘L (D; B, &)-
optimal.”

In what follows, a (D ; B,, &£)-optimal strategic function is denoted by F#*(n, N; D;
B,, &), and the set of all (D; B,, £)-optimal strategic functions is denoted by §*(n, N;
D; By, &).

DEFINITION 63. An element of the set N\ §*(n, N; D; by, &) is called “(D; D, &)-
optimal.” P

In what follows, a (D; D, £)-optimal strategic function is denoted by F*(n, N; D;
D, &) and the set . OD%*(n, N; D; by, & is also denoted by §*(n, N; D; D, &).

Hence, we shalnl verify the following two propositions.

(A) Ifthereisa (D; D, &-optimal strategic function F*(0, N; D; D, &), the strate-
gic function is also a (b,, &)-optimal strategic function F*(0, N; b,, £), with respect to
any b, in the domain D.

(B) There is a (D; D, &)-optimal strategic function F*(0, N; D; D, &) if the utility
function & satisfies the following.

ASSUMPTION 6.1. At each time n(n=0,1,2,---, N), if a decision maker has any
amount of capital money b, in the domain D and he assign a last time of programming
N (N=n, n+1, n+2, ---), then

(@) the (b,, &)-critevion functional U(F(n, N; b,); by, £) is finite or negative infinite
on F(n, N; by, and

(b) there is a strategic function E(n, N: b,) which maximizes the (by, &)-criterion
Sunctional U(F(n, N; by); ba, &) in §(m, N; by) and by which the value U(F(n, N; b,);
b, &) is a finite value.

Assumption 6.1 is a fundamental condition in order that we can obtain a (b, &)-
optimal strategic function in S.D.M. S.-1 on the basis of the stochastic relation (4.5).
Therefore, if we verify the above two propositions (A) and (B), the stochastic dynamic
programming in S.D.M. S.-1 is completed on the theoretical part, by making only a
(D; D, &)-optimal strategic function F*(0, N; D; D, &).



On the Stochastic Dynamic Programming in a Stochastic System 37

First, let us verify the following

THEOREM 6.1. [f thereis a (D; D, &)-optimal strategic function F¥*(n, N; D; D, &)
in S.D.M.S.-I, the strategic function is also a (b, &)--optimal strategic function
F*(n, N; by, &), on any b, in the domain D, and we have
(6.1) UF*(n, N; D; D, €); by, £)=UF*(n, N; bn, &) bny 3).

PrROOF. We have the following relations

6.2) ¥, N; D; D, &) <*(n, N; D ; by, € (b, = D)
and
6.3 UF*n, N; D; D, €); b,y &)=UFE*0, N; D; by 8); 00, 8 (bue D),

due to Definitions 6.1 and 6.3.

Furthermore, we have the following

LEMMA 6.1.1. If there is a (D; b,, &)-optimal strategic function F*(n, N; D; b,, &)
in S.D.M.S.-I on a b, in the domain D, then the strategic function is also a (bn, £)-
optimal strategic function F*(n, N; b,, &), that is, we have the relations

(6.4) F*(n, N; D; by, &) S§*(n, N by, & (b, = D)
and
(6.5) UWFE*, N; D; by, €); by, E)=UF*, N; by, £); b, 8) (b D).

PrROOF OF LEMMA 6.1.1. Let b, be any assigned element of D, and let us choose
any (D ; by, £)-optimal strategic function F*(n, N; D ; b,, ) and any b,-feasible strategic
function F(n, N;b,). Furthermore, let f¥(e;; D; b, &) and file,; b,) (n<t<N) be
component functions at the time ¢ of the strategic functions F#(n, N; D; b,, & and
F(n, N; b,), respectively. Then, we can produce a strategic function E(n, N)={/.(en),
fn-l-l(en-!-l): ’f‘N<€‘V)} so that

o L, Je)
fEe; D; b, 8 ///// k\
SOV

DBy .sh F(1, N5 b))

N+1
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(1) Jue)=/ec; by if e D(Bilba F(n, N; b)) ~
() fule)=rf¥e.; D; b, & if e, & DBub,, F(n, N; b))~ D,
(t=mn,n+1,--, N), (see Fig. 6.1).0
Of course, (i) we have
(6.6) UF(n, N); by, &) =UF 1, N; byp); by, &)
according to the definition of the strategic function F(n, N), and (ii) we have
6.7) UF*01, N; D; by, &); by, &)= UE(, N); by, &)
since the strategic function F'(n, N) is also D-feasible. Hence we have
(6.3) UF*(n, N D bny &) 5 by, & Z UFEM, N; by); by, &)
with respect to any F(n, N; b,) in §(n, N; b,).
Since F(n, N; D) S F(n, N; b,), we can admit this lemma due to (6.8).
LEmMMmA 6.1.1. Q.E.D.
Relations (6.2) through (6.5) show this theorem is true. THEOREM 6.1. Q.E.D.
Our next problem is to verify that there is a (D; D, £)-optimal strategic function
under Assumption 6.1. First, let us verify the following:
THEOREM 6.2. Let B, be a stochastic variable so that D(B,)S D. If there is a
(D; D, &)-optimal strategic function F*(n, N; D; D, &), the strategic function is also
(D; B,, &-optimal in S.D. M.S.~I, and we have

6.9) E{UF*n,N;D; D, &); By, &)}y = E{UF*(n, N; D; B, &); By, &)} .

ProOOF. We have

(6.10) E{UWF*n,N;D; D, &; B, &)}

jl [J(F*(?’l, ]V; E; D; 5); €ny E) ° vn(en) N den

D(Bp}

; j U(F(?’l, N; E): €n, E) ° 7]71(@72) " den

D(By)

=E {UF@n, N; D); B, &)}
n

with respect to any strategic function F(n, N; D) in §(n, N; D). That is, we can
admit this theorem. Q.E.D.

Next, we have the following

THEOREM 6.3. In S.D.M.S.-1, if a utility function &(e) satisfies Assumption 6.1,
there is a (D ; D, &)-optimal strategic function F*(n, N; D; D, &), with respect to any
assigned non-negative two integers n and N so that n < N.

ProOF. In order to prove this theorem, as the first step, let us verify the
following

1) These strategic functions f;(e)’s ({=n, n+1, n+2, -, N) may be discontinuous at finite
points in the domain D. However, such discontinuity of the strategic functionsf;(et) ’s is admitted
in S.D.M.S.-1I, by Condition 3.2-(ii).
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LEMMA 6.3.1. In S.D.M.S.-I, if a utility function &(e) satisfies Assumption 6.1,
there is a (D; b, &)-optimal strategic function F*(n, N; D; b,, &), with respect to any
assigned b, in the domain D and any assigned integers n and N n=0,1,2, -, N;
N=0,1,2,-).

PrROOF OF LEMMA 6.3.1. Let F(n, N; D) be any assigned D-feasible strategic
function and let F*(n, N; b,, &) be any (b,, £)-optimal strategic function which can be
chosen due to Assumption 6.1. And let f¥(e;; b,, &) (n <t < N) be component function
at the time t of the strategic function F*(n, N; b,, £&). Then, we can make a strategic
function F(n’ N) = {fn(en): fn+1(en+1)r :]?N(eN)} so that

(i) file)=S¥e; b, &) if e, € D(By(ba, F¥(n, N; by, £))) and

(ii) ft(et):ft(et; D) it e, € D(By(by, F*(n, N; by, )N D, (t=n,n41,., N),

S b, &) ////’{
Se; Dy ’

S¥e,; by, &)
Jley; E) AN

N
N

Of course, (i) if b, = D, we have

(6.11) UF(n, N); by, &) =UWF*(n, N; by, &) 5 bn, &),

and (ii) the strategic function F'(n, N) is a D-feasible strategic function due to the
definition of it.

Since F(n, N; D) S F(n, N; b,), the strategic function £(n, N)is a (D; b, £)-optimal
strategic function. LEMMA 63.1. Q.E.D.

Now, let f¥(e;; D; by, €) be the component function at the time s of a (D; b, &)-
optimal strategic function F*(n, N; D; b,, £). And let us prove the theorem by means
of the backward mathematical induction.

(A) Let us consider the case of n=N.

If we assign any by in the domain D, we can choose a (D; by, £)-optimal strategic
function f#(ey; D; by, &) according to Lemma 6.3.1. Therefore, we can also choose
such a strategic function fN(eN; D) as may cause the relation

(612) Flby; DY=F¥by; D; by, &)

to be satisfied with respect to each by in the domain D, (see Fig. 6.3).
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fiey; D; oy, 9
_ fx(e‘v ; 5)
f¥ex; D; by, &)
I
1
|
S¥ey; D; by, &) !
|
| |
| |
|
| |
| |
| |
{ [
I ! [
I ! [
| | |
| |

I | ‘

l L ' [

—K/r by b7 by
Fig. 6.3.

Then, we have
(6.13) U(fylen; D); by, & =U(fx(by; D); by, &
=U(f¥by; D; by, &); by, &)

=U(f¥ey; D; by, &); by, &),
and therefore, we have

(6.14) fu(en; DYeF*N, N; D; by, &)

with respect to any by in the domain J. Hence, we have

(6.15) fulen; D) € ﬂu%*(N, N;D;by, &)=%(N,N; D; D, &
NE

which shows this theorem is true in the case of n=N.

(B) Next, let us assume (i) the utility function £(e¢) satisfies Assumption 6.1,
and (ii) there are (D; D, &)-optimal strategic functions F¥(N, N; D; D, &), F¥(N—1, N;
D;D, &, ,F*¥s+1,N; D; D, &).

If we assign any b, in the domain D, we can choose a (D ; b,, &)-optimal strategic
function F*(s, N; D; b, £€) on the basis of Lemma 6.3.1. If we apply the principle of
optimality in dynamic programming, in connection with (4.5), on the basis of the
result of Theorem 6.2, we have the relation

(6.16)  UF*s, N; D; b, €); by, &)
= rnax_) U(F(S, ]\’T; E): bn S)

F(s,N; D,

-1 . Iy
- Nﬁs_&_l f:gf:)g) [U<fs(es: D) ] bs: E)
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-—{—(]V—-S) : xrn1a’3'c 5 E {U(F(S+1r ZV; D_): Bs+1l E)Ibsrfs(es; D-)}]

F( NiD) np

— ;,,.,‘1‘_,,, . SN - £
- A/'——SJrl fi&i%) [U(fx(es 3 D) 3 bss S

FN=—n)- E {UF*(s+1, N; D; D, £); By, )b, files; DT,

Tn+1

with respect to each b, in the domain D.
If we assign any b, in the domain D, we can choose a function f¥(e,; D; b, &)
which maximizes the (b;, &)-criterion functional U(F(s, N; D); b, &) in (6.16). Hence,
we can also make such a function fy(e,; D) as may cause the relation
(617) fbs; DY=f¥0b; D; by &
to be satisfied with respect to each b, in the domain D (see Fig. 6.3).
Let F(s, N; D) be a strategic function composed of the strategic functions f(e,; D)
and F*(s+1,N; D; D, &), i.e. {f{es; D), F¥(s+1,N; D; D, &)}. Then, we have
(6.18)  UF(s, N; Dy; by £)=U({fs(es; D), F¥(s+1, N; D; D, 9} ; b, &)
=U({fbs; D), F¥(s+1,N; D; D, &)} ; by, &)
=U({[¥bs; D; by, &), F*(s+1, N; D; D, &)} ; by, &)
=U({f¥es; D; by, &), F*(s+1, N; D; D, &)} ; by, &)
=UWF*(s, N; D; by, &) b, &)

from (6.17). And we have

(6.19) F(s, N; D)= {f(e;; D), F¥(s+1,N; D; D, &)} e §*(s, N; D; b,, &

with respect to any &, in the domain D. That is, we have

(6.20) F(s, N;Dye N§*(s, N3 D; by =%, N; D; D, 8).
"=

According to the above conclusions (A) and (B), we can admit this theorem is true.

Q.E.D.

Now, we can conduct the stochastic dynamic programming by means of the
forward working algorithm on the basis of the following relation:

(621) E{UF*n, N;D;D,¢&); B, &)}
n

= max_E {UFn, N; D); B,, &)}

F(n,N; D)

1 . iy . ~
= N—nil max J;Z[U(fn(en ;D)5 Bu &)

+(N—n)- e max _E {UF®+1, N; D); By, &)\ By, fo(en; D)}

n+1,N; D) Tp-1

= N—n+l 2% En[U(fn(en ;D); B, &

—i‘(N_n) -E {U(F*(7l+l; 1\7; D; D: E); Bn+1! E)IBm f‘n(en; D)}]

Vn+1
n=0,1,2,--,N; By=b,),
in place of the relation (4.5).
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§7. A Reasonable Utility Function in S. D. M. S.-1

In order to complete concretely the stochastic dynamic programming on the basis
of definitions 4.6 and 4.7, it is necessary to choose a reasonable utility function & in
S.D.M.S.-1. For this purpose, let us employ the following three assumptions as the
basic attitude in our stochastic dynamic programming.?

AssUMPTION 7.1. (i) A utility function & is a monotonously increasing and dif-
ferentiable function on the domain (—K/r, co).

(1i) If there is the limitation lim &(e), the limitation is equal to E(—K/r).

e—»—K/r
ASSUMPTION 7.2. Let Fy(n, N; D) be a special D-feasible strategic function so

that Fyn, N; D)~0, and let us put as U(N—n-+1,b,; &) =UFn, N; D; by, &). Then,
U(N—n+1,b,; &) is a constant, and it is independent of b, larger than —K/r and of
non-negative integers N and n so that n < N. That is, we can denote as U(N—n-+1,
by &) =U&)-

ASSUMPTION 7.3. If any common probability density function of the stochastic
variables Cys (1=0,1,2,-), i.e. ¢, which satisfies Conditions 3.1-(ii) and 3.1-(iii), is
assigned, then, with respect to the probability density function,

(i) the (by, &)-criterion functional UFm, N; D); b,, &) is finite or negative infinite
on §Fn, N; D) in the case of b,= —K/r, and

(i) there is a (D; D, &)-optimal strategic function F*(n, N;D; D, &), and the
value UF*(n, N;D; D, &); b, & is a constant, independently of any non-negative
integers n and N so that n < N and of any b, larger than —K/r.

In Assumptions 7.2 and 7.3, there are not conditions in the case of b,=—K/r.
However, if b,= —K/r, we have f,(b,; D)=0 and also we have B,,,(b,, F(n, N; D))
=b,—K/r, according to Corollary 5.2.3 and the relation (3.6). Hence, if b, =—K/7,
we have

fn(bn; D_):fn-m(bn-m; E): :fN(bN; D—):O
(7.1)
P{ N (Bi=b)|by=—K/r,F(n, N; D)} =1, UF(n, N;D); b, £=0,

n+1S8EN 1

with respect to any D-feasible strategic function F(n, N; D) and any (b,, &)-criterion
functional. Therefore, it is not necessary to choose a (D; D, &)-optimal strategic
function in case of b,=—K/r.

Now, Assumption 7.1 is agreed to be reasonable and necessary in general economic
fields.

Assumptions 7.2 and 7.3 may be recognized to be reasonable from a point of view
of the 3rd approach in Section 1, since these Assumptions reflect the following actual

1) The following assumptions are employed according to a point of view of the 3rd approach
in Section 1, on the basis of our intuition. All of these assumptions are not always necessary
and there are overlapping parts in these assumptions. More arranged assumptions are shown
in the end of this section.

2) Actual manner of making a utility function on the basis of Assumptions 7.2. and 7.3 is
different from the manner of Charns, Dreze and Miller {5]. But, the fundamental concept of
Assumptions 7.2 and 7.3 coincides with their concept on the third approach stated in Section 1.
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economic situations.

It is commonly agreed that even if we employ a reasonable strategic function
through infinite future, (i) the more remote the truncated last time of multi-stage
stochastic strategy-making, the larger the probability by which the reasonable
strategic function will produce a large profit, and (ii) the greater the initial capital
money, also the larger the probability by which the reasonable strategic function
will produce a large profit. Hence, it seems reasonable, from the point of view of
the 3rd approach in Section 1, to measure the degree of effectiveness of the strategic
functions Fy(n, N; D) and F*(n, N; D; D, &) to be independent of b, and N—n-+1. If
U(Fsn, N; D); by, &) or UF*(n, N; D; D, &); b,, &) is subject to the length of period
of programming N—n+-1 or the initial condition b,, the (b,, §)-criterion functional
UF(n, N; D); by, & on §(n, N; D) confuses the effectiveness of the activity due to
the length of period of programming N—n-1 or due to the initial condition b, with
the effectiveness of the strategic function Fyn, N; D) or F*(n, N;D; D, &) itself,
respectively.

Now, let us search a utility function which satisfies Assumptions 7.1 through 7.3.

First, we have the following :

THEOREM 7.1. If a utility function £ satisfies Assumptions 7.1 and 7.2 in S.D. M.S.-
I, the utility function is denoted by

(7.2) £(e)= A - log (e K/r)+S(log (e+K/)+L  (e> —K/7).

Where, A 1s a positive constant, and L is any constant, and S(u) is a differentiable
periodic function which has a periodic time log (1+7) and satisfies the following
relation :
7.3 A+S'(log (e+K/r)) >0 (e>—K/r).

ProoF. If we admit Assumption 7.2 and employ a special D-feasible strategic
function Fy(n, N; D) so that Fy(n, N; D)~0, we have
7.4 Uy

= Nt LE {EByal b P, N D)} —E0)]
N1

E(OutK/r) - TLA+r+HCom) - BBy, Fin, N3 D); D)—K/r ) =50
= N—n-+1 i -

_ E(bntE/r) - A+N " — K /1) —E(bn)
N—n—+1 ’

(bn > —-K/?’) ’

due to (5.28).

Now, for the sake of simplicity, in some cases, let us employ the following
notations.

(7.5 et+K/r=¢, Ee)=Eiet+K/N=E@), A=Uf&/log(l+7r).
Then, we have

(7.6) N=n+1) - Ug&)=€@bn- A+ =8B (6,>0)
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from (7.4). Let us express the function £@) by the form
7.7 (@)=A-loge+S@+L  @>0)
with the constant A (defined in (7.5)) and any constant L and a suitable function
S(@). If we apply the function (7.7) to the relation (7.6) in combination with (7.5),
we have the relation
(7.8) (N—n-+1)- Uy&)

= A-log by - A4+ )48, - A+n)V-")— A - log (B)— S

=A-(N—n-+1)-log A+7)+5@, - A+r)¥—5@,)

=(N—n+1) - Uy@®+5E, - A+1)¥1—-50,), (6,>0).
Therefore, the function S() (@>0) in (7.7) must satisfy the following relation.
(7.9) S@-A+r¥r—S@)=0 (@>0).
Let us employ the following transformation.
(7.10) logz=u, S() =S®ogz)=Su).
Then, we have
7.11) S(log 4+ (N—n+1)-log (1-+-r))—S(log &)

=Su+(N—n+1) log 1+r))—Sw)=0

from (7.9) in combination with (7.10). Therefore, the function S(x) in (7.10) has a
periodic time (N—n+1)-log (1+7). And, since the relation (7.9) must be held with
respect to any non-negative integers n and N so that # < N according to Assump-
tion 7.2, the function S(x) must have the minimum periodic time log (1+4-7).

Therefore, if a function S(u) is a differentiable periodic function which has a
periodic time log (1--7), the function

(7.12) S@) = Slog &)

is a solution of the functional equation (7.9).
If we substitute the relation (7.12) for (7.7), we have

(7.13) E(e)=£E@)= A-log¢+S(log o)L = A-log (e+K/r)+S(log (e+K/r)+L

with a differentiable periodic function S(x) which has a periodic time log (1+7).
Now, we have £'(¢) >0 from Assumption 7.1. Therefore, it is necessary to hold
the following relation

(7.19) (e+K/r)- &'(e)= A+S'(log (e--K/r)) >0 (e>—K/r).

Furthermore, we have A=U&)/log (1+r) >0, since U,€) is positive according to
the definition (7.4) in combination with Assumption 7.1, and log (1-+r) must be positive
due to assumption » >0 in Condition 3.2-(i). Q.E.D.

Next, we have the following :

THEOREM 7.2. If (i) e utility function & satisfies Assumptions 7.1 through 7.3 in
S.D. M. S.-I, and (ii) a number h* produced by the relation
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(7.15) max E{log (147+(C—7) - b)} = E{log 1+7r4(C—7r) - A*)}

0=h=a ¢ ¢

s positive,” then the utility function is denoted as
(7.16) E(e)=A-log(e+K/r)+L (e>—K/r),

where a=QA+r)/(8+47), and A is a positive number,” and L is any constant.

PROOF. As the first step, let us verify the following

LEMMA 7.21. In S.D.M.S.-I, if we employ a utility function (7.16), then (i) the
value UF*0, N; D; D, &); by, &) (by> —K/7) is a constant P* which is independent of
b, and N, and (ii) a (D ; D, &)-optimal strategic function F*(0, N; D; D, &) is denoted as

717 F*O,N:D; D, &) ~@+K/r)-h*  (e>—K/r)

with a constant h* defined by (7.15).

PrOOF OF LEMMA 7.4.1. Let us verify this lemma by means of the mathematical
induction.

(a) We can easily admit, due to (5.27), that if the utility function (7.16) is em-
ployed, then (i) there is a value A*, so that

(7.18) UF*N,N;D; D, 8; by, &
= max [A-E {log (Oy+K/1) - Q4+7r+(Cx—1) - b))}

0=ShN=a N
—A - log (by+K/m)]
= max A-E {log Q4+7r+(Cxy—7) - hy)}

0=hy=a on

=A-E {log(l+74+(Cy—1) - h®)}
(254

=def. P*

holds true uniformly independent of any b, larger than —K/r, and (ii) we can denote
a (D; D, &)-optimal strategic function as F¥(N, N; D; D, &) =(ex+K/r) - h*.

(b) Next, let us assume that there is a (D; D, &)-optimal strategic function
F*(s4+1,N; D; D, &~(e+-K/r) - h* with a constant A* so that U(F*is+1,N; D; D,&);
bep1, )= A - f{log A4r+(C—71) - h*)} (byyy > —K/r). Then, by means of the principle

of optimality in dynamic programming in which we obtained the relation (6.21), we
have the following relation:

1) In this theorem, the assumption h* >0 is necessary. That is, in the case of A*=0,
Assumption 7.3 coincides with Assumption 7.2, and we have only a conclusion due to Theorem
7.1. Therefore, it is necessary that there is a case of A* >0 in S.D.M.S.-I, in order that we
have a utility function (7.16). The condition A* >0 does not constrain our general argument.
Assumption 7.3 is employed with respect to any common probability density function of the
stochastic variables Cy’s, i.e. ¢, which satisfies Conditions 3.1-(ii) and 3.1-(iii). We can easily
admit that there is a positive h* defined in (7.15) in connection with a probability density func-
tion ¢ which satisfies Conditions 3.1-(ii) and 3.1-(iii).

2) A is defined by A= U,(¢)/log (1+7) in (7.5). However, A may be any positive number,
since U,(§) may be any assigned positive number. ‘
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(7.19) UF*(s, N;D; D, §); by, &)

A ! !
= max oy - LE(0g (BetK/n) - (L r+(Comn) - B))

0=hs=w

—10g (bit-K/r)+(N—s) - E{log (1+7+(C—7) - h*)}
=A-E{log (I+7+(C—n)- 1)} = P*.

By means of the mathematical induction, we have a (D; D, &)-optimal strategic
function F*(s, N; D; D, &)~(e+K/r)- h*. Hence, we can admit this lemma.

LEmMma 7.21. Q.E.D.
Next, we have the following

LEMMA 7.22. In S.D.M.S.-I, if a utility function & satisfies Assumptions 7.1
through 7.3, we have

{7.20) UF*0O,N;D; D, &); b, &)=A- g{log A+r+(C—r)- h*)} = P*

with respect to any b, (> —K/r) and any non-negative integer N, with constants h*
and P* defined in (7.18).

PROOF OF LEMMA 7.2.2. Since the utility function ¢ satisfies Assumptions 7.1 and
7.2, the utility function & is denoted by (7.2) due to Theorem 7.1. If we substitute

(5.28) for (44), and also substitute the utility function (7.2) for the substituted
relation (4.4), then, we have

(721)  UF*X0,N;D; D, &); b, &)
= e B e (e

I (74 (Con) - hBulby HO, N —K/) }} -+ 160

:TV}H' max [A'g{'--{fv{élog(1+r+(ct-r)

0SH(0,N)Sa

 he(Bilbo, HO NI} p+E{ -+ {E {S(log (by+ K/7)

+ 3 1og (1 7-H(Comr) - hu(Bulby, HO, N)W)—S(log by - K/} } )]
=def. P*, (By(by, HO, N))=1,),

independently of b, (> —K/r) and of non-negative integer N, due to Assumption 7.3.

Now, since the function S(ux) is a differentiable periodic function which has a
periodic time log (1+7) according to Theorem 7.1, there is a finite number p so that
—p < S(u) < p holds true on the domain (—oo, co0). That is, we have

1.22) —p < E{ -+ {E{S(0g (b + K/M)+ 5 log (L+7+(Co)
¢o (33 t=0

- hy(Bu(bo, HO, N))—S(log (by-+ K/r)}} - }<p
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with respect to any b, (> —K/r), any non-negative integer N and any function H(0, N)
so that 0< H(O, N)<a. Therefore, if we notice Assumption 7.3 and the conclusion
of Lemma 7.2.1 in connection with the relations (7.21) and (7.22), we can easily admit
the relation

(7.23) lim UF*Q, N’ D; D, &); by, &)

= 1\1—r’r; qutr(})a%(a N—f—l E { {E{E log A-+7+(C,—7)

- h(Bu(be, HQO, N))))}} }

Since U(F*0, N; D; D, &); b, &) is uniformly independent of b, larger than —K/r and
of non-negative integer N according to Assumption 7.3, we can admit this lemma is
true from (7.23). LemMA 7.22. Q.E.D.

Furthermore, we have the following

LEMMA 7.23. If (i) a function S(u) (—co <u<oo) is a differentiable periodic
Sfunction which is not any constant, and (i) the function S(u) has a periodic time
log (147), and (iii) a number h* produced by the relation (7.15) is positive, then there
is a number b, larger than —K/r so that
729 max [¢E{log A+7r+(Co—n) - B}

=hsa ¢,

+f{5(10g (bo+K/r)+log 1+7+(Co—1) - I}

—S(log (b,+K/m)]
< g{log A+7r+(Cy—1) - h*)}

holds true.

PrROOF OF LEMMA 7.2.3. According to the assumptions (i) and (ii) in this lemma,
we can choose a positive number § and a number u* so that (i) S(u) < S(u*) may be
held on the domain (—oo, o0), and (ii) S(u*+4u) < S(u*) may be held on any du such
that 0 < du < d, (see Fig. 7.1).

Let us choose a number b, such that log (b, K/r)=u*. Since we have S(log (b,
+K/r)= S(log (b,+K/r)+log (1+7)) due to the assumption (i) in this lemma, and we
have also ¢(e)>0 on the domain (—p,7) due to Condition 3.1-(iii), we have the
relation

(7.25) g {SUlog (by+K/r)+log (L+7-+(Co—7) - h)}
= ffﬁS(Iog (by+K/7)+log (1+r--(e—1) - b)) - (@) - de

< S(log (by+K/r)-+log (1+1)) = S(log (bo-+K/7)

on any positive number % smaller than «. (7.25) shows this lemma is true.
LEmMMA 7.23. Q.E.D.

Lemma 7.2.3 shows that if (i) we employ a utility function (7.2) in which the
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Fig. 7.1.

function S(u) is a periodic function which has the periodic time log (1--7) but is not
any constant, and (ii) such number A* as (7.15) holds true is positive, then there is
a number b, (in the domain (—K/r, o)) so that the relation

(7.26) UWFE*0,0;D; D, &); b, &)=A-E{log A+7r+(C—7) - h*)}
¢

cannot hold true. Noting Lemma 7.2.2, we can easily admit that if S(u) is not a
constant, Assumption 7.3 cannot be employed. THEOREM 7.2. Q.E.D.

Now, strictly speaking, all Assumptions 7.1 through 7.3 are not always necessary,
and there are overlapping parts in these assumptions. That is,

(I) We can easily admit from Theorem 7.1 that if Assumptions 7.1-(i) and 7.2
are true in S.D. M. S.-I, Assumption 7.1-(ii) is not necessary, since we have

(7.27) lim &)= lim {A-log(e+K/)+S(log (e-+K/M+L}=—co  (A>0).

(II) Next, we have the following

THEOREM 7.3. Let Fy(n, N; D) be a special D-feasible strategic function so that
F(n, N; D)~0, and let U(N—n-+1,b,;8&) be UF(n, N;D): b,, &. If the function
Uy(N—n+1, e,; &) is independent of e,, then the function U(N—n-+1;e,; &) is also
independent of N—n+1 (N=0,1,2,--; n=0,1,2, .-, N).

PrOOF. Let us put as (b,+K/r)- QA+r¥ " __K/r==by(b,) and put as U, (N—n-+1,
e,; &)=Uy(N—n+1; &) on the basis of the assumption of this theorem. Then, we have

(7.23) (N=n+41) - U(N—n+1; &) = &E(bys1(0u)—Eb) (0> —K/7),
applying the relation (7.4). If we put as N=1 and n=0 in (7.28), we have
(7.29) 2-Uy2; &) = £by(bo)—E(b1(b)+E(b1(be))—E(by)

=U,1;5+U,W1; 8
=2-Uy1; &),
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applying the relation (7.28) again. And also we have

(7.30) Ul2;8)=U\1;9).
Next, if Uyn; &)=U,1; &) holds true, then we have
(7.31) (n+1D - Uyn+1; &)= E(bn-l—l(bo));E(b1<bo))+é(bl(bo))‘g(bo)

=n-Uyn; +U1; &
=+ -UQ1; &)

applying the relation (7.28), and we have also

(7.32) Un+1;8)=U,1; & (n=0,1,2,--).

Applying the mathematical induction, we can admit this theorem. Q.E.D.
(III) Furthermore, we have the following
THEOREM 7.4. If (i) a utility function &(e) satisfies Assumptions 7.1-(i) and 7.2,
and (ii) b, is larger than —K/r, then (i) a (b,, €)-criterion Sfunctional U(F(n, N; D);
ba, §) can be defined on F(n, N; D), and (ii) it is upper bounded on the set Fn, N; D),
uniformly with respect to any b, larger than —K/r and with respect to any mnon-
negative integers n and N so that n < N.

PROOF. According to Corollary 5.3.3, in combination with the notation (5.24), we
have

(7.33) P{n—1§21\' . (B:> —K/N|b,>—K/r, 0<HO, N)<a}=1
A+n/B+nN=a.
And, by means of the same manner as we have (5.28), we have
(3.34) Bysi(bn, F(n, N; DY)+K/7
= Byu.(bn > —K/r, 0 S Hn, N)<a)-+K/r
= (bnAK/1) - Ar+(Coa—1) - hy(bn)) - A7 4+(Crsa—7) * hns(Brsy)
won (T (Cy—1) - hy(By) -

Since Assumption 7.2 is true, the utility function &(e) is denoted by (7.2) due to
Theorem 7.1. Hence, we have

(7.35) U(F(n, N; D); b, &)
A

= f{ {Ev{ g‘,nlog A+7+(C—1)
- h(Bubn, Hn, N5 D)} -+ }
oy E{ {E {St0g @, K/7)
+ 3 1og (L+7-+(Co—r) - h(Bu(by, H(n, N; DY)

—S(log (0u+K/m)}} -} (Balbw, Hn, N; DY) =0,).
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Since, S(u) is a periodic function on (—co, co) which has a periodic time log (14-7),
we have

+7\7:1nTl_ . {rriax S(u)—rr;in S} .

And, we can admit that U(F(n, N; D); b,, &) is upper bounded on F(n, N; D) if b,
> —K/r, with respect to any non-negative integers n and N so that n<N. Q.E.D.

According to the previous considerations (I) through (III), we can admit that, for
the purpose of choosing a reasonable utility function from the point of view of the
3rd approach in Section 1 in S.D.M. S.-I, Assumptions 7.1 through 7.3 may be sub-
stituted by the following three assumptions. '

ASSUMPTION 7.4. A utility function & is a monotonously increasing and differenti-
able function on the domain (—K/r, o).

ASSUMPTION 7.5. Let Fyn, N; D) be a special D-feasible strategic function so
that Fy(n, N; D)~0, and let Uy (N—n+1,b,; & be U(Fo(n, N; D); bn, &). Then,
UyN—n+1, by, &) is independent of b, in the domain (—K/r, co).

ASSUMPTION 7.6. Thereis a (D; D, &)-optimal strategic function F*(n, N; D; D, &),
and U(F*(n, N; D; D, &) by, &) is a constant, independently of b, in the domain (—K/r,
oo) and of any non-negative integers n and N so that n< N.

§8. Some Comments on the Utility Function £(¢)= A - log (e-+K/r)4-L

(A) First, let us see that the utility function £(e)= A -log (e+K/¥)+L is really
applicable in the problem of multi-stage stochastic strategy-making. That is, let us see
the utility function has important significance not only from the point of view of the 3rd
approach in Section 1 but from the point of view of the 2nd approach in the section.

A value of criterion functional (4.4) is only a “ expectation ” of utility of amount
of money which will be obtained at the time N-1 through a strategic function
F(n, N; b,). However, the real goal of the stochastic dynamic programming is not
to obtain the expectation of utility of amount of money, since the expectation is only
a mathematical form and it cannot always be obtained as a realization at the time
N+41. If the expectation, at least, does not have a high degree of reliability, the
strategy which produces the maximal expectation is inapplicable. It is necessary to
notice how reliable is the expectation produced by a stochastic strategy.

Now, let us measure the degree of reliability in obtaining the expectation of a

StOChaStiC Variable W]-Il* . [E(BN+l(b07 F(O, N; E)))_E(bo)]r i. €. U(F(Oy Ny 5), bD! E)’ by

the ““ coefficient of variation ” of the stochastic variable. Then, it seems reasonable

that a utility function employed in a stochastic dynamic programming satisfies the
following :

ConpDITION 81. Let V{B} be the variance of a stochastic variable B. Then, a
utility function & satisfies the following relation.

L o _
A V———‘ B+1'—‘ bo bo,F*O,N;D;D,
o o AVt B EG1b FH o}
Nooo UF*O0,N;D; D, ); b, 8

0.
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We have the following

THEOREM 8.1. If a wutility function &(e)= A-log(e+K/r)+L is employed for the
burpose of the stochastic dynamic programming in S.D. M. S~I, the utility function
satisfies Condition 8.1.

ProOF. In the process of proving Lemma 7.2.1, we have verified that if we
employ a utility function &(¢) = A-log (e+K/r)+L, then we have

(8.2) F*(0,N; D; D, &) ~(e+K/v) - h*

-and

(8.3) UF*0,N; D; D, &); by, &)= A+ E{log A+r+(C—r)- h¥)} .
¢

Therefore, if the utility function &£(e)= A -log (e-+K/r)+L is employed, we have also
@.4) 10g (Bys1(boy F*(0, N; D ; D, &)+K/r)—log (b,+K/r)
N
= X log Q+r+4(C,—7) - h*),
t=0

according to (5.28) in combination with (8.2).

Now, let Vy,, be the variance of the stochastic variable N,%T-{log (By11(bo,

F*0, N; D; D, &)+K/r)—log (b,+-K/r)}, and let v be the variance of each stochastic
variable A-.log (1+7r+(C,—7)- h*) (¢t=0, 1,2, ---). Then, we have

(®5) Vin= NoT
due to (8.4), since the stochastic variables log A1+r+(C,—r)- h*ys (¢t=0,1,2, ---) are

independent with each other according to Condition 3.1-(i). Therefore, the coefficient

- {log (By1(by, F*(0, N; D5 D, &)+K/r)

of variation of the stochastic variable T{}l—i—

—log (by-+K/r)} becomes equal to

- Vo ]
©0 vV (N+1) - E{log A+7+(C—r) - 1)}

‘That is, we can admit this theorem. Q.E.D.

(B) Furthermore, it is interesting to notice the following fact based upon the
utility function A.log (e+K/r)+L.

In S.D. M. S.-1, such a profit as may be produced through an activity by means of x
is a stochastic realization. On the other hand, such a profit as may be produced through
an activity by means of y is not. According to our intuition, it may seem reasonable
that the ratio of optimal level of x, to the amount of total capital money b, i.e.
x37(b)/b, does not decrease according to increase in capital money b [9], since it seems
that the larger the total capital money is, the smaller the risk with which a manage-
ment activity becomes disadvantageous. However, if we make use of the utility
function &(¢)= A - log (e+K/r)+L, the value x3(b)/b=f¥b; D; D, £)/b does not always
decrease. That is, it is easy to see that we have
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This relation shows that if K <0, our ordinary intuition agrees with the conclusion
from the objective stochastic strategy-making by means of the stochastic dynamic
programming on the basis of the utility function &(¢)= A -log (e+K/r)-+-L. However,
if K> 0, the relation (8.7) shows that our ordinary intuition does not agree with the
conclusion.

(C) According to Theorem 7.2 and Lemma 7.2.1, if Assumptions 7.1 through 7.3
are admitted in S.D. M. S.-I, an optimal stochastic strategy at each time ¢ is denoted
by x*(b)=(b,+K/r)- h* and y*(b,)=b,—x*(b,) in combination with the value ~* maxi-
mizes f{log A+4r+(C,—n) - h)}.

t

If the domain D(r--(C—r)- h) is so small that we can neglect all terms beyond
the second degree in the expansion of the function log (1+7(c—7) - h), with respect to
any h in a domain [h*—4, h*+§7, then we may denote the function approximately as
follows:

88) log (L-+7(c—r) - ) = r-+(c—7) - hm -+ (rH-c—7) - "
That is, denoting the variance of the stochastic variable C by ¢®, we have also
(8.9) E{log 1+r+(C—7)-h} =r+(m—r)- h— é A(r+(m—r)- h)*+o?- h*},

¢

for the purpose of making an approximate stochastic strategy.
Hence, an approximate optimal value h* which maximizes (8.9) becomes equal to

(m—n)-A—=0)
®10) = yet

For example, if we put as m=0.06, ¢>=0.03 and r=0.04 in S.D.M.S.-I, the
optimal value h* becomes equal to

. 0.02x096
@11 "= o021 0,03 = 6316
and the optimal strategy is
5 0.6316
(8.12) f*be; D5 D, &)=max [0, 0.6316 b, 4+~ 51 K]

=max [0, 0.63160,+15.7895 K ] .

§9. On the Linear Utility Function and the Bernoulli’s Utility Function

(A) It is generally agreed that the strategy which maximizes expectation of
capital money under a stochastic scheme will not always lead a reasonable stochastic
strategy. Let us verify this situation objectively from a point of view of the stochatic
dynamic programming.

In S.D.M.S.-I, if a monotonously increasing linear utility function &(e)=A
-(e+K/r)+L (A>0) is employed, a relation
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9.1 U(F*N,N;D;D,¢&);by, &
= max A-E {(by+K/r) - Atr+Cy—n) - hy) =y +K/n)}
=h V=« ¢x
= max A-(by+K/r) - (A+r-+(m—7r)- hy)—1)
O=EhN=a

=A-by+K/r)- (A+r+(m—r) - a)—1)

=A-(by+K/r)-(R—-1)
is obtained with respect to any assigned by in the domain D, putting as a=(1-+7)
/(B+r) and R=14+r+(m—71) - a.

Now, let us apply the linear utility function and the relation (9.1) to the relation
(6.21) in the case of n=N—1. Then, we have

92  UF*N—-LN;D;D,8;by,, &

1 -
= max 5 -[E{&Bm|by-1 hy-1}—Eby-0)
7N

0=h N 1=«
+E{UF*N, N; D; D, &); By(by-y, hy-y), £)}]
N

= max_ 4 [E ((ytK/D) - (r+Cro—1) - hy-}— by +K/7)

0=hy-1=a dN_1

+E Byt K/1) - A+r+(Cxy—1) - hy-) - (R—1)}]

dn-1

— max A by K/ (A rEn—n) - hy_)—1)
0=hy 1= 2

+A+r+n—r)  hy.)-(R—1)}

5 yas /) (A7 +0n 1) - )~ D (L r+(n—r) - @) - (R—=1))

= 5 byt KD {R=D+R - (R-D)
= by K/ - (R - (R=D)

= Oyt KD - (RD)

with respect to any assigned by_, in the domain D. And similarly, we have also

©3 UGF*(N—2, N5 D3 D, )3 bysy &)
= 4 Oyt /D) {(R=1)F R - (R+1)- (R—D)}
=yt KD - (R RED) - (R—D)

=4 Gxa b K/D) - (RP-1)

with respect to any assigned by_, in the domain D. Furthermore, we have also
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(9.4) UF*0,N;D; D, 8); b, &)
= O/ (REERS T s 1) (R=D)

A -
= N1 Gt K/ RV

Hence, if a linear utility function &(¢)= A - (e+K/r)--L is employed, we can obtain
a (D; D, &)-optimal strategic function
95 F*O0,N;D; D, &)~(+K/n-«a
and we have the relation
96)  EBysslbo, F*O, N; D; D, &)= A - (b,+K/r) g A4+r+C—n - a)+L,

applying (9.5) to (5.28).
Now, let ¢® be the variance of the stochastic variables C,’s and let Vy,, be the

variance of the stochastic variable < {E(Bys(by F¥(0, N; D; D, £))—E&(by)}. Then,

]\’+1
we have

.7 Ve = {A b, +K/r) (1+r+(m-—r)-a)”+1}2

KHQ+£WaﬂwﬂmL&

from (9.6), since stochastic variables (1+7+(C,—7) - a)’s (t=0,1,2,.--, N) are independ-
ent of each other. Therefore, we have the “coefficient of variation” of the stochastic

variable — 1+ (6Byutby FXO, N; 5 D, o)—£00),
9.8 . Ve _ v (R*+o? - Fg?)b"ﬂ__ RT(NFD
UF*O0,N; D; D, 8); bo, §) RN*11

\/(1+02 Z/RZ)I\ 1
1=1/R¥1

(R=1+r+(m—7)-a).

Hence, if N becomes positive infinite, the * coefficient of variation,” (9.8), also
becomes positive infinite in S.D.M.S.-1, since ¢>0, a >0 and R=1+4r+(m—r) -«
>1 hold true. That is, if a linear utility function of amount of money is employed,
the expectation of the utility of amount of money has not any reliability in S.D. M. S.-
I, in the case of N is sufficiently large.

(B) Next, Bernoulli [4] proposed to employ a logarithmic function

9.9 Ele)=A-loge+L

as a utility function of amount of money, in order to evade a contradiction due to
stochastic strategy-making which maximizes simple mathematical expectation of
amount of money. And if Bernoulli’s utility function is applied in the criterion
functional (4.4) in the case of n =N, the criterion functional is denoted by
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(9.10) UF(N, N; by); by, &
=A- f Uog {(by+K/7r) - A+r+(Cy~1) - hy)—K/r}—log by].
N

Now, if K>0, there is a by-feasible strategic function F(N, N; by) with respect
to any assigned by such that —K/r <by<0. However, the criterion functional (9.10)
cannot measure degrees of effectiveness of the by-feasible strategic function F(N, N; by)
in the case of —K/r < by <0, since log by cannot be defined.

Moreover, if K <0, the utility function &(¢)= A-loge+L may be approximated
to a linear function even in the neighbourhood of e¢=—K/r. And if b,+K/r is a
sufficiently small positive number, the domain D(By.,(b,, F(0, N; b)) may be also in the
neighbourhood of b,= —K/r, even in the case of N is a large integer. In such a case,
the Bernoulli’s utility function will produce such a contradiction as we saw in a
stochastic strategy-making which maximizes mathematical expectation of amount of
money (i.e. employs a linear utility function of amount of money).

After all, Bernoulli’s utility function can be applied only in the case of K=0, in
S.D.M.S.-LL.
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