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§ 1. Introduction and summary. The auther has discussed in [2],
[8] and [4] some large sample properties of the “sometimes pool estimate”
(“s.p.e.” in brief) for the population median, shift and spread parameters
of the population in the nonparametric circumstances where the type of
the undeylying distribution is unknown. Saying in more detail, the “s.p.e.”
for the above parameters have been defined and their asymptotic distribu-
tions, expected values and mean square errors have been derived. And
the asymptotic efficiency against the ‘““never pool estimate” (“n.p.e.” in
brief) has been also discussed under the normal assumption.

In order that these procedures may be applied for the practical purpose
in the nonparametric cases, it needs in addition to investigate their pro-
perties when the sample size is small. Thus this paper is concerned with
the “s.p.e.” for the population median in the small sample cases. Unfor-
tunately we have no teckniques to develope the theory in the general forms
available for arbitary sample sizes and/ or level of significance in the preli-
minary nonparametric test. Therefore we are in the situation that we
must try to derive the results respectively for each value of the sample
size (m, n) and/ or the level of significance a.

In this paper, we shall first derive the distribution of the “s.p.e.” in
the case that m=38, =2, «=0.2. The methods of such derivation are also
applied in the other cases. We investigate in detail under the uniform
distribution the effects of a on the efficiency with respect to the “n.p.e.”
when m=3, n=4. We shall also compute the efficiency in the cases (a)
normal distribution and 4=0, m=3, n=4 (b) the double exponential dis-
tribution, m=3, n=2. All the results will be compared with those in the
large sample cases.

Though we only deal with some properties of the “s.p.e.” under the
very special circumstances where the sample size is extremely small, we
may conclude that the behaviour of the “s.p.e.” in the small sample cases
are similar to those in the large sample cases.

H
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§ 2. Procedures. Let X=(X,,--X,) and Y =(Y,,---,Y,) be respectively
the random samples of size m, #n from the continuous distributions F(x)
and F(x—4), where F(£)=0.5 and 4>=0. Our main object is to estimate
the value of the median £ and for this purpose, we first test the hypethesis
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4=0, The preliminary test is done by the Wilcoxon two sample test and
the sample medians are used as the estimator of £. There exists another
more efficient estimator than the sample median, say the median of the
average of pair of the observations. However we adopt the sample median
for the sake of simplicity, for our main purpose is to compare the “s.p.e.”
with the “n.p.e.”’.

Let now the critical region of size « be R,. Then the “s.p.e.” is
define as follows,

A

0 (i) ¢=median (X) when (X, Y)€ER,
(ii) é=median (X, Y) when (X, Y) € R¢
§ 3. The distributions of the “s.p.e.”. Since we cannot derive the

distributions of the “s.p.e.” in the forms available for arbitary values of
m, n and «, we shall in 3.1 deal with the derivation of the distribution in
the case m=38, n=2 and «=0.2. The similar methods may be used in the
other cases of m, n and «, so that we only denote in 3.2 the densities of
& in the case m=3, n=4 and uniform F(x).

3. 1. The case m=3, n=2 and a—0.2.

Now we arrange three X’s and two Y’s in ascending order and then
we may get ten different orderings. For example, we write one of them
as XXYXY which means that any two X’s among three X’s are less than
Y’s and the remaining X is put between two Y’s. Our preliminary test is
to reject the hypothesis 4=0 when the rank sum of Y’s in the combined
sample (X, Y) is too large. Thus the critical region R, of size 0.2 is the
region determined by the following orderings

@) XXXYY, XXYXY.

In this case, the estimate for ¢ is respectively given by the value of the
underlined X in (2). If (X, Y) is in the region of the following order-
ings
(3) XYXXY XXYYX YXXXY XYXYX

YXXYX XYYXX YXYXX YYXXX
, the hypothesis 4=0 is accepted and the estimate of ¢ is respectively
given by the underlined X or Y in (3). Denote the density of the estima-
tor by g(z) and we get the following form from (2) and (3)

!

X !
2(2) dz:Pr[z<X<z tdz, X'<X< . <Y}
17 X/j]
X//
X/
+Pr[z<Y<z+ dz, . <Y<Y'<X”].

X’ X
+Pr[z<X<z+dz, <X<
Y Y

+Prla<Y<z-dz, X oyX |
y = x

] +Pr|:z<X<z+ dz, ;<X<
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The above probabilities are easily calculated and the density g(z) may be
expressed as follows,

4 g@ :12F(z)f(2)Jm%F(x> ~F){F(x—4)—F(z—4)}{dF(x—4)
+12F () F(z— D1 -F@) 1 {1-Fz-0)f(2) +3F(z—40)*{1-F(2) {*f(2)
+6F () F(z—) {1 -F(2){*f(z—4) +6F(z)2f(z—4)r{l—F(x) $dF(x—4)

, where f(2) =F'(2).
3.1.a Uniform distribution.
Assume that F(x) be uniform over [0, 1] and we get from (4)

g = [6z(1-2)—2(1-4)’z 0<2<4
[ 4z2(1—2)°+24(z— ) +864(z— 4) (1—2)*+124*(1— 2)*
) | 124(2— ' (1—2) + 18 (z— 4) (1-2) +64' (1~ 2)
\+342(1—2)%(2), 4<z2<1

, where ¢(2)=0(1) for z=4(>4).
3.1.b Double exponential distribution.
Assume that F(x) be double exponential, that is

f(x) =%exp(—‘x!), — ool x< co,
Then we may get from (4)

2= | ée%(s— 1.254+0.25¢ %) + 3 ¢%(— 1+ 3¢+ 0.T5de~*)
1

t _%e42—24+_g_e52—24’ zgo

|

|8 e B a3 4 V. R P
6) \‘ R i 8(1+0'5 0.52)e +2e +8e

=3 e 305+ d—2) e <z<4

‘ "*4*9 +Z( B+d—z)e* %, 0=z<

ii 4 24 —3z___§_ —4z+d_757 —4z+24 g ~5z+24

4 (0.5+3e*+0.5e*) e g ¢ 1 +g e,

\ 4<z.

3.2. The cases m=3, n—=4.

By the same methods as 3.1., we may derive the density 4.(z) where
a means the level of significance in the preliminary test. We write only
the forms of the density in the case of uniform F(x) over [0, 1.
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hos(2) = '24(1—4)z—6(1— ) 4'2—62(z—4), 0=<z<4
182(z=4)'(1=2)"+2164(z= H°*(1-2)* +964*(z— £)*(1—2)
+84°(2— 4)*+2884% (z— 4)*(1—2)% +1564(z— 4)*(1—2)*

(N H 14483 (2= D) (1—2) +964° (z— 4) (1 - 2)2+60482(z— &) (1—2)*°
+1244(z— ) +424*(z2—4) (1 —2) +2.4(2— ) (1—2)°
+124(z—4) (1 —2)*+2.44(1—2)°+124*°(1 —2)* +244°(1 — 2)°?
+2444(1—2)2+64°(1—2), 4<z<l1

()= | {6(1—4)—2.4(1—4)°=64(1—A)*{z—62(2~ 1), 0<z<4
124(2— 4)*(1—2)*+1924(z— 4)*(1—2)* -+ 1242 (2— 4)* (1 — 2)
AP (2= A +8(z— (1 —2)* + 1444 (z— ) (1—2)°
(8) 123442 (z— £)2 (1 —2)% 4844 (z— 4)* (1 — 2) +244(z— 4) (1—2)*
+ 8442 (z—4) (1-2)+964°(z— 4) (1—2)*+304* (z— 4) (1 - 2)
+8.6(z—4)(1—2)* +8.64(1—2)*+1842(1—2)* +364°(1— 2)*
L2440 (1—2)+ 645 (1—2), 4<z<1

ho(2)= [6(1—2)z—1.2(1—4)°2—62(z— 4), 0=z
112(z—4)*(1—2)*+1564(z— 4)*(1—2)2+484*(z— 4)* (1 —2)
+9(z—4)*(1—-2)*+1444(z— )*(1 ~2)*+ 1984 (z — 4)* (1 —2)*
P L4604 (z—DP(1—2) +4.8(z— ) (1 —2)*+364(z— 4) (1—2)*
+964%(z— ) (1—2)2+304*(z— 4) (1 —2) +4.84(1—2)°
+2442(1—2)*+964*(z—4) (1 —2)*+364°(1—2)* + 244* (1 — 2)*
L +H642(1—2), 0<z<1

han(z)= 62(1—2), 0<z<4

192(2— ) (1—2)*+1204(z— H*(1—2)*+21 (z— H)*(1—2)*
+1444(z— D (1 —2)*+ 1804 (z— 4)*(1—2)*
+964(z— H2P(1—2) +6(z—H(1—2)°+484(z—H (1 —2)*
+108482(z—4) (1—=2)34+964°*(z— 4) (1—2)*+304*(z— 4) (1—2)
+64(1—2)°+364°(1—2)°+ 24482 (1 —2)*+244* (1 — 2)*
L +64(1—2), 4<z<1

(10

§ 4. The expected values and mean square errors.

4.1. The case m=3, n=4 and uniform F(x).

We shall first calculate the expected values and mean square errors
about 0.5 of the “s.p.e.” in the uniform F(x) over [0, 1] when m=3,
n=4. The computations are elementary by using (7)~(10) in the previous
section.
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« E (5 )
0.057 | 0.4857+0.45714— 0.44* — 0.64° -+ 0.84° +0.44° — 0.88574" +0.2428 4°
0.114 | 0.475+0.37144— 0.64% — 1,44+ 5.754* — 8.64° +7.24°— 8.44" +(.7036 4°
0.2 | 0.46070.28574— 0.64%+ 1.754* — 2.84° +2.4° — 0.6857 4" +0.0893 4°
0.429 | 0.4393+0.25714 — 1.54° +8.84° — 26.954* + 41.44° — 35.94°— 16.28574°
—3.03214°
a M.S.E.(&)
0.057 | 0.0310-+0.01434 +0.2857 4 — 0.66674° + 3.84* — 14.64° +25,5338.4°
—99.714347 +10.28574° — 1.91904°
0.114 | 0.0329 +0.02144 +0.228642 4 0.64° — 7.95.4* +20.44° — 28.88674°
+92.914847—9.79644° 1 1.76594°
0.2 | 0.0353+0.02144 +0.17144> — 0.46674°— 0.054* + 1.64°— 25333 4°
+1.828647 — 0.64644° +0.08974°
0.429 | 0.0385--0.00714 +0.4429 4 — 4.3333 4° + 19.55 4 — 47.84°

+67.43334°— 55,0857 4" +24.26784° — 4.4706 4°.

After some computations, we get the following Table I. The mean square
error of the median of size 3 in the uniform distribution over [0, 1], that

is the “n.p.e.

”»

in our case, is given by 0.05. Therefore we may also com-

pute the efficiency e(s, n) of the “s.p.e.” relative to the “n.p.e.”.

Table I E(%)

Y 0 0.1 0.3 0.5 0.7 1
o \\“ . . . .
0.057 |  0.4857 0.5268 0.5727 0.5645 0.5283 0.5
0.114 |  0.475 0.5052 0.5249 0.5150 0.5036 0.5
0.2 0. 4607 0. 4834 0.5011 0.5017 0.5002 0.5
0.429 |  0.4393 0. 4565 0.4842 0.5004 0.5001 0.5

Table II. e(s, n)

—
\\ 0 0.1 0.3 0.5 0.7 1
44

cooo

057 | 1.616 1.435 0.952 0.765 0.837 1
114 1.518 1.337 0994 0. 938 0.979 1
2 | 1416 1.292 1.074 1. 005 0.999 1
29| 1.299 1.225 1.129 1.029 1.001 1

These values are also shown in Figure I and II to compare with the results
in the large sample cases which are discussed later.
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We may concider from these Tables or Figures as follows,

(1) If there exist informations that the value of 4 is very small, it
is preferable to choose the value of a small,

(2) In the cases that we have not such the informations as the above,
it is wise that we adopt about 0.1~0.4 as the value of a.

4.2. The case m=3, n=4, 4=0 and normal F(x).

It is difficult to investigate the behaviour of £ in the case that F(x)
is the standard normal ®(x) with density ¢(x), but it is easy if 4=0.
Their densities are respectively expressed as follows,

_33 . 2 .
12 hw@=3lpGi 4 D2 pGi 2 D+ lp@; s D
.114 35 ’ ’ 35 ’ ’ 35 ’ ’
28 . 4 . 3 .
(13> h.? (Z) _%p<2y 47 7)’*‘%?(2, 2, 7)+3—5p<z, 3, 7)
23, .. 5 ) 7 )
(14) h.429(2>'*’351)(2 ; 4, T) +35p(z ;2,1 +375 p(z; 38, 1

, where p(z; ¢ 7) denotes the density of the i th smallest of the sample
of size 7 from the standard normal distribution, that is
. 71 . .
. — _ q)t 1 _d) 7-i .
PG i D= o= @) {1-2(2){""¢(2)

These h(z) are respectively expressed as some contaminations of the
densities p(z; ¢ 7), so that we may easily compute the expected values
and mean square errors by using the table of the order statistics from the
normal distribution, for example (1.
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Table III.  Normal case, 4=0

a | 0.057 0.114 0.2 0.429
EG) ' —0.0433 —0.0750 —0.1168 —0.1787
e(s, 1) 1.822 1.675 1.530 1.375

4.3. Thec case m=3, n=2, a—0.2 and double exponential F(x).
In this case, we may easily get from (6) the following

(15) E(€)=—2.7708¢™4+ 1.254¢™* +2.7563¢ > + 1.43754¢ %
+0.3754%¢7*—0.1e7%,

(16)  M.S.E.(¢)=0.6389+2.7778¢*— 8.6667 ¢4+ 1.254%~*— 2.4848¢~*
+2.26044e7* +0.93754%¢* +0.254°¢ 7 — 0.4848¢ %

—0.24e7%.
Table IvV. E(Z)
4 ‘ 0 0.5 1 1.5 2 3 4
|
E(Z) | —0.1146 —0.011  0.054 0.086  0.094  0.075  0.046

The numerical values of the mean square errors are given in Figure IV.

§ 5. Comparision with the large sample cases. We have derived in
[27 the asymptotic efficiency of the “s.p.e.” when the sample size are large.
The results are given by the following,

) E@)=t+U-D10(k) 7/ N—y/3(1=12) 09(k)/2y/m
200 a® 3(1—4) »
18 M.S.E.(6) = i1—0(R)} +N O(R) +———4m o’ke (k)

+ (1= 0ok
N
, where 4=r//N(r=0), m-+n=N, m/N—2

bz =) 7 f Cfodn ot=1/4FE),
1-0(z,) =q.

First we investigate the effects of a on the asymptotic efficiency in the
case 4=3/7 and uniform F'(x) which corresponds to the case m=3, n=4
in the small sample case. Since the mean square error of the “n.p.e.” is

given by o?/m, the relative asymptotic efficiency may be expressed as fol-
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lows,

(19) e(s, n) =[1+(0.55987*—0.5714) @ (k) +0.4286k¢ (B)]17%,
k=2z,—1.7143r.

We get the following Figure III

Figure III. Efficiency

[_,y 0.2 0.4 0.6 0.8 1.2 1.6

From Figures II and III, we may see that the behaviour of the efficiency
in the small and large sample cases is similar.

Lastly we compute the efficiency in the cases A=38/5, «=0.2 and double
exponential or normal F(x). In this case, the relative efficiency is given
by the following

(20) e(s, n)=[1+(0.0967*—0.4)? (k) +0.3kp(R)]*
, where _ {0.8416—0.4243r for d. exponential
~10.8416—0.47877 for normal.

These results are denoted in Figure IV.

Figure IV. Efficiency

1. Normal, 1=3/5
T 2. D. exponential, 2=3/5
1.4+ 3. D. exponential, m=3, n=2
\
N
1.24 %
\
\
1.0 o —
4 \\ 1 — =
\\ 2 ,/’
0.87 = Ssem- 3--
e (5, n) ] 1 1 1 1 1
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