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   §1. Summary. 

   We shall consider the problem to decide between two hypotheses 
concerning the unknown population parameter when our population is 
distributed in one parameter exponential distribution, under the following 
set up of sampling. 

   A sample of prescribed size m is decided to be drawm from our 

population, and moreover we (A) may or (B) may not draw a second 
independent sample of another prescribed size n from the same population. 
This last choice decision between two alternatives (A) and (B) is assumed 
to be made in view of the risk defined in terms of the expected loss due 
to the error with reference to a given Bayesian distribution of the 

population parameter and the costs due to samplings and observations. 
   It is noted that somewhat similar but not identical problem was 

discussed by Anderson [1] for normal distributions. The purpose of our 

paper is to show that the notion of additive family of sufficient statistics 
is useful in getting concrete results through the comparisons of the risks 

associated two alternatives. We shall be concerned with the following 
two cases when the continuous distribution is distributed (I) over all real 
line, and (II) over all positive part of it.

   §2. Introduction. 

   Let u„, and un be two independent statistics of the same parameter r 

having their probability density function with respect to a common measure 
,ez over the real line R such that 

(2. 1)f (u m, 7-) di-t (u m) — exp rUm %(r) + am (4 m) du (um) 

(2. 2) fi (u 7) (u„) exp Tun+ an(u„)dit(u.), 

respectively. Let us assume that a1(x) n) is a function with a 
continuous first derivative with regard to x in R. 

   Testing a null hypothesis H, : 2-= r1 against an alternative H2 : 2-2, 

                        35
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(71< 72) by use of a certain statistics u, is done in the following way. 

   (1) We accept H1, if 

(2. 3) 72)/1.,(u„ ri)<a, 

and 

   (2) We accept H2, if 

(2. 4)Pub T2) /Put, 71)>a, 

where a is a certain positive constant. The determination of the critical 
value a may be given in several different ways. 

   We shall be concerned with the case when a priori distribution 
regarding population parameter 7 is given. Let s be an a priori probability 
that the hypothesis H1 is true and then 1— S be the a priori probability 
that the hypothesis H2 is true. Let Wt be a loss which is caused by the 
incorrect decision to accept Bri(j when Hi is true (i, j— 1, 2), respe-
ctively. Let C„, and C„ be the cost due to the sampling and observations 
for the first sample of size rn and for the second sample of size n respe-
ctively. Then the expected risk using um alone for an assigned non-
negative a is given by 

(2. 5) RA(a; 5)—Wi5P[f.(um, T2) /fm (Um, 70>a Hd 
                      W2 (1 —PU-„,(urn, 72)/fm (Uno-TO<a H2] ± Cm • 

Similarly, the expected risk using um+un is given by 

(2' 6) RB(a ; 5) —W15P[fni,n(um+un , 12) tfni±n(Um+ Un, 71) �a Hi] 
               + W2 (15) PV„±n(um-Hu„,72)/fm±n(u.-1-11,,, 71) H2]+Cm±C,,. 

With regard to these risks, we shall employ the following Bayesian 
procedure. This runs as follows. Generally, if the likelihood ratio Z has 
a probability density function under each of two hypotheses, the Bayes 
procedure is to adopt the criterion defined by the critical value a which 
minimizes the following risk 

(2. 7) R(a; H1]+W2(1 P [Z<a11/2] +C. 

In order to obtain this critical value a, we shall make use of two lemmas 
which will be enunciated in the section 3. 

   Now the choice decision between two alternatives (A) and (B) will be 
done by comparing two risks corresponding to the Bayesian procedure 
applied to each of two alternatives. The outline of comparison can be done 
in the following way : 

   (1) We introduce 

(2. 8) d(5 ; A, B) =Min RB(ia; 5) —Min RA(a; 5), 
                     0<a‹.00<a<oo 

provided that both the first and the second term in the right hand side of 
(2. 8) exist for every s in 0<5<1.
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   (2) Our choice decision between two alternatives (A) and (B) is 
given in the  following way. 

   (i) We take (A), if d(,." ; A, B)�0. 

   (ii) We take (B) , if d(4: ; A, B) <0. 

However it is not easy to observe whether d(; A, B) is nonnegative or 
negative for each assigned value of s in 0<ca In order to observe the 
sign of d(5. ; A, B) we shall give several theorems in the section 4. 

   §3. Two lemmas and determination of the critical value a. 

   We shall make use of the following two lemmas regarding an additive 
family of sufficient statistics. 

   Lemma 1. (Kitagawa [21) Let us assume that there is a function 

a„,,„ (•) such that 

(3. 1) exp; am,„(u)} f exp am(u— v)} exp an (v) dIA (V). 
   Then 14,,,d-un is a sufficient statistics for 7 having the probability 
density function with respect to the measure /1 such that 

(3. 2) fyidFn(Um un, tilt (Um 1- un) 

           eXP (U ± b. (7) b „(r) ani,n(um+ un)dli(tini+un). 

   Lemma 2. (Kitagawa [2]) Let us assume that there holds the addi-
tivity such that 

(3. 3) exp am (u) f exPam_i(u—v)}exPa,(v}du(v), 
and 

(3. 4)bm(7)----mb(7), (say), 

for all positive integers m>1. 
    Then a,,,,„(u)-----a„,,(u) for all integers m, n�1. 

   However we shall restrict ourselves to the case when dit(u)=dx for 
all real u. The determination of the critical value a is done in each case 
of the following. 

   Case ( I ) The case when the following three conditions are satisfied : 

   (1°) The distribution functions are distributed over all real line. 
   (2') The range of the parameter 7 contains a finite interval (—A, A) 

with some positive constant A. 
   (3°) The function b(a) is regular and analytic over the strip —A< 

sJt(c)<A in the complex a plane. 

   Case (II) The case when the following three conditions are satisfied : 

   (1') The distribution functions are distributed over all positive half-line. 
    (2') The range of the parameter 7 contains a finite interval (— B,
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—A) (0<A<B) belonging to the half line — o <r<0 . 

   (3') The function b(G) is regular and analytic over the strip —B< 
91(6)<— A in the complex G plane. 

   Before the determination of the critical value a, let us introduce the 
following notations : 

(3. 5)8 () =Wi/(W2(1-5)), 

(3. 6)H(r1, 72) b(rt)—b (72) 72 71), 

(3. 7)r„=nHeri, 72), 

(3. 8)K(ri, 7-2) = T2b(ri)— rib(r2) 1/(72-70, 

(3. 9)s„--nK(ri, 1'2), 

(3. 10)x,,,(5)= (72— 71)-Vog5(5)±r,,,. 

   (I) Making use of two lemmas stated above, for each S in 0<5<1 
we have 

(3. 11) aRA(a; 5)  _ exp( log a +mHeri, 72)) +mKo_11 T2)      aa\72 ri 

                 (logal,log a                      x—W15exp-trt72yiFrW2(1 — )exP7-2-72711- 
                    exp a„, (TOa+r„,)-1-..s,„W2(1 —5)a71/(r2-n) 

                x (a—W15/W2(1-5)i)• 

Moreover we have 

(3. 12) (a2/aa2) #RA(a; 5)----(a/aa)RA (a ;(a/aa)(4(0.2— ri)-llog a 

                               r„,)}±exPam(ez-2-7-1)-llog 

                           XW2 (1 5) ari"r2-r1)[72aT1 W15/W2 (1 — 5)1 

                           x(7271)aLl. 

In this case we have 

(3. 13)lirn RA(a; 5)=W15, 

(3. 14)lim RA(a; 5)=W2(1 5) • 

Furthermore we have 

   (i) (a/aa)J?A(a; 5) <0 for all a in 0<a<5(5)- 
   (ii) (a/aa) ; 5) —0 for a=a(e). 

   (iii) (a/aa)RA(a; 5) >0 for all a in 6(5)<a‹—. 
   (iv) (a2/aa2) RA(a; 5) a=s(E)>0. 

Hence it is verified that 5(5) is one and only one value for which the risk 
function RA(a; 5) is minimized, that is, 

(3. 15)Min RA(a; 5)=RA(o(5), 5). 
                                   0<a<00 

   Similarly we have
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(3. 16) Min RB(a; ; 5). 
                                     0<a<00 

   (II) Let us introduce the following notations : 

(3. 17) exp —2'-„z(r"2—r1) (rn->-1) 
(3. 18)e„,= w26,n/(w, w2o.), (m>1) • 
Making use of two lemmas stated above, we have the following 

   (1) When (72 70 —1 log a+rrn_<0, we have 

(3. 19)RA(a, 

   (2) When (r2— z1) 'log a+ r„,>0, we have 

(3. 20)RA(a; 5) =w., fn(y, 7 Ody 
                                                                        a+rm 

                                                             (72-1'0 1 log a+rm 

                       w2(1 —5) ffm(y, -1-2)dy+Cm. 
                                                     0 In the case (2), we have 

(3. 21) (a/aa){RA(a;) ; =expiam((T2Z1) llog a+r,n) 

                      X W2 (i—e)a-/(---w                                       )(a—,(t— e)r). 

By means of the similar discussions to that in the case (I), we have 

(3. 22)Min RA(a; 5) = RA(0(5) ; 5). 
                                     0<a<09 

Hence we can display the minimum risk RA(6(5) ; 5) as follows : 

   (Ai) If o<e<em, then we have 

(3. 23)RA(6 (e) ; e) =me + Cm. 

   (Aii) If e,n<<1, then we have 
                                                                 xm(E) 

(3. 24) RA(6(e); wie fm(y, ri)dy+ W2 (1 5) f r2)dy. 
        xm(E)0 

   Similarly the minimum expected risk using urn+u„ is given as follows : 

   (Bi) If 0<4.<eni+n, then we have 

(3. 25)RB(6(5); 5)=W15+C,n+ C0. 

   (Bii) If em+n<e<t, then we have 

(3. 26) RB(6(5) ; 5) = wie. fm+.(y, 7 Ody 
                                               xm(E)+rn 

                                                                  x,0()+,-0 

                    +W2(1—e)1 f.,(y, rOdy+Cm+Cn. 

                                                      0

§4. Main results. 

Before the enunciations of the theorems, we denote by d(1) (5 ; A, B)
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and d("(5; A, B) d(5; A, B) in the case (I) and (II), respectively. Let 
us introduce the following notations: 

(4. 1) A.2)„(x.(5) ; r„, s„)--expci„,(x„,())—expa,„+„(x,,,(5)+7-0 4 

(4. 2) B,„,„(x„,() ; r„, s„)=a,,,(x„,(5))— a„,,(x,,,(5)+r„)—S„, (i----- 1, 2). 

   (I) We have for each 5 in 0<e<1 
                                                                                              A-„,(E)+,,„ 

(4. 3) d(?)( 5; A, ;f„,,z(y, 12) dy 
                                                  x,„QH-r„ 

                                                                           x,„(E) 

                       fm(y, ri)dy—W2(1-5)1fm(y, -1-2)dy+C„. 
                                       xm(E) 

   (II) Let us assume that H(ri, 12)>0, then we have the following : 

   (1) For each 5 in 0<5«n,,, we have 

(4. 4)d")(5; A,B)=C„. 

   (2) For each S in em+n<5<eni, we have 

                                                                               xyn(E)+rn 

(4. 5) d(2)(5; A, B)=TVi f.±. (y, Ti)dy+ W2(1— fm±n(y, 72)dy 
          xm()+rn0 

                      —W,5+C n. 

   (3) For each S in Em<5<1, we have 
                                                                                    x„,(m)+rn 

(4. 6) d(2) (S ; A, B)=Wiefm+n(y, ri)dy+ W2 (1 e) f fm+.(y, r2) dy 
          xmaH-rn0 

                                                                         xm(E)                    —Wie fn(y, ri)dy—W2(1--)f fn(y, 1-2)dy-FC„. 
                                         xm(E) 

   Theorem 1. In the case (I) the following assertions hold: 

   (1) we have 

(4. 7) A(„),,(x; r„, sn) 

            21zf exp —mb(i7)— [1—exps„-- nb(ir) — itrn]dr. 
       We have 

(4. 8) sign (a2/a52) d")(5 ; A, B)=signA2),.(x.,(e.); r„, s„). 

   Proof : Ad (1) Since the function fm (x, 7)=exPrx+rnb(7)+a,„(x) is 
the probability density function, we have 

(4. 9) exprx + am(x) dx= exP —mb(r) • 

Hence we have, in view of the conditions in the Case (I),
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(4, 10) exPa„,(x);-- exp 2 —mb(ir) , 

therefore we have the right hand side of (4. 7) as an immediate conse-
quence of (4. 10). 

   Ad(2)° For each assigned value of S in 0<5<1 we have the following 

(4. 11)(a/a5)(10)(; A, B); 
                                                            xm(E)+,,i            =WIT fm+n(y, i) dy -W21 (fm+n(y, r2)dy 

                              xm(E)+rn 

                                                    rxm(E) 
              —f ,„(y, r,)dyW2f,„(y 72)dy 

                                 x„z(E) 

(4. 12) (a2/852) d(t)(5; AB); 

                     5(1--)1-lexPs,n[WiexP ri (72 

            +W2exP(72 --ri)-1log3(5);]it,,i(x„,(S); r,, sn)• 

Since the first, the second and the third factors in (4. 12) are positive, we 
have the result of (2) immediately. 

   Theorem 2. In the case ( I ), if there exists one and only one value 
5* in 0<*<1 such that (5/05)B„, ,,(x,„(5); r„, s„) according to 5.1=5*, 
then all possibilities concerning with d(1)(5 ; A, B) can be classified into 
the following three types: 

   (1) For all 5 in 0<5<1, d")(5; A B)>0. 
   (2) For all 5 in 0<5<1, d(1) (5 ; A, B)>0, except for a certain value 

50 such that cl("(0; A, B)=0. 

   (3) There exist 5, and 52, 0<51<52<1, such that 

   ( i ) For all 5 in 0<5<5k, d(1)(5 ; A, B)>0. 
   (ii) For 5=5, d("(51; A, B) =0, i-1, 2. 

   (iii) For all 5 in 51<5<52, d(1)(5, A, B)<0. 
   (iv) For all 5 in e2<<1, cr1)(5 A, B)>0. 

   Proof : We have 

(4. 13) urn d")(5; A, B)=1im d")(5; A,B):=C„, 
     4,0E-1 

(4. 14) iim(a/a) ci(1)(5; A,B);=(a/a) d(1)(5; A, B)1 =0.      E-ofirn41 

For each assigned value of S in 0<5<1, we have 

(4. 15)(a/55) d(1)(5 ; A, B); 

           ,c°xm(E)+rn                         7i)dy —W21 f.+„(y, '72) dy 
                             xm(E), rn



42Yukio NOMACHT

 co xm(E)              —T47,1 fm(y,  TO  dy+T4721 fm(y, 72)dy, 
                                   x,n(E) 

(4. 16) (52/052) d(i)(5. -                    , A, B)} 
         = [ (12 — ri) 5 (1 — 5)]-1exp s,n[-RTiexp 71 (12 — 10-11oga(5) 

           -FW2exp212 (12 — 1)'log5(5) 1,42),„(x„,(e); rn, sn). 

Hence we have 

(4. 17) sign (52/552) ct1'(5 ; A, B)}=signAZ,(x„,(e); rn, s„,) 
                                         =signB„, ,„(x,,,(5); r,„ sn). 

   By means of the assumption to the theorem, we have the following six 

cases concerning with the types of 11(,,P,„(x,„(5), rn, sn). 

   (1) AZ(x.(e); rn, s„)>0 for all 5 in 0<5<1. 

   (2) There exists one and only one value er such that 

                       >0 for all 5 in 0<e<42), 
          A(„P„(xm(e); rn, sn) =0 for 5=502), 

                       <0 for all 5 in 5(2)<5<1. 

   (3) There exists one and only one value ep) such that 

                      <0 for all 5 in o<e<eP),           
.A;,?,,(x,,,(5); rn, sn) =0 for 5=v), 

                       >0 for all 5 in 43)<e<1. 

   (4) There exists exactly two values 5i4) and 44) in 0<514)<5,4)<1, 
such that 

                     <0 for all 5 in 0<5<5i4) for in e24'<e<1, 
         A.(„,)„(xm(e); r„,s„) =0 for 5=514) or 5=e24), 

                     >0 for all S in ei4)<5<eT. 

   (5) A.;,,)„(x,n(5) ; r„, s„)<0 for all S in 0<5<1. 

   (6) AT(x,i(e); rn, sn)1<0 for all S in 0<e<1 except for 5*, 

 „ 

                         =0 for 5=5* . 
   Now the case (1) and the case (5) contradict to (4. 14). In the case 

(2) by means of (4. 14) we have (5/05) d(1)(5.; A, B)} >0 for all S in 
0<e<1. This contradicts to (4. 13). By means of the similar discussions 
to that in the case (2), the case (3) does not hold true. The discussions 
in the case (6) reduce to that in the case (5). In the case (4) in virtue 
of (4. 14) there exists one and only one value 5 such that 

                              <0 for all S in o<e<e., 
       sign { (0/a5) dm (5 ; A, B) =0 for S=e, 

                              >0 for all 5 in e<e<1. 
Hence in virtue of (4. 13) we can obtain the resnit of the theorem. 

   Theorem. 3. In the case (II), let us assume that H(11, 12)>0, then 
the following assertions hold:
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   (1) we have 

(4. 18) A(,:,)„(x; r„, s„) 
                                              ,c+i. 

                  = 1 exp—mb( a) c.x.poxi                      27i , 

                      x [1 —expsn—nb(---a)+or„flda, 

where c is an arbitrary positive constant. 

   (2) we have 
   ( i ) sign s (52/552) d(2)(5 ; A, B) —0 for all 5 in 0<5<5.+,, 

   (ii) sign i (a2/552) d(2)(5 A, B) <0 for all 5 in 5,,,,,<5<5., 
   (iii) sign (a2/552) d(2)(5 ; A, B)----signiV,),i(x; r„, s„)} 

for all 5 in 5,n <.<1. 
   Proof : Ad(1) Since f,„(x, r)=exPrx+mb(r)+a,,(x) is a probability 

density function, we have, for any r in 0<r<00, 

(4. 19) exP x a„,(x)dx=exp— mb(r)} • 

                           0 By means of the Laplace inversion formula and in view of the conditions 
of Case (II), we have 

                                                   c+ic. 

(4. 20) expani(x)}=,T1,-,7,1 exp—mb(-0.)+Gx}cla, (x>0), 
                                                   c-i. 

where c is an arbitrary positive constant. The proof of (1) follows form 

(4. 20) immediately. 
   Ad(2) We have the following: 

   (1) For all 5 in 0<5<e,„,+„ we have 

(4. 21)(a/5e) d(2)(5 ; A, B)}=0. 

   (2) For all 5 in ,,,+„<5.<„„ we have 

(4. 22) (a/ae)d")(5, A, B)} 
                                                          x,,,(E)+r„           =T47,1 f,n+n(y, 1)dy—W21 r2)dy 

             xm(t)-Frri0 

   (3) For each S in 5„,<<1 we have 

(4. 23)(a/ae)d(2)(e ; A, B)i 

                                                               x,n(n±rn               =w,f,„+„(y, ii)dy —W21 f,,,,-„(y, 72)dy 
           xm()+rn0
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                   jfm(x, 71) dy -TW2.ff,i(x, /2) dx. 
                                                          0 Hence we have 

   (1) For all 5 in 0<5<5,„, we have 

(4. 24)(a2/a52) d(2)(c'; A, B) =0. 

   (2) For all 5 in 5„,„<5<5,„ we have 

(4. 25) d(2)(c7; A, B) 

                   [Wifm+,i(xm(4--)--1-rn, 71) —W2fm+n(Xm (5) + rn, 12)] 

                 /250-5)(12— 11) • 

   (3) For all 5 in 5.<5<1, we have 

(4. 26) (6)2/62) d(2)(5 ; A, B)} 
         =exps,n t [ 72 71)50 5) 1-1[WleXP 2 71(72 71) 110gO (5) 

            -1--MexP 72 (r2 —71)'logo()]21: ,)„(x„,(); rn, sn). 

Since the first, the second and the third factors in (4. 26) are positive the 
result of (2) (iii) immediately. 

    §5. Examples. 

   The purpose of this section is to give each one example to each of 
two cases (I) and (II) for which Theorem 2 and 3 hold true respectively 

   Example 1. (Normal population N(7, 1)). Let us put 

(5. 1)b(7) = —72/2, 

then in virtue of Theorem 1 we have 

(5. 2) A(„,)„(x,„(); r,, s„) 

         1          -- 27fexp2—7n72/2[1 — exPs„— n72/2— ir,i1-y]dz. 
In order calculate the value in the right hand side of (5. 2), let us put 

(5. 3)1             AP).-27,1 exp /12/2—ixrctr, (l=m, m+n), 
then we have 

                                    ro 

(5. 4)AP) --- 1/ 2/1f exp—G2 cos (-1/2// xa)clo 

                                         0 

                   = (27r1)-1/2exp—x2/(21), (l=m, m+ n). 

Therefore we have
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(5. 5) r„, s„) 

                (27rrn)-1/2exp — x2/ (2m) s — (2 (rn n)77)-1"2 

            x exp; [x+ rd2/(2(m+ n)) ±s„;, 

where we have put 

(5. 6)r„=nr1-c2/2, 

(5. 7)sn'-'n(71-1—r2)/2. 

Moreover we have 

(5. 8) (0/35) B„,,,(x„,(5) ; r„, s„) 
         = — nx„,(5) — (m-1) .H(71, 1-2))/(m n) (72 —71)(1-5) 

Since the function x,„(5) defined by (3. 10) is a monotone increasing function 

with a continuous first derivative with regard to 5 in 0<5<1, there exists 

one and only one value 5* in 0<5*<1 such that sign (a/ae)Bni,n(e ; rn, 

        according to 5---15*. Hence the assumption to Theorem 2 is 

satisfied and the type (3) holds true in this case. 

   Example 2. (The Pearson distribution of type III with unknown r). 

(5. 8)b(z) =log ( — ), (r<0), 

then we have 

                                                  ec+ico 

(5. 9) AT. (xsn)   [I --a-"exys„± arAexy ax S a -mda, 

                                                     Now we we have 

                                c+i. 

(5. 10)  2 7riexp caxa-Ida—xi-1/F (1), (l=m, rn-+n). 
                                  c-i- 

Hence we have 

(5. 11) AT,„ (x r„, s„) xm-1/ F (m) — exp s„ (x+r„)m+-1/1-1 (m+ n), 

where we have put 

(5. 12) 2)-11og(a 1/ 2) , 

(5. 13) n(a1— 02)-1)log(a 2'i/6 1'2) 

   Consequently we have, in the case (2) (iii) in Theorem 3 for all 5 in 
5,„<5<1, 

                                      2 (5. 8)sign-t a ae2d")(; A, B) - 
according to 

(5. 9)x"/ F (x± r„)"'"'/ (m+n).
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