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$ 1. Introduction. Hodges and Lehmann have in (1] proposed the
estimation methods based on some rank test statistics and discussed in
detail the estimates for location parameters of the populations. Their con-
siderations seem to be very natural and useful in the case where the type
of distribution is unknown. In this paper, we shall first derive an estimate
of the ratio of the scale parameters by using Sukhatme’s test statistic (1)
which cannot be expressed by only ranks. Secondly, the “sometimes pool
estimator ” (“s.p.e.” in brief) will be dealt along the procedures that have
been developed by the auther in [3] and [4].

Let X,,-ee y X and Yi,eeeee , Y., be two samples from the populations

) . . —4 -4
with continuous and symmetrical c.d.f. F (36 @f) and F' <y'g,'*) where ¢

and ¢’ are scale parameters and 4 and 4" are population madians. In the
case that 4 and 4’ are both known, we may assume without loss of gene-
rality that the c.d.f. be respectively F(x) and F(y/0), F(0)—=0.5. TO test
the hypothesis #:=1 against the alternative 6>>1, Sukhatme’s statistic T Or
Tamura’s @ in [5) are used.

)] T(X, Y)=(mms) ' 3] JZ;//(X,-: Y)

i=1

, where v (x, y)=1(0) for 0<x<y or 0>x>y (otherwise),
@ QUX, V) =[mi- (") S0 v, Vi)

, where ¢ (x; v, ¥)=1(0) for y<x<y" or y'<x<y (otherwise)

and > means the summations over all subscripts 1<i<m,, 1<j<j'<wmi..
The preliminary test in the sometimes pool procedure is performed by
these statistics (1) or (2). In the section 3 and 4, we shall deal with the
“s.p.e.” for 0.

$ 2. An estimator for 0 based on the statistic 7(X, Y). In this
section, we shall first derive an estimator for ¢ based on the statistic
T(X,Y). In the case where the population medians are known, we may
assume that the c.d.f. of X and Y be respectively F(x) and F(y/0), F(0)
=0.5. Hence the variables X; and Y;/0 are independently, identically dist-
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48 Ryoji TawURA

ributed following the c.d.f. F(x). Then it is natural to estimate the scale
parametor ¢ so as to align as closely as possible two sets X =(X,,--, X,..)
and Y/0:=(Y,/0,---,Y,./0). From the well-known facts that

(3) ET(X, Y/@i”J’ %I—F(x)idF(x)#—J' F(x)dF(x)—=1/4,

(4) Var T(X, Y//ﬁ)’\’[48)‘12(1_7\12)]_1

, where ;»,‘j:m,/Mj, mr{fm,-:]\l»j,

(5) Pr[,,/N;;§T<X, v/0) = Lot -0 as Niyes

, whtre @(¢#) is the standard normal c.d.f. with density ¢(¢), it is rational
to estimate ¢ such that T(X, Y/0) has some value near to 1/4 as possible.
Definition 2.1. Let 6% and 6** be

(6 0*=sup [0: T(X, Y/0)>1/4]
¢ 0¥ =inf [0: T (X, Y/0)<1/4].
Then we define an estimator 6 for 0 by (8)
) A | P
b= (0% 0%%),
(8 9 ( )

From the definition (1) and (6), it follows that
0*=sup [0: number of Y/X exceeding ¢ is larger than m,+m,/4].

Now denote the upper quartile of the set of mum, {Y;/ X} by V., and then
we may find the following relation from the above interpretation

€) 0*=sup [0: V ,=20]=V,.
The similar considerations lead to the identity (10),
(10) %= inf [0: V,<0]=V,.
Thus the estimator o for 0 may be expressed as the form
(1) 6=V,
Lemma 2.1. The probability of 0 is given as follows,
(12) Pri6<al=PrIT(X, Y/a)<1/4).

Proof. Definitions (6) and (7) lead to the relations
V,<a—0"*<a-T (X, Y/a)<l/4—-0**<a—V ,<a,
Voe>a—0>a—T (X, Y/a)>1/4—-0=a—V ,=a

and V,, has some continuous probability. Thus we get (12).
The relation (12) is very important in the sense of combining the proba-
bility of V., to that of U-statistics.

Theorem 2.1. The distribution of 6 is asymptotically normal if there
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exists the integral j xf*(x)dx, that is,
(13) lim Pr[,/N,,(0/0—1)<al=0(ak/o,)

0 0
, where k'—‘J 2f (x)dF(x) —J xf (x(dF(x).
Proof. We get from Lemma 2.1 that

(14) PN (V./0=D<al=Pr|T(X,, a T;//Tﬁkﬂ
Y

The expected value and variance of T(X Gl+a/ N
e 12

) may be easily

found as

. YN N
tp=F T<X,0<l+d/y/N;)> 4 'jf‘ak/l/le—”m;
Y

op=Vvar T<X’0 (1+a/1/ " Ni)

)~ [482,0(1— 2,)] = .

Thus the probability (14) may be transformed as
Pr[Nm(ny/ﬁ_ 1)<a]

A AT o Wl )]

and the right hand tends to the normal function @ (gk/s,,) from the the
ory of U-statistics.

It is noticed that the asymptotic variance o%/k* of /' N,,(V,,/0~—1) is
equivalent to the asymptotic efficacy of Sukhatme’s test. We must here
pay attention to a fact, that is, there exists some possibility that the estima-
tion defined by (8) may have some negative values. To avoid such con-
fusions, we shall use the deviations from each sample median instead of
the observed values themselves. Then the generalised statistic 7%(X, Y)
of T(X, Y) may be applied to derive the estimator,

(15) T*X, Y) = mm) S 30 (X=X, Y,—¥)

, where ~ means the sample median.
Then we may define the estimator for ¢ from (15) by the same technique
as Definition 2.1 and consequently we also get the following expression,

(16) Vi—=upper quartile of {(Y;—Y)/(X,—X)1i.
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It has been proved by Sukhatme [2] that , ' N.[T*(X, Y)—ET*(X, Y)]
tends in law to ' NLIT(X, Y)—-ET(X, Y)] as Ni;—~c under the assump-
tions that (i) F(x) is symmetrical about origin and (ii) F(x) has the
density f(x) bounded in absolute. The statisttc 7%(X, ¥) is thus asymp-
totically equivalent to 7(X, Y), so that the estimator V7 is also asymptoti-
cally equivalent to the estimator V...

In the case where medians are unknown, we may also use the statistic
T#(X, Y) to estimate ¢ and has the same asymptotic properties as in the
case of known medians.

The test based on the statistic (2) is more efficient than one based on
(1), that is the asymptotic efficiency of the former with regard to the lat-
ter is given by 1.25 for the normal F(x). Therefore it seems to be more
favourable to construct the estimator based on the statistic (2), but unfor-
tunately we are still unsuccesful in this attempt.

§ 3. Sometimes pool procedures. We consider in this section the case
where there exists another sample Z,, -+, Z,, from the c.d.f. F(z/00") , 0'=
1. The “s.p.e.” 6 for 6 are defined after the preliminary tests for the
hypothesls ¢’=1 against the alternative 6'>1.

3.1. The use of Sukhatme’s statistic.
We shall first use the Sukhatme’s test statistic for the preliminary test,

(1) T(Y, 2)=mam) =3} 39 (Y5, Z0).

The critical region of the test is given by the following
amn T(Y, Z)247 4 24023/1 Nos (=ta)
,» where 1-®0(z,) =a, of;~[482;(1-2;)]"
Definition 3.1. The “s.p.e.” ¢ is defined by the following
‘V,, for T(Y, Z)>t.

(18) f—
’123ny + (1 - 123) sz OtherWise

, where V,, and V,. are respectively the upper quartiles of e m.t{Y,;/ X}

and myms{ Zy/ X,

Now the probability for 0 is expressed from (18) by the following
Prl0<al=PriT=t, Vy<al+PriT<te ruV,+ (=) V.<al.

Denote /N;(T—”23>/023 by T, and

(19) Pr[é<a]:P7’[fZ'Um ny<a]+Pr[§1<vw ;‘23ny+ (1_223)sz<a]

’ Where ﬂzszET(Y, Z)y vm:l//m<ta _‘1’!23>/U23-
Lemma 3.1. Let 0 =140, and it follows that
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=00 Nyy) if 0 is any positive constant
Vo™ S
~Zw—r k/023 lf 5:7’/1//N33.
Proof.

Ly =Pr(0<Y<Z) +Pr(0>Y>Z)

- j = F (/07 dF () +j F(x/0)dF(x)

oo

:J %1—F(x)§dF(x)+J F(x)dF(x)

kol [ (e [ (i) are]

/

1/4+4-9" (8": positive constant) if 6=constant
{1 /4+7k/y’ Nas if 6=7/y/Nas.

Then we get the Lemma 3. 1.

Corollary 3.1. In the case of conatat 3, the distribution of 0 is equi-
valent to that of V,,.
The proof is easily shown from (19) and Lemma 3. 1.
It is also evidient by the facts that the hypothesis ¢'=1 is almost certainly
rejected in the preliminary test and cosequently the samples are not pooled
in the case that 6’'=1+3, 0 is positive constant.

Lemma 3.2. Under 0'=1+71/, N,,, it holds that

Y
20) COV[T(Y, Z), T(X,mm)}\'*[ll&%z]_l
Y P
o\ T 20, T(Xg sy ) |~ =1 Tl =,
Proof. From the definition of T,

Cov[T(Y, 2, 7( m%/w;) ﬂ

Y

=E T(Y, Z) T(Xy‘amﬁ'ﬁ)—

)—ﬁﬂ'lZﬂZS

Y

—mit Ev (Y, ZW(X,,W o N

)—u12ﬂ230
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Now,  EV DW{Xig( 407, )

=Pr(0<f0(l+a/y Np) X<Y<Z)+Pr(0>0(1+a/; Np) X>Y>2Z)

- j (1= F(y/0") | dF(y)dF(x) + | F(y/6"dF(y)dF(x)

0<(14+a/ ¢ N12)x<y 0>(1+a/yN12)x>y

=1/24+0(1/y/Np2).

These lead us to Lemma 3. 2.

Theorem 3.1. Under 0 =1+7/y/ Ny, the asymptotic joint density of
T(Y, Z) and V' Ni.(V,,/0—1) may be given by the bivariate normal density
(21) with mean values 0, 0, variances 1, o%/k* and correlation —, %1,(1—253),

2D 2(x; 0, 031, 0h/k*; —, Tia(1—A5)).
Proof. From Lemma 2.1 (or, (14)),

PAT(Y, Z)<t, v Niy (V.,/0—1)<d]

~Pr|T<t ,/YVE{T(X,MT;/MTB)~#12}</7\E(4”1—ﬂ12)]

. ~ Y it . .
Since T and T(X,a (+a/y N N12)> are both U-statistics, their asymptotic
joint distribution is normal. The above facts and Lemma 3.2. lead to
Theorem 3. 1.

Theorem 3.2. Under 0'=1+7/y Ny, the asymptotic joint density of

T(Y, Z)and /' N[Asy(Vy/0—1) +0'(1—255) (V./00'— 1)) is given by (22),
N:ml+ﬂ42+7’}’l3,

(22) ¢(x)§0(y/0123)/0123
, where
2 2
(23) Uizstk_z[lgsg;i'f" (1—2g 22%[11,3; + A3 (1— XZQH;Z]

Proof. The asymptotic normality is evident from Theorem 3.1. We
may calculate only the values of the variance and correlation. From the
calculations regarding with U-statistics, we may gay get the followings,

vy N (Y1) 000 (G 1)

=N|Var(Vy) #0201 =t Var () + 20 (1= 220 Cov (Ve Vi) .




Some estimate procedures with a nonparametric preliminary test II 53

By the similar techniques as Lemma 3. 2,
Cov(V,,/0, V../00")~[48k*m,]"".

Thus we get (23) from the above considerations. Secondly, we also get

Cov| sy Nas(T =30,/ N{tua( Vo= 1)+ ' (1= 2 (5~ 1)}

~/NNu( =254+ 1220 0) — 01/, W),

3
Hence two statistics are asymptotically independent and then we get the
identity (22).

Theorem 3.3. The asymptotic density w(a) of 8/6 is given by the
following,

/ 1

—2p,/mka;;(a—1>x;}dx

+0(v,) /IZ/N exp[—Niag—2;—0' (1—223) }2/20%s).

As for the expected value and mean squarve error, we get
(25) E(6/0) =1+ (1= 20)® (0)7/y Nas + 01209 (02) /by Ny
(26)  M.S.E./(6/6)=E(8/6—1)*
=031 =0 (V,) + 0*0a9 (Wa) } /B Nia + 052D (00) / N+ (1 — 225) 1%/ Nos.
Proof. Froom Theorem 3.1 and 3. 2,

~/N12(g 1)
Prii<a)— J J 2(x, 3 v5 0, 0 1, ob/k; p)dxdy

—Aza—ﬂ'(i A2g) );

+ @ (va) 1;; @ (x/0155) dx.

This probabillity leads us the density w(a) of 3/0. The computations of
E(/6) and M.S.E. (6/60)are elementary.

Corollary 3. 1. The relative asymptotic efficiency e (s, n) of 6 against
the “never pool estimate” V., is given by the following,

27N e(s, n) =[1—0,) +k*Ni20%:0 (V) /Not+ 0*0.9 (Vo)
+ (1 —123> 2N12k272/N230?2]_1-

Proof. The mean square error of V,,/0 has been given by ¢%,/k’N;; in
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the Theorem 2.1. Since the relative asymptotic efficiency of 6 to Ve is
defined by the limit value of the reciprocal ratio of the each mean square
error, we may get the form (27) from Theorem 3. 3.

For the normal F(x)=@(x), a=0.159 (v.—1)and 4;—1/2, we may get
the following Table Ia,

Table Ia.
s \ 0 0.5 1 1.5 2 2.5 3
e 1.176 1.138 1.084 1.011 0.928 0.838 0.847

For the normal F(x)=®(x), r=0 and 2;=1/2, we get Table Ib,

Table Ib.
z | 1.65 1.30 1 0.5 Q —0.5
e | 1.243 1.205 1.176 1.146

1.143

1.138

3. 2. The use of Tamura's statistic. In the case that 7 is sufficiently
small, we may see from (27) that the effect of the preliminary test on the
asymptotic efficiency is concerned with only the correlation o. Now we
shall discuss abuut the efficiency when we use the statistic (2') instead of
(1") to test the hypothesis 6'=1,

@) 0, 2)=[m(") | 0¥} 2 2.

The values need to the derivation may be computed by the similar tech-
niques as in the previous 3.1 as follows,

Varl/Tvz‘sQ""Mf))‘za(l —2) ]!

BT afy Ny )/ 0

Yy
100"(1+a/y Nio)

COV[Q, T(x

(28) cov[Q, T(x ﬂ~1/48m3

1Y (Q’ ny) ~ I/Bmli223)y4

Cov[ @ 7a(Vy—1)+0 (1= (55— 1) |=00 /' ).
The forms of the asymptotic density and the mean square error are Simi-
larly derived, but we shall omit them. For any sufficiently small 7, we

may get the asymptotic efficiency with regard to the never pool estimator
V iy

29) es, n)= [1 —0(2) + Nyek?02® (22) /Noty +%§zm<1 20) 20 <za>] 1
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The results for the normal F(x)=0(x) and 2;=1/2 are given in Table II

Table II
z 1.65 1.30 1 0.5 0 —0.5
e 1.247 1.210 1.182 1.152 1.143 1.134

As seen from Table Ib and II, the use of the more efficient statistic (2')
for the preliminary test does not result so much increase of the efficicy of
the “s.p.e.” comparing with the use of (1').

3.3. The case where the medians are unknown. Consider the case
where the medians are unknown. Let the distributions of X, Y and Z be

respectively F(x—4), F (96;4) and F (’5};,1—) 6'>>1. Moreover we assume

0
that (i) F(x) is symmetrical about origin and (i) F(x) has the density
f(x) dounded in absolute. Our purpose is to get the “s.p.e.”” for 0. The
preliminary test for the hypothesis 6'=1 is performed by the generalized
statistic of T or @,

(30) T*(Y, 2)=(mm) 530 (V- ¥, Zi—2)
(31) @Y, 2=|m ()] S0V~Y; 22 2~ D)

The statistics V*'s in the section 2 are utilized as the estimates for 6.
Since the discussions are quite similar for (30) and (31), we deal with Only
the procedures by (30).

Definition 3.2. The “s.p.e.” 0* is defined by the following,
. (V;’; if T*(Y, Z)=t.
(32) 5*:«
WAosVE4+ (1~ 2 ViE otherwize .
Theorem 3.4. The “s.p.e.” 6% has the same asymptotic properties as
the “s.p.e.” 0.
Proof. The joint probability

Prly/ Nul T*(Y, 2)— i <t, NV ~1)<a]

is transformed to the form
Pry Nl T*(Y, 2) =il <t N P (X =)
_/’!12}<1/N;(%_'u12)]

This probability is asymptotically equivalent to the following by the theory
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in (27,

o - N T
P"LV N232T> &, Z) Moyt <l NJZ{T<X’ ‘9(1—1‘*0/;/]\712))

_#12}‘<L/Nl;:<'i —ﬂ12>}'
For the probability regarding two statistics T (Y, Z) and 2,5V E-+ (1 —2) VE,
we also get the same result. Thus it has been shown that the asymptotic

distribution of 6* equals to that of 0.

§ 4. The effects of another estimators on the efficiency.

4.1. We first compare with the “s.p.e.”” in the case where the same
preliminary test and the different estimators are applied. We discuss this
problem for the population median. We have already derived two kinds
“s.p.e.” in [3] and 4], that is, we have used the Wilcoxon statistic as
the preliminary test and as the estimator the sample median in [3] and
the median of average ip the pairs of observations in [4]. We respectively
denote the “s.p.e.”” by 4, and 4, Then the mean square errors have been

respevtively given for the normal F(x) and 4;=1/2,
- M.S.E.(4) =[1— @ (2,)/2+ 32,9 (2.) /8]/2ms
M.S.E.(4:) =1~ 0(2,) /2 + 2.9 (2.) /2] /3m,.

Thus the asymptotic efficiency of 4, relative to 4, is given by the following

GO eldy ) =15(1- 29 (20 /8] 1- 1100 ~2ap 21 ]),
Table IIL
*24 ;o - 14654 /1507 B 177 N 65(7 B 07 '_0*5 B :ooi

e ‘ 1.5 1.448 1.437 1.435 1.455 1.5 1.544 L5

4.2. The estimator adopted when the data have been pooled was the
linear combination of estimators in each sample, but we may consider ano-
ther type of estimator. For example, we treat the “s.p.e.” for the popula-
tion median. Let the c.d.f. be respeclively F(x—¢) and F(x—£&—9), where
F(0)=1/2, 3=0.

In (3], we have defined the following sometimes pool procedure,

~

. X if U>u,
(35) ‘51j A .~ - ~
E(X, Y)=2 . X+1-2)Y otherwise

, where U is Wilcoxon two sample test statistic and
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Uo=2""+2a/ v 12N12212 (1= 212).
Lemma 4.1. In the untrivial case where d=7/, Ny, (1=0),
EE)~E+(1=2)70(ke) v/ Niz
M.S.E.(él) ~o%i1 — O (ko) }/my+ *D(ke)/Ni2+ 60°kop (ko) /4N 2

, where ky=2,—7,"32,(1—2:5)/2, *=[4f*(0)]"*
Definition 4. 1. We define another “s.p.e.” &, by the following

X if U=u.,
62 _{

(36)

37 2
¢,,—=median (X, Y) otherwise.

Definition 4. 2.

(88) WX, V) =Na| 3o )+ 26(¥) |
, where ¢ (x)=1(0) for x<<0 (otherwize).
Lemma 4. 2.
(39) Prié ,<a) =Prih(X—a, Y—a)>1/2].

Proof. Define ** and ¢* by
Exk—=gup [€: W(X—E, Y—-E6)<1/2]
&% =inf [: R(X—E Y—-6)>1/2],

then we may obtain by the same considerations as in the section 2,
pri=gr=C,,
As for the probability of %xy, we may also derive the relation (39) by the
similar techniques as in the section 2.
Theorem 4.1. The asymptotic density of é,y is expressed by the folow-
ing normal density N(%, o%),

u=E+(1 ~112)%—F(—6)[112f(0) + (1 =2 f(=]

(40)
=N Bt (1= 1) 1F(=0) = F* (=)} | sf (0) + (1= i) F(= )] %

Proof. From Lemma 4. 2,

Prly NuaE=8 <al=Pr[y Nl (X — 6= 4 Y—e= 0 )—uf/o

>I/N1—2<%‘#,>/U']‘—’1‘@[1/M7;<% _ﬂ’)/or} as Nypy— oo
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, where

W=ER(X—Z~ i Y=i— )

s (IJ“VT\E)““’}”) F(—=8)+af(=8)/, Ni2!
(41

o2 Var‘/N@h(X- E—/LAN”, Y*f—{/ija\f:)
i 12 12
=L a-a iR - -o1.

We may easily get the density of %,,y from the above
Corollary 4. 1.

In the case of constant 8, the asymptotic efficiency e
of &, respective to ¢(X, Y) is given by

(42)  e=i2ufO) + =2 (=) i/ —F(-o)}

j’ .
Proof. It is well-known that

E [E(X, V)]~E+(1—12)0

M.S.E. [6(X, Y)I~(1—2;5)* 8*+1/4 Ni2f*(0)
On the other hand, from Theorem 4.1

MS.E.(E)~[af(0) + (1= i) f(= D17 (12 + (1= 212) {F (=) = F* (=)} ) Ni

2
FU-2Ht-F-o} .
Thus it follows that

e=lim IM.S.EJE(X, Y)I/MSE.(E,)}

2
=012 (O) + (1= 0 (= )]/| § —F(=) |
For the normal F(x) and 4,,=1/2, we get the Table 1V,

Table IV.
5 } 0 o1 0.5 1 1.5 2 2.5 3
e | 1 0998 092 o081 0837

0. 900 1.111 1.472

Under 6=r/,”N;: in Theorem 4.1, we get
EE)~E+(1=2)7/1/ Nie

M.S.E.(£,,) ~1/4N1f2(0) + (1—2,2)*1%/ Ny,
Cov(é,, UY=0(/y" Nu).

(43)
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These values (43) are respectively equal to the corresponding values in
the estimator ¢(X, Y).

If ¢ is constant, the

‘s ’

s.p.c.”” are both consistent with the never pool esti-

mator X. Therefore we may conclude the following Theorem 4. 2.

£

1

2]

Theorem 4.2. The “s.p.e.” £, is asyptotically equivalent to the “s.p.e.”
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