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     1. Introduction. The procedure of weighted estimates has been first 

proposed by Huntsberger [5] and recently developed by Asano [1] and 
Asano-Sugimura [2]. They have however dealt with only the cases where 
the observations were obtained from the normal populations. There does 

not exist any literature, so far as the author is aware, about weighted 
methods in the nonparametric cases where the type of the underlying 
distribution is not assumed. The author has recently discussed in [6], [7] 
and [8] some asymptotic properties about the "sometimes pool estimates" 
in the nonparametric standpoint which are closely connected with our pre-
sent problem. We are now in the situations to consider the weighted 
methods for estimation in the same standpoint. 

   The procedure for weighted estimates are respectively in Section 2 
formulated for median, shift and dispersion parameters. In Section 3, some 
Lemmas are proved in order to establish the main results in later sections 
Section 4 and 5 are respectively concernned with the weighted estimates 
for median, shift and dispersion parameters.

   § 2. Formulation of weighted methods. 

   (A) Median. Consider two continuous and symmetrical c.d.f. F(x—) 
and F(y — 77) where 5 and 77 are medians and 77-5=a>o. Let 0.2: YD• • 
Y., and O.,: Z1,••., Z., be respectively random samples from the populations 

with F(x—e.) and F(y-77). And let 5,(7z) be some suitable estimator of 

 (77) obtained from the sample On. (0m3) and ey,z be that of 5 when we com-
bined two samples 0m2 and O., under the supposition 6=0. As the test 
statistic U for testing the hypothesis e =77, the Wilcoxon statistic is used, 

                                                                m3 

( 1 ) (m2m3)-1E 
                                                 j=1 k=1 

, where ik(y, z) =1(0) for y<z (otherwise). 
Then we define the following weighted estimator for 5 

(2)W(U)=0(U) 4 + — 0(U)}CY,Z 

, where c5 is called as the weighting function. 

If we are limited C y,z to the linear forms of 5, and 72z, the form among 
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them 

(3)  ,Z  2231'  4-  (1  223)77;1 Mi+ Mj— 2:i 

has the most preferable property when 6=0. On the other hand, we may 

also use, for example, CY,Z —med(YD• • • , Y.,, Z1,•••, Z.,), but it has been 
shown in [8] that they are asymptotically equivalent for small 6. From 
these considerations, we shall use the following as the weighted estimator 
for S 

(4)W(U) (U)E+ — (U) 2235± (1— 223) n's 

, where we write simply e(77) instead of 5y(77z)- 
    (B) Shift and dispersion parametets. Let 0„ : X.,: 0.2: Y1,••-, 

Y„„ and 0, Z., be respectively random sample from the continuous 
c.d.f. F(x), F(y, 5) and F(z, 77) where we assume F(0) =1/2. The case 

          F(x, 5) =F(x-5) and F(y, n)=F(y--77), 

corresponds to the problem for shift parameter. The never pool estimator 

xx(77x,z) of 5 (77) by the samples Om, and 0,„2(0.3) has been obtained by 
Hodges-Lehmann [4] as follows, 

(5) (Yi— Ye), 77x,z=med (Zk-- Xi) 
                 1<i<m1, 1<j<m2, 1<k<m3. 

For the dispersion problem, we assume that 

        F(x, 5)=F(x/5), F(y, n)=F(y/n), 5, 72>0, 

The author [8] has proposed the estimator S (n) after the similar considera-
tions as [4] 

       X,Y =upper quartile of (17i/Xi) 
(6)1<i<m1, 1<j<m2, 1<k<m3. 

      nx,z=upper quartile of (Zk/Xi) 

If we denote by U the test statistic for testing the hypothesiss e=n in 
either case, we may also express the weighted estimetor for 5 by the fol-
lowing form 

(7)W(U) ----0(U)Ex,y± 1 — (U) f 5 2 23 5 x,y+)                                                          223) X,Z S • 

As the test statistic U, Wilcoxon statistic (1) and Sukhatme's one (8) are 
usually applied for the shift and dispersion problem respectively, 

                            m2 .3 

(8) V = (m2m3)-1EE(17J,Zk) 
                               j=1 k=1 

       co (y, z) =1(0) for 0<y<z or 0>y>z (otherwise) 

  Throughout (A) and (B), if we define the weighting function 0 by
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 '1 for u e R (rejection region) 
            0(u)—, 

                 ,0 for u E RC (acception region), 

then the estimator W(U) may be reduced to the "sometimes pool estimate" 
with a nonparametric preliminary test which has been already discussed in 

[6], [7] and [8]. 

   § 3. Some Lemmas. We shall in this section prove some Lemmas 
applicable to the later discussions. Lemma 1 is concerned with the deter-
mination of the form of the weighting function c5 of which considerations 
are due to Huntsberger [3]. When a constant A be a function of fixed 6, 
we consider an estimator 

(9)WA=g+- (1— A)2E+ (1-2)771 

, where we denote 223 by 2 in this section. 
Lemma 1. Assume that 

    (i) 2Var(e) =(1-2)Var (77) 

     (ii) cov(5, 77) =0 or 2=1/2, 

then the mean square error D2, of WA about 5 is minimized when 

(10) A=(  6/1+(  6 )2, where c is a constant. 
            c If Var(5), Var (77) and cov(5, 77) are all of order N-1 and 5 is any constant 

independent on N, we obtain A-1 which is a trivial case corresponding 
to the never pool estimate. 

Proof. Let be Var(5) =ai, Var(n) = 4 and cov (C, 77) ---(712. Then 

 D1=E(WA—)2_A202,4_ (1_A)2222,1+. (1_2)24+ 0_206,4 22(1_2)012 

                   +2A(1— A)2ai.-1- (1 2)012 • 

Therefore M4 attains the minimum value when 

                                2  2   A(
a;.+4— 2a 12 + 62) = G2—                                          oi—1 — 22012 + 62. 

Under the assumptions (i) and (ii), we obtain (10). 
We here note that the assumptions will be both satisfied for our weighted 
estimators later. Now it is easy to get for small 

                                                                    ce, 

    E(U —  21 )---kS,k= f2(x)dx 

             1 

     Vari/N(U— 2)----[122(1-2)]-1 
                                 for Wilcoxon U



64Ryoji TAMURA

 0 

 E(V— -41)—h 6 h=xf2(x)dx— xf2(x)dx 

                                      0 

                                   for Sukhatme V 
    Vari N (V —  41  )—[482 (1 — 2)1-1 

Though the value of 6 is unknown, we may adopt the form of 0 by con-
sidering the results above and (10) 

(11)st,(U 1) =UU (1+M) 

where 

                             1                1/122230-223)N23 (U—-2-) for median, shift 
(12) U1= 

               1/48223(1— 223) N23 (V — 4) for dispersion 
Lemma 2. Assume that the asymptotic joint distribution of the statistics 

U1, U2—(4: )/c1 and U3=(7-77)/a2 be nonsingular normal distribution 
N(1-1, I) where 

                    u= (w, 0, 0), = (Pij), Pii= 1 

, then the following identities hold 

     (i) Ec5(U1)=1—H(w), EC52 (U1) = 1 2H( W) G( °)) 

     (ii) EC5 (U1)U;=—Pi,H(w) j=2, 3 

     (iii) Ecb(U1)U=1—H(w)-41-1"(w) 

(13) (iv) E02 (U j= (co) — 2H' (co) 1 

     (v) Eq52 (U = 1 — 2H( (0) +G(w)± G" (0)) — 2H" (w) 

     (vi) Eg5 (U 1) U 2U a = — 123 1—H(0)) S — 1133 ( El + P121E231) 
                  X 1— H(0)) H" (0)) } 

where 

      (vii) E02(U1)U2U3 =— 23 1 — 21/(co) +G(w) — P:31( 113 + P12 F'23) 
                 X 1 — 2H(0)) + G(a))+ G" (0)) — 2H" (a)) 

where 

     H(w)=exp(— (02/2)nicr22)nAin! 
(14) 

      G(0)) = -21 exp ( —0+i                     /2)_1±i(w22)n (An-1— An)/n!
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 A„-v/  e 1-x'exp(-x2/2)cbc, 
(15) 

             An- (1- A-0/(2n- 1) 

             E,, is the cofactor of pi; in E. 

Proof. Since the identities (i)—(v) and (vi) (vii) are respectively by the 

similar computations, we deal with only (v) and (vi). U1 and Ui are 

jointly asymptotically normally distributed and hence we get 

     /-E02(UOU;--2117/ 1- ,0fIexp-2(1-1 4)t 1—(0)221                      17; 

                             2 - 

                  -2,01;(u1-(0)uA u2,(ul  duidu; 
                                   1+u1 

Let 

                             ui=vi, 

and integrate regarding to vi, then 

/-= (1 - (1- 1 2)2 (vi-(0)dvi-FP2iff+                                    (1 -1v)2 (111— w)29(1)1—(0) dvi            _co1+ vi 

           1
2 , whereco(x)-exp(- x2/2).               I/7 

Define the functions 

(16) H(0))--= f (1±u2)-'co(u-0))du, G(0))= (1+ U2)-29 (u-co)du. 
Then we get 

      H" (w)=-= f (1 +u2)-1(u- (0)29(u- w)du-H(w), 
                (1 u2)'(u - (0)29 (u- co)du-G(0)). 

Substituting these equalities into I, we get (v). 
To prove (vi), let the inverse of the covariance matrix I be 2-4-=(ph) and 
the cofactor of pij be /j1. From the asymptotic nonsingular normality, 

                                                                                         n 

     EO(UOU2U3-(1 )303 CO                             ;1/21kitI)U2143 exp1"11(4,1(.0)2 
     V27:2( 

         p22u222p12(u1(0)112 4_ p33(u3+Pp1333(u1p::u2\2 

                            ) 

                 13 

             33 (141- W) +P2333142)2    - P33(pduidu2du3               P33)
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    I-                    7,(2, acoc5(ut)exp. 2 (r9±(ui-0))2)- p2,33 {87                                                                        p33 

    + 2'121(u,—(0)1C24-P31:vX"1(u,—(0)}duidv 
  E111ihZ17111 

                                           p33 

    —1/27(u1) eXPI1 041(02 )_P23/::(Pi2P"A") (141—(0)2 dui 
   11- 

P

p33 

      i2_(l2fr.,23) + pl3H/V0)En234_P12(pi3)1H(W) 
p33\• 

It follows (vi) from the relation pil=1Eii/ 
Lemma 3. If the rank of the covariance matrix I is 2 in Lemma 2, there 
exists a linear relation between Cis with a probability one 

(17)2'13 (U1 - 0)) + /23 V2 ÷ /33113 =0. 

Furthermore it holds that 

        EO(UOU2U3=-1,13!P121 ——li"                                              '4133 

                        1 23
1                          ,1 -H(°)) -P2i2H"(0)) } - (18)'-33 

       E(152(U1)U2U3---- — 2. 
331(1E 23' + P12 E 131) 1 —2H(w) +G(w)                        

1E133E„i+ P12'/23 )G"(°)) —2H"(w) 

Proof. Following Cramer's theory C3] for singular distributions, we have 
a linear relation with a probability one 

                          U3=a13(U1—(0) ±a23U2 

Multiply both hands by U1—(-0 or U2 and compute the expected values, then 
we get the equations 

                        a13+ a23P12 -P13/ a13P12 a23 -P23. 

Hence 

                a13 — /3319 a23 /23 /33 • 

To prove the identities (18), the relations (17) and (13) are applied. 

        Ec5(U1)U2U3=-2. 
33IIEO(U1)(U1—(0)U2--  ,EOCUDW                                                                            33' 

And by the similar computations as Lemma 2
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 E75(Ui)(U1—  W)U2 P12 °WI +---u2 (1/1— W)du 

                      —P12 1 —H(0)) —H"(0))}. 

From (iii) in (13) , 

                E5(Il1)M— 1 — H(w) —102H" (0)) 

These values lead to the first part of (18). The computations are similar 

for the second part. 

   § 4. The weighted methods for median. Though the sample median 

Y is usually used as the never pool estimate for median 4-", the following 

is more efficientas shown by Hodges-Lehmann [4] 

(19)17---med _ 2 (Y,17;)1<i<j<m2. 

We shall discuss about the weighted estimates by both Y and Y. 

4. 1. The methods by Y. Let the Sign test statistics be 

               U(Y)—miEik(17i) 
                                                         3=1 

(20) 
                                                          .3 

               V3(Z) =MVEVI(Z) 
                                                      k=1 

where lk (y)= 1 (0) for y>0 (otherwize). 
The following probability relation has been proved in [4], 

(21)Pr(Y__.a) =Pr[UaY — a) < 1/2] 

Define the normalized statistics 

           U2 =2f(0)1/m2Ck— U3 =2./(0)1/m3(Z-77) 

 then we may get Theorem 1. 
Theorem 1. The asymptotic joint distribution of U1, U2 and U3 is given 
by the nonsingular normal distribution N(it, I) with the mean vector 
it=(0), 0, 0) and covariance matrix 

                1—1/3(1-223)/2V3223/2 ‘, 

(22) v/3(1 —223)/210 
     /3223/201 1 

, where --7/1/N23k, co —V12223(1 —223)7% 
Proof. The asymptotic normality may be established from (21) and the 
theory of U-statistics, that is,
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               U2<u2, U3<u3] 

     (11<u U (17-5— u2 )<1,-U31            2f(0)m2m, —2 _ 

, where U1, U5 are well-known U-statistics. 
It is obvious that 

                  Var U1-1, cov (k, Z) =O. 

Secondly we compute P32= cov (t I1, U2) —1/3 (1 — 223)/2. In fact, 

    coy (U, 21 E IEVr (Y„ ZOE*(Yi —5— u2  
         M2 M3 -2f(0)1/m,/i 

               —E-Lk(Y, Z) E*(Y —5 —  U2 _ 
                            2f(0)^m2 

And 

  EEEVICYli, u2                         2f(0)
1/ m2 

        rn2m3 Eik (Y, Z)1k(17--—u2 - 
                        2f(0))/ m2 

         -1--m2m3(m2-1)E(Y, Z)E*(Y--—  u2 —) 
                               2f(0) V M2 

               1 
             8 M2M3 + 4- M2M3 (m2 - 1) 

Thus 

             12223(1 A23)N23M2( 812 )/V/VarUZ 
              / 3(1 223)/2. 

The computations are also similar for P13. Now when we define the wei-

ghted estimator 

(23)W(Ui) 1— c5(U1) 22312+ (1 —223)2, 

we use the mean square error D,2, as a criterion of goodness to determine 
whether or not W(U1) offers any advantages over the never pool or some-
times pool estimate for 
Theorem 2. The asymptrtic mean value and mean square error Di', of 
W(U1) about are given by the followings 

(24) EW(U1) =3 (1 223)"TM±1NI"rtH(0)+o (1V-1/2 )               4f(0) 
vm2iN23
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      1 —2 (25)IX
4 f.(0) N23 _=1 + 122323— 2H(0))G(co) + 43 [G" (w) — 2H" (co)]J 

 1/3223  (1  223)  1   223  ')2 12   G(w) .                           { G(W) H'(co) +(1224N
233)k2        ,k).)iv23223 k 

Proof. From (23) , 

                          U2
/,        j/ N23 (We.)(U1—sb(rli)-V/2" U2 

                    2f(0)/"23f (0) 

                   /1—223U4 _ (1 
        2f(0)k 

Applying Theorem 1 and Lemma 2, we may obtain the results. 

Consider the case of r = 0, then we get from (25) 

(26) DZo = 4f2 (0) N23[1 +  1 22:23 {1 2H(0) + G(0) +  43  [G" (0) —2H"(0)11- 
The identities (14) and (15) show that 

       H(0) =A0=.656G(0) =.5 G'(0) = H (0) =0 

        H" (0) = 1 — 2A0 = — .312G" (0) =Ao — 1 = — .344 

and we get the inequalities after substituting these values into (26) 

(27)      1  1            4 f 2 (0) N
23<D'V 4 f 2 (0) m2 

The mean square error of the " sometimes pool estimate " of e. has been 

given for r =0, 223=1/2 in [6] by 

(28)2-0 (z,,) +32 (z01/ 4 f 2 (0) N23 
                       1 — (z0 = a. 

The asymptotic efficiency ei,,, of the weighted estimator with regard to the 
" sometimes pool estimate " is given by 

  ea,,,=— (z03+ zt,co (z)172 — 2H(0) + G(0) +3{ G" (0) — 2H" (0) 

 Za44        oo 1.301 0.500—00 

     e0.72 0.90 0.96 1.03 1.07 1.43 

4. 2. Use of Wilcoxon one sample test statistics. As the estimates of e. 

and 7), we use the followings instead of the sample medians
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          /Y=med
_  21  (Yi+Y,) 1<i<j<m2 

(29) 
               1            2=med

_2 (Zi+Z,)1i<j<m3 

which are derived from Wileoxon one sample test statistics. There also 
exists a similar relation as (21) which is useful to obtain the asymptotic 

distribution of Y. The weighted estimation for 5 is defined by 

(30)W(U1) = (Ui) Y+ y l —c5(L/1) f { 23Y+ (1-223)Z}. 

When we define 

(31) -1/ 12M2k e.) , - 12m3k(2— 77), 

the following values have been computed in [7] 

        Var 0;-1, cov(Ui, 02) 1 223, COV (01, 03) =I/ 223. 

Thus the asymptotic covariance matrix is given by 

              1 —v/1-2231/223 

(32)E= —V1-223 10 
      \ 1/22301 ) 

and the rank of E is 2. From Lemma 3, we get the linear relation with 
a probability one 

(33) = 1A—0))+,s/1,2"02        VA2323 

and 

            Ecb(U1)0.2ü3=1/223 223)H" (W) 

             EC52 (01) 0203 223( 1 223) G"( CO) — 2H"( co) 

In fact, it is easily verified in Lemma 3 from the values 

     133 223, 1131- 223, 123 -1/223(1 223) and P12 --V 223* 

Theorem 3. The asymptotic mean value and mean squre error of W (30) 
may be given as follows, 

(34) E(W) =5 +1 2123 LH(W) +3/ 1-223 H'(co)                  V1V
23 k 12m2 k 

(35) M.S.E.(W) = (12N23k2) -1[1 +1 22223 { 2H(6))+G(a))+G"(0)) 
      —2H"(0))1+(1— 223)2 r2 V2G(w) + /Q(i 221,23,G'((0)—H'(0)).                       N23kA23jN231,v2
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The proof is easy by using Lemma 3 and the similar computations as in 
Theorem 2.

    5. The weighted methods for shift and dispersion qarameters. 

 5.  1. Shift parameter. As stated in Section 2, we assume the distributions 
be F(x), F(y-5) and F(z— 77) where 71— 5 = b and F(0)= 1/2 without loss 
of generality. The never pool estimates of 5 and n are given by 

               (17; — Xi) 
(36)1 <i<mi, 1 < j_<m2, 1<k<m3. 

          nx,z=med (Z3—X2) 

We define the statistics 

                      U12 =----1/N12 k12 (ex,y 
(37) 
                  U13 =1/N13 k13 (nx,z— 77) 

, where kii=)/122i;(1— 20  f2 (x)dx 

and we here express U1 in (12) by U23. Then the asymptotic covariance 
of U,7's are given for amall 8 from the results in C7] as follows 

               cov (U23, U12)--- — 212(1-223) 

(38)cov(U23, U13) /213223 

               cov(U12, U13)--- /0 — 212)0 —213)- 

Thus the covariance matrix is given by 

        / 1—V2 12(1 A23)V213223 
(89)E——v212(1 223)11/(1 — 212)(1 — 213) 

            1/213223/(1 — 212) (1 — 213)1 

and we may get that 2' is of rank 2 after some computations. From 
Lemma 3, we obtain the relation 

(40)U13 - a23 (U23 w23) ± a12U12 

where 

      a23 = W212223 + /2120 — 212) (1— 213)(1 223) 1 212(1 - 223) 

      a12= — 212)(1— 213) +212V223(1— 223) /3 1 — 212(1 - 223) } 

                             N23223 (1 223)       —r /I/ Ni2k12, W23r .                              .N12212(1212) 

Now if we take 223=1/2, that is, m2 = m3, the assumptions in Lemma 1 are
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satisfied and then the weighting function 0 is determined by (11). Under 
the assumption m2=m3, we may obtain 

                   U13— (U23 (t)) ± U12, W-r/t/2,112 

and define the weighted estimator for 

(41)W(U23) (U23)x,y+ 2 l 1— sb (U23) (e.,y+77x,.). 

Theorem 4. The asymptotic mean value and mean square error are given 
by the followings 

  1
12 k12 (42)E(W)=e+2,/N [r H(0)) +^2212HV0)] 

(43) M.S.E.(W) = (4/V12142)-14+ r2G((o) 2212 G(0)) —21-1M 

            + G" (6)) —2H" (w) + 4r,/ /112/2 G'((o) -117 (CO l• 

Noticing the identity 

        Ec52 (U23)Ui2U13 - (1 212) 1 211(0-)) +G((o) 

         —1 G" ((o) —21/"(co) 

the proof is easy from Lemma 3. 

5.2. Dispersion parameter. We slightly change the notations in Section 

2, that is, let the c.d.f. be respectively F(x), F(y/O) and F(z/00') where 

                                                                                      0 F(x) is symmetrical about x=0 and 0'= 1 + r/VN23h, h=rxf2dx—xf2dx. 
                                                                         0 Our purpose is to estimate the value of the dispersion parameter 0. The 

never pool estimate V xx for 0 has been given in [8] 

           Vx,y=upper quartile of mim2 set of (171i/Xi). 

Secondly define the statistics 

         V12 =1/N12 h12( vr_ 1) 
(44)             T71 3 =N137/13(Tio.'6;',z— 1) 

                    kJ= v/4824(1 — 2,J) h 

and denote U1 in (12) by V23. Then the following properties may be easily 
obtain from the results in [8] 

   (i) V1, is asymptotically normally distributed in N(0, 1) 
   (ii) The joint asymptotic distribution of any two Vi, is bivariate normal 

     distribution



Some weighted estimates in the nonparametric cases73

   (iii) The mean and covariance matrix of  -r; s are given by 

      A=((,), 0, 0), ----- V48A23 (1 — 223) I 

   and X equals to the form (39). 
Thus we may get the similar results as in 5. 1. 

   In the case that the population medians are unknown, we shall apply 
the statistic f xx instead of V X,Y 

            X,Y = upper quartile of { (17;— Y)/(Xi—g)l, 

Then we may obtain the asymptotically equivalent results to the above 
under the assumption f(x) be bounded in absolute.
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