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We shall in this paper propose certain nonparametric test statistics
for the scale problem which are essentially the same kind as Tamura (6.
Some of them have higher efficiency than Mood {27, Tamura {63, [7] and
Sen [4] and one of them is very easy to apply practically.

let X,,--, X, and Y, ---, Y, be the samples from the continuous c.d.f.
F(x—¢& and G(»)=F((y—7)/6) where ¢ and 7 are respectively the popula-
tion medians. We shall consider to test the hypothesis H: ¢=1 against
the alternative H’': 6>>1. Assume first that ¢ and » are known, say zero
without loss of generality. The auther has proposed the following in (6],

M =) (5) ST e Xy Xui Vi, Y,

where
) , 1 for y<x, 2’<<y or y<x, x'<y
o(x, x'; 3, ¥)= .
0 otherwise

and the summations run over all subscripts «, # such that 1<a,<<a,<m,
18, <8<,
Now we propose the following as a generalization of @y (1),

@ Q=) (3) ZZ e Xay s Xes Vi Vi),

s

where

, I for y<=,, -+, 2.y or ¥'<wy, oo, 2,y

¢<x1y ey Xss Y, y):i .
0 otherwise

and the summations are over all subscripts «, g such that 1<« <---<a, <,
156,<B,5m.
Denoting the mean value of @, by #,(0), then we get

@ u0)=2 f f (F(x)—F () "dG(x)dG (x").

<z

For later necessity, we compute the derivative of #,(6) at 6=1,
4 (Qu,(6)/06) :2[
6=1

As shown by Dwass (1], v N(Qy.—#,) is equivalent to the statistic
89

[F*(x) —{1=F (x) }*]lxf(x)dF (x).
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VN: } 3 Wm(X) B} + ,2 —“2 gl/’ox(Y) — 44,
mi=1 vV (1=ni=

which is asymptotically normally distributed, where
Yiex) =E¢ (%, X;, -, X3 Y, Y), 2=m/N, N=m-+n
Vou () =Es(X,, -, X,; 9, Y).
The asymptotic variance ¢?(8) of @y, may be expressed by
(B)  Noi(0) =27's*>] Var ¢, (X,) +4(1—2) ') Var v, (Y)).

In order to compute the value o2, of ¢2(6) under the hypothesis H, we
first get the following

V(%) =2Pr(Y<x, X,, -, X,<Y' H)
—9 f {F(y) —F(9) }'dF (y)dF (3")

5/<x<y’
=257'(14+85)[1—F~*(x) — {1—F (x) {**1].
Thus we get

- ~f 1 2 (s+ 1P
Var yi(X)=8s(s+ D7 5 g = (s+2)2+(23+3jﬂ'

Similarly we get

B oD U (s+1)°
Var v, (Y)=2(s+1) [2s+3 (s+2)2+(2s+3)!]'

Therefore it follows that

1)
s (1,1 T N SR CE S D
© o= () 86+ DL izt el

By using (4) and (6), we may get the asymptotic efficiency e, of the Qy,
test with regard to the @y, test as follows,

fm§Fs—(1—F)’§xde
9 GrDE [‘wm

- : T.
360L’2"§3“ Gror " (23+3ﬁ] j_w(ZF—I)xde

For s=2, which is corresponding to the @, test (1), we get e,=1.
Namely it has been proved that the Q,, test is asymptotically equivalent
to the Qy test. Assume that F'(x) be normal, then we get after some
computations

(s+1)2

(M e,=

95+3 EX:, 1
® = e, srmrl Bxit )
O T @s+ ol

, where X,, expresses the smallest variable in the ordered sample of size
s from N(0, 1). The values may be computed by the Ruben’s table [37.

(1) This result has been suggested by Dr. N, Sugiura, Osaka University.
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Table

s2i3‘4‘56810 12 14 15 16

es 1 1.03‘ 1.09‘ .11 1.14  1.18 1.21 1.221 1.225 1.225 1.220
: | | |

In the case where medians are unknown, we again propose the similar
statistic Qy,. as @y in [6]

~ -1 -1 ~
(9) QN,5:<7;Z) (g) Zd)(Xaq_X’ ) XwS—X; YB;'”Yy YB.»—Y>
, where X and Yare sample medians.
From the Sukhatme’s theorem (5], we define the following

As(tl’ t2>:E¢(X1'—th Tty Xs—tl; Y_tﬂy Y,_t2>
(10)
Ws<t1; tZ):qs(Xl_'tl’ ) Xs—tl; Y—t2’ Y,_t2)hAs<t11 tZ)'

First we prove that the partial derivatives of A, respective to #; vanish in
t,=1t,=0 under symmetric F(x). Now

(0A,/08) ymtymo=(—1)""'2s J Jr {F(x)—F @)1 f(x) —f (%) 1dG (%) dG(x")

x<x!

= (~1yiag] j j (F(x) —F(x) | f(x)dG (x)dG (x)

%<z

- [JiFe)—Faw i fmacuice ).

x<x!

In the second integration, we peform the translation x=-—y’, ¥’=—3 and
apply F(x)=1—F(—x), then the second term is transformed as

f (F(y) —F(3) 11 f(5)dG (3)dG ().
y<y'

Therefore it holds
an (0A/0t) 1y=tp=0=0.
It is remained to show
(12) E\W.(¢t, 0O—W.(0, 0) <M,t,, EIW.0, t,)—W,(0, 0) <M,t,
, where M, are constants. For this,

E W.(t, 0)—-W,(0, 0) <E ¢(X,—¢, -, X,—t; Y, Y)

—¢(X,, -, X; Y, YY) + A, (¢, 00—A,0, 0).

Then

1A (t, 0)—A0, 0) g%ffw Fx'+t)—F (x)
—F(x+t)+F(x) dG(x)dG(x")
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<4s rw Fx+t)-F(x) dG(x)

v —0

<4sat,

if f(x) is bounded in absolute value by a.
From the definition of ¢, we may also compute as follows,
E ¢ X,~t, -, X, —t,; Y, Y)—o¢(X, -, X; YV, V)
=Pri¢(X,—¢, -, X;—t,; Y, Y)=1 and ¢(X,, -+, X,; Y, Y") =0}
+Prio(X,—ty, -, Xi—1,; Y, Y)=0 and ¢(X,, -, X,; Y, Y)=11.

The first probability is given by summations of the probabilities of the
events of the following four types

€)) Y<X,—t, -, Y —t, -, X,—t, <Y’
) Y-t <Y<X, —t, -, X,—1, <Y’
(i) Y'<X,—¢, -, Y—4,, -+, X,—t,<Y
(iv) Y-t <Y <X, ~t;, -, X,—t,<Y.
The probability of the event (i) is transformed to the following

>3) f j VP (&) = F (x-+ £) |71 F (&' + 1) = F (&) {7dG (5)dG (x")

r=0
x<z'—t1

< const.j §F(x+1,) —F(x){dG(x) < const. at,.

It is similarly shown that the other probabilities are smaller than const.
at,. Thus the first half of (12) has been proved. The techniques are
similar for the latter half. We may conclude that @M has the same
asymptotic normal distribution as @, by adding to (11) and (12) the pro-
perty that 1/ m(X—¢&) and v n (Y — 7) are both bounded in probability.

Since it has been proved that the @, and @y, tests are asymptotically
equivalent, that is, they have the same asymptotic efficiency, their beha-
viours must be discussed in small sample. We cannot unfortunately deal
with them in the general form, therefore we only check in the simple and
special cases. When m=n=4, the orderings of X’s and Y’s which have
larger values of @y, or @, are respectively given as follows,

On.z2 1 On,1
value of | value of
ordering 4\/4 ordering 4

(2'>(2)QN,2 } _ 4(2) On,1
YYXXXXYY 24 YYXXXXYY 16
YXYXXXYY 18 YXYXXXYY 15
YYXXXYXY 18 YYXXXYXY 15
YXXXXYYY 18 YXXYXXYY 14

YYYXXXXY 18 YYXXYXXY 14
: YXYXXYXY 14
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Let the size « of test be 1/70, then the critical regions contain both only
an ordering YYXXXXYY and therefore the tests have the equal powers.
In the case a=5/70, the critical regions are respectively constructed by
the above five orderings (in the @, test, six in the randomized form).
Since they have three in common, we may compare only the probabilities
of the remainders. When F'(x) is symmetrical, it holds that

Pr(YYYXXXXY)=Pr(YXXXXYYY),
PriY XXYXXYY)=Pr(YYXXYXXY).
Now we assume that F(x) be the uniform distribution in (—1/2, 1/2), then

! [ ~
Pr(Y XXXXYYY) =g | 11-G(3) {*1F (5) —F (3 {'dG (3)dG (3
y1<y2
9/2 1/2 -1

/2
VI A S AN 1Y g o L
—'02\J’1Q<2 @)dy2if_1/<)2 }’1) dym‘ —:/i,y1]
172 —1/2

y2
1 — y g _‘ —_ 4 ! ! 1 ¢ | ]
+J <*2 0> ay, ]J (¥2—50) dyrrj <y2'1‘*2*> dyxl’ .
—1/2 -1/2 —0/2

After some computations, we get

) 135, B
(13) Pl(YXXXXYYY)_rma‘;[? (0—1)*+28(0—1)°

F21(0—1)2+8(0—1) + 1] :
From the similar computations,

PriYXXYXXYY)= 1 J21(0—-1)°%+21(0—1D*+8(0—1) + 1],
(14) 700

Pr(YXYXXYXY)— ,7564[14@—1)%8(6—1) +1].

Under the alternative 0>1, (13) is larger than (14). Thus the power of
the Q. test is larger than that of the @, test in this case. Consider the
case a=17/252 when m=n=5 and denote (power of &, test) — (power of
Q. test) by d. Then we may get the following by the similar consider-
ations,

b0 —1) 1) — )24 _
(15) d= 33605 [21(6—1)2+63(0—-1)2+40(0—1) +6].
In this case it may also result the superiority of the Q. test.

I should like to express my gratitude to Dr. N, Sugiura, Osaka Univ-
ersity, for much help and criticism.
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