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§1. Introduction.

For measuring dispersion of distribution of numkbears of individuals in spatial area
and analysing their distributional pattern, a certain index of dispersion has been
advocated and used by many research workers since Simpscn 6] including ecologists
and entomologists, and its theoretical aspects have been deeply discussed by an animal
ecologist, Morishita [2], [3], [4] and [5]. The author of the present paper has been
for these several years in close contact with Morishita in this research area of the
problems, and it is the purpose of the present paper to explore certain mathematical
principles, which can secure us to establish a unified standpoint in dealing with a
generalised measure of dispersion, and which, at the same time, may provide us a
certain set of tools as substantial techniques in getting penetrated observations on
distributional pattern.

In section 2 we shall introduce three basic notions upon which our formulation
of ¢-dispersions will be established: (1) multistage decomposition system D (1) of
the set 4; (2) x-variates associated with D“(A); (3) d-depth ¢-dispersion of a function
f on the set Aj;,.;, With respect to D(A,;;,.4,) where 4, ,,.,, is a set belonging to
it. In section 3 another essential set-up is introduced which is called as distributional
pattern with one parameter generalised exponential type distributions associated with
the decomposition D™(A4). There are also two important notions, homogenity and
inheritance, in this connection. A few examples given in section 3 will serve to show
that important special cases discussed by Morishita [1] and Smith [5] can be explained
in term of these notions in our present formulations, including binomial, non-negative
and Poisson distributions as our special examples. The main purpose of this paper
is then to evalute the conditional expectation of various ¢-dispersions.

For this purpose there is a crucial property of the concurrence function ¢ with
respect to the assigned additive family of generalised exponential type distributions,
which we shall define in section 4 as being reproductive. After these preparations
we are now in the position to give the conditional expectation of ¢-dispersion for
such a reproductive ¢-function. The main result in this section is enunciated in
Proposition 6 of which Propositions 4 and 5 are special cases. They show that these
conditional expectations of ¢-dispersion can be obtained in concise forms. For instance

1) This work was done by the grant Tokutei-Kenkyu of the Ministry of Education for
the PT (Productivity of Terrestorial Ecosystem) Section of the International Biological Project.
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Proposition 3 gives the simple formula (5.1) for the 1-depth ¢-dispersion in the set A.

In section 6 we discuss partitional pattern of additive parameters in the decom-
position system D“(A) with particular reference to two extreme cases, equipartition
and monopolistic concentration. In section 7 we turn to discuss ¢-dispersion as func-
tion of size variable associated with the decomposition system D(4). An interpolation
procedure for getting size variable to penetrate into finer and global structures is
explained in virtue of the notions of homogenity and inheritance previously defined.
Section 8 is devoted to explain the relations between our ¢-dispersion and current
index of dispersion introduced and discussed by Morishita [2]~[5]. We shall show
that the latter is a particular example of the former apart from a certain multiplier
which is suited for Poisson distribution. Two stage and three stage distributional
patterns are illustrated in order to show the uses of @-dispersions as functions of size
variables with particular reference to binomial, negative binomial and Poisson distri-
butions.

These results which are summarized briefly here may be said to give us some
tools for theoretical analysis of various empirical results obtained by ecologists for
natural and artificial populations. On the other hand any sampling theory regarding
the uses of our ¢-dispersions is not discussed in this paper, and we expect to have
another occasion to develop it.

It is also noted that the formulation of the present paper is partly due to that
of additive family of exponential type which was discussed by the author [1], whose
detailed results are not required for the understanding of the present paper.

§2. ¢-dispersion in multistage distributional pattern.

For introducing a notion of ¢-dispersions regarding x-variate in a set A, there
are three fundamental notions upon which it can be established.

(1) Multistage decomposition system D"™(A) of the set A. A set A is decomposed
into the sum of ¢q, --- ¢, mutually disjoint subsets A4, ;,...,, (;=1,2,---,¢q;; j=1,2, -, m)
in such a way that

1) A= _qzllAil

ii=

an+1

2% Asigein :ih§:1A4iliz-~'inih+p G=L2,q;7=12 -, 1
for h=1,2,3, -, m—1.

The set {A, 1, 1S said to constitute the (m-stage) decomposition system D(A)
of the set A.

The family of ¢, subsets enunciated in (1°) and those of ¢,q, -+ g, subsets enun-
ciaied in (2°) are said to constitute the first stage decomposition D{™(A4) and the
(h—+1)-th stage decomposition D™(A) (h=1, 2, ---, m—1) respectively. Under m-stage
decomposition system D™(.) there are imbedded the lower stage decomposition

systems D™(A) for n=1,2, ..., m—1, and it is immediate to observe that, for each
subset A, ,.;,, wWe can define the /-stage decomposition system D(A;;,..,) and its
y-th stage decomposition D¥(A4;..q,) for v=1,2,.-,1; [=1,2, -+, m—h. In view of

these facts, for the sake of convenience, we may and we shall consider the set A as
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the unique subset of the set A4 at the zero-th stage decomposition, say, D{™(A), and
consider it as an element of the family of the sets {4,,,.,} corresponding to the
case h=0.

(2) x-variates associated with an m-stage decomposition system D™(A). A set of
G.9s -+ ¢,, DON-negative integers {x; ..} ;=12 -+, ¢q;; 7=1,2, .-, m) is assumed to
be assigned, and the following set of x-variates is defined in correspondence with the
decomposition system DY(A):

0
1) x= 3 x;
i1=1
Qh 1

2% Xyipetn= 2 Xieininey G=12,, ¢ 7=12,--,h)

ip+1=1
for h=1,2, -, m—1.

(8) o-dispersions. A function f(x) is assumed to be defined in the set ®, which
is a subset of the set of all non-negative integers. Among such functions let us
choose a function ¢ with whose reference we introduce

Definition 1. A d-depth @-measure of dispersion, abbreviated by ¢-dispersion, of a
Sfunction f on the set A with respect to the decomposition system D'P(A; 4,.4,) 1S

defined as

i1ig-in

1 Qn+1  4h+2 qh4d
(21) ¢d(f)(Ai1iz-~ih)E Y2 . IREE X E ¢(x7‘1'“ih1h+1~~ih+d)f(xi1'“ih+(1) ’
p(xlllz‘“lh) iht+1=1 ip+2=1 ip4q=1
for every i;=1,2,-,q;; j=1,2,--,h; h=0,1,2, -, m—1.
Particularly when f(x) becomes to be identical with a value 1 (identity) over the
domain ®,, we shall write

(2'2) ¢d[‘4i1i2--~in] = ¢d(1><Ai1i2-~ih) .

As a direct consequence of Definition 1, we have

Proposition 1. We have
(2-3) ¢/11(¢dz(f))(Ai1z'z-“ih) = ¢d1+(12<f)(441’1i2mih> .

Among various ¢-dispersion of a function f there are specific important cases
which are of our particular interests. These occur when at least one of the following
three conditions is satisfied: (i) A;;,.4;, = A, that is, the case when A =0 formally ; (ii)
the function f(x) is identical with 1 for every x in 9,; (iii) the depth d is equal to 1.
For illustration a few examples are given.

Example 2.1. The d-depth dispersion of identity

qd

24) B =LAT= 55 B 2 o B Pt

11=112=1  ig=1
and

(25) ¢d<1>( 41112 lh) - (;:5(1[ 41112 1h:[

1 an+1 Qh+d

2 Xipeiningr-inid) -

(xm lh) ip+1=1 ip+d=1

Example 2.2. The 1-depth dispersion of function f

26 BN =55 T Flx) )
(27) ¢1(f)( 41112 zh) ¢(x111 in 'lz’ill ¢(xi1--'ihih+1)f(xi)~-~im‘h+1) .
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Example 2.3. There are a lot of possibilities in choosing the basic function ¢ in
defining our ¢-dispersion (2.1). The following particular examples are important :

28) 8D = x(x—1) - (r—j+ D) =xF, DN =[x; x 2]
for j =2. Indeed the current index of dispersion discussed by Morishita [2]~[4] is
in our notation

(2.9 =q,pP[A]= ¢L27(x) 2 @(xu) I#[A7.

In a more general aspect a d-depth [;]-index of dispersion of the function f on
the set A, .., is defined by

(2.10) [Ezj:(f)(Am‘gu-ih) =(Gns1Gn+2 =" Gn +d>j_l¢(:ij:<*4i1i2»--ih)
in virtue of (2.1). In particular when the function / becomes an identity, (2.10) becomes

21D [ (Agigein) = T LA 150

1 g+l qn+d
— (GnaGnes - qnaad)’” Syl
X t1egthine1-tn+d *

itz in th+1=1 ih+d=1

Multistage distributional patterns have been discussed by some ecologists. In
fact, Morishita [2] for instance, discussed intraclump distribution in analysis of dis-
tributional patterns by ;. In this connection it seems to us to be indispensable to
introduce a multistage decomposition system {A;,.;,}, a set of x-variates {x;;,...},
as we have just done, in order to prepare a mathematical tool by which to explore
a multistage distributional pattern.

In some instances which follow, when any confusion may not occur but con-
venience can be expected to make clear multistage structure, we may use the notation
Xipggein- a0d x ... in the place of x;,;,.,, and x respectively. At the same time we
may and we shall simplify our notation so as to concentrate our discussion in lower
stage decompositions associated with our original decomposition D™(A). Thus we
may and we shall denote sometimes x and ¢ instead of x--- and g, originally defined
in the system D“®(A), when we are particularly concerned with the first stage de-
composition.

§3. Distributional pattern with one parameter generalised exponential type
distributions associated with the m-stage decomposition system D™(A) of
the set A.

We start with

Definition 2. A set of q.q, - g, Sstochastic variables {Xivigoin} (=12, qn, ;
h=1,2,-.,m)1s assumed to satisfy the following conditions:

(1) Each stochastic variable Xy, is associated with the set Ay,

(2) The q,9, - qm stochastic variables {X;,..,,} are mutually independent.

(3) The probability density function of Xy, belongs to the same family of ex-
ponential type distributions with the probability element

(31> g(x > kiliz Imj Ail2'2--'im)d,ailig--~im(x)
= exXp {Ax+ ki im0 (D) } Qg (O iy s (X)
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with the additive parameter sy which will be denoted briefly by g(x; kiyigim! Airisin)
where ., ; () is a step function having jump solely at integral values of x.

(4) The set of stochastic variables {X, i,y (h=1,2, -, m—1) and X is desined
in the following way:

q
1) X=3 X,
w qh4-1

(20) Xi1i2'“ih :ih§=1Xili2mihih+l’ (Z]: ]., 2, e, g5 ]:1, 2, TN h)
Jor h=1,2,3, -+, m—1.

(5) The set of additive constants {k; iy} G=1,2,--,¢;;7=1,2,-,h; h=1,2,
o, m—1) and k is defined 1n the following way:

a1
1= k 21121}%

an+1
2°) kiliz«--in:i’LZILIkiliz»~-i)Lin+1’ (ij: L2 .., g5, 1=4L2 -,k
for h=1,2,3, -, m—1.

Then the set of q,q, - g, stochastic variables {X; i,.i,} 1S said to constitute an
additive family of one parameter exponential type distributions {g(x; Riyigeinm| Aizigeim)}
associated with the m-stage decomposition system D(A) of the set A, and it is denoted
by
(3.2 { Xirigoint € EilRiigeim; D™(A)).

Now it is immediate to observe

Proposition 2. Under the assumption (3.2), the set of q.g, - q, stochastic variables
{Xi,151,) COnstitutes an additive family of one parameter exponential type distributions
{g(x; kiliz« inl Airigin)}

(3.3) {Xiigeint € E).<ki1i~g---ih; DA,
for h=1,2, .-, m—1. Moreover the stochastic variable X is distributed in g(x; k|A).

We shall give here a few examples which are important in our practical appli-
cations.

Example 3.1. Binomial distribution. This is the case when each stochastic
variable X, .., is distributed according to the distribution

(34) Pr. {Xi1i2-~-ih =x}= <ki1i;"-im> px(l——p)kil”'im—x

=g5(x; ki;izu-imiAiligu-im) , say,
for x=0,1, -+, kijspine The transformation of the parameter p into 2 by means of
log {p/(L—p)} = A reduces (3.4) to the exponential type (3.1) with

(3.5 b(2)=log (1)1,
ki]io---im
(36) akiliZ“'im(x) = ( )‘C )

and dpgy, . (=1, for x=0,1,2, -+, k.., and is equal to zero otherwise.
Example 3.2. Negative binomial distribution. This is the case when each X, ;..
is distributed according to the distribution
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3.7 Pr(Ki =} = (X e
=gvp(x; Fiipean| Aiiisein)
for x=0,1, 2, ... The transformation of the parameter p into 1 by means of 1=1logp
reduces (3.7) to the exponential type (3.1) with
(3.8) b(A)=log (1—e%y,
(3.9) Geppipuin) = (Frm 3Ty

and d/lk“m.__im(x):l, for x=0,1, 2, ---, and is equal to zero otherwise.
Example 3.3. Poission distribution. This is the case when each X
distributed according to the distribution
(3.10) Pro{X;ipein =X} =eXP {—kiipin? }(Ririgein0)*/ X!
:gp(x; Rittgim | Airigein)
for x=0,1, 2, --.. The transformation of the parameter & into 1 by means of log =2
reduces (3.10) to the exponential type distribution with

ipigeim 19

(3.11) b(A) = —e*,
R igim
(3.12) Qg ggi () = lle .

Remarks on possible modifications of notations on stochastic variables {X; ;,.i,}
and {k;;,..,} should be added here, similarly as we have made on the last part of
section 2. Indeed we may use, in some cases when we consider it adequate and
useful, the notations X ;,.ip.n Rijigin.o %... and k... instead of the original notations
Xiyigins Biyigeins ¥ and k just introduced respectively.

We proceed to introduce

Definition 3. A set of q,q, - g stochastic variables {X; i} (=12, qn;
h=1,2,-,m) is said to have an m-stage distributional pattern of one parameter
generalised exponential type distributions with the set of additive parameters {k®,.;}
(=12, -, m) when the following conditions are satisfied:

(1) The set of q, stochastic variables {X,} (i,=1,2, .-+, q,) has a joint probability
element
(3.13) Pr. {F Xy =z} = H B0 | A)dp(xy,)

(2) The conditional joint probability element of q, stochastic variables {X
(n=1,2, -, q,) under the condition that the stochastic variable X
as to be equal to x;4y.q,_, 1S given by

iigiperin}

iriginy 15 assigned

qn
(314) P?’. { ’[E1<Xi1i2~~ih — x131i2--~ih) l Xi1i2<--ih~1 = xilig'-'ih._l}

1H gz(iL1>2“‘ih——1(xi1i2--~ih ’ 1.113 Lh,| Azlw Lh,)d[uzfiu»‘ih__1<xi1i2mih)
h‘,

() D) '
gnzz Th— 1(XL112 1n_1, k11i2~-~ih.~1lAi1i2~-ihf1)d#£1~-ih._1(xi1ig---ih..1)

= dg5?1)'2---1'h._1<<xi1i2»~ih)‘ xi1i2«~-ih._1 ; {iszz Lh[ Atllz Lh) Say .
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(3) The conditional joint probability element of Gn qny+1 o Gn, Stochastic variables
(X G=1,2, -+ ,q;; J=hy, hy+-1, -, b)) under the condition that KXitginget
= Nigapep JOr =412, ,q; 7=1,2, -, hy—1, is given by

(3.15) Pr. {E®(hy, hy)! EO(h,—1)}
Th1  Qha+i L ,
== H 11 N ll dG<2h1lh1+1 l/'Lz}lll‘_’ llefl) s
th1=1ip1+1=1 ihp=1
where the left-hand side of (3.13) denotes the probability element of the occurance of the
event E(h,, hy) under the condition that the event E(h,—1) occurs where

358 qhy
(3.16) E®(hy, hy): 11 - 1 (Xilﬂ--ih;._ﬁhl---ihz = Xyt 1ining) s
th1=1 iho=1
- ) q1 qhi~1 .
(3.17) EO( =11 T IT (Xiyipoinier = Xipigeinier)
11=1 th1—1=1

and in the right-hand side of (3.15) we have put
(318) dG(ih,lih‘lw'-l ilzz“liZ i’u‘l)

= H dglllz z] 1((]{1,1 ‘Thy-1Thy l])l'xll -1 ._1’ k;ll)u z,l 41'11'2»--1']’) ]

iz

It is readily seen that the stochastic scheme defined by Definition 2 is an extremely
specialised case of the general scheme introduced in Definition 3. Between these two
cases there are a lot of types of multistage distributional patterns which are worth
while to be mnoticed. For a systematic description of these situations it is adequate
to introduce two fundamental notions, homegeneity and inheritance, in the following
way :

Definition 4. [In a set of q,q, - q, stochastic variables {Xivigein) Gn=1,2,,q,;
h=1,2, .-, m) having a multistage distributional pattern of generalised exponential
type distribution with the set of additive parameter {k(), .} (v=1,2, -, m), a set of
Qrer - Gurg Stochastic variables {X; iyipinsat GG=1,2, -+, q;; j=h+1, -, h-d) is said
to be homogencous in the d-depth in the set A, .., when there exists a sequence of
Sfunctions {gi), ..} and {du@,.;,} such that
319 dgzg,{%zmij_1((xi1i2~--ij) \ Xiyigeiz-15 ké{i’z---ij[ «4i1i2~~ij)

:dgéﬁg'--ih(<xi1i2~-ij)Ixilizwij._l 3 kil il Aiyiga P
for i;=1,2, -+ ,q;; j=h+1, -, h-4-d.
Definition 5. A sef of g,y -+ gu1q Stochastic variables { Xiriginmrininsgt G=1, 2,
“o gy J=hAL, e hbd) is said to be inherited with the d-depth in the set A
when the following two conditions are satisfied :
@ rRA,. im1 =R, (G=h+1, -, htd)
(2 ) g;{)LZ"'Lj 1(’(1112'-11'»4' k1(132 l]-—1! 41112 l;—l)d/“mz 1]—-1(’{2112 Ly 1>

i1igip

(j—D ¢ —1)
_gz{zz L].—z(xiliz “Tj—1 , i1ig 1J._ )dﬂLilz z,_o( i1ig 1J._1)
Jor every x40,y and k. i U thezr a’omams of definition, for j=h+1, -, hid.

In virtue of Definitions 3, 4 and 5 it is immediate to see
Proposition 3. The sei of q,q, - q, stochastic variables {Xisigim) € Ex(Riyigin s
DY(A)) is both homogeneous and inherited in the m-depth in the set A.
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Proof. This can be seen by an interpretation to the effect that the assumption
(3.2) implies
(320) km)z ih knizmin ’
(321) billl)'lh 1(\11“ zh: kzgzv Lh\fliliz-uih)d#ylli-ih-1(xi1i2'-~ih,1)

=g (Xiyigein s Payizein| Atyioe i) A Xiyipin_1)

for i;=1,2, - ,¢;; j=1,2,--,h; h=1,2,--,m

Particular examples of two and three stage distributional patterns are explained
by adopting various cominations of binomial, negative binomial and Poisson distri-
butions in defining functions in Definition 3.

Example 3.4. Two stage distributional patterns. Nine sets of two stage distri-
butional patterns can be obtained from all the possible permutations by adopting one
of the three fundamental probability density functions as shown in the following

Table. We may and we shall denote these two stage distributional patterns by B B,
BXNB, BXP, NBXB, NBXNB, NBXP, PxB, PxNB and PxP.

Table 1. Probability Element Function (PEF)
in Two btage Distributional Pattern.

PEF Illustratne E\amples
dgw (Y k<1) l Au) B, NB, P
dg” ((xnlz) [xi3 z(?iz [ Aiio) B, NB, P

A direct consequence of Definitions 3 and 4 yields us the following observations:
(i) Homogeneity. Two stage distributional pattern is homogeneous if and only
if there is a function such that

(3:22) dgd((Xiyi) | X5 il Avey) = dg@((Xayi) | Xiy 5 RiTs | Aiysy)
for ij:]., 2, y 455 j:l, 2

(ii) Inheritance. Two stage distributional pattern is inherited if and only if the
following two conditions are satisfied: ‘

A°) kP =RY ;=12 --,4q)

(2 ) g (xu! Llw1 411L )* g« )(rll’ é?ﬂz“lill‘Q
for i,=1,2,-+,¢q;; =12

Example 3.5. Three stage distributional patterns. Twenty seven sets of three
stage distributions such as BXBX B, BXxBXNB, NBXPxB and so on can be obtained
from all the possible permutations of the fundamental probability density functions
as shown in the following Table 2.

Table 2. Probability Element Function (PEF) in Three
stage letllbUthnal Pattern.

PEF Illustrative Examples

dg‘”(x k‘”lAu) B, NB, P
m)((xnlz) ] Xiys L1121 Alllz) B, NB, P
dgmo(("ulzts) [ X114z 3 kilizz‘sl Aiyisis) B, NB, P
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In conclusion of section 3 let us introduce some notations for the conditional
expected values of stochastic variables. Let z={z;;4p4,} (G;=1,2,--q;; 7=12,---,h)
be a set of stochastic variables and let P(z) be the multidimensional probability dis-
tribution function of z. Let H(z) be a function of z with its domain of definition
D(H). For an assigned set of non-negative integers (i, i,, --- , 1,), an assigned value
y and an assigned function u, let us denote by D,q, i) the subset of D(H)
where u(z;,;,.:,) has the value j.

Under these preparations, let us introduce a set of the conditional expectation of
the stochastic variable u(z) such that

[ HE=dPe)

(3.23) Ex{H}=2s2
[ are)
2ED(H)
and

j H(z)dP(z)

2E B4 )i )y (H)

j dP(2)

2EDu (g i) yd (H)

3.24) EfiisinalH} =

provided that the right-hand side of (3.23) and that of (3.24) exist respectively.

We use also the notion EZ{H} to specify an underlying probability function G
such as binomial (B), negative binomial (NB) and Poisson (P) distributions. For instance
E3{H}, EXs{H} and Ef{H} will be used to express the conditional expectation of H.

§4. Reproductive function in additive family of one parameter exponential
type distributions.

Let us introduce

Definition 6. A function ¢(x) is said to be reproductive in an additive family of
one parameter exponential type distributions {g(x; k)} with additive parameter k, if
there exists a set of a function ¢(x), a non-vanishing function o(k), a transformation
T of x, a transformation S of k and a non-vanishing function c(¢), which is inde-
pendent of k and x, such that, for any assigned set of x and k belonging to their
respective domain of definition for specifying g(x; k), we have

€Y P(0g(x; Rdu(x) = ok)e($)g(Tx; Sk)Ydu(T x)
with the following properties:
(1°) For any set of x,, x,, -, X,-; and x, belonging to the domain of definition

g(x; k) and for any positive integer 1 in 1 <1<gq, we have

q i—1 q
“.2) T( b)) xj) =2x+Tx+ > x.
Jj=1 ji=1 {=i+1
(2°) For any set of non-negative integers ky, ks, -+, kyoy and k, and any positive

integer 1 in 1<i<gq, we have
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q i—1 ’ q
(43) S<J§1 kj) :_7; kj»fSki+ kl .

1=1-1

We observe

Corollary 1. The function ¢-(x)= x(x—1) -+ (x—j+1) is reproductive in additive
family of one parameter exponential type distributions {g(x; k)} with additive para-
meter » when g(x; k) is one of the three fundamental distributions, namely, binomial,
negative binomial and Poisson ones. Indeed we have

(a) Binomial distribution gg(x; k). We have

4.9 ¢ (x0)gp(x; k) = @p(R)ca(P)gs(Trx ; Sgk),
where we have put

(4.5) @p(k) = k(k—1) - (k—j+1),

“6) cx(@) =1,

“@.n Tpx=x—7, Sgk=Fk—J.

(b) Negative binomial distribution gyg(x; k). We have
4.8 PN gvp(x; B) = @np(R)cyp(P)gxs(Txpx ; Snsk)
where we have put
4.9 ¢ vp(k) = k(k+1) - (k+j—1),
(4.10) cxs(@) = piL—p),

411 Tygx=x—], Syg=Fk+j.

(¢) Poisson distribution g,(x; k). We have

4.12) 3 (0gp(x; k)= @p(k)cp(9)gpr(Tpx; Spk)
where we have put

(4.13) op(k)=Fk’,

4.14) cp(@) =27,

(4.15) Tpx=x—j, Spk="F.

It is convenient to have

Definition 7. A function ¢(x) is said to be reproductive in a multistage distri-
butional pattern of one parameter generalised exponential type distributions with the
set of additive parameters {k¥),..} w=1,2,--,m), or simply reproductive in the
system D™(A), when all the concurrence-probability distribution density functions are
reproductive, that is to say, the relations hold true

(4.16) A(OZ M in 1 (Kizigmin s Rittpan Airipein) A0 (Xiyapa)
= ‘P;Bz-“ih-1(kz‘:}1?i§2-'-ih>61§’1132-“ihf1<¢>g§’32~--7‘n- 1(T i{;ll?z"'ih‘lxilizmih ;
Szglzgz”-ih—lkzgfz?z---ih) d/lz('?l?z-“ih-1<TLgffszwih—xxiliz-“ih) ’

where the functions ¢, ., (¢), transformations T, ., , and S, ., satisfy the
conditions similar to those enunciated in Definition 6.
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§5. The conditional expectation of ¢-dispersion for reproductive ¢-function.

It is the purpose of this section to evaluate various conditional expectations of
¢-dispersions such as E*{¢,[ A7} and E¥{¢,[A;iy.1,]} for d =1 and for a certain set
of conditions ¢ such as specifying underlying probability density function. In order
to make clear the essential aspects of our evaluations which are valid for a fairly
general situation, let us be concerned with the simplest two examples.

Proposition 4. For a reproductive function ¢ in the decomposition system DO(A)
we have

Sek)  Sew)
o(Sk) ¢l

G E*{¢,[A]}

Proof. We have, in virtue of definition,

o)
6.2) B, LAY = [ - ] 4y Hatu; kydutx,

{25} =Dp104]
where the domain of integration ©¢,[A] is the set of all non-negative integers for
which ¢,[A] is defined and the symbol {x,} € 9¢,[A] denotes the set of {x;} (=1, 2,
<+, @) such that (x,, x,, ---, x,) belongs to 9¢,[A].

Since the function ¢ is reproductive in D®(A), we have, for i=1,2, -, g,

(%3 ¢(xi)hli11 g (x5 kp)dp(xy) = P(x)g (x;; ki)d/z(xi)hl;[ig(xh; kn)d p(x,)

= @(k)c(P)g(Tx;; Ski)dﬂ(Txi)hI;.[ig(xh; Fr)dp(xy) »
in virtue of (41). In view of (4.2) and (4.3), it ts readily observed that, when (x,, x,,
.-+, x) runs through the set for which i x; is equal to an assigned value x*, the
point (x;, Xy -+, Ximqy Ty Xpuy, o, Xy) bg(l)ngs to the set for which its sum is equal
to T(?Z_‘,le:Tx* for any non-negative integer i in 1<7<yg¢, and also that the con-
verse is true. After summing up the probability elements (5.3) with respect to du(x,)

. q . . .
- du(x,) over the set of (x;, x,, -+, x,) for which x= X x; is assigned as a particular
i=1
value, we have

q q q
5.4 k; i) ki))d X)),
5.4 oUke@e(T(Zx)s S(Zk:))dp(T( S x))
which, apart from ¢(%,), is independent of i. Now again the fact that é(x) is repro-
ductive implies, since c¢(@)p(k) + 0,

(5.5) g(Tx; SOdu(Tx) = ¢,(X)%((£5;?/(€})egfﬂ(x) ,

which, in combination with (5.4), leads us to

Dok
56 E{gLAT =g | el dp()

T=TP1lA]
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1 So(k)
P - o 1=1 ,
[ gtshdum  e®

zEDP104]
as we were to prove.

Example 5.1. (a) Binomial distribution

i%wi) zkoe ) oee (by—jt+1)
o G R (s P I AR

(b) Negative binomial distribution

G.7) Ef{or LAl =~

5.8 E (6 é@”(k) B kbt D) - Chiti=D)
(c) Poisson distribution

Sek) S

5 L5 — ==l
.9 E¥{(o LAl = 90 &) kI
Proposition 5. For a reproductive function ¢, in the decomposition system D®(A),
we have
w kD) 2 OB
(5-10) E*{sz[A]} :ilzr?l (1)(k(1)) FIW .

Proof. The proof is quite similar to that of Proposition 3. First we note that,
for each pair (i,, i,), we have

a2
G1D P(xie) Qgé?(xm, kA p ()
= (028 2 Wigey 5 ki) (X3 12 i (uygs kAR (xfF)

= (P (k)R (T P Xizip 3 S& kmz)d#‘”(T‘”xz‘fiz) L8 B BIDdpd (D)

which yields us
q2 a2
(512 PIRCHNIE It R RLTZHENY

= c(g) B pRRIEIT R s STRE P T3,
]:[ {g(2)<xl1h ’ g)h)dr”‘ﬁ)(xnh)} .

In view of (4.2) and (4.3), after summing up the probability elements in (5.12),
we have

(6.13) AT R xiyiys SRRDIApL TR xT) - H{g "(Kign 5 REIApD (Xi12,)}

with respect to du®(x;;) -+ dpP(x;,4,), We obtain
(5.14) g @y ; ST (T x0)

q2
when (x;,,, -+, X;,4,) tuns through the set for which 3 x;;, is equal to an assiged
i2=1
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value x;, (5.14) leads us to the probability element

az
(5.15) C(2>(¢){ -21990 lm)}g (T2x0; SO (T2 x,),

Again in virtue of the fact that ¢ is reproductive, (5.15) turns out to be

Z e (R,
(5.16) i w(’)(k@) O )g P (xyy s RP)dpP(x;) .
iy t1
In the consequence we have

(G.17) E*{¢,[ AT}

a1 q2
El 21 O(Alxm) Hl H g (xlllz ’ k”w)d/l (xllw)
=} ) cececenns 11 i2 . 11 12
(%1145} =Dg2ld] o(x) H gP(xyy; kYA pP(xyy)
i1=1

a1 1
[¢6) N — N L ATy
P L g0y k) dp(xi) X (Do,[AT}

=” ......... f ¢(1x) % 95((’;@(13) ﬁg Dy, 5 kDY p®(x;)

@
i1=1 Pi1
{24149} =Dp1L4]

E PP RS/ Pr{{xis} € DELAT} .

Here we can deal with a transformation
q1
G18)  Plr) LLgWx s ) : OB (kDI OT Vx s SORY) TT 89 ki)
1= F11

as in the proof of Proposition 5.
Consequently, after summing up the probability elements in (5.18) with respect to
dpP(x)dpu®(x,) - du(x,) under the condition that (x1, X3, -+, x,) runs through the

set for which 2 X; 18 equal to an assigned value x, we obtain that the sum of
ip=1

Q
(519) C(I)(@’)). i\l 99(1)(k§11))g(1)(T(1)x1‘1 ; S(l)k%))dﬂ(l)(Txn) . ’ H g(l)(_xh ; k;bl))dlu(l)(xh)
1= =11

is equal to
q1

S oW(kD)
(5.20) = 1<1>(k<14) G(OZV(x ; FOYp(x)

which leads us to the result to be proved.
Now we are in the position to enunciate a general result on the conditional ex-
pectation of ¢-dispersion.
Proposition 6. For a reproductive function ¢ in the decomposition system
D( A 151,) we have

(h+1) (h+1) e (h~L1) (h+2
G2)  Efp A= S PR e gk, (R )
. ALt iyigedp 4 — (h+1) (k(h-H) (h+°) (k(hﬁz)
ipi1=1  Piligin i1 ih thye=1 Piy- Th1\Fiy lh—,—l)
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- (htd (hd)

et @i aa (R e
Tnlnrdy Lih+d) ’

ih4d=1 9’L1 Thdd- 1<klm ipd-1

where the case h=0 can be interpretated as that

5 _ i Sp(l)(km & ¢ (kgllz) & O1§12(kz(i)zzza
(022> E*{¢d[A]} 1121 wu)(k(n) ZZ-ITD(Z'UQ'@)T &2 0(3)]9('1?;?;2)

.. % ¢1112 “id- 1(kz112 ld>
ig=1 901112 id- 1(kui2 id- 1>

Example 5.2, Two stage homogeneous disiributional pattern. This is characterized

by two systems of probability distribution elements g®du® in (3.13) and g®@du® in

(3.14), which, in this case, may and will be denoted by Gdu®x Ldp®, where G(global)
and L(local) correspond to g® and g® respectively.

In general we have for such an two stage homogeneous distributional pattern,
a4 k) 2 ok,
(5.23) EflLAN = X 00y 2 o iy

2=1

which turns out to the expression

(5.24) Ef {¢.[Al} = —Far 00 (km) E 2 (ki)

particularly when two-stage distributional pattern is inherited, as can be readily seen
from the fact that ¢u(k)= ¢, (k) for every k in their common domain of definition.
(a) Inherited binomial distributional pattern (BXB) (c.f. (4.5)

) y r11 op(ki) o 9B(kz1zz
(5.25) E3.p{gFLAl} = 2 0p () B, ok

(b) Inherited negative binomial distributional pattern (NBxNB) (c.f. (4.9)

! gDNB(k(n) 2 SDNB(knlz
(k(l)) ig=1 SONB(k(Z)

(¢) Inherited Poisson distributional pattern (PXP) (c.f. (4.13)

; @ op(kY) 2 §0P(/3z(§)m
(5.27) E%. »{d5 »JEA]}—,E ©p (k“’) LE SDP(k(Z)

2=1

(5.26) Efpve{ 9 [A]} = Aq

Example 5.3. Three stage homogeneous distributional pattern. This is char-
acterized by three systems of probability distribution elements g®du® (=1, 2, 3),
which may and will be denoted by Gdu®xSdu®x Ldu® in a symbolic way, abbre-
viated by GXSxL, where G (global), SG (or S) (subglobal) and L (local) corresponds
to g, g and g® respectively.

Pa(R?) 2 os(kB) 2 ok,

29 Bl AN = 2 0 00) 20 oshi®) 2 orlbify)
which turns out to
1 92 493
(529) E§XSXL{¢3[A]} (3) Z 2 Z C/L(knzzz
(k )11 =11ig=1ig=1

particularly when three-stage distributional pattern is inherited in the 3-depth, because

oa(k)_gps(k) ¢ (k) for every k in the common domain of definition and k{,. 41
=k

1112 L
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§6. Partitional pattern of additive parameters in decomposition system D‘"(.1).

We prepare

Definition 8. A set of additive parameters {k¥,. .} (v=h-+1, h+2, -, h—d) in
the decomposition system D™(A) is said to be equipartitioned at the d-depth in the set
Aiigay, When there hold equalities

k\h+v)

(ht+v) | . 1188 zh — LW,
®.D kiliz"'ihlhﬂ-"ihﬂﬁ GniiGnes - Qroy ki

Jor 1;=1,2, - ,q;s j=h+1, h+2, -, hty; v=1,2,.

Definition 9. A set of addzz‘we parameters {k;ﬁz i) =h+1, A42, -, hd-d) in
the decomposition system D™(A) is said to be monopolistically concentrated in the set
Aiyigeiy, When there exists a sequence of d integers (if.,, i0.,, -, 19.4) such that

,(6_2) bt 0 ki?zzwlh , (b‘:l, 2, - s d)

i1igiptiht1 lh+v

and hence
(63) klgllitf?ihih_}.lmih_;_y =0 , (U = 1, 2, ree d)
Jor every (inyy, Tnagr -+ s Ipay) # Rra1 Thysmr = 5 104

We observe

Proposition 7. Let a set of additive parameters (i} 0=h+1, R+2, -, h+d)
in the decomposition system D™(A) be equipartitioned at the d-depth in the set 41112.,%.
‘Then we have

1 QhﬂS‘Df}lel;L(k;;gDzh

(6.4) E*{ Pl Aiyiyein ) = X @D (pAID

the1=1  Pirigin(Rifigeip

(h+2) (h+2)
ahte Qh+2€011 ihlh+1(k1112"ih+l)
. (h+2) (k(h*? B
thy2=1 i1 Th41\F 1182 T 41
(h+d) (h+d)
LS Qg g (RS 2 ihtd-1) )

ih+d=1 ‘.Dz?i;dtlwd 1(kut2 Thyd- 1)
In particular when the set of qy, - Gny Stochastic variables {X;,.;,. ipprineat Gi=1,
2,55 J=h+1, -, h-d) is both homogeneous and inherited with the d-depth to the
J-th a’zsz‘nbutzonal pattern in the set A;,..,, then we have

, Grst g D L(kihﬂi)
(6.5) E*{¢d[f4i1i2~-ih:|} =4 (ht;d%érzhﬂz) s

Diligin i1ig-ipn,

Proposition 8. Let a set of additive parameters (k0 =h+1, k42, o, htd)
in the decomposition system D™(A) be monopolistically concentrated in Asyigesy, at the
d-depth. Then we have

’?(6.6) E * { ¢d[Ai1i2-~ih]} = 1 .

§7. ¢-dispersion as function of size variable.

Let us consider a sequence of ¢-dispersion {@a[ AT} (d=1,2, .-+, m) for an assigned
<decomposition system D™(A) of an assigned set A. It is now our chief concern how
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o4 A] will change as a function of the depth 4. In discussing such problem there
are two fundamental tools which we propose to use.

(1°) Size variable associated with the decomposition system D"(A). Let us as-
sume every subset A,,;..;,, is measurable, and let its measure be denoted by m(A,iy.ip)-
Let us denote by a, the average of all {m(A;.i,)} ;=12 ,q¢;; j=12, -, h,
h=1,2 .., m.

1 q1 qn

7.1 a=——"—- (A g
( ) " QIQA f]n zlzzl 7:211 ( ! h)

which is called the i-th average size associated with D(A4).
For the sake of convenienience we add to define

(7.2) a,=A.

Under these preparations we introduce

Definition 10. A sequence of functions {@(a;| A)} (=0,1,2,---,m) defined by
7.3) D(a,| -

a1 (1)(kf1)
) LARES Bt s o

. 21 90(13(]3(1\) q2 Om)(‘lg;;iz) an (,1(1 dne l(kl(;bw in
= POl D= 2 oow) 2 o8 rE) e

iligTh -1
Jor h=2,3, .-, m is said to constitute a ¢-dispersion system as a jfunction of the
average size a, (h=0,1,2, ---, m).

Particularly when all Ay, have the same measure, i.e.,

m(A
(76) Tﬂ'(AiIiz‘"ih) = ‘(Z'@L””)—q‘; =,

Jor 1;,=1,2,-,q;; j=1,2,---,h; h=1,2,---,m, each a, is the size of each subset
in the h-th stage decomposition.

In view of these facts we may and we shall call ¢, to be size variable which is
monotone decreasing: a,>a, > -+ > d,,.

(2°) Homogeneous and inherited multistage distributional pattern interpolated
between the h-th stage decomposition D;»(A) and the (h+1)-th stage one D(A).
To explain the principal aspects of our techniques, let us consider the simplest
¢-dispersion

7.7 0.[A]=D(a;| A) —7@)(]3(1)) 2 eD(RD) .

Now let us consider the case when the non-negative integer g, is decomposed into
the product of I, non-negative integers {¢,,} (v =1, 2, ---, [) such that ¢, =¢,,q,, - gy,
Then it is possible to establish one-to-one correspondence defined by i=¢(,, iy, - , i;)
where the variable (integer) 7 ranges from 1 to ¢, while 7;,=1,2, ---, ¢;;; =12, -, [,.
In this connection we define A{,. a1 = Adcigia iy and RS,

In the consequence we may rewrite (7.7) as

—pn
wig-iry — R QGn,de,i.

11 212

(78) ¢1|:A]v‘9j<1jgf') 2 E E @(1)<k£}.)7.2 111)

=11dg=1 i7;=1
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which can be reformed as

. q11 990)(1351{)) 712 ~\1>(kmz q11y Od)(k“” )
(79) ¢1|:‘_1:]_1'12:1 ,7“7)('%/@) 2 (1)(}?‘1) 771*1 L’ ])(km) -1

The expression (7.9) of ¢,[ 4] shows that the 1-depth ¢-dispersion can be inter-
pretated as the [,-depth ¢-dispersion which is homogeneous and inherited in the
l,-depth in the set : in the sense of Definitions 4 and 5.

In view of this fact let us now introduce a sequence of area sizes {a}} (v=1, 2,

l,) defined by

l q11 a1

7.10 aQf = e 2 m(AR,
( ) G11912 " G 1121 141 (Al ’>

and, with reference to this sequence, let us define a sequence of ¢-dispersions

qn (9(1)(}2 1)) q12 1)(}6\1‘ ) Ny (/( )(k(l)

( s oL “LL‘ [
(7.11) (p(aul \ ‘1)— 99(”(!8“)) pl)(k” = O“)(kL D e l)
1 q11 q,1 )
=gy B S ke
for v=1,2, ---

It is noted that a,>a® >a > - >all; > a® = q, and that the sequence {@(a| 1)}
=12 ,01)is an mterpolation between @(a,|A) and @(a,|d).

The interpolation technique just now explained with respect to the first stage
decompostion D{™(A4) and the second stage one D{™(4) can be similarly defined in the
connection with the h-th etage D{(A4) and the (h--1)-th stage D;»(4) for h=23,

,m—1. In this way it may be possible to introduce a sequence of the average
sizes {a®} (v=1,2,--,1,; v=1, 2, ---, m) such that
(7.12) 4, >aP>aP > - >a¥ =a,
and to define a sequence of ¢-dispersions
(7.13) D | A)
for s=1,2,---,1,; v=1,2,---,m, as 2 whole. In this manner we can have a graph
of ¢-dispersion @(a|4) as a function of a¢ which is actually defined for a=a® just
mentioned.

(3°) Equipartition of additive paramelers in the homogeneous and inherited
multistage distributional pattern in the decomposition system D(A) with {A

of equal measure m(A; 4y 4,) = M(AV/(G1Gs *+* G-
In this case we have

ilig»-lim}

(714) k/]]:gth = kz??l in T A,/(I](/z gy = ]{ahagl
and

_ ‘ @ o(Kayaiy oK) :
(7.15) Da, | A)= a;'o(K) o hae(K) say
by putting
(716) bh - aha(?l H

which is called to be a relative area variable, or an area-index. A relative area
variable is convenient when the set - is assigned, because in this scale the relative
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area is equal to 1 for the set A4.

A deep insight into the structure of multistage distributional pattern can be
obtained by use of the ¢-dispersion function @(a|.4) as a function of size a in the
context just explained.

It is noted that the behaviours of the ¢-dispersion function @(a|A) for each of
nine two stage and twenty seven three stage distributional patterns given in Examples.
3.4 and 3.5 are worth while to particular numerical investigations. Indeed numerical
investigations based upon our theoretical formulation can yield us some of the possible
reasons to the experimental results on natural and artificial populations which have
been given by Morishita [2].

§ 8. Index functions of dispersion as a function of size variable.

In connection with current uses of index of dispersion, it is useful to introduce
Definition 11. (1°) 717 [Aii,,] defined in (2.11) is said to be the d-depth index
of dispersion of the j-th order in the set A; iy i
@2°) A sequence of functions I(a;|A) (=0,1,2, .-, m) defined by

Y I19(a,| A= (0195 -+ ¢’

82 I9%a, | A)= EX{I7"[ A},

for v=1,2,---,m, is said to be an index function of dispersion of the j-th order as a
Sfunction of size variable which takes the values {a,} (v=90,1,2, ---, m).

The current index of dispersion used and advocated by Morishita [2]~[5] and
others is the 1l-depth index of dispersion of the second order in our terminology.
Apart from a multiplier (g,g, --- ¢,,)’"!, the essential aspects of I§I[A] can be observed
from our general considerations on ¢,[ A] and those of I%(a;|A) from those of func-
tions @(a;|A). We do not think the multiplier is so essential in our general
approach. The sole merits, so far as the results of the present paper are concerned,
can be recognised from the fact that we have

8.3) Ep{15TAl =1

for a homogeneous and inherited multistage distributional patterns based upon Poisson
distribution. Multipliers are due to partly to the tradition and partly to the fact that
theoretical emphasis may be placed upon Poisson distribution, as we can observe from

8.4 Ex{I7[A]}=1
for a homogeneous and inherited multistage distributional based upon Poisson dis-

tribution.
Kyushu University
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