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§ 1. Introduction. The procedure of weighted estimates has been first
proposed by Huntsberger [5) and recently developed by Asano (1] and
Asano-Sugimura [2]. They have however dealt with only the cases where
the observations were obtained from the normal populations. There does
not exist any literature, so far as the author is aware, about weighted
methods in the nonparametric cases where the type of the underlying
distribution is not assumed. The author has recently discussed in (6], (7]
and [8] some asymptotic properties about the “sometimes pool estimates”
in the nonparametric standpoint which are closely connected with our pre-
sent problem. We are now in the situations to consider the weighted
methods for estimation in the same standpoint.

The procedure for weighted estimates are respectively in Section 2
formulated for median, shift and dispersion parameters. In Section 3, some
Lemmas are proved in order to establish the main results in later sections
Section 4 and 5 are respectively concernned with the weighted estimates
for median, shift and dispersion parameters.

§ 2. Formulation of weighted methods.

(A) Median. Consider two continuous and symmetrical c.d.f. F(x—¢)
and F(y—7) where ¢ and 7 are medians and 7—¢=0->0. Let O,,: Y, -,
Y and O,,: Zy, -+, Za be respectively random samples from the populations

with F(x—¢) and F(y—7). And let £,(n,) be some suitable estimator of

&(n) obtained from the sample O, (0,,) and Cv.z be that of ¢ when we com-
bined two samples O,, and O,, under the supposition 6=0. As the test
statistic U for testing the hypothesis ¢=7», the Wilcoxon statistic is used,

™ U= Gmam) ™ 33 530 (Vi Z)

, where ¥ (y, 2)=1(0) for y<z (otherwise).
Then we define the following weighted estimator for &

@) W) =$@)éy+ 11— 6T v
, where ¢ is called as the weighting function.

If we are limited ¢ +z to the linear forms of &, and 7 the form among
61
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them
(3) éy,z:]*méy""(l—lza)?/:z; mi+m;- ‘Mj, ’zz'j thi/ij
has the most preferable property when 8=0. On the other hand, we may

also use, for example, Crrmmed(Yy, o, Yoo Zueer Zum), but it has been
shown in [8] that they are asymptotically equivalent for small 8. From
these considerations, we shall use the following as the weighted estimator
for ¢

(4) W) =d(U)E+ 11— (U} § 20 + (1= 235) 71

, where we write simply 3 (n) instead of éy(ﬂz).

(B) Shift and dispersion parametets. Let O,.: Xi,*, X :Om: Yy,
Y.. and O,,: Z,,~--, Z,, be respectively random sample from the continuous
cd.f. F(x), F(y, £) and F(z, 7) where we assume F(0)=1/2. The case

F(x, §)=F(x—¢) and F(y, ) =F(y—n), n—&=39

corresponds to the problem for shift parameter. The never pool estimator

EAx,y(VEX,Z) of £(#) by the samples O,, and O,,(0,,) has been obtained by
Hodges-Lehmann (4] as follows,

(5) Z:X,Y:rnfEd <Y,_Y:>, %X,z:med (Zk"'X,')

For the dispersion problem, we assume that
F(x, &) =F(x/&), F(y, n)=F(y/7), & 1>>0, 7/f=0.

The author [8] has proposed the estimator £(») after the similar considera-
tions as [4]
£xy=upper quartile of (Y,/X))
(6) . 10 <my, 15 7<m,, 1<k<m,.
nxz=upper quartile of (Z,/X)

If we denote by U the test statistic for testing the hypothesiss é=7 in
either case, we may also express the weighted estimetor for £ by the fol-
lowing form

) W) =¢(U)éxy+ {1— W)} 1 Ansbwy+ (1—225) Tz}

As the test statistic U, Wilcoxon statistic (1) and Sukhatme’s one (8) are
usually applied for the shift and dispersion problem respectively,

®  V=Omm) 330V, Z0)
o(y, 2)=1(0) for 0<y<<z or 0>y>z (otherwise)
Throughout (A) and (B), if we define the weighting function ¢ by
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1 for u € R (rejection region)

o(u) =
@) 0 for u € R¢(acception region),

then the estimator W(U) may be reduced to the “sometimes pool estimate”
with a nonparametric preliminary test which has been already discussed in

(6], (7] and (8].

§ 3. Some Lemmas. We shall in this section prove some Lemmas
applicable to the later discussions. Lemma 1 is concerned with the deter-
mination of the form of the weighting function ¢ of which considerations
are due to Huntsberger [3]. When a constant A be a function of fixed 9,
we consider an estimator

9 Wa=Aé+ (1— A) 28+ (1= D)7

, where we denote 4,3 by 4 in this section.
Lemma 1. Assume that

(i) AVar(§) = - Var(n)
(ii) cov(é, 7)==0 or 2—=1/2,

then the mean square error Di of Wi about & is minimized when

(10) Az(%)z/{l%—(—g)z } where ¢ is a constant.

If Var(6), Var(n) and cov(é, 7) are all of order N ' and 3 is any constant

independent on N, we obtain A=1 which is a trivial case corresponding
to the never pool estimate.

Proof. Let be Var(bzrﬁ, Var(;z):tJS and cov (¢, ;7):012. Then
i=E(W,—6)? =A%+ (1—A)*{ At + (1—2)%0f+ (1= 20, + 24(1—2) 0,5}
+2A(1—A) {2oi+ (1= 0,1,
Therefore D attains the minimum value when

A, 1-9
=277 =2

Ao+ 05— 20,54 0%) =di— 019+ 0%

Under the assumptions (i) and (ii), we obtain (10).
We here note that the assumptions will be both satisfied for our weighted
estimators later. Now it is easy to get for small 0

EU —%)««k 5, k= J le(x) dx

- { for Wilcoxon U
Var,/N(U—§)~[122(1~l)]‘1
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co 0
E(V_QIHNM h:J xf‘%x)dx—j xf*(x)dx
{ for Sukhatme V
Var, N (V- )~[48201 01"

Though the value of ¢ is unknown, we may adopt the form of ¢ by con-
sidering the results above and (10)

(1D o (U =Ui/(1+UD

where

V125(1= 1) Ney (U= ) for median, shift
(12) U=
) 4875 (1= 13)Nus (V=) for dispersion

Lemma 2. Assume that the asymptotic joint distribution of the statistics

Uy, Us=(—8) /0, and Us=(1—n)/o, be nonsingular normal distribution
N(», 2) where

#:(CL), Oy O)y Z;:<pij>) piz':l
, then the following identities hold

(i) EoU,) =1-H(w), E¢*U,) =1-2H(o) +G(»)
(ii) Eo(U)U;=—p;H (») j=2,3
(iii) Es(U)Ul=1—H(w)—pLH" (w)
(18) Gv) E#*(UnU;=04i1G (@) —2H' (»)}
(V) Ep*(U)Ui=1—2H(») +G(0) + 4G (0) —2H" (0) }

(vi) E9(U)UUs=— 23 %I—H(@N"?:;(jzw‘i + 012 253)
X {1— H(o)—H"(0)]

where
(Vi) B¢ (UDUU2=~ Sa0 11-2H(@) +G(0) =155 ( Sy +1e] Tas)
X {1=2H(®) + G(@) +G'(») —2H" (w)}
where
H(w) =exp(— o'/ 3}(% )" Ad/n!
(14)

G(@)=Lexp(—ot/2)[14+3(% ) Arim 40 /n1]
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A€ | xvexp(—2/2)dr,

A,-(1—-A,-)/2n—-1)
2. is the cofactor of pi; in 2.
Proof. Since the identities (i)~ (v) and (vi)~(vii) are respectively by the

similar computations, we deal with only (v) and (vi). U, and U; are
jointly asymptotically normally distributed and hence we get

I-=-E*(U)U:- ”2;71_01 J J_Wexp 91— ]l)z(ul w)*+ul

—2401;'(”1_(’))'551'%]”1( 1‘_‘|_ > du,du;

Let
U=V, uj pl;(ul w>v]

and integrate regarding to v;, then

- (1=, L) d T (=LY : d
( —pl;)J‘ T ¢ (v,— o) 'Ul"“pl;J m< "1“_*_79 (01— )¢ (v, —®)dv,

, where @(x) ::/%exp<_x2/2>.

Define the functions

16 H)= [ (1+u)pu-o)du G~ [ A ptu—ordu
Then we get '

H"(a»)fjm (1415 (= ) (4 — @) du— H(w),

G"<w>:f° (1)) — )¢ (s — @) du— G().

Substituting these equalities into I, we get (v).
To prove (vi), let the inverse of the covariance matrix ¥ be ™= (o") and
the cofactor of 07 be £;'. From the asymptotic nonsingular normality,

, w oo
]:E(j)(Ul)UZUS:(;;l%) Zlmj"'j S(u)ttts eXP[*—%—{p“(ul—O))z

13 23 2
-+ ,ngug_'r“ 2,01(J (ul— (U)uz . ,1)33(%3 +“2’3’3* (ul_ 0)) —':‘733*%2)

13
—,033<%<M1 (1))—}— 33 u2> }‘} dT/hd%szs
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3

L ([ i e
] | st ot amoni[ -5

T ox (3 |2 L
S
51 12t v Egt
+%ng(u1_ ‘L’)} + P (#,— ) Jl’/2;!"’!?;1?(”1-@)}]07“10’0
A 7)'33" ‘
__“,17 w¢< ) _1< el 23 y .plz( 23 13 s—yld
AT Uy) eXp 9 U — @) f pTa T 0120%° 4 0"") (U — @) | U,

:%;§’<p12‘023) + 0" H'" (@) — {lz‘p”%‘%;i(pmp“ +0'%) } i1—H(w) 1.
It follows (vi) from the relation »7=2; /|2 .

Lemma 3. If the rank of the covariance matrix 2 is 2 in Lemma 2, there
exists a linear relation between Ujs with a probability one

(17) Zia (Ul“@)+‘223!U2+5233‘U3:0-
Furthermore it holds that

E¢(U1)U2U3:*i§13;p12% 1—H(o)—H" ()}

33

_%23 {1—H(o) —pbH" (0)}.
(18) PAPYY

Ee*(UDUU, = —§L<!2235+p12 51D $1—2H(@) +G(0) |

_;glz 1(‘213‘:*‘9121223 MG (0)—2H" ().
2 3q

i

Proof. Following Cramer’s theory (3] for singular distributions, we have
a linear relation with a probability one

Us=a,(Ui—) +asU,

Multiply both hands by U;— or U, and compute the expected values, then
we get the equations
s+ QagP12—= P13, X13P12 T Xog™ Os3.

Hence
Uyz==—1215/1 Tag1, Qag==—1 253"/ Zagl.
To prove the identities (18), the relations (17) and (13) are applied.

B3 UV~ 32 ESU) U= )Us— 52 EoUDUS

And by the similar computations as Lemma 2
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EsWU) U= )Us 0| (= 0)* oy o umdu
=pio} 1 —H(w)—H" (o) ].
From (iii) in (13),
E¢(U)U:=1—H(w)—phH" ()
These values lead to the first part of (18). The computations are similar

for the second part.

§ 4. The weighted methods for median. Though the sample median
Y is usually used as the never pool estimate for median ¢, the following
is more efficientas shown by Hodges-Lehmann [4]

(19) ?:med[%<yi+yj>] 1< < <t

We shall discuss about the weighted estimates by both ¥ and Y.
4.1. The methods by Y. Let the Sign test statistics be

UL(Y) =ms* 33 (V)
(20)
ULZ) = mi S0 (Z)
where ¥ (y)=1(0) for y>0 (otherwize).
The following probability relation has been proved in 4],

21 Pr(Y<a)=Pr[Us(Y—a)<1/2]
Define the normalized statistics
U,=2F(0)y mo(Y—&), Us=2f(0)y/ ms(Z—1)

, then we may get Theorem 1.

Theorem 1. The asymptotic joint distribution of Ui, U. and U, is given
by the mnonsingular normal distribution N(#, 2) with the mean vector
2=(w, 0, 0) and covariance matrix

( 1 —178(1=%0)/2  V/82/2)
(22) T = 8(1—25)/2 1 0
1 825/2 0 1)

, where 3=7/,"Nosk, ©=1"1245(1—1255)T.
Proof. The asymptotic normality may be established from (21) and the
theory of U-statistics, that is,
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PriUZu,, Us<uts, Us;<its]

. ,’— 1~ __v_v__ﬂuz 1 4 e
PriUsun, U (Y—6— g )<y U(Z-

, where U,, U; are well-known U-statistics.
It is obvious that

2/( (o> m)éﬂ

Var Ui~1, cov(Y, Z)=0.

Secondly we compute p1.==cov (U, Us)~—1/3(1—124)/2. In fact,

~_ 1 F U
covU, U=, ~E| 329 (Y, Zk)&/(y e 21,[,,(0)}7%)]
B DEAY iy )
And
s ) ly_e_ U
— e, Ey (Y, Z)V(Y = /m)
s (ma— 1) Evr (Y, Z)Ew(y—f—fﬁotg%?)
1 .1 _
g Mamay mams(me—1)
Thus

~y 12}03(1_1"3)]\[37}’12( )/;/VarUz
—/ 3(1—255) /2.

The computations are also similar for p;;. Now when we define the wei-
ghted estimator

(23) WU =6UDY + 1 1=6 U 20 Y + (1 —235) Z1,

we use the mean square error D? as a criterion of goodness to determine
whether or not W(U,) offers any advantages over the never pool or some-
times pool estimate for £.

Theorem 2. The asymptrtic mean value and wmean square ervor D} of
W(U,) about & are given by the followings

. ,1/3(>1—7 23) 7 23 T ) -+ ~1/2
24) EWU,) =¢&- 4705, m, - H' (o) + N23 kH( ) +o(N~¥%)
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2 1 ' 1_'123 _ ) = ) J,«é 71 ) — 17 ) ‘l‘
(25)  Di= gyl U 21 2H@) + 60 + 3167 (o) 28 ()1} ]

|1/3Z;3(1—123>‘1 Aoy T , L (1=2 23) 7t
T O N Ay k(G @ TH (@) B, Gle).

Proof. From (23),

1 Nes (W= =6(U) —pWni s v,

250 A !

2/(0)
I—Ayy I
+ 2f(0> U3_‘_ (1 23)7k'7}

Applying Theorem 1 and Lemma 2, we may obtain the results.
Consider the case of 7=0, then we get from (25)

2 1 |] X 124 1’
@6 Di= s Ngih - +l1-2H0) +60) +3 216" —2H <0)]H

The identities (14) and (15) show that
H(0)=A4,=.656 G0)=.5 GO)=H1(0)=0
H'(0)=1-24,—-.312 G"(0)=A,—1=-—.344

and we get the inequalities after substituting these values into (26)

27 <Di,<

1
41 (0) N Af (O)m,

The mean square error of the “sometimes pool estimate” of & has been
given for 7=0, 2,;=1/2 in (6] by

(28) [2-0G)+3 20 /47 O N
1-0(z,) =q.

The asymptotic efficiency e.. of the weighted estimator with regard to the
“sometimes pool estimate” is given by

ew,s:{z—mzw)+%zw¢<z,,>}/[2 2H<o>~rc<0)+ (G (0)— 2H“(o>;]

Za ' oo 1.80 1 0.50 0 —oo

e | o 0.90 0.96 1.03 1,07 1.43

4.2. Use of Wilcoxon one sample test statistics. As the estimates of ¢
and 7, we use the followings instead of the sample medians
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f’:med[%(YmL Y,-)} 1< < <
(29)
7 fmed[% Z +Z,-)J 1< <

which are derived from Wileoxon one sample test statistics. There also
exists a similar relation as (21) which is useful to obtain the asymptotic

distribution of Y. The weighted estimation for ¢ is defined by

(30) WU =6 UDY+1—6UD} AaY + (1 —2e5) Z}.
When we define
(31) Us=, 12mek(Y—8), U=y 12m:k(Z—1),

the following values have been computed in [7]
Var U~1, cov(Us, U)~—y/ T=2a, covUy, Us) =y %

Thus the asymptotic covariance matrix is given by

l 1 _l//liilza 1/]‘7231
(32> Z:‘i—]//l_xza 1 O ‘
-~ 0 1

and the rank of £ is 2. From Lemma 3, we get the linear relation with
a probability one

33 Us=

1 _ 1—25 p
Lw—w+ /0,

V' Agg
and
Eo(U)UUs=y 2os(1—~ 1) H' ()
E¢U)UUs= =1 1s (1= 1) {G" (@) —2H" () }.
In fact, it is easily verified in Lemma 3 from the values
S =l Zial=— g | Zas=— 1 hea(1—2ge) and pi2=—1"1—2ga

Theorem 8. The asymptotic mean value and mean squre error of W (30)
may be given as follows,

A=y T v 1= e g
34) E(W)=¢+ Voo kH( )+ 1% 2kH ()

(35) M.S.E.(W)= (12N23k2)-{1 w2l (0) +6(@) +67 (@)

23

— "Cw ( 23) r _ (1 23) (@ i
21" (@)} |+ Ul LGy Lt G @)~ H ().
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The proof is easy by using Lemma 3 and the similar computations as in

Theorem 2.

§ 5. The weighted methods for shift and dispersion qarameters.

5.1. Shift parameter. As stated in Section 2, we assume the distributions
be F(x), F(y—¢) and F(z—7) where 7—¢(=0 and F(0)=1/2 without loss

of generality. The never pool estimates of ¢ and 7 are given by
éx,y:med (YJ—X,)
(36) . 1<i<m, 1<7<me, 1<k<m,.
7..=med (Z,—X,)
We define the statistics
U=y Nic ki (€,,—€)

37) - .
Uis=1"Nis ki (n,..—7)

, Where kij:';/l—inj(l_lij)J frx)dx

and we here express U, in (12) by U;. Then the asymptotic covariance

of Ui’s are given for amall ¢ from the results in (7] as follows

cov (U, Um)"’—l/lxz(l—l'za)
(38) covV(Uas, Uis)~ v Ay3lgy
COV(U;z, Uls)"" V/<1"‘112)(1_2xa)-

Thus the covariance matrix is given by

1 _/)‘12(1_123) 1/113’123

(89) *‘ _;//112(1" zs) 1 1/(1—112) (1"213) |
U1 il vV (1 =212) (1—249) 1 /I

and we may get that 2 is of rank 2 after some computations.

Lemma 3, we obtain the relation

(40) Uis= 23 (Uzs— @33) + 12U+

where

Aas =}y Aiphas +1 A1 (1= 215) (1—243) (1 -2 23) §/ 41 =22 (1—233) }
Aiz= 1ty (1 =245) (1= 215) + 212y s (1 —259) } /§1— 21 (1 — 235) §,

B I Nigss (1— 23)
0=7/y"Nys ki3, l 12 12(1‘ 12)

From

Now if we take 4;3=1/2, that is, m,=ms, the assumptions in Lemma 1 are
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satisfied and then the weighting function ¢ is determined by (11). Under
the assumption ms=m3; Wwe may obtain
Uiz=Usz—o) +Uis, W=7/ :27'{:2‘
and define the weighted estimator for

(41) W(U23) :¢ (U23)éx,y + 'é—% 1 - d) (U28) } (éx,y + ;7::,:)-
Theorem 4. The asymptotic mean value and mean square error are given

by the followings

- 1 BV "(w
(42) E(W)»~E+2L/N;—;;;[TH(cu) 24 H' (@) ]
(43) M.S.E.(W) = (4Noki) '[4+7°G(0) +241, G(@) —2H(@)

+G" (@) —2H"(0)} +47,/23/2{G' (@) —H'(0)}].
Noticing the identity
E*(U)UUss=(1—24,) {1—2H() +G(@)}
— 111G (@) —2H" (@)1,

the proof is easy from Lemma 3.

5.2. Dispersion parameter. We slightly change the notations in Section
9, that is, let the c.d.f. be respectively F(x), F(y/0) and F(z/00’) where
F(x) is symmetrical about x=0 and 0'=1+7/y/ Nash, h= J:xfzdx— jo zfzdx.
Our purpose is to estimate the value of the dispersion parameter 6. The
never pool estimate Vyy for ¢ has been given in [8]

Vxy=upper quartile of mm, set of (Y;/X.).
Secondly define the statistics

V=1 N hlz(l;x,}i_ 1)

(44) N
Vie=1"Nis h”(;[g—g"g_ 1)
hij:]//mh

and denote U, in (12) by V... Then the following properties may be easily
obtain from the results in [8]
(i) V., is asymptotically normally distributed in N(0, 1)
(ii) The joint asymptotic distribution of any two V; is bivariate normal
distribution
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(iii) The mean and covariance matrix of V}; s are given by
ﬂ:((ﬂ, O} 0)) (():}//EZ%(le;) T

and 2 equals to the form (39).

Thus we may get the similar results as in 5. 1.

In the case that the population medians are unknown, we shall apply

the statistic VX,Y instead of Vyy

Vir=upper quartile of [(¥V;—Y¥)/(X;—X)],

Then we may obtain the asymptotically equivalent results to the above
under the assumption f(x) be bounded in absolute.
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