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Introduction

The problem to determine the optimum statistical procedure, in some specified
sense, for choosing between two populations in the light of samples drawn from them,
is very important in practical situation.

Let us now enunciate a formulation of this problem in a more concrete form.

In the first place, we shall treat the situation in which there are two treatments
(denoted by A and B) to be performed on each of a large number of individuals (say
N), and we shall assume that the effect of each treatment on each individual can be
expressed in terms of one real number, and that it is distributed in accordance with
a certain population distribution.

Let x, be a treatment effect of A performed on an individual randomly drawn
from the population associated with the treatment A4, and let us assume that x, is
distributed with a distribution function F,(x; #,) under our circumstance, where @,
is a parameter in the population distribution. While let x; be a treatment effect of
B performed on an individual randomly drawn from the other population associated
with the treatment B, and let us assume that xp is distributed with a distribution
function Fz(x; ) under our circumstance, where f, is a parameter in the population
distribution.

Under this general circumstance we shall be concerned with two types of the
problem.

In the problem of Type I, we set up the following assumptions concerning F,(x;8,)
and Fz(x; 0p):

(a) The types of the two distribution functions are the same and known to us.

(b) The true values of §, and #; are both unknown to us.

(¢) Let us denote by d(f4, 65) an assigned function of #, and #; expressing a dis-
crepancy between @, and #5. There exists an a priori distribution for the
parameter d =d(f,, ) and it is a continuous type and known to us.

On the other hand, in the problem of Type II, we set up the following assump-
tions concerning F,(x; 6,) and Fg(x; 0p):
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(a) The types of the two distribution functions are the same and known to us.

(b) The true value of 5 is known to us, while that of ¢, unknown.

(¢) Let us denote by d(f,, 05) an assigned function of #, and #, expressing a dis-
crepany between @, and 05 There exists an a priori distribution for the
parameter 6 =d(f,4, 05) and it is a continuous type and known to us.

Now there is another different aspect of our approaches. Indeed there are two
different sampling plans, as we shall show.

(i) In the fixed sample size plan, we shall consider a fixed number of individuals
randomly drawn from the population of individuals.

(i) In the sequential plan, the number of individuals drawn will not be fixed but
a sequential statistical procedure will be performed.

Now the combination of two aspects just enunciated will give us at least formally
possible four cases:

(1) The first case in which the problem of Type I will be carried out under the
fixed sample size plan.

(2) The second case in which the problem of Type II will be carried out under the
fixed sample size plan.

(3) The third case in which the problem of Type I will be carried out under the
sequential plan.

(4) The fourth case in which the problem of Type Il will be carried out under the
sequential plan.

In this paper, we want to investigate our problem in each of the above-mentioned
four cases according to the following common scheme.

(1°) Firstly, a trial will be performed according to the following method peculiar
to each of the four cases:

(1) In the first case, a trial will be performed on 2n randomly drawn from N in-
dividuals, n on each treatment.

(2) In the second case, a trial will be performed for n randomly drawn from N
individuals on the treatment A.

(3) In the third case, a trial will be performed successively on each pair randomly
drawn from N individuals, one member of the pair on the treatment A and the
other on the treatment B.

4) In the fourth case, a trial will be performed successively for each randomly
drawn from N individuals on the treatment A.

(2°) Secondly, after the trial, if either of the two treatments A and B is decided
to be superior to the other according to a certain statistical procedure in view of the
observations supplied by the samples obtained in our trial, then the treatment will
be performed on all of the remaining individuals.

It is noted that we shall use the word “ superior ” or “inferior ” throughout this
paper on the basis of the following definition and that the decision that one treatment
is superior to the other will be performed according to a certain statistical procedure.

Definition 1: Let us assume that there exists an a priori defined interval denoted
by 1=(4,, 4,) of 8, which is not necessarily bounded. Let us also divide the interval
1 into two sub-intervals Q,=(d,, 6%) and Q,= (6%, 4,) by a specified real value 6* of 9,
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where d, < §* < d,. Now, when the true value of the parameter is 6, the treatment A
is called to be inferior to the treatment B (, that is, the treatment B is called to be
superior to the treatment A) if 6 < 2, and conversely the treatment A is called to be
superior to the treatment B (, that is, the treatment B is called to be inferior to the
treatment A) if 6 < Q,.

In comnsidering such a scheme mentioned at (1°) and (2°), we shall proceed to choose
the optimum statistical procedure according to a certain criterion of choice among
some specified class of procedures.

Under these specified formulations our main interests are now reduced essentially
to set up the criterion of choice. Indeed we shall give our criterion from the point
of view of decision theory. For the purpose of this decision theoretic approach, let
us now define the loss associated with our statistical procedure as follows.

Definition 2: When the true value of the parameter is , the loss per one individual
inccured from performing A is C(6*—d) if 6= 2, and it is zero if 6= 2, while the
loss per one individual inccured from performing Bis C(6—6%) if 6= Q, and it is zero
if 08, where C is a specified proportionality factor.

On the basis of this loss for N individuals, we shall now consider the average
risk over the a priori distribution of the parameter § which we have already assumed
in this paper as to exist and known to the experimenter.

(We shall often call the over-all expected loss for the average risk in this paper.)

We can now express the formulation of our problem in a concrete form as follows.

A formulation of our statistical procedures in this paper is to determine the
sample size in the trial and the choice of decision for the fixed sample size plan,
while it is to determine the stopping rule and the choice of decision for the sequential
plan. In either of these two plans, our criterion is based upon the criterion to mini-
mize the average risk over the a priori distribution of the parameter d.

We have proposed the loss approach to our problem. On the other hand, let us
now propose another approach which differs from the loss approach in location of a
base line, that is, the net gain approach. For the purpose of this approach, we shall
give a definition of the net gain associated with our statistical procedure as follows.

Definition 3: When the true value of the parameter is 5, the gain per one in-
dividual obtained from performing A is G(6—0*) and the gain per one individual obtained
Jrom performing Bis G(0*—0d), where G is a specified proportionality factor. (It should
be noted that G(6—d*) is positive if §< 2, and negative if § = Q, and G(6*—d) is
negative if d = 2, and positive if 6 = Q,.

Thus we can construct the expected net gain for all N individuals on the basis
of this gain. In this gain approach, we shall adopt the criterion to maximize the
over-all expected net gain for all N individuals, which is obtained by integrating the
expected net gain over the a priori distribution for &, instead of the criterion to
minimize the average risk. However, on account of our stand point of considering
the over-all expected net gain or the average risk over the a priori distribution for
d, the maximization of the over-all expected net gain is equivalent to the minimi-
zation of the average risk. Therefore, we shall be concerned with one or both of
two approaches in each section as occasion demands.
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The above-mentioned attempts have been so far performed by Colton [17, [27 for
normal distributions in the first and the third cases, and by the author [4]~[12] for
normal distributions and binomial distributions in four cases.

The object of this paper is to generalize these results in the following direction.
We shall be concerned with a more general class of population distribution, that is,
one parameter exponential distributicn. Explaining in detail, we formulate our problem
in the frame of the independent sufficient statistics admitting addiiivity whose notion
was introduced by Kitagawa [37. In chapter 1, we shall formulate our problem under
the fixed sample size plan, and in chapter 2, we shall formulate our problem under
the sequential plan. In the final section of each chapter, as its special examples, we

shall formulate our problem in the cases of normal, binomial, Poisson, and Gamma
distributions.

Assumption
Let us consider a population [/ admitting the sufficient statistic u,, = Zvi (in=
i=1

1,2,3, ) for a parameter §, where {r;} indicates a sequence of independent random
variables v;/s drawn from the pepulation // and each v, has the probability density
function with respect to a common measure u over the real line R such that

0.1 fs; 8)dp(v) = exp {—o6v;--b(0)+a, (v} dp(vy)

where ¢ is the parameter whose value is unknown to us, where () and a,(v,) are real
valued known functions of § and v; respectively, and where 5(5) has the first and
second derivatives which are continuous in an a priori preassigned interval I1=(1,, 4,)
and b’(9) is strictly monotone decreasing in I

In the first case or the third case, in which the problem of Type I will be per-
formed under the fixed sample size plan or the sequential plan, we hereupon consider
the statistic u,, which indicates a discrepancy between the observations from per-
forming half and half the treatments 4 and B on 2n individuals drawn from N
individuals.

In the second case or the fourth case, in which the problem of Type II will be
performed under the fixed sample size plan or the sequential plan, we consider the
statistic u,, which indicates a discrepancy between the observation from performing
treatment A4 on n individuals drawn from N individuals and the known value of @p.

We assume that any pair {u,, v,.,} of independent sufficient statistics composed
from v, (1 =1, 2, 3,---) with the probability density function of (0.1) admits the addi-
tivity proposed by Kitagawa [3], where m=1, 2,3, ---.

The necessary and sufficient condition that the additivity be satisfied concerning
independent sufficient statistics was given by Kitagawa [3] as follows.

The necessary and sufficient condition that U, 4, = U,+Vn,y be a statistic having the
probability density function with respect to the measure p over the veal line R such that

(0‘2) fm+1(Zlm+1 ; B)dﬂ<um+l> = pr {faum+1+(m+1)b<5)+am+1(um+1>} d#(“m 4-1)

for any positive integer m is that
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(0.3) exp (@0} = [ exp {a, i)} - exp (@) du()
R

Jor any positive integer .

Therefore, we may and will assume that each statistic u,, (i1 =1, 2, 3, ---) has the
probability density function with respect to the measure g over the real line R such
that

‘(O‘l) ful(“m ’ 5)(]/,((1&,”) - C’xp {”—J“m% nt - b<6) - am(um,\,)}d,”-(“,'u) ]

where a,(u,) 18 a real valued known function of u, for each m (n=1,2,3, --).

CHAPTER 1

FIXED SAMPLE SIZE PLAN IN A POPULATION WITH ONE
PARAMETER EXPONENTIAL DISTRIBUTION

§1.1. Procedure.
The First Case: Perform a trial on 2n drawn from .\ individuals, each treatment

7n
on n. Compute the observed value of u,= > v,

=1

Procedure: If u, > K,, use treatment B on the remaining N--21;

If u, <K, use treatment A on the remaining N—2u;

If K, £u,<K,, use each treatment on the half of the remaining,
where 2n is the number of individuals for the trial and where K, and K, arz assigned
real values and K, < K,.

The Second Case: Perform a trial for n drawn from .V individuals on the treat-

ment 4, where the parameter #, associated with the treatment A is unknown to us
and the value of the parameter #; associated with the treatment B known.

Compute the observed value of u,= X1,
i=1

Procedure: If u, > K,, use treatment B on the remaining N—n;

If u,< K, use treatment 4 on the remaining N—n;

If K,<u,=<K,, use each treatment on the half of the remaining,
wherz n is the number of individuals for the trial and where K, and K, are assigned
real values and K, < K,.

The optimum values n* (or p*=n*/N), K.* and K,* of n (or p=n/N), K,, and

K, should be determined respectively so that the over-a!l expected loss (or the over-all
expected net gain) constructed in section 1.2 is minimizsd (or maximized) under our
procedure.

§1.2. Construction of Over-all Expected Loss Function.

The First Case: When the true value of the parameter is g, if § = 2,, then the
expected loss [E Loss], for N individuals is obtained as follows by Definition 2.

V—2n

(LD [E Loss]o=C@*—o)| n+{N—2n} - Polu, <K)+ " PR Zu, S Ko} ]

r

For the same reason, if § = 2,, then the expected loss [E Loss]y for N individuals
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is obtained as follows.

(1.2)  [E Loss]s=C@—69[ n--{N=2n) - Pfu, > K,} -+ ‘Y‘2‘2’1 PAK Zu, )]

By integrating (1.1) and (1.2) over the a priori distribution for the parameter g,
the over-all expected loss denoted by E Loss is then obtained as follows.

- 42 42

(1.3) ELoss/NC = [ ™ (5—6%)g(d)dd+ pj (5% —8)g(8)dd
8% 41

=20 07 =)- Polu, < K} @)

+( 27#;7){ (6%—6) - P{K, <u, <K.,}g(6)dd,

where p=mn/N and g(é) denotes the probab111ty density function of the a priori dis-
tribution for 4.
The Second Case: In the same manner, we have [£ Loss],, [E Loss]g and E Loss.

(1) TE LossTy=Co —a[n-(N—m Pofu, < K)o+ " - PAK S, 2 K],
(1.2)  [E LossIa=C@—a"[(N—n)- P,{u, > K.} + 2'” PAK Zu, K},
- 42
13y E Lc)ss/NC:j. (6—6%)g(6)dd
6*
d2 “~ e 42 L " R
+pf 6% -g@)ds ~(1—p) [ (6% —3)- P,{1, < K.} g(d)dd
41 41

+ 1P [ B0y PR, S u, < ) g(3)dd,
41

where p=n/N.

We should like to determine the optimum values p*, KF¥ and K¥ of p, K, and K,
respectively so that (1.3) is minimized in the first case and (1.3’) is minimized in the
second case.

§1.3. Construction of Over-all Expected Net Gain Function.

The First Case: Let § be the true value of the parameter. If § < @, then the
expected net gain is obtained as follows by Definition 3.

1.4 E Net Gain = G(6*—d)(N—2n){ P,(Select B)— P,(Select A)} .
If § =2, then the expected net gain is obtained.
a.5) E Net Gain = G(6—6%)(N—2m){ P,(Select A)— P,(Select B)} .

Therefore, the over-all expected net gain is obtained.
———— . ) 42 o~
(1.6 ENet Gain/NG =(1-2p)[ j (6% —5)g(8)dd
4
4
—2{ @ -6)- Pou, < K} g(®)ds
41

4z
—[ @0y PK S u, = K g3)dd],
41
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where p=n/N, and where g(é) is the probability density function in the a priori
distribution for 4.

From (1.3) and (1.6), we then get the relation between E Loss/NC and E Net Gain/NG.
1.7 E Net Gain/NG = [Constant]—2[E Loss/NCT.

The Second Case: Let ¢ be the true value of the parameter. If § < £,, then the
expected net gain becomes

149 E Net Gain = G(6*—0)[ —n+(N—n) - { P,(Select B)— P,(Select A)}].
If 6 =, then the expected net gain becomes
(1.5%) E Net Gain = G(6—*)[n-+(N—n) - { P.(Select A)— P,(Select B)}].

Therefore, the over-all expected net gain is obtained.

(1.6") E Nel Gain/NG = (1—2p) j * (5% - 5)g(8)dd
41
21 [ @50 P, < Ky} (0)do

~=)[ @ =) PAK, S, S Ko} g(0)dd,

where g(d) is the probability density function in the a priori distribution for §.
From (1.3) and (1.6’), we then get the relation between FE Loss/NC and
E Net Gain/NG.

1.7 E Net Gain/ NG =[Constant]—2[E Loss/NC].

We should like to determine the optimum values p*, K¥ and K¥ of p, K, and K,
respectively so that (1.6) is maximized in the first case and (1.6’) is maximized in the
second case.

§1.4. Examples.

Example (1): Normal Distribution.

(1°) The First Case: In the first place, let us consider the case when both
population means g, and p; of two normal distributions are unknown to us and both
population variances are common (denoted by ¢?) and known to us.

When y/s (1=1, 2,3, ---, n) are drawn independently from the normal distribution

with an unknown mean &= (u,—pz)/(~ 20) and unite variance, u,= — %yi is the
i=1
sufficient statistic of the parameter ¢ for this class of distributions with the proba-
bility density function
52 u? 1
(1.8) Faltn s D)dpau) = exp {—du,—n - G — 51 +-log 2an) "2 }dp(u,)

(n=1,23, ), where »(0)= —4%/2 and 0* = 0.

We assume that an a priori distribution for the parameter ¢ has a normal dis-
tribution with zero mean and known variance ¢%/(20%), where I =(—oc0, o). Let us
suppose that A, = —K and K,= K, where K is a positive real number.
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We then have

_ K—no'z
1.9 Plu, < —Ky=1-0(" " ).
(1.10) P{—K=Zu,=K}=0 K—no'z >_¢< —K—no'z ) ’

Ng) V'n

where @(t):ftwgﬁ(u)du and g;(u):(27r)-é exp {—u2/2}, and where ¢’ =a,/(~/20).
Therefore, substituting (1.9) and (1.10) into (1.6), we have

(a1 E Nl Gain/NG = —o'(L—-2p)[ | iz@(fK;%g/z)gﬁ(z)dz

—Ff_i 2@( 77K$:za/z )gﬁ(z)dz] .

The optimum values K* and p* of K and p which maximize E Nef Gain/NG of
(1.11) have been shown in the previous papers [1] and [4], that is, K*=0 and
p* =1/(34+-+/9+4R), where R=0"2N=(0IN)/(26%). Moreover, the maximum values of
E Net Gain/NG have been computed at various values of R.

(2°) The Second Case: In the next place, let us consider the case when one
population mean g, is unknown to us and another population mean yp is known.

When y/s (i=1,2,3, -, ) are drawn independently from the normal distribution

with an unknown mean & = (u,—pp)/0 and unite variance, u, = — 3 ¥, is the sufficient
i=1
statistic of the parameter ¢ for this class of distributions with the probability density

function such that b(3)= —8%/2, a,(u,)= —1/(2n)-+log (2zn) %, and §* =0.

We assume that the a priori distribution for the parameter ¢ has a normal dis-
tribution with zero mean and known variance o%/¢?, where I—=(—oco, c0). Let us
suppose that K, = —K and K,= K, where K is a positive real number.

In the previous paper [9], we have discussed in detail on this case. The optimum
values K* and p* of K and p which maximize (1.6’) have been given there, that is,
K*=0 and p*=2/(3++/9+16K), where R=(Nod/(206%. Moreover, the maximum
values of the over-all expected net gain have been computed at various values of R.

Example (2): Binomial Distribution.

(1°) The First Case: Let us firstly consider the case when both population
proportions (i.e., effective proportions) p, and pp of two binomial distributions are
unknown to us.

Let us drawn 22 from N individuals in the form of pair and perform treatment
A on one member of the pair and treatment B on the other.

Let a,, -, a, be the results based on performing treatment ., and b,, ---, b, the
results based on performing treatment B, where ¢, and b; are value 1 or 0, and where
value 1 denotes that the performed treatment j is effective and value 0 denotes that
the performed treatment j is ineffective ((=1,2, .-, n; j=.4, B). These results are
arranged in the order observed. Thus we can consider the sequence of n pairs:

(air bl)) tty (am bn) .
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Let f, be the number of pairs (1,0) and ¢, the number of pairs (0,1) in this
'sequence and let t=17,-f,, We consider only the pairs (0, 1) and (1, 0).

Since each pair (a; b,;) is equal to one of the pairs (0, 1) and (1,0), the conditional
probability that it is equal to (0, 1) is given by

— ,(1—13‘4)23713 ) .
Pa(l—pp)+1—0)ps
and the conditional probability that it is to equal to (1, 0) is given by 1—p.
When v/s 1=1,2,3, ---, 1) are drawn independently from the binomial population

b

t
with an unknown population proportion », u, = 3y, is the sufficient statistic of the
i=1

parameter 0 =/[logb '(1—p)= —logu for this class of distributions with the probability
density function

Slug; 0) = exp {—0u,+1b(0)+a,(uy}
(t=1,2, ), where 0(8) = —log(1+e) and au,)=—log[(t+1)- B(t—u,+1, u,+1)] and
where u denotes an odds ratio (pa(1—1,))/®.(1—pz)).

Let us define 6* =0. We have then that the acceptance of §< 2, is equivalent
to the acceptance of the event “1< u” and the acceptancs of §< 2, is equivalent
to the acceptance of the event “1>u”.

Let us assume that the a priori distribution for the parameter ¢ has a uniform
distribution 1/(d,—4)), where 4,=—logd, (i=1,2) (—oc< 4, <0< 4,< ), and the
interval {d,, d,> denotes an a priori defined interval for odds ratio u (0<d,<1<d,
< o0).

We can now compute the over-all expected loss E Loss/NC of (1.3) as follows.

(1.12) EToss/NC= - Ag} - [ 1a—psstps)

_<1_2p)jj25 Pu, < K} do

- EL ~ - o
—(O.o-—p)jm 6+ PAK, Su <K} do}.

We have discussed on this case in the previous paper [11] and computed the
optimum values p* and the minimum values of £ Loss/NC with respect to various
types of a priori distribution for g, where we define {;,=—K and K,— K and K is a
positive real value.

(2°) The Second Case: In the next place, let us consider the case when one
population proportion (i.e., effective proportion) p, is unknown to us and the other p,
known.

When v/’s 1=1,2, -, ) are drawn independently from the binomial population

with an unknown population proportion p,, unzzn)yi is the sufficient statistic of the
=1

parameter 6 =logp;'(1—p,) for this class of distributions with the probability density

function such that b(6)= —log(1+e7 %), a,(u,)=—log [(n+1)- B(n—u,-+1, u,~1)], and

0% = log p5'(1—pp).
In the previous paper [6], we have been in detail concerned with the case such
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that K, = K, =n,, where n, indicates the maximum nonnegative integer [n-pz] such
that is not larger than n - pg.

Example (3): Gamma Distribution /'(«, d).

Let us consider the case when v;/s (=1, 2, --- , m) are drawn independently from
the ["-distribution ['(«, §) with unknown mean a/8, where 0 <v; < oo, 0 <d< oo, and

0<a<oo. Then u, = Zm v; is the sufficient statistic for the parameter ¢ with the
i=1
probability density function

(1.13) St s O)dp(u,) = exp {—ou,+ma logd+log(I'(ma)=t - up®"}du(u,) ,
where
1.14) b(d)=alogd, () = log(I'(ma)~t - upety,
and where m is any positive integer.

When an a priori distribution for the parameter § is given, the over-all expected
loss can be computed from (1.3) or (1.3").

Example (4): Poisson Distribution P(4).

Let us consider the case when v;/s (1=1,2,---, m) are drawn independently from
the Poisson distribution P(2), where v,=0, 1, 2 -.., (nonnegative integer) and 0 < A < oo,

m

Then u, = 3 v, is the sufficient statistic for this class of distributions and its proba-

bility densilt=y} function is

(1.15) Sl 5 O)dp(uy) = exp { —0u,—me%+log (m*m - I'(u,,+1)")}d p(u,,)
defined over 0 <u,, < oo, where

(1.16) 0=1log(1/4), b(8)= —e 9, and a,(u,) =Ilog(m* - ['(u,+1)1),

and where g is a step-function having jumps of height 1 at every nonnegative integer
Uppe

When an a priori distribution for the parameter § is given, the over-all expected
loss can be computed from (1.3) or (1.3).

CHAPTER 2

SEQUENTIAL PLAN IN A POPULATION WITH ONE
PARAMETER EXPONENTIAL DISTRIBUTION

§2.1. Some Preparations from a Sequential Probability Ratio Test by A.
Wald [13].

It is necessary to compute OC function L(§) and ASN function E4z(n) for the pur-
pose of constructing the expected loss function in section 2.3. Therefore, we shall
give some preparations concerning a sequential probability ratio test for a population
with one parameter exponential distribution.

We hereupon assume particularly with respect to the common measure p in (0.1)
and (0.2) that there exists at least one pair (d,, d,) of § such that

e (PG, ) >0,
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where 4, <4,<d,< 4,.

Let us consider only the pair (4,, 6,) of ¢ throughout this section such that satisfies
assumption (2.1).

Let us consider the probability ratio

) m Lz, ; o -
(22) DPim/ Pom = ?El,z’ 03 -exp { (01750)”/7[_]n{b(ol)*b(éo)}} ’
where we consider the sequential probability ratio test of strength (a, 3) for testing
the hypothesis H, that § =43, against the alternative H, that § =4, (5, < 4,).
Whence, letting

o T 0D s SN sy bes —
2.3) z;=log Iicx 5;> = —(8,—0,)v;+b(6,)—b(6,) and Z”L“igl Zi,
we obtain
(24) Zan - l()g (plm/pum) - ”(al_ao)um i 7”{1’(01) b(()o)}

According to the general approach in the sequential probability ratio test, there
are two constants A and B to decide one of the following three alternatives:
(1°) When we have

Z,=log A,
(2.5) that is,
< — 1 — oo b(51)—b(50)
Uy = = 3.—o, log A+m - 5—3,

then we stop the experimentation and accept the hypothesis H,.
(2°) When we have

logB< Z,<log A,
(2.6) that is,

L togBim. DOD= b(oo) o L g dm. Y@@

5.—3d, 5, — " 58, 83,—8,

m=*1

then we make another independent statistic v,., which gives us u,.,= 3 v,
=1
(3°) When we have

J Z,<log B,
2.7 1 that is,
L . 5(5) b(8,)
Uy = 525, log B+~m - 5—s, ,

then we stop the experimentation and accept H,.
Therefore, the two parallel straight lines L, and L, giving the boundaries for a
continuation of experimentations are given by

L r— b(551)—2500) m r—afoi—&— log B,
2.8) 1
b(d,)—b(d,)

. 1
L. a,= ) nht—ﬁ—o;a1 log A .

1 [
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Thus the common slope of the lines L, and L, is given by

(2.8) s be)—=b(a)

0,—0,
The intercept of L, is equal to

’7 -_— ,]:7
2.8 M= _g logB

and the intercept of L, is given by

1 1-3 3

2.8 hy= ~ “=-logA, where A~ ~—%. and ~e T
( ) *T G40, @ nd B~yT,

The essential instrument for constructing the fundamental aspects as well as the

practical calculations concerning sequential analysis is to find out a function A(d) such

that for each value ¢

B[ ]=1,

J(w; d,
that is,
2.9) E;lexp{zh(d)}]=1,
where

z=log 0100 = — 3, d0v-b@)— b))
and that h(d) 0 for each 4.
Theorem 1. (Wald [137, p. 158) Let z be a random variable such that the following
three conditions are fulfilled :
(I) The expected value E(z) exists and is not equal to 0.
(IT) There exists a positive e such that

Pler<1—e} >0 and Pe?>1+e}>0.

(II1) For any real value h the expected value E(e™)=g(h) exists.
Then there exists one and only one real value h* =0 such that

E@®=1.
Let us denote by 6’ a specific value of § satisfying
s b(6,)—b(0,
(2.10) b/(6) = ,,L%:E% )
for assigned values d, and g, of 4.

It should be noted that there exists one and only one §’ satisfying (2.10) and moreover
J, < §’ < 0, since H(d) has the first derivative £/(6) and b’(d) is continuous and strictly
monotone decreasing in I from our conditions.

Let us denote by I’ the difference set I—{d'}.

Theorem 2. Let {z;} be a set of independent random variables defined by (2.3).

Then each random variable z; in a set of {z;} satisfies the three conditions (I), (II),
and (111) enunciated in Theorem 1 for each 6 belonging to 1.

Proof. Ad (I). Due to our condition with respect to h(d), we have for each z;
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E(z;) = —(0,—00)b"(0)+b(3,)—b(d.,) -

Moreover, we have E(z;) =0 for any ¢ belonging to I’

Ad (II). Let ¢ be any assigned value in 0 <<e<1.

Let us assume ad zbsurdity that

Plexp{zt <l—c}= Py.{yb. > b((’ﬁi?%’:)_gj(’g(l's) }

be equal to 0.

But, since we consider only the pair (§,, d,) satisfying (2.1), as we mentioned
earlier, we have

[5 0 fos dped- [ e odued={ f ddpe>0,
Z80, 01 280, 811 ¢ 230, 81)

260, 01
where
£, 61) = {b(6,)—b(3)}/(6,—0,)
L6y, 05 €)= {b(6)—b(3,)}/(0,—3.)—{log A—e)}/(6,:—0d0)
and Zimoi(éo, 0,;¢) =0, 0y).
Therefore,

ot

lim (T fg ddpe)={ [ dpe) >0,
e~+0Y ¢(80, 015 ¢) 01)

£80, 013
and whence the assumption of our absurdity contradicts to this.

Similarly, we can verify the second part of (II).

Ad (ITI). For any real value h, we have

g(h) = E(e™) = exp {{b(0:)—b(0)} n--b(d)} - exp {—=b(6)},
where 0 =(§,—d,)h+0.

Therefore, g(h) exists for any real value /.

The immediate consequence of Theorem 1 and Theorem 2 is the following.

There exists exactly a function h(d) satisfving (2.9) for each value of 0 belonging
to I.

Therefore, on the basis of the theorem 7.1 by Kitagawa [3], the function A(d)
defined over I’ can be computed by solving the following equation
(211 b(h(6) - (8,—0p)+8) = h(8) - (B(d)—b(8,)+D(d) ,
where it should be noted that the form of 5(d) is actually given to us.

When the excess of py../p,. Over the boundaries A and B at the termination of
the sequential process is neglected, we get the approximation formula:
 exp{h@logA}-1
exp {h(d)log A} —exp {h(0)log B} ’
where L(6) is defined as the probability that the sequential process will terminate
with the acceptance of H, when ¢ is the true value of the parameter.

From (2.8"), we also obtain

(2.12) L(8)~

exp {h(d) - (6,—oh,} —1

(212 LY~ 43 (RB) - (8 —8.)ho} —xp (A3 - (Bo—0)hs} *
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Since E;(z) = —(0,—0,) - b’(0)+0(0,)—b(d,) + 0 for any ¢ belonging to I’, we obtain
similarly

(2.13) Eyny~ L0 log B+ {1—L(0)} log A

Exz) ’
where n denotes the number of observed pairs required by the test and E;(z) denotes
the expected value of z when § is the true value of the parameter.

Therefore, in like (2.11%),

, o (hi=ho) - L(B)~-hy.
(213 ) Er)(”) b’(é)—s ’
where L(0) is given by (2.12").

When o is equal to ¢’ satisfying a relation (2.10), let us make use of the following
limiting values [im L(d) and lim E;(n) instead of L(¢’) and E;(n) respectively.
56 306"

17 N =—=J; 3 A~ Z()g{L —_— ,hoi
(2127 1= ézfz Lo logA—log B ho—h, ’

7 N e fim Foy 108 A log B hyhy
(2.13%) ]:al(n)_éz_zg E;(n) Eo (2 = ey

§2.2. Procedure.

We now suppose that the trial no longer calls for a fixed number of participants,
but the trial is performed sequentially on a pair of individuals at a time, treatment
A on one member of the pair and treatment B on the other. After the results from
each pair are available, a decision based on the cumulative evidence at hand is made
to select one of the two treatments as the superior and use it on the all remaining
individuals or to continue the trial by having an additional pair participate.

Procedure. After the m-th pair, compute the value of a cumulative sum u,, of
statistics vy, vy, *+*, Upe

If u,,=K+s-m, then select treatment B and perform B on the
remaining individuals;

2.14) If u,<—K+s-m, then select treatment A and perform 4 on the
remaining individuals;

If —K+s-m<u,<K-+s-m, then continue with another pair,

where K is a positive real number and s is a real number, and where X and —K are
the intercepts of the two parallel straight lines indicating the location of boundaries
at the termination of our sequential process and s is a common slope of these two
straight lines.

The problem is to determine the optimum values K* and s* of K and s respec-
tively so that the expected loss constructed in the following section 2.4 is minimized.

§2.3. Construction of Over-all Expected Loss Function.

Let us denote by P,{Select treatment B|é} the probability that we select treat-
ment B as the superior at the terminal decision of our sequential process when § is
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the true value of the parameter. We have then
(2.15) P {Select treatment B|d} = P, {u,, = K+s-m|d}
=P {up=h+s-mo}=PAZ,£log B|0} = L(3).
Therefore, we have similarly
(2.15) P.{Select treatment A|d} =1—L(d),

where L(d) is given by (2.117) or (2.117).
Assuming N to be large so that the formula for unrestricted (i.e., open) sequential
sampling are reasonable approximations, we obtain the following expected loss function.
If treatment A is truly inferior to B (i.e., d = £,), then the expected loss [E Loss],
for N individuals is obtained as follows, by Definition 2 and the abovementioned
procedure.

(2.16) [E Loss], = C(0*—8) [Es(n)~{N—2E,n)} - {1—L(&)}7.

On the other hand, if treatment B is truly inferior to A (i.e., § = 2)), then the
expected loss [E Loss]p for N individuals is obtained as follows.

(217) [E Loss]p=C(0—0*)[Es(m)—+{N—2Esn)} - L(6)] -
Consequently, by integrating over the a priori distribution for ¢ based on the

asumption, the over-all expected loss £ Loss is obtained as follows.

218)  ELoss/NC=| j (5*75)g(5)d5——1%; [ @ —0Eme@)ds
1 dy

d2 2 2 o
— [P oL@ o+ 57 [T @ —HLOEmg3)ds,
41 4

where g(d) denotes the probability density function of the a priori distribution for 4.
L) in (2.12") and E4n) in (2.13’) are transformed by our procedure respectively
as follows.

1
(2.19) LO)~ 7 e spnion
and
~ K2L@)-1}
(2.20) Edm~ "y =s

where A(J) can be obtained by (2.10).

Giving actually the forms of b(d), h(d) and g(§), we can now compute E Loss/NC
of (2.18).

In conclusion, we should ask for the optimum values K* and s* of K and s
respectively so that is (2.18) is minimized.

The logical relation between the sequential probability ratio test by Wald [13]
and our sequential scheme can be enunciated as follows.

First of all, we have assigned a positive intercept K and a common slope s of the
two parallel straight lines indicating the location of boundaries at the termination of
our sequential process.

Let us suppose that values of ¢, and 4, (, where §, and 0, satisfy (2.1), ) were



16 Masahiko SUGIMURA

assigned. We then could determine approximately values of « and 3 on the basis:
of (2.8"). For these assigned quantities «, 5, d,, and d,, we could perform the sequential
probability ratio test of strength («, 5) for testing the hypothesis H, that d=4d,
against the alternative H, that 6=4,. Therefore, we could compute OC function L(3)
and consequently construct £ Loss due to our assumption.

It has been our problem to determine specific values A* and s* of K and s
respectively so that E Loss is minimized.

Thus we should actually compute specific values «* and 5* of @ and 3 correspond-
ing to K* and s* once more on the basis of (2.8), for firstly assigned value of d, and
0., and then obtain a specific OC function L(§) corresponding to these values of «¥,
5*, 0y, and §,.

We have been so far concerned with the third case in which the two parameters.
f, and 0 respectively associated with the two treatments A and B are both unknown
to us. However, the fourth case in which the parameter 0z is known to us but the
other f, is unknown to us can be discussed in the same manner. By performing
successively the only one treatment (i.e., treatment A) with unknown parameter on
each individual randomly drawn from N individuals, we con then carry out our se-
quential process.

In this case, the considered statistic u,, indicates a discrepancy between the cumula-
tive observations from performing the treatment with unknown parameter and the
known value of the parameter of the other treatment.

We can now construct the over-all expected loss as follows on the basis of Defini-
tion 2 on the loss.

Let 0 be the true value of the parameter. First of all, if § € 2,, then the expected
loss [E Loss], for N individuals becomes as follows.

2.21) [E Loss]y= C(0*—8)[Es(n)+-{N—Exm)} - {1—L(@®)}].

In the second place, if § = 2,, then the expected loss [E Loss]z over the whole
trials becomes as follows.

(2.22) [E Lossly= C(3—0%) {N—Exn)} - L(5).

The over-all expected loss denoted by E Loss is finally as follows.

(2.23) E Loss/NC= j (6*—0)g(B)dd— ;12 (6% —0)L()g(5)do

+ %f 42(5*—5)L(5)E5(72)g(5)d5 ,
4 JI

where L(3) and E;(n) can be obtained from (2.19) and (2.20) respectively, and where
g(d) denotes the probability density function of the a priori distribution for ¢.

In conclusion, we should ask for the optimum values K* and s* of K and s
respectively so that (2.23) is minimized.

§2.4. Examples.

Example 1: Normal Distribution with Known Variance.
(1°) The Third Case: We are firstly concerned with the case when population
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means y, and pp of two normal populations with known and common variance ¢* are

both unknown to us.
When y/s (=1, 2, ---, m) are drawn independently from the normal population

— . . m
with unknown population mean 0= (u,—pz)/(v/ 20) and unite variance, u,= v,
i=1

(, where v;= —y;, ) is the sufficient statistic of the parameter ¢ for this class of dis-
tributions with the probability density function

2.24) Sty ; 0)dp(u,)=exp {ﬁo‘um —m - 52 — g% +log (2::771)"2‘7}41’;1(11,”)

(m=1,2, ),
where
(2.25) b= -2 an(u)= —Em L log(2em)” T, and 6% =0.
2 2m

We assume that the parameter ¢ has an a prior: normal distribution with zero
mean and known variance o¢?=0}/(20%). Letting z=40/0,, we have

(2.26) g(0)dé=p(z)dz, where o(z)=(2x) T -exp{—z%/2).

From (2.10), we have

_ 0,+0,—20

2.27) o) = —17—31_0 5

Therefore, we get immediately from (2.8%), (2.19) and (2.20)

s drtt
1

(2.28) L@~ 7 paiow s

(eZ(s+3)K____ 1)

K
Es(n)~ G5+0) . (2STOELTY

Thus, substituting (2.26) and (2.28) into (2.18), we obtain

=9 ]_ (eﬂalﬁs)K__l

[ 0 K
@29 ELoss/NC=—oi{ |_zo@dz—p [~ (e @Tﬁﬁg 20(2)dz

— - Z@(Z) % o 1 (e2(a12+s)K_l>
j_m( dz+— }

(oK 1y Gz LSy " (eemr 1y 20(2)d2

Computing (2.29), we could determine the optimum K* and s*. But, in the paper
[1], T. Colton has discussed the case when s =0, and computed the maximized values
of the considered over-all expected net gain at the various given values of R= No?,
and finally evaluated the advantage of the sequential optimum plan over the fixed
sample size optimum plan.

(2°) The Fourth Case: We are secondly concerned with the case when population
mean yp, of a normal population with known variance ¢% is unknown to us and a
mean effect pp of treatment B is a known value.

When y;s (=1, 2, .-, m) are drawn independently from the normal population

m
with unknown population mean 6 =(p,—pp)/o and unite variance, u,,= X v; (, where
=1
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v;= —); ,) is the sufficient statistic of the parameter ¢ for this class of distributions,
_71;
where 0(0) = —0%/2, ap(Un)= —uZ/(2m)+log 2rm) %, and 6*=0.
We assume that the parameter ¢ has an a priori normal distribution with zero
mean and known variance o}-==o¢l/0% Letting z=43/0,, we have

g(0)dd = ¢(z)dz, where ¢(z)= (Zx)—;* sexp {—z2/2}.
From (2.19) and (2.20), we have then

< 1
L(0> ~ eﬂ(d]ZTS)K+17 ’
(2.30)
o2+ K
E;n)~ K (e¥roR —1)

(g,2+5) ' zeg<a1z+s;K+1')‘ .
Substituting (2.30) into (2.23), we obtain
—_— 0 [
(2.31) E Loss/NC= —01{ j‘_ngp(z)a'z—‘[_oo (AQQGIT}S;K;ﬁ z¢(z)dz

K =] ]{ (e2<(112+SJK_1)

+i7§7 o (G12F5) (EOFIKLTY Z@(Z)dz} .

Computing (2.31), we could determine the optimum values K* and s* But, in the
previous paper [10], we have been concerned with the case when s=0, and computed
the maximized values of the over-all expected net gain, and finally evaluated the
advantage of the sequential plan over the fixed sample size plan.

Example 2: Binomial Distribution.

(1°) The Third Case: In the first place, let us consider the case when population
proportions (i.e., effective proportions) p, and pz of the two binomial populations are
both unknown to us.

Let us draw 2z from N individuals in the form of pair and perform treatment
A on one member of the pair and treatment B on the other,

Let a be the outcome of an observation from performing treatment A on one
individual and b the outcome of an observation from performing treatment B on the
other individual.

Let a,, ---, a, be the results based on performing treatment A and b,, ---, b, the
results based on performing treatment B, where qa; and b; are values 1 or 0, and
where value 1 denotes that the performed treatment is effective and value 0 denotes
that the performed treatment is ineffective (=1, 2, ---, n).

These results are arranged in the order observed. Thus we can consider the
sequence of n pairs:

(av b1)r s (anr bn) .

Let ¢, be the number of pairs (1, 0) and ¢, the number of pairs (0,1) in this se-
quence and let t=1f,+t,. We consider only the pairs (0, 1) and (1, 0).

Since each pair (a;, b;) is equal to one of the pairs (0, 1) and (1, 0), the conditional
probability that it is equal to (0, 1) is given by

pA(l 'bB) +(1 *%)%
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and the conditional probability that it is equal to (1, 0) is given 1—p.
When y/'s (1==1, 2, ---, ) are drawn independently from the binomial population

t
with an unknown population proportion p, u, = 33, is the sufficient statistic of the
i=1

parameter 0 =/ogp~*(l1—p)= —logu for this class of distributions with the probability
‘density function

Sty O)dp(u) = exp {—du,—~tlog(1+eD—log[(1+1) - Blt—u,~1, u,+1)]}duu,)

(=12, ), where b(8)= —log(1+e~9), and where u denotes an odds ratio (pz(1—p,)
/(41 —pp)), and where p is a step-function having jumps of height 1 at every non-
negative integer u,.

Let us define 6*=0. We have then that the acceptance of < £, is equivalent
to the acceptance of the event “1< u” and the acceptance of § < £, is equivalent to
the acceptance of the event “1 > u”.

Let us assume that the a priori distribution for the parameter ¢ has a uniform
«distribution with the probability density function g(d)=1/(4,—4,), where —oo < 4,
<0< 4, < oo,

Letting e 4i=d,; (1=1, 2), we have the a priori defined interval <{d,, d,> for the
©odds ratio u (0<d, <1< d, < oo).

We can now compute the over-all expected loss E Loss/NC of (2.18).

In the previous paper [117], we have been in detail concerned with this case, and
then determined the optimum values K* with respect to various numerical examples
for each of fixed several values of s, and consequently computed the minimum values
-of the considered over-all expected loss function.

(2°) The Fourth Case: In the second place, let us consider the case when one
population proportion (i.e., effective proportion) p, of the two binomial populations is
unknown to us and the other pp known.

When y/’s (1=1, 2, ---, m) are drawn independently from the binomial population

‘with an unknown population proportion p,, u,= 3y, is the sufficient statistic of the
i=1

parameter § =log p;'(1—p,) for this class of distributions with the probability density
function such that b(6)= —log(1te™?), a,(u,)=—Ilog({(m-+1) - B(m—u,+1, u,-+1)), and
7 = log y5'(1—pp).

Thus we can compute the over-all expected loss from (2.23), and determine the
optimum values K* and s*.

In the previous paper [8), we have been in detail concerned with the case when
(1) the a priori distribution is a uniform distribution with the probability density
function g(0)=1/(d,—4;) and (2) s=pz. We have then determined the optimum
values K* concerning various given types of a priori distribution and consequently
computed the minimum values of the considered over-all expected loss and finally
evaluated the advantage of the sequential plan over the fixed sample size plan.

Example 3: Gamma-Distribution I'(m, d).

Let us consider the case when v;s (1=1, 2, ---, m) are drawn independently from
the Gamma-distribution I'(1, §) with unknown mean 1/8, where 0 < v; < oo and 0 < § < oo.
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m
Then u, = > v; is the sufficient statistic for the parameter ¢ with the probability
i=1

density function

(2.31) Tty s 0)dpu,) = exp { —ou,+mlogd-+log [I'(m)=t - uz=J}dp(uy),
where
(2.32) b@)=1logd and a,(u,)=Ilog[I(m)t-un-1],

and where m is any positive integer.
From (2.11) based on Kitagawa’s Theorem, the function A(§) =0 may be computed
by solving the following equation.

log [h(0) - (6:—00)+01=1(d) - {log (6,05")}+10gd,

that is,
233) (3,—30) - h(8)/6 = (8,37 1,
since ¢ + 0.
Letting
2349 (6,0, )® = ¢ (, where £#1 and £>0),
we obtain the following (5.117) instead of (5.11).
(2.337) 10 1og (3,079}/(3,~8,)=log §/(§ 1)

Since the slope s = {6(6,)—b(0,)}/(6,—0,) = {log (6,05V)}/(6,—0,), the relation between
0 and £ is obtained as follows.

(2.35) 0=(log ©)/{s(6—D},

where let s be a non-zero real number.
We also obtain from (2.33), (2.34), and (2.35)

(2:36) 0,0 - h(@) = — 185,

In the case of our exponential type, L(0) and E;(n) may be obtained as function
L(¢) and E.(n) of ¢ respectively from (2.19), (2.20), (2.35), and (2.36), that is,

(2:37) @)=L~ ghary
(2.38) Ea(n):E‘;(n)Ng : \g;;_} '?—lTo—ig‘ziﬁ _

It should be noted that both L(d), Es(n) are independent with respect to g, d,.
Thus, the over-all expected loss of the present case results as follows, from (2.18),
(2.35), (2.37), (2.38), and our assumption,

239  ELoss/NC=| j*(5*~5)g(5)d5~ "1{[’ f ;2(5*—6)E5(n)g(5)d5

— [ oL@ + o [ “@—OEL@)e @S,
41 a4

where g(d) denotes the probability density function of the a priori distribution for é.
From (2.35), we have
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, i e S PR I, s =
(239) ELoss/NC= (K, 5|85, £y 0K, 5180 £2)

‘"993([( 5‘51:5 + ’“‘;H(K: 5151: 52)’

where
Cer s s 1 (e logé (E—1-Clog3) _ o g=
oK, s1&,, §5)= S 551 (5 S(E—lj) g(,)l) £.(8)ds,
p = e l g—1—~10 log S | -
ol sl =5 [ 7(0r— (B55) - TR B - ST a©s
, £, 8= logé (E—1—-¢logd) gks
Q:&(Ki 5!51' s2/— J (5* gC:D) ’s(g_l)’ T ;:1::3 : 1 bx(g)d> ’

siie sie ey K pfrs. logE N (G-1-glogdlogs G- ..
9"4([("519’ QZ)— Szf (0* b(gr 1>> (E_ljlogfg)f g——l)‘ (ﬁK/sq_l)‘i Tgx(g)d}v

and where
4;=og &/ {s(¢—~1)} (=12, 0% = (log c*)/{s(s*—D},
and
g0)=48().
Thus we must determine the optimum values K* and s* of K and s respectively
so that (2.39’) is minimized.

Example 4: Poisson-Distribution P(4).
Let us consider the case when v/s (i1=1, 2, --- , m) are drawn independently from

the Poisson distribution with an unknown mean A, 0 <2< . Then u,= X1, is a
i=1
sufficient statistic for the parameter § = —/og A with the probability density function

(2.40) St 3 O)dp(uy) = exp {—ud—me2+4log m*n - I'(u, 1)1} dp(u,,),
where
241) b(6)= —e % and a,(u,)=Ilog[m*». I (u,+~1)"],

and where g is a step-function having jumps of height 1 at every nonnegative integer
u,. Moreover, we assume that an a priori defined interval for the parameter ¢ is
Ay ds)y (o< 4,20 =4, <o)

From (2.10) based on Kitagawa’s Theorem, the function A(d)= 0 may be computed
by solving the folfowing equation.

(2.42) exp {—(0,—0)h(0)} —1 = h(d) - exp {0} - (exp {—0,} —exp {—0,}).
Letting
(2.43) exp{—(0,—0)h(0)} =& (, where £+1 and £>0),
we obtain the following (2.42") instead of (2.42).
/ _ 0=’ _ log&
(2427 p e Tl

Since the slope s={b(6,)—b(0)}/(6,—0,)={—e °1+e%}/(§,—d,), the relation be-
tween ¢ and £ is obtained.
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- slogé
(2.44) i 2108
where let s be a nonzero real number.
Also, from (2.43), we obtain
(2.45) (6,—0)) - h(6) =log &

Thus, in the case of our Poisson type, L(6) and E;(n) may be obtained as func-
tions L(&) and E:(n) of & respectively from (2.19), (2.20), and (2.45), that is,

(2.46) L@ =LO~ 1 e
(247) Ey=Emy~ . &1 1=&0

s (logo)+l—¢ 147

where let us note b'(6)=e¢°=(slog&)/(§—1) from (2.44). It should be noted that both
L(d) and E;(n) are independent with respect to d,, d,.

Thus, the over-all expected loss of the present case results as follows, from (2.18),
(244), (2.46), (247), and our assumption.

(248) ELo5/NC= (K, 518, §9— 1 9ul, 51, &)

. 2 . -
4¢3(K1 S ] St Ez)T’L,V’SJM(Ar S l El» gz) ’

where

DK, 516, 8= —[ T (6% log e QS

Coet) D oss
ok, 318 &)=~ [ Mot E0) T EDED L - i s,

slog & Etlogb)tlogs = (1red) &
R ) (6—1—&logs) 1 .
O 5160 &) j& (6 —log 1oyx ) He Dlogs " ier) &,
NN | G (L LT -0 (:jl_glqg{c)\,, ()
o (K, s|&, §2>———’§ j$1 (0 ’10g§@%> (I1—&+log&)E log & (1+Ex)zg1<s)d5
and where
e di=(slogé&)/(¢,—1) (=12, e~ =(slog &%)/(g*—1),
and

2(0)=g(§) -
Thus we must determine the optimum values K* and s* of K and s respectively
so that £ Loss/NC of (2.48) is minimized.
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