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0. Introduction

Let us consider the following randomization procedures in our designs
(refer to Literature [12]).

(1) We have a design matrix

' Dy
(0.1 D=' D,
Dy
which is composed of three sub-matrices
| xll x]2 ...... xlN
: Koo eevene .
(0.2) D,= Xa1 Koz Xon |
| \
| eee vee eeeens e |
| |
| Xpy Kpy enee XpN
[\ 2y Zyg e le(
f
L 2oy Zoo reeses z
(0.3) D0 — \ 21 22 2N"
I! --------- ---“
I Zo1 242 ZwN.y
and
! Eln’(l) 5175(2) """ Elm(N)
(0.4) D.= Eoncy Comey wovo Somany
;’ \
ket Creeny e Ereay |
(2) In these sub-matrices, we have
1‘ X1 XKy coeeee X1y
\ KXoy Xog *oor* Xon
\‘ DP 3 \‘1‘} *s  esseer evs ‘1
(0.5) i L= Xpy Xpg wonor Xpn ||
. Do | TRt Ziv |
“ i
i Z(Dl sz ...... ZG)N
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as an orthogonal array of size
(0.6) N:P—i— 1)}
with two levels

(Xp=+1 or -1
0.7)
Zg=+1 or -1

(3) With equal probability [/N!, we choose a permutation

08) - 12 e N )
) _<,~c<1> 7(2) over w(N)
from the set of all possible permutations of N numbers 1, 2, ---, N—1 and
N.
In virtue of these randomization procedure, the variable

. N
(0.9) V;: Exﬂp Z}T’L’(n)/N (p:l’ 2’ ey P)
becomes a random variable, where

R

(0'10) v;f(n)‘_: glﬁ; Em:’(n) (nzl, 2, cecy N)
and B, B, -, Ar are parameters. The purpose of this paper is to discuss

the distribution of the random variable V;.

1. A sampling distribution function from a finite population

1.1. Direct evaluation of probability distribution

First of all, let us consider the distribution function of statistics in-
troduced from a classification of a finite population, v,, v,, -+, vy, Which
can be classified into K (<N) classes such that NP, eiements of v,, NP,
elements of v,, --, NP, elements of v,, ---, NPy elements of vy where v,
(=1, 2, -+, K) is the value of v, in the k-th class.

These N points of v, (=1, 2, ---, N) which randomly correspond to
the N columns in the design matrix (0.1) by our randomization procedure
are divided into 2 groups by an arbitrary p-th row in O.A. such that +1 of

X,, group contains N, = % points and — 1 of x,, group contains N,= sz points,

where suffix “1” stands for “ -+ 7 sign group and suffix “2” stands for
“ — 7 gign group.

In these circumstances, N elements in the sequence {v,} are divided
into two groups, such that the Ist group of these is the sequence {#,} (%
=1, 2, ---, K) and the 2nd group of these is the sequence {#,} (=1, 2,
..., K) in which #, and i, are the number of k-th class in the Ist and
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K
2nd groups respectively. Then we have >la,=N;, (=1, 2) and
k=1

2
i, =NP,, (k=1,2, .-, K). Consequently, we get
j =1

. N
(LLD Vo= g S G

n=1

2 K .
= N Evk U,

N R N
where we used the relation ;] Ei)w): 21/' Eﬁ,g ¢,vw=0. Then we get

the probability, that for any assigned set by, -+, bx;, We have %y, -+, #x=
by, oy by, is

. s N_ S (NP, | (N
(1.1.2) P,(bu=its, - br=iex) =1L (" *) [ ()

For any assigned set of {b,,} k=1, 2, :--, K, so as to simplify the fol-
lowing discussions, we shall denote the joint probability function of the ran-

K
dom variables #,,=b,,, #,=>0b,,, -, #,,=b,, as P {kl_I1 (z't,,,,:b,m)} (for any

K M
#) and P{’_;HH (itk”:b,m)} where # means the suffix representing the
=1 p=1 ’

classification number such as ij---2 (i, j, -+, k=1, 2). Furthermore, we shall
use the notation 4, for the assigned value corresponding random variable #,, .

Secondly, let us consider the case that N points of v,,, are divided in-
to 22=4 groups by two arbitrary p and ¢-th rows in O. A. such that §{+1,
+ 14 group contains N,,;=N/4 points {+1, —1}{ gronp contains N,,=N/4
points {—1, +1} group contains N,,=N/4 points {—1, —1} group contains
N,,=N/4 points where suffices “1” and “2” stand for “ + ” and “ —”
sign group, respectively, then “ 11 ” stands for “ + + ” sign group, and so
on.

In these circumstances, N elements in the sequence {v,} (n=1, 2, -,
N) are classified in the two-way classification as following page.

In Table 1.1.1 and in later discussions, we shall denote the sign “0”
so as to show the suffix with which we have operate the summation as fol-

2 2 2 2
lows, ‘L_} i‘kij:dkoj , 21 bkij:bkoj , and ZE hk;j:iikio s 21 bkij:bkiﬂ .
i= i= j= 1=
The conditional probability, that for any assigned set of {b.}, { 2}
(k=1, 2, ---, K) elements are contained in N,, random samples from the
2
population N;,=> N, under the condition that for any assigned set of
j=1

b0}, 20} (B=1, 2, ---, K) elements are contained in N,, random sam-
ples from the grand population N, is obtained from the expression
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Table 1.1,1 Two-way classification table of {z,}

4q |
+ - Sum
N - _ S o
i ’ 112 110
; f . i .
L U211 LNy w12 Ni2 2'10 Nio
) . |
I dkn UK12 ‘ uK10
iney irgg2 it120 ;
itz21 Z Ny | lrezp Nas ir220 Nao
K21 ) ‘ itiae ixoz
1'1101 { } ilxoz NPI
i AN NP )
Sum  #0t LN,, o 2 (N
oo b :
itko1 r ixoz NPx )

P(,;,[i (dkn:b’m) }i-[l (i‘mo:bkm)) H<bkm> " <%10> .

kl’ 11/
Similarly, the conditional probability, that {b.,! (=1, 2, ---, K) elements
are containing in N,, random samples from the population N,, under the
condition that {b.0} (8=1, 2, ---, K) elements are containing in N,, ran-
dom samples from the grand population N, is obtained from the expression
L. N S K /b . /N,

PLI;[I (uk21:bk21) g (ukZOZbk2D)]' = kﬂ; <b:z?> // <N:1)> )
Since these two random sequences {#,,! and {#,,! (k=1,2,---,K) are mu-
tually independently distributed, then we have the probab111ty that the se-
quences {b,,}{ and {84} (k=1, 2, ---, K) are jointly sampled, such that

(1.1.3) P{ﬁ (ﬂku:bkn) k]_i]; (i‘km:bm} | ;.i[l (ﬁkm:bmo)}

—I(p) =) () ()

Consequently, we get the joint probability distribution

K
(1.1.4) P ‘{;g_; (== D11 » por= 0y, U10=D1o) s'
i (NP ! / N

l:];l (bkll) ! (bklz) ! (bk21) ! (kaZ) 1/ 11‘N121N21'N22

Furthermore, in the case that N points of complete orthogonal array is
equal to N=2/, we can classify the N elements of the sequence {7, (n=
1, 2, -, N) into Ny.1, Niry, -+, Ni., elements, respectively, in a similar

—_——

J J J
manner as following Table. In other words, we can represent these J-way

classification in the following Figure.
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Table 1.1.2 J-way (27=N) classification table

pl pz ......... pl 1 2 ...... ! K
1 DL e 1 Nit-1 111 e K111
1 J J J J
2 11 veeeerens 2 | Niz 1112 02112 eeeees 1K 112
| — ~—— —
; 4 J J ‘ J
|
N 22 v 2 Nez-2 Hizz--2 “2022 | L, 1K 222
Ny S
J J J 7
i Nigg e 1
7 Nu~ 2
T T Niygg ceeeesess 1
-~ Ny~ 2
T " Nigg weeeeeees :
- Nl :
pd ~Nigg sreereree :
N (\
) " Nagg e
/ N21 :\\\\ ,
Ny ceeeeeene :
,,4—//'N221 ......... :
Nl 1
T Nogg erererese 2

Fig. 1.1.1 J-way classification

Then we can evaluate the joint probability distribution that the sequences
gz’lkw% (kzlyzy “tty K)v ghkw} (k:1’ 2! tty K)’ {Z.‘kZIOmO% (k:l’ 25 *ty K);

J J J
ooy YOyp.at (B=1, 2, .-, K) are obtained for any assigned set of {&..0}
J J
gbklbo% ey §bk22...1§ (kzl, 2, ey, K) N SUCh that
T i
(1-1-5) P%H(ﬁkmo---o:bkioomm HY 7:¢k22.~»1:bk22 1)}
K INP (b0 \ /D40 Do
I G ) () ()
~ /N \/Nio\/Ns\  [Nayo\
(W) (V) ()
_ (NP)I(NP!..-.. (NPy)!
o N! .

1.2 Asymptotic distributions

1.2.1 Some transformations of variables

So as to study the asymptotic distribution of the probability, such as
(1.1.2), (1.1.3) and (1.1.4), let us consider the several transformations of



6 Norihiro YAMARAWA

the variables.

(1) Let us introduce a random variable, which is obtained by the pre-
scribed random J-way classifition of N(=2/) elements of }v,{ (n=1, 2, -,
N), such that

d
(1.2.1) iﬂ/en:iimz--q ’

~——

J
and which has the properties that we have #,—=1 for ., =v, and We have

#,=0 for o,,>=v,. Then we get

K
(1.2.2) Vron = 23 Vgt «
=1
(2) We shall define a random variable
. d 1 N .
(1.2.3) ij,i Nnglxpn ukn
where we put ' x,, (p=1, 2, -+, N; n=1, 2, ---, N) as a complete O.A.
with size N(=P-+@®) which is composed of two sub matrices
(1.2.4) Dp= | Xy veeeeeeee P
xPl ......... xPN
and
(1.2.5) Doy= Zpi11 = Xpiay |
XN Xvy
where ©=N—-P then we get
B 1 N
(1-2'6) VP: AT % Xpn Un(ny
1 K N
= 772 Dkszn Upy
k=1 n=1
K —
:kgl k Vkpy (p:ly 2, "ty N).
(3) Let us introduce a complete orthogonal array
(1.2.7) }‘ (M)“ __i 4+ + -+ s+ + ! </,!:]’ ’ ) M)
T e = V=12 - M
I S L
ij o e~ —
! + [ — . + J—
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where M=2/'(<<N) is the size of the O.A. such as

'
n

_[A

(2)
(1.2.8) T , <u:1, 2)
+ - ‘r,/:1,2
+ + o+
(1.2.9) B I A (T
iyw“—‘ln—l— i
T , <ﬂ:l, 2, 3, 4>
, ‘ w=1, 2, 8, 4
B e
(1.2.10) iﬁ(g)jﬁ e B
[ -
o + o+ - = = =
+ o+ - -+ + = —
Tt - T st s (ﬂ:1;2’ ,8)
+ =+ = = 4 = w=1, 2, -, 8
+ -+ - -+ = +
i*——++——+
|+ = =+ = + + =
and so on.

(4) In virtue of the matrix 7%’ , we can define a J,-way classifica-
tion matrix

(1.2.11) an 2 LS00 4
oL un M¢=1 mp yn 2

where w,, (v=1, 2, -, M; n=1, 2, ---, N) is the smallest complete sub-
orthogonal array which contains

d

(1.2.12) %x1n§:‘x11“'~x1N iTZiwll"'wlN
. a
(1.2.13) gxlmi :“ xpl"'-xpN o le"'w2N ;
and
(1.2.14) Dmi Zig *** Zin | :—. "‘ Wi,y s Way
‘ Ra1 *** 2oy i 1\ Wy 0 Wy
| | |
| | ‘
P o1ttt 2oy Woi2,1 *** Woran'!

and where {x,,} (=1, 2,---, N) for a particular p(1<p<P), is a row vec-

. N
tor of D, corresponding to the statistic &,= (a;’,+V,§+ %pr,,%n) (refer to
n=1

(127). Then we get



8 Norihiko YAMAKYWA

1.2.15
( ) Wy, = Xy X2 o0 Xy

xj)l xﬁZ e ;vj)N

11 B2 0 Ry

201 o2 " Zon
Xin Xip 0 X
L Xigr Xigs *rt Xigy
= Wy Wy - Wiy

Woy Way - Woy |

Wiy Wy 0 Wyy ,

where i,(g=1, 2, .-+, &) are additional row numbers in 1<{i,<<P and

(1.2.16) M=0+2+Q.
Then we get
. | B 1 X . ,
(1'2°17) VP: N E X pwlimny = Nf = W2 Up(ny = W2 ]

and in general
: 1 X .
(1.2.18) W1/,:N§w¢n 'Uﬂ‘(n) (1//‘:1, 2, cty, M) .

For example,
(4-1) for J,=1, we have M=2 then

-+ -1
M= ’ u=1, 2
Tl - (v 2)
1 1 -oeen 1 00 ------ 0
Y= 0 0 -eeeee 0 11 «.on- 1
N N
2 9 )

(4-2) for J,=2, we have M=4 then

M= |+ +
-
li
|

oS
AN
I
— k.
oro
oo
AN
SN——

+ o+ o+t
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vi= L

T 1 -1 "
4 N "‘NM' 1 e 1
4 _—

4

Consequently we get the relation between the random variables s,
introduced in the random classification and the random variables W,, in-
troduced by the random pairing of #«,, (k=1,2, -, K;n—=1,2, ---, N) and
wy, (r=1,2, -, M; n=1, 2, ---, N), such that

N
(1.2.19) == > Vi,
N M .
= 2 W
where
s 1 X .
(1.2.20) Wk¢: N E wy'mulm »

Inversely, we have
: MM .
(1.2.21) W)”p: N[gl 77541‘1;/{) L—-lug.b#!) ’
where 70P ™" is the inverse matrix of 7{)’
(5) Let us define a standardized variate
(1.2.22) ikg,:Wk@g/]/'giZ(Wk#})

where o*(W,,) =aver Wi, —aver*{W,,!. For the variate introduced by

’

. N .
the prescribed random pairing W,,= fif S wy, i, we have (W) = K;?
n=1

{N<<2k,p>>+N(N—1)<<12¢>>——N2<<1w>>2} . Using Tukey’s theorem [107]

of random pairing which will be discussed in the next chapter of this
paper, then we get

0 , for =1
(1.2.23) 02<Wkw>: P(1-P

,vaiT’*) , for v>>2 .
Hence, we have
(1.2.24) rkbg:Ww;"l/P "'(IZP’) , for y=2..
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Using the result

(1'2'25> Wk1: ,‘if ﬁ u)lﬂlitkn:Pk ’
LY =1

we get
(1.2.26) 4= Nﬂl;’* (1+Ugy
where

. 4 M . 1—p,

(M) - k

(1.2.27) Ui S0 g / PS

1.2.2. Asymptotic joint distribution function of statistics

In virtue of the results in section 1.1.2, for any assigned set of
blm = bu b12 blM

bKI bKZ oo bKM ’

we can evaluate the joint probability distribution function of the set of the
statistics

itkﬂ‘ =y e o Uy
Txi Ugo o Uy
is given by
L A XK (NP)! N!
(1.2.28) P{1I 1 G=,,) S IRALOR

LL "y .

k_lﬂ (bk,u) !//‘ H (Nu>!
p=1 n=1

We can evaluate the limiting value of

K M 3 K
(1.2.29) log P {}LI 11, (i, =by,) | = 37 log (NP)! ~log N

u K M
+ 3> log(N)!—>1>7 log by,
u=1 k=1 u=1
by virtue of the Stiring’s formula. After some calculations, we get

(1.2.30) log P {T ﬁl (= by) | =~ é (K—1) (M~ 1)log(2zN)

k=1 p=
—flw(M—l)log<ﬁPk> +M g logM
2 B=i 2
M 1 ,
~ 2033 (bt Jlog (14 By +el,

where
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S 1 &1 e LE M .
(1.2.3D “Cpnizp, UM X Eeai, T
i« M
and Bk,‘fj—vp—b,‘,,—l . Consequently, we get
k
ME=1)
2
K M M
(1.2.32) P {kl;]; ’;[;[1 (U= by }: E=-DM-1) 7K ~M—je
Ny (LR
where
_ o .
(1.2.33) Py = (bkﬂ?)logaTBkﬂ) )
Substituting the definition
M
ka:mbk#_l ’
we get
NP NP, 1 B.: | By}
(1.2.34) b= (T But 3+ 5 ) |Bu— 5+ 5 —
Since
i _'}% 4 (M)
U= pinny B 89
and
$ 0=/ P8 1S
= ku ] Pk(N—l) kw ny ’
then we get
K M K M NP
(1.235) Ezhk :Z“Z kMB§M+E2’+0(N~2/3) ,
k=1 pu=1 ® k=1pu=1 2
where
' NP NP, B2
(1.2.36) =SSy Bt S gy B —

Conseqgnently, we get

THEOREM A

For any assigned set of b,, (k=1, 2, ---, K; #=1, 2, ---,

distribution function of the statistics u,, (k=1, 2, ---, K;
is given by

(1'2-37) P]( Kﬂﬁ (uk”—— bk,‘) } =ce Zkzﬂ 2'* Bkn2+61 +e2 ,

=ip=1

an

where

11

M) the joint
u=1, 2, -, M)
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M(K—1)
2

M
(12380 = M
2
Ny (IR
, M 1 (& 2l
(12382 4=~ ynp (1 4B T ,}EW—ITM 0N
P,

(12.38-3) = o1 SUSLNPB+ 3| ok B LBzl +oN-)

In the expression (1.2.38), we can put

i« NP NP,
(1.2.39) B, = MkBkF by— —Mk
then
M M
(1.2.40) E B,,= gl bu—NP,=0
and
K K N K
<1.2.41) EBk;:: Ebky—MEPk:() .
k=1 k=1 k=1

Consequently, we have

K NP
(1.2.42) EEW EZ NP (Biw)®
then
K M _i% % %(Bk )2+é//
(1.2.43) P{H I_[ (sz#:bk#) } —=ce 2 §=14=1 NP u ,
k=1 p=1
where
Yex-n
(1.2.44) =g ————
(22N 3 (K=DM-1) (,;I;'[IP,Z)E(M )
and
(1.2.45) e =¢e+e; .
Since we get already in (1.2.16)
. Mol _ap .
Uy, _ZJ <M7]"("P )(NWW> ,
then we obtain
K M 9 K M
(1.2.46) ,Z]%NP Bi= §§ (NAw)?

where A,, stands for the assigned set corresponding to the set of statis-
tics WN, . Consequently, we get
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M

K . l £ 17 o
(1.2.47) P }1%1{ (NWW:NAW)}:c'e 2 5 5 np, VAR
where
M];[(K_l) a(b b )
(1.2.48) C'= D E _ i Oae—nu)
[CSE s H-1 g .
P DR
In the coefficient ¢’, we put
(b1, - br—ia)
1.2.49 1 KM, ,
(1.2.49) (N Ay, - o+ N
= ‘ aup; P2
} 82,¢1,1b2 ‘
81(—1,.;:1,1;,3 }
where
d ab
8 (129
e 1P2 a (NAkvz)
and
5 o 0w v by
| k.1111,'#2} G(NAH, .o, NAkM)
Since \ 7% | is an orthogonal matrix, then
VM
! ‘ 1 ‘ 1\~
lawnpe “MW%)E_({/T‘)
and then we get
@m - bK IM) | ME=1)
A250) G, e N = /o)
The coefficient (1.2.48) becomes
' 1 -
(1.2.51) = %(K—l)(M—I) (ﬁp )Mz_*l
(2zN) pl Sk
then
K M . § % (NA )2+ ”
ULt V= | cem s E o

Here we shall introduce the variable
(1.2.52) eV N Ay
then the sum of P {]I'([ ﬁ (NW,W:NAM)}

k=1 9p=2
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‘ K M
(1.2.53) S130P | il (J\WV,WNAW)I
K M
- CHJ J‘e k2=1¢ 2 P Aw dAj--dA,_ LM N—oo
where
(1.2.54) C'— 1

1 K Lo
(22) 3 E=DMI-1) <H Pk) 7 (M=1)

k=1

On the other hand, we have

K
(1.2.55) SIPU(AL)E=ATPA
k=1
where AT is the transposed matrix of A such that
AT:‘AQP: Aé'(p: Tty A;{—l,:pi
and
(1.2.56) P= | P['+ P Pi! .. Pzt
. Pyt P+ Pzt ..o PP
Pt :
1 : . : i
o : : |
| Pit Pyt o Pl PR

Since we have the determinant of P such as

(1.2.57) det P— (11 pit) | E(Pl )

joi=1

then the integral in the case that the order of N~ is negligible

1
(1.2.58) J f PR Z, 5, A AAled Al =1

Consequently in the same cases, we get the moment generating functon of
K

A, =>v,4,, corresponding the random variable in the expression (1.2.6),
k=1

such that

kAw
(1.2.59) q(4,) :E( )
32
= 7(ﬁ> ,
where AQ:KEEZPk . That is to say, the limiting distribution
k=1

K
of A,=>v,4,, is the normal distribution with mean 0, variance #,/N.
k=1

Consequently, the joint limiting probability density function of A, A, -,
A,.. 18 given by
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N, /N IN
(1.2.60> f<]l/;uzi [12y N/ /j;’ A37 Tty ,\/ ,Uz A0+2>
1042/ ‘N 2
. 1 - ¢=2\}’ Hg A¢>
- (p;z) e
(2%)

2 Generalized symmetric means
21 Symmetric means

First of all, let us consider the following results and notions by Tukey
(refer to [9] and (10]) about the random pairings {%,, e}, 1% Veol,
oy { %y Vran} Of two sets of N numbers %, X, v, %,y a0d Veay Ve Vre
“*+, Unyy, Where z(1), #(2), -+, z(IN) is a permutation of the integers 1, 2,
..., N,

DEFINITION 2.1; (1) Let an a-th degree moment of multiplicative pairings
be defined by

(2.1.1) <a,>= L SIX;,
(2.1.2) Xy =Xyl
then we get the averaging over all pairings, which is denoted by the nota-
tion “ aver”
d
(2.1.3) aver | <<a,>}=<&a,»
‘—-'<ap>>k<a>>:<>k ’
where
L1 X
2.1.4) <a,>%= Ngl x5,
and
L .
(2.1.5) <a>>** N2 Vreny »
(2) Let us define a(a+b+---+e)-th degree symmetric mean
1 X,
(2.1.6) <ayb, - e,>= N® zl‘};f Xiuy Xpu, o X,

N
of the multiplicative pairings X,,=%,, r.,, Where E* means the distinct
1 n

sum which is a sum taken over all subsequent subscripts, {n}, =1, 2, ---, N,
but with subscripts kept different when they are indicated by different
letters, such as

2
2.1.1) ;‘f Xy Xy = %1 X2+ X5 %,
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and where N is the number of terms in the summation, such that if we
have different letters, #n,, 7, -, n,,

(2.1.8) NO=N.(N=1)--(N—v+1) .
Then we have

d
(2.1.9) aver; <ab, - e, =Lab, - e, >
:<apbp gp>*<ab v >N ,
where
L1 N
(2.1.10) <apb1; ep>q‘: N(J)’lz;rxgnl prﬂ: xftznv
and
LI B
2.1.11) <ab .- e>FF= N@;Z;{ Ve " Viziny) »
1

2.2 Generalized Symmetric means: straightforward extensions of Tu-
key’s symmetric means

2.2.1 Column Generalized Symmetric means

Let us define a generalized symmetric function of two way array

(2-2-1) " Zn ¢t ZIN
‘1 Zz1 ¢t Zz1v i
such that
@ ab ---e -
(2’2°2) < . ) :ijlnnx iz!Zgangng vt Zinm énm
® fg . 1/c

for (@+b+ -+ +e+f+g+---+i)-th degree generalized symmetric function
with respect to column, with which we shall use the abbreviated notation
“c. g.s. f.” here-after, where subscript “c¢” means the distinct sum over
the column numbers.

For example, (¢+b+c+d)-th degree c. g. s. f. is

@D,a b
< > :,‘:Zfzfnlzlbnzz;n‘z?na ’
@\c¢ d/c ‘

and (@a+b-+c+d+e+f)-th degree c. g. s. {. is

@Da b ¢
( ) =S5, 28, 75, 2, 28, 2k,
C

@\d e
and so on. In these abbreviated notations of c. g. s. f.’s, we shall use the
preassigned subscripts “ @ 7, “® ”, etc, which represent the row number

corresponding one in the population two-way array.
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DErINITION 2.2.: (1) For a two-way array

Zu Z12 ZIN
e ‘ b=1, e, @
(2.2.3) Zye = I (At i
\ Zm Z(Dz vaf
the column generalized symmetric function is defined by
®© /ab - e ‘
(2-214) @ em:-- 0 i :Ejzlamzfnﬂ e anvZmeZgnz b Zéknv"'

............ ' e 20 T8 e T
(2) As a straightforward extension of Tukey’s symmetric means

(2.2.5) <ap--e>=19 ¢

’

we can define a column generalized symmetric mean

@ a b .- (3’\1 @ a - e //
(2.2.6) cee e e e = c e / N® |
(@) pgt o c (@) \p.t)]ec
which will be abbreviated as c. g. s. m. here-after.
It must be noticed that a c. g. s. f.
) /a e\
|

(E) \\\ p - tlc
generates many other c. g. s. f.’s by the permutations with respect to colu-

mns, but c. g. s. f.’s permuted with respect to rows are not always equal
to each other. That is to say, for example, we have

®D/a b ¢ @D/b ac @D/c abd
(2.2.7) ( >: < >: ( )
O\d e f/c @\ed f/c O\f d e/c

but it is not always held that

@(a b ... e) @/fg i)
@\f g - i/c @\ab---ec
2.2.2 Multiplications of c. g. s. f.’s

The multiplication of these c.g.s. f.’s and c. g. s. m.’s is easily obtain-
ed as a slight extension of the multiplication of the brackets,
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(2.2.8) (@).(0) . =>X:3X,,
=SS XX
== <a+ b)c*‘ (ab>c

Thus

(2.2.9) () (9) ==z3. =2z

‘¢

:Ezﬁnzzm+z#zfnzgm
_qa a0
=(5).7 (0 o).

We can simplify these calculations as

(9).(G). =(5). (%),

3

where dashes “ — 7 denote the zero entry
(2.2.10) a—\*? (a0
(Z%)= (5 5)

For a matrix with more than two rows, in a similar way, we have, for ex-
ample

@©/eb—- O/———— . @D/ab-— ® ab—. @’ab—‘
@~cd\ ;’f————\\\:®’—cd L@ —cd @'—cd
Kef—} @————,} ® e f- J ® ef— @ef—
@ - . @ah——) @ gh-. ®g-h. @®-—ghl
@ ab—‘ @ adb—, D/ab—
L@ —cd +@—cd"~+@s’—cd\l
®ef- ®ef- @ ef—|
® hg-. @® h-g. @ —hg .
® ab-— @ ab—— @ ab——.
+®f_Cd_“\‘+@ﬁ:—Cd—\?+®;_0d‘\r
®ef-— ®ef-—— @ ef——]
@ g——h . ®—-g—h,®D——gh .
©ab-— @® ab——\ ® /ab——
+@)“‘—cd—\\j,_@—cd—;_F@‘—cd—
®ef-—1 ®ef-- @ ef-——
@\ h-——g . @ —h-g . ® ——hg .
O ab——-\
L@ —cd——
@ ef———/
@ ———gh/ ..

LEMMA 2.1: The product of two c. g. s. f.s (¢, Xv,), and (p;xv,), by the
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following rule, such that, for v,.>>v,, is obtained

© x
(2.2.11) 3 B

K P XV
(g
| ((DHLL) \ P2 XV,
¢ (ote) c
@® | @®
=>" <(¢1+‘/’2>Xy1) +ee 3 <(¢1+§02>X(V1+1)>
(P2t ¢o) ¢ (91+)) ¢
@ O Slexv
+27 (@1+@2) X (v +2) el
(P:1+ ¢2) p (@14 92 9.xv; J¢

where the following remarks should be considered.

(1) > stands for summation over all possible (¢,+¢,) rows and v, columns
&. s. fs ()’s, which are generated by the combination of vy in the v, po-
sitions and permutations of v, numbers.

(ii) Second summation “S)'” stands for the summation over all possible
1+ ¢, vows and vi+1 columns g. s. f’s which are generated by the rule
that v,+1th column is chosen from the possible v, columns and v,—1 po-

ssible columns are allocated in the possible v, column (51_1> and v,—1
2

columns permute each other all possible (vo,—1)! permutations.

(iii) The third summation “S)"” stands for the summation over all po-
ssible ¢,+¢, rows and v,+2 columns g. s. f’s which are generated by
the rule that the possible v, + 1th and v,+2th columns are chosen from

the possible v, columns in <U22) times and v,—2 possible columns are al-

located in the possible v, columns in (V 1112) times and v,—2 columns per-
2
mute each other all possible (v,—2)! permutations, and so on.
(iv) The last term is obviously
®
: /‘¢1XV1I \
|

i
|
. }

. i XV
( 1 ?2) \\ g:i c

in which all v, columns are pushed out.

The proof of this lemma being virtually identical with that of (2.2.8)
and (2.2.9), will be omitted.
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2.2.3 Hooke’s g. s. m.

In virtue of R. Hooke’s paper [6], we can define a generalized symme-
tric function of a two-way array Z,, (=1, 2, -+, ®; n=1, 2, ---, N)
such that

(2.2.13) ab e (fi) ab e
| =37 (f2) J’-
\\ . ! .
\\\fg e 1 _ \
fo) \f g ic

)
(f;) < >c

is the c. g. s. f. of a bisample

| Zpne T
‘ Zﬂﬂm"' ZfW’v | (?’é(py VéN);
which is sampled from the population two way array
\‘ Zu ZlN H
Z’w1 va
Furthermore, we have
(2.2.13) ‘a b - e iab - e
‘ J/ \\
b =t N
‘\fg oo Z) I vees o /‘ /

/

e
\\\f g i/ }
as g. s. f. and its g. s. m. by R. Hooke.

2.2.4 Averaging over all pairings with respect to g. s. m. and c. g. s.
m,’s
Let us extend slightly from the prescribed Tukey’s Theorem, i.e.

DEFINITION 2.3: (1) Let us define the random pairings of a set of N ve-
ctors Z,= (2.1, ***, 201), *+» Zy=(21y, -, 20y) and a set of N numbers v,,
vy, +-+, Uy such that
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( Z, Zy o Zy )
Uy Uny *** Unevy 7,

where {z(#)} (n=1, 2, ---, N) is a permutation [], which is chosen from
the possible N! permutations of N numbers with equal probability 1/N!,

(2) Let us define the multiplicative random pairing

Zzpn:ztpnvﬂ.’(n) (¢:I; 2y ) (D; nzly 2, ctty N)
and generalized symmetric mean (g. s. m.) in sense by Hooke
//a ...... e\}
i ............ =SIESIRZG, e Zi, [DON®
S i)
LEMMA 2.2: The averaging over all possible g. s. m. is given by
(2.2.14) (a b - e\ /a b o e
| i
S T A L
aver J = ‘ |
\f & -1/ \‘\f g i)

a b ... e\*

= | " T <@t b f, b g, e, @A IR

\f g e 2/
(proof)
We have
‘a b e
¥ e Lo
aver | | =aver Z-'ZN@%(S) =
f g

from the definition of g. s. m.

— 2#2#2‘;1”1' ° 'Z;’s”v

NG aver {O* D ity

from the definition of the random pairing

<a+---+f, T T SO S

COROLLARY OF LEMMA 4.2: The averaging over all c. g. s. m.

(35; ‘a b - e\
. ‘J e e e . J :EfZgl,,l . Z;,sﬂv/N(v)
( s) \f g Z./"

~
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is given by
-_ 4 e d —
(2.2.20) (@)} a b e o (%) a b e
aver 1 . !
G fgei, Bpogai,
— . Wk
(%) a b e
= . LA+t f, e, @RISR
(¢.) \f g 1/,
(proof)
In the similar manner to the proof of Lemma 2.2, we get
(g‘;) /a ...... e . ) i
aver e = aqver Zn Z‘P%\v} oy
(&) £ i
T
= 2 B guer (ot e ot
() 7@ - e ¥
ERECR SRR Gt fy ey e P
(@INf ooeer ch

2.3 Symmetric means of v,’s

2.3.1 Moments of v,’s
Let us consider the symmetric means
(2.3.1) Lab---eS**

of a sequence

|

‘ fu EIN

(2.3.2) 17}1, Vg **°y Uy = : ﬂi; Ty .BR | ‘

|

l; 5}21 ERNE
In virtue of the tables of symmetric function by David and Kendall

(4], which will be abbreviated as S. F. Tables hereafter, we can easily ca-

lculate these symmetric means, for example

(2.3.3-D IS = g = @R (DF

OIS = L (@R ()R (D)

(2.3.3-2) N
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(2.3.3-3) <O = S [ 6(8) FH8(6) *F(2) ™+ 3(4) ™

—6(4)**(2) %24 (2)*F4
In these formulas, we need the following moments of the »,’s, for example

N N
(2.3.4) (1)** = 12(23,5”,) A—'Z&E% =0,
o N N N
<2> b - 12(2ﬁ75771>2:2B3121]EEU!+Zﬂ72ﬁ1’32157‘2n573n .
Hence, we can define the moments of »,’s as follows,
, d Rk , 4 (Q)kx , d K%
(2.35) me) = D720, m =BT cn w2 B

and so on, where #; means i-th moment of #,’s about the origin and #;
means ith moment of »,’s about the mean.

In the situation such that the matrix

é'11 b le |

D e gy
is a O.A. in which we have

N —
>IN Bl ross
n=1

=N r=s
% fmfsn"'fvn{:o 7, s, -, v are orthogonal
n=1
=N r, s, ---, v are alias,

these moments of v,’s become the function only 4,’s, such that for example
Hy=310}+ SRR+ S sB,B.8: 8, Where >3, means the summuation over all
combinations of rows having the alias relation.

2.3.2 Symmetric means of v,’s

We shall present the symmetric means of »,’s in table which shows the
formulas such that

2nd column=sum of entries in the 3rd, 4th, ---, columns and each en-
try is equal to N*~®(Sum of terms of #/s). In general, we have for the

7 column symmetric functions

(2.3.6) [a--e]l=A,(a)-(e) + Ay (a+D) (c)-+(e)
+--+ A (@+b+--+e)
where A,, .-, A, are constants obtained by the combinatorial calculations.

Hence, in the case that the s;* unit entries are contained in the symmet-
ric function of »,’s, we have (1)**=0 then
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Table 2-1 Symmetric means of v,’s

Degree o(1) o(N-1) o(N ”) o(N-3) 0(N“4) o(N—%)
<O EE 78 - - -
2 o T T s N -
<12 Ni=3
<4>>kx sy
) LON2-@ N1—<°>m o -
a1t
<> “ #ot — 4 |
« N1 o
4 <31 _—
o pra—. N2—(3) NI~
T — g2 214
( _ — —_— — _ ———
e N N
<> i 3ug2 —6uy
<G>+ Mg l i
- - Y — JER— N —
- N1-@)
< D1>** | g
wx | N2=O® N1 0; ‘77‘77' - -
<zser N ‘
— i . _ _
ey N’f‘ () N1I=(3)
2 *
<4 */A;/—tz } 2"‘6 :
s M- | N—® j
i <BI>H P | g } !
I - o _
. N2=@®) N1 i
B | i
[ 821> e T —He ‘
T T we owme
= i | 2042 3#4/22 —~—62g
s | N3—&) N2—@) Ni=®)
‘ 2> ! 193 —3.114/42 2pg
i —_— ‘ S
1 N3—(® N2—) - }
<2 265
‘ | a3 +Su4ms —626
{ ; N3=( N2—<5>7 N1-()
<214>** —8ug2 |
( 3uy3 ‘ ~—18ﬂ4#2 28/16
J 1 N3—©6) N2—(6) Nl—(e)
<16>*$ ! 40ﬂ32 ]‘
——15!123 ‘ 90#4#2 —120u¢
i <8>** ‘ Uy ‘
<mmwe NEO
8 . N-@ | pNim@ ‘
| <ez> e —ug 1
§ T B 7]7\]2—(3) Ni=(3 - o i -
2 K
<612> —Uglly 218 [
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Table 2-1 Continue

25

Degree o) oN-D  o(N-2) o(N-%)  o(N-1) o(N-9) o(N-5)

N2=(2 NI=(®
Lty —HUg

R |
L N2-® N®
\
|

<521 ¥ | —apuy |
i — Hglo 2,4-’8 !
_ | N2—) N1—<4>77 17
<513>%* ‘ 21503 ‘ \
| | ¢ Bhgrg —6Bug ‘ !
. e _ S - -_
| ONZ-@ | N1-®) |
o ¥ | |
1 <4 > “ /142 1 — g r
CN-® | NG T o
<431 —g? ‘
‘ . —usrg | 2w |
| N3—-(® | N2-B8) = NI=-® ‘ !
[ <422>**~ 1J _ﬂ42 ‘ ‘ f
| L pgpg? —2mgmy | 20 1
| | i ) e ‘_—“ -
e N[220 e |
<421 | au ‘ k ‘
[T 2 573 _ .
j f‘ Halty 3!16/12 6ug
| - - T ey \ S o
\ | No-@ | MO v
| <t “out
; | i 2 —OHz U3 '
5 ‘ I ‘ i R/ __12”6”?1 2414 i )
NI—(®) } N2=®) | NI-® ' [ f !
<32 >k —2u303 [ ; 3
120 | Hely 2ug | .
: S ON3-@® Nz:“) Ni-) ‘ ‘
<3212>>%% ‘ ; } 2042 : }
(7 ) dusig I \‘
R e
: ‘ S —
! ‘ Ne= | i
i LONB—(4 -
i 21~ %% | N 2) | ng2 Nim® |
<3221> b —2m3%u ‘ i
g sk —6a ‘v
\ 172 Apgng ‘ 8 !
\
N3-® | N2—(5) ‘
| N1-®
<(3213>>%% Sug2u —6ag
| ‘ —14us503 oan
\ i ‘ Ry —12uu9 8
! i N3 | N2—® B
S k% } 2 30442 NI=®
<315> i —20u321s 4 i
i | 6415u3 1204
! ! | — 154192 60ugute 8 ‘
LN N3-(® . N2=( | NI-@ i
< 24>¥* | ‘ 342 :
Kot | — By Bugis —6ug
‘ NE—(5) N3=(® NE-®) { N1=&
<23 T 1 Bustuy | T On
gt < —12n5u3 24
! ! C Opgn? — 20169 8
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Table 2-1 Continue

Degree poo() | o(N"H  o(N"H  o(N"%) | o(N-Y)  o(N-%) o(N-® o(N-T)
| Nim@  NTE D Ni-e
Q2 4k — 28 usts 64? ‘
| Sugt 548 190ug |
i “ —33ngn9?  Bdugus |
N i | _ |
! Ne-y | NEO ]legg) . NI-OD
8 216w+ | 168045282 gg, Ham
159t TOOSMHE 700
180n4092 —480m6x,
: J | DoNt—y | NI® \ N=® o a—)
<1s>rr | ‘ _1120mg2n, 120044
| | 10594 | 268805t 5040,
1 ‘ | : 126014152 3360264
_s”
(2.3.7) <La--el- 1>**=0o(N ?)
S1* ’
24 Two way array finite population
2.4.1 Symmetric means of a row in O.A,
In virtue of O.A., we have
N
(2.4.1) (@)*=>x3,=0 if “a” is odd
n=1
=N if “a@” is even,

then following the other sort of symmetric functions can be easily obtain-
ed in refering to S.F. Tables.

Using these results, we get the symmetric means of one row in O.A.
(2.4.2) <abc---e>*=1 if all a, b, ¢, -+, e are even

(2.4.3) <abc---e>%=—=( if the order of the symmetric mean,
(a+b+---+e), is odd

(2.4.4) <Labc---e>* = TV——LI , 2 characters are odd
— ¥<:%§> _ 4 ”
- (N-D (N=-3)°
. (=D(=3)(=5) 6 n
T (N-1D(N-3) (N-DH) ’
(=D EED 8 u»

TIN-D(N-3) (N-B)(N=T) *
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In general, we have for the s. f.’s

(2.4.5) [@b---e]=A, (@) (b)--- (&) +As(@a+b)(c)--(e)+--+A,(@a+b+-+e).
Since odd number has no partition which is constructed by all even entries,
then the odd degree s.f. and s. m. denoted as [(odd)]* and < (odd)>*, are

(2.4.6) [(cdd)]F=
and
(2.4.7) <(odd)>*=0 .
Since the even degree s. f. contains even odd entries, we have
(2.4.8) [ab---exB---e]=A(@) (b)) (a+B)- (6-+&) +--+A(@+-+e) ,
where @, b, -+, e stand for even entries and «, 8, :-+, ¢ stand for odd en-

tries. In virtue of formula (2.4.1), we have

spx+52"
(2.4.9) [a--ex-e]*=0(N ),
where s,%, s,* stand for the sum of even and odd entries, respectively.
Consequently we get
(2.4.10) <ab--ea-e>F=0(N ) .
Furthermore, since the 2K-th degree s. f. has the highest s,* when the all
entries are 2, sf=K, in the case that the number of entries %2 is larger
than K, we have s unit entries,

(2.4.12) s¥=k—K ,
then

S _E-K
(2.4.13) <9221 I>*=0o(N *) .

2.4.2 Relations between rows of O.,A.

So as to calculate the g. s. f.s of z,, (¢=1, 2, ---, ©; m=1, 2,---, N)
we shall average over all c. g. s. f.’s of possible bisamples,

! Zf11 e zle

U Zfp1 "t RN
Let us consider the c. g. s. f.’s of orthogonal array with two levels.
In these O.A., we have alias relations (refer to Box & Hunter [2] [3] and
Shimada (8]) with respect to particular three or more rows, such that

row No relation
1 =

POOO

2
3 —
4
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5 = a3
6 = )
7 = (123)

In this table, the relation column means that for example the individuals
in the @ or @ or @ or (123) column are equal to the product of the indivi-
duals in the @ and @), or @ and ® or @ and 3 columns which are com-
ponents of the number of relations 4@ or (3 or @ or (123). That is to say,
210200 =24 , 22423, —=2s,, and 2.,2,,25,—2.,, and so on, These relations are the
well known ¢ alias” relations.

In our calculations of c. g. s. f.’s of O.A., we shall represent the c. g.
s. f.’s with relation numbers in places of row number so as to distinct the
alias relation in these rows to orthogonal relation shall denote “alias” or
“orth” at the bottom of c. g. s. f.’s and c. g. 5. m.’s, With respect to the
relation numbers it must be noticed that the third relation between the
several rows sampled from the O. A. exists in addition to the above alias
and orthogonal relations. That is to say, the case that the alias relation ex-
ists in a part of all these sampled rows, such that for example

(@, @, @, ®) )
) —partially alias
(@ @, ®, ®, (123))

and so on, in addition to the relations such that, for example

@, @, ®, @,———orthogonal

@, @, @, (123),———alias
Furthermore, for the orthogonal relation, we have @), @), -+, (¢) equivalent
relation in the permuted row number ), (¢), ---, ® and for the alias rela-
tion @, @, ---, (8),and (12--¢) we have equivalent relation in the permuted
relation number, &), @, ---, (12--¢), ---, @. On the other hand, in the third
relation, we have not equivalent relation in the permuted sequence of the
row numbers.

2.4.3 Diagonal c. g. s. f.’s of 0.A,
In virtue of orthogonality of O.A., we have

(24.14) (1).=0,

and in general

1
(2.4.15) L
orth ¢
1
(2.4.16) =N,
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where | . | represents the c. g. s. f. having rows in a orthogonal relation
1 /¢

orth

such that for example @, @, and @), and represents the c. g. s. f.
i/
alias
having the rows in an alias relations, such that for example @), @ and (2.
Since the orthogonal or alias relations are held in the permutation of
rows, the column g. s. f.’s, which are generated by the permutations of
rows are equal to each other in the case the alias relation and orthogonal
relation are held in the sampled rows.
On the other hand, for a rows of z,, we can also denote

ODH@De=I(1), +B(1 7).

@ 1 @ 1 -
(D). o= 1 +Q
O\ /e N1 @ \=1
and so on. In general, all s. f.’s in the S.F. Tables by David and Kendall
can be denoted as the c. g. s. f.’s partitioned into several rows so as to
partition into unit entries.
Similarly, in the case the alias and orthogonal relations are in our O,

A., we have
ww=(1)+(17)

1 1— 1——
(1)(1)(1) < > + 3<l—>+<—1—>
alias 1 — 1 e 1
alias alias alias .
and so on, where ( )’s are the abbreviated notation of c. g. s. f.’s with
no subscript and no pre-assigned row number so as to represent the ana-
logy of s. f.’s for a row. :
We can tabulate these relations in the style of the S.F. Tables. such
that for example
[ ' |

wn (D) 5D

and

0

] ‘ 1 1 )
f(%)(l) ‘ 1 -3
1(1)(1)(1)‘ 3 1 |
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and so on.

These tables are, of course, equivalent to the S.F. Tables except the
notation of s. f.’s in the Ist column and 1Ist row, which are partitioned to
different rows.

In our third condition, in which the alias relation exists in a part of
the sampled rows, we have also the formulas (2.4.17) etc.

Consequently, we can use these tables in the same manner to converge

1

the product-sums, such as % , < % > and so on, into terms of c. g. s. f.’s

or vice versa.
Then we get easily

(Z1)0 )
(1g) =0 <:i:>i”'

and

2.4.4 Ordinary c. g. s. f.’s of O.A,

In i{irtue of our O.A. with two levels, any g. s. f.’s containing odd en-
tries can convert the g. s. f.’s which have at most only one odd entry in
any column. Furthermore, any c. g. s. f. with only one odd entry in any
column can be obtained as the last term of the expansions of the product
of the non-zero c. g. s. f.’s which consist of two sorts of c. g. s. f.’s, such
that one of these is [1°] and the other one is the diagonal c. g. s. f.’s such
as
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First of all, let us calculate <_1_ 1 _—) ,
—11/
then
waw (L) na o))
Substituting the results
D711y _ -
1 h-sa ) -

‘ -y Oyl ——
(L 1>:%<:i]>:2N’

and

then we get

D11 ——

B(L1T7)=m-eN.
Using these symbolic recurrence procedures, we can calculate the g. s. f.’s
in refering to the above c. g. s. f. Tables.

On the other hand, we have a theorem, such that, the order of N of
the product, F(N), of non-zero polynomials, f,(N), ---, f;(N), is equal to
the sum of these orders of the original polynomials. In virtue of the theo-
rem, with respect to the all g. s. m.’s which are derived from the mul-
tiplication of several non-zero c. g. s. f.’s, we have

(2.4.19) [(sxB)e=0o(N ),

where [(sxA)]* is a c. g. s. m. of our O.A. with s rows and % columns
and s* stands for the sum of order of N in the original non-zero c. g. s.
f.’s. Furthermore, we have

1 ————— \\.\ 1—_ 1__
e =0~ 1 =) =1 = ))=ev®) |
e e ) S

(‘\—~—~—-1~—/’J
—— 1/
“ 1 ——————
ki I———\,1 __
R ] =o(| 2172 (—1—)) =0
A Sy -
\ _____ 1_ "/ —al—ms_ alias
______ 1/
and
I
] ——— |
i {———\[1———
]:::_;::: =o(| =17 2172 =0
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and, for c. g. s. f. with % columns in diagonal, we have

e A

\ B

. 3
(2.4.20) | 1 —0o(N°) .

0 A
diagonal

Consequently, refering to the formulas (2.4.9) and (2.4.19), we get
(2.4.21) s*<S) (st 2)

where s% and s% are the sum of even and odd entries of 7-th Qriginal c. g.
s. f., for example we have [21111][11]=NON?<2[111><11>, and from
this

S*§<5~§£) + (2»37) —3+1,

then we get easily

(211 ]=om

and

2 v |

246 g, s.m’s of O.A,

In this section, tables which make possible the calculation of the higher
moments of 4, will be presented. In virtue of O.A. all g. s. m.’s with &
columns can be classified into several g. s. m.’s with % entries which have
only one entry in a column as follows.

1 columns:
all entries are even
[(sx DI =1
2 columns:
all are even
[(xD]* =1
@ (.1 1
) L 11 J
®@

=1

3 columns:
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[(sx3)* =1 all are even
[ 11— —1
@,‘\——— “N_-1
‘\1/ 1 1“ ’k_
Ly =0
O 11— * 9
27 Te-h@e-w
@D 1=
@ —1— =0
()\——1/
4 columns:
[(sxDI* =1 all are even
f——y _ -1
I v
O 1111\ _ 3
@QL————) TWN=1) (N—3)
@r 1 1——]*»__;,N;6_A
@Q——11J) " (N-DN-2)(N-3)
O 1 == 9
% :11 | T(N-D(N=2)
alias
@/1__\‘#
@ —1— =0
@\ ——
orth
D/ 1 ———=*
@ —-1—-—= _ —6
@ ——1—- " (N-DNEN-2)(N-3)
@\—'—;* 1 i
D1 ———
@ —1—-— —0
@ ——1- -
@‘\—_—1/

5 and more columns:
For our present purpose with respect to the culculation of the 4th and
less degree moments of 4,, we have
s*<4 ,
because s* is the sum of (s¥-s5/2)’s of the original s. f.’s which are con-
structed by the partitions of the all even partitions of number 8. In gen-
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eral, we have for K-th moment of 2,
(2.4.22) s*<K
because the original s. {.’s are constructed by the partitions of all even par-

titions of number “2K ”, and s* is equal to the sum of the numbers of
even and a half of odd entries in these all s. f.’s.

In virtue of formula (2.4.21) and (2.4.22), we get
(2.4.23) [(s xB)]F =0 (N-4=R) for h>k.

3. Moments of 1, and 2,
3.1 Expansions of 1], and f
3.1.1 Expansions of 1J,

In virtue of the results in our previous chapter in this paper, we can
obtain the S-th degree moment (refer to Fisher [5], Robson [7], Behnken
(13, and Wishert (117]) of

3.1.1) . 1 i
Vp:NExpnvn
_ sy
—Nz pn
:<1p> ’
such that
(8.1.2) aver { V5| =aver { < 1,>°}

refering to the S.F. Table [4].
Henceforth expanding the formula

. )
A$,= {% (aP+Vp)2’L and substituting (3.1.2), we get

2
3.1.3-1) aver { A} = (Z;/:) g( 2 >a§“aver §<1,>0
N 2 4
(3.1.3-2) aver {A},} = ( 9 ) §< g )a;“saver §<1,>
36
(3.1.3-3) aver | 13,} = (g) %( g )a?,‘saver §<<1,>
N 48 8
(3.1.3-4) aver {14} = (g) g@( ; )ag—mver {<1,>

and
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' N 528 QS — .

(3.1.3-5) aver {13,} = <2> s:0< < >czf,5 aver<1,>° .
Therefore, we have
(3.1.4-1) averkl,,:];f {ag+2a,aver <1 ,> + aver<<1,>°}

SEARPOE vy Ny

=g a2, K1+ s (VK25 + NI =D L)
and

N 2

(8.1.4-2) aver {25} = <727> {ap+dagaver<<1,>+ 6aiaver<<1,>*

+4a,aver<1,>°4 aver<1,>*}

(Ve (N £5ase

Table 3.1.1-1 Table of the 2nd term of righthand side of the formula (3.1.4-2)

N N(N—1) i NIN—1)(N—2)  N(N—1)(N—2)(N—3)
4ap3/N 1S | '
B /N2 | <2, | <L2)
ta/N <> | samyy
NG| ) 4G5 H3C2E | 6422 | <1pt>

In the above and following Tables, we shall show the double summa-
tion i}iaibjc,-j , as in the Table 3.1.1-2.

i=1j=1

Table 3.1.1-2 Representation in table of the formula

2 3aibjeij
T Y
a; C11 Ci2 . . . C1j . . . cij
az Cc21 C32 . . . C2j . . . cay
a; Cit  Ci2 . - * Cij . . .« Cij
a - ¢nn ¢z - - coCj ot ot -oCly

Furthermore, we get
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(3.1.4-3) aver {13,} = (g’) e Bagaver<1,> + () ataver<1,>*

+< g >af.§aver<1p>3+ ( i )a&ﬁaver<1,¢>‘+6at,aver<li,>5

+aver<1,>%}
- (Ve () ane,

Table 3.1.1-8 Representation of the >33%a;bjci; term in the formula (38.1.4-3)

IONW N®@ i N® NW NG NG©
i . I -

13'%5 ‘ <Ly ‘ [

| \
wat | <2 o am | |

20

N3 os® ‘ <3p» \‘ 3L2p1p > <125
5. | <h> | 4B | sy | <y |
Ni O » ?

8¢y |
6, <S> S<4p1s> 10€38,15%> | 10K21,%) 1>
N7t 10¢3.2,> | 15252,
L B | B, | B4R | 20438 | 1524 | <10
e 15¢452)>  66<3:215> | 45<24,8) |

10¢3,2) 15428 | |

4
(38.1.4~4) aver {1i,} = (12!> {as+8ajaver<1,>+ ( g )acj’,aver<1p>2

+ ( 8 )aiaver< 1,>%+ (2) ajaver<l,>*+ (g) ajaver<1,>°

( g >a,,aver<1,,>° +8aaver<<1,>"+aver<1,>%}

- (s (B) S

i=1 j=1
and

(8.1.4-5) aver {25,} = (%)S fa+ (21° ) B-tgper <1,> -+

-+ aver<1,>%}

(3 e (1) $gjone
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Table 3.1.1-4 Representation of the (3.3a;bjcij) term of the formula (3.1.4-4)

37

‘ N N@ N® N@& NG N© | N N®
— B AR _ L
N <1 ‘ 1

f i I —

?Vsﬂxﬁei <25 ‘ 12> \

Map <3 ey | <1 B B
Nsap;<<p> <pp>1 <12

70 ? Chpy 4LBL) | 821> (14D —

N * |

| 8¢22> | | |
5 ‘{<5,,> 5CHL> | 1043120 104218> | (15> | |
ars O
N 10€3,2, 5 15€2 515> |
28 s <6> 6<<51:11>>>‘i 15451525 | 2035152 | 15< 25154 18>
et | 15€452, | 60€ 3251, | 45¢ 2,21,

| 104352 ‘|15<2p3> |

(T, | TEED| 215,12 | B5CALED | 35¢3,) | 21¢205) L1tS “
g | 21¢5,2, 10545251, 5210352155 105 { 2,21,% ) ,
N1 | 354,53, T0¢351,2) 1105 2,31,

i 105¢ 35252 }

" 8y> | 8Lyl | 28<6,152) "56<5p11:3> T04p1p4D> | 56<3p1550 | 28L2p1,50 | C1p2D

1 286,25 168 €552 515> 420 C 452515231560 € 3,2,1,39 210 ¢ 2,51 54
N8 l 56 ¢ 553512804 4,351, 280 3p21 520|420 2,812

| 35¢4, 210<4,22) SA0C3,2,2,> ‘

|1 |

|

280 € 3522,> (1052,

Table 3.1.1-5 Representation of the (33aibjci;) term of the formula (3.1.4-5)

LN NES)
[ 1
| -
N ()arst] <1 |
|
1
J_\ﬁ(ZzS) a2s-2| 2> \
1 \ -
n(8)ars| <>
‘ .
1
v (3s <253 | <1y

3.1.2 Expansions of if

As we have seen in Lemma 2 of the previous paper [12], we have an-
other statistic

(3.1.5)

N
lzr—?

9 .,

SV

p=1
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where
O=N-P .
In virtue of the S.F. Table (4], we can expand the higher powers of
2,, as follows,

(3.1.6-1) 2y =" [2]
(3.1.6-2) 2= \2) [4]+[22]}
(3.1.6-3) 2% = (1;/ ) 1161+ 3[42] -+ [222]1

(N 2 .
(3.1.6-4) 28— (2> 18] 4[62] -+ 3[4°] -+ 6[42%] -+ [2*]} ,
where square brackets [ ]'s are symmetric functions of Ve Ve .. Vf,, such
that
(3.1.1) [ab---e] ~:2;V«}V§ Ve
In general, we have

N\& K! . .
(3.1.8) w=() (G0 i) 1eam- @0

where > stands a summation over all even possible partitions of the num-
¢

ber 2K, [(2a)%---(2¢)¢]. Substituting the relation Vﬁ:<1,>2 to the above
square brackets, we get

3.1.9-1) [2]=>0<1 >0

(3.1.9-2) [4]l=><1,>*

(3.1.9-3) [22] =307 <1, >0 <1, >?
(3.1.9-4) [61=>,<1,>°

(3.1.9-5) [42]=>07 <1 >*<1,>*
(3.1.9-6) [222]=30r <1 >0 <1, >0 <1, >0
(3.1.9-7) 8=, <1,>°

(3.1.9-8) [62] =207 <1 >°<1,>"
(3.1.9-9) [44]1=> <1 >4 <1 >
(3.1.9-10) [422]=37 <1,>4 <1, >2<1,>7
and

(3.1.9-11) [2222] =305 <1,>2<1, > <1, >0 <1, >0

These multiplication (3.1.9-3, 5, 6, 8, 9, and 10) of powers of angle
brackets such as < >’s are tabulated in Table 3.1.2. In this table, we
shall mean that '



Table 8.1.2 Multiplications of the angle brackets, << >'s

N1 >0l >0 [27] [2] [1£2] [2¢] [27] [1%]
TNttt >t | (2] 124 (23] 30131 [24] 124] . ]
<1p>2 w
Noclpste >t | (27124 [24] [2:] A 2212 |
<> >0 601, [24] m2ezg
N6<1 >4 >0 [4 4] [2¢] [3f1f][ gl 3[24%] [2]
[471 1471 4[3/17] [1%] 312/ ][1g]
N3 bl >0 [47] [24] (2] 41317 1241 [24] 3[2}’2] [2g] [24]
<1n>2 [4/] [122] [24] 4[3 /7] [142] [24] 3[272] [142] [24]
[47] [2¢] [14%] 4137171 [2¢] [142] 31272 [2,] [142]
[47] [142] [1,,2] 41341/] [122] [1,2] 3[2/][ 21 {152
Noclysicl >4 | [47] (4] S sBAAMd | 6124
1631 4] [341,] 2412] [341,]
9121 [242]
No<i>s<i;>2 | [6]124] 6514124 15[4,2] (2]
60[3,2/1/] [2¢] 15[2,%] [2¢] 20[3 151 [24]
15712
(641 [142] 6(5-17] [1¢%1 154724 [1¢7]

6013127141 [142]
(1557 [1¢%]

15[27%] [147]

20(3/1,%] [142]

31120 02 (2]
(141144 (147

4[15%) [1%] 1h2] [2:]
[lf [g 11147 [112]

[2f1f 112

[2f1/ 1M1 g]

627172 [2¢ [Zh]
6127121 [14%] [24]
61271,2[12¢] [14%]

61271,%] [1g2] 1h2]

12[24152 ] t
481(2,1,% [3¢
3612/1% [2¢7]
36271 2] [241,42)

4]
Ll

10[3/2] 2]
15(2,21,] [24]

10(342] [1,%]
451272172 [14%]

o

!
N
|
J

|
I

1f‘] [2

141 [2] [24]
(1741117 [ ]
(147 12, 11

174 {147 [1h2]

21,4 [44]

8154 [341,]

611,41 [24%]

12174 [241%)
114 [14%]

1504,1,%] [24]

15(2715%] [2]

1504 A2 [14%]
15[2/144] [14%]

1[I Su8isa( [B110}0B [BUOIIORI] PIUIGUWO)) WOPULY

68
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(3.1.10) Ist column=sum of terms of 2nd, 3rd, ---, and last columns
for example

(3.L.11) N2 <1 > <1, > = [212,] + [1 212 + (201,71 + [
Furthermore the multiplications of brackets are given by the method such
that

TR T R i R
[1ALA120 = @ —-———— @) 1 @ — — N®ONON .
C) NTTT T @ ‘\*_"—/c (:I_,Z) 2 _'/“z:

3.1.3 1st, 2nd, 3rd and 4th moments of 2,

In virtue of these results, we can write down the moments of 2,, as
follows. We shall present the moments of 2, in the style of tables, as we
have seen in the moments of 4,,, In these tables, we shall mean
o
S1>labic,;, where a; is i-th row entry in the Ist column b; is j-th column
i=1j=1
entry in the Ist row and c; is the sum of 7-th row and j-th column entry.
In these expansions we shall use the relation

(f1) ‘70 Coror e 7a - - -e
Sraver - - - - - —O® | ... ..

Al ‘ |

(é} - g e o . Z/'c N g « e . l/,‘/’

Furthermore, the coefficients of these g. s. m.’s are obtained by the combi-
natorial rules which can be seen in the section 2.1.2.

Then we get the higher moments of 2,, as follows,

3.1.12-1) aver iy} :%]Efaver{<1f>2§

1 2
2’2*]%1}[11[7]{11]- 3

Table 3.1.3-1 Representation of the formula (3.1.12-1)

} ND-1 \ N@-1

i

) ! 2=-)) ‘ ()

[l

2
<Z§> faver> <1 >*+aver>*<1>*<1,>*}

(2) &

(3.1.12-2) aver {23}

Mm

I

abjc; ,

[}
-
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Table 3.1.3-2 Representation of the formula (38.1.12-2)

_ N(N—1 N(N—1)(N—2
NN-2 ,,,(Nz D M ,NDZC )

NN—1)(N—2)(N--3)
N2

i

B (e RS R RN R EREAS)
i ef2zy ‘
RN

) )
| L) ) ()

1 3 6 3
(3.1.12-3) aver { X3} = (2) SISabic,
j=1i=1
and
4 1 4 8 4
(3.1.12—'4) aver { Xg} —_ (‘24> EE a,'bj(/','j .



42

Norihirc YAMaARAWA

Table 3,1.3-3 Representation of the expansion of formula 3,1.12-3, aver{13}

L PR A e R R MIEED)
G ) \
30 )
- (A0 )
{11 [T
o[22 o(225)
D N
pnran
(12D (322
(571 | (550 &3
o[[37) + (23] ’mf@i:ﬂ [27]

F11=N g ‘11—
11 \121 1}241 1J
——2 la—— ) 202

1
oy '24[[ BEEN
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N@-3

‘ NG-3

N©-3

wf(2211]) (22 20])

(1173 |

(2157

o21i5)

A1 2272 217])

s((22277))

(G2

([Eiry)

2f(1111))

Cs{(11117)

((F12177))

s[(==27])

e (1= #5211

s[[=155]]

//1 1____\
6 1 )

——11) 1)

) )

~———11

\—1—1/,
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Table 3.1. 3-4 Ep of the formula 3.1,12-4, {124}

R (8 1 )

| ND-4
I

‘ N@—4 NG -
!

NW-4

28[[Eiﬂ]168[[3 2 ﬂ]
280 * El]]zlo[[fi EB
l 2802227

(22 (22)]

(511 Pf(1211])
sao[ 222 1 pso[2311])
ws{[ 222 27)

40

|
(22 (=)

3] o2 25)

S22 (23] H{(222])

2([27]) q(227])

15 [411]]30 [41].]]’i 15 [411—:']

(222 eo(252])
Wf(222]]

of(2213])

#(222])

H{(2223])

(3L (251 1))

(3221 (2222])

(1) | (%)

(3] (E)ECT)

1)

C{(11]]) W12 =(217])

H{(2277])

(31 ©{[217])

10{(2377))

LI &)

(1227 e(2127])

(37 2 el (3 21])

2f(211]]

120[ 3 217 ]120[ 3 fiﬂ]

190 3211]]
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I
N —¢ ‘ NE-t i N -4 l N®—4

af(21115))
(22115
E (GRRRAD)(CPRALY) JEC(EARAEY)

s{(21177))
o(22177))
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Table

3.1.3-5 Continue

ND-1 N@-4

N@—4

N@—4

1 90[[ 22 ETD

90[[2 2 2]]

120[[3 11 1]]120[(3 11 1]]

s(2222)) (221 1))
360[[2 21 1]]

30@

42 (7D

s((22]e((21])

s((227]))

12227

§6HEEZD

24§ ii]] 12[[1i A

2[1127])

s{(a222])

(s 1 Jef(3 5 ))

#{(51))

(32

15[[3 1]] 16 ]
16[[ ]] 16[[ 3

1(322357])

]] 48[[ —3 D

24[22577)

s[5 11))ee((251])
(2 11])

I ()
1 115]) (21 15]]

o{(3122]]

(53]

36[[ 2J)

s((2253])

144{[2 1 1]] 72&2 1 1]]

(5115 0he[2523))

A{(3311)

(211 (25 1)

[ 21T e[ 231 77)
w23 1731 12))

/ 72[[2 11 2]]
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NG—1

NE)—4

N—4

N®—4

(22277

o §22 07 (2122 0)) (2 1T)

o[ 221 1T heo[(22 11 T]]; s[2211777))

|

o 2711 1]]180[[2

11117 (21111

(2122 07])

W(112111))

2(222257])

“{(21257])

IERl S (G ary)

s((111173)

11——
——22

H(21123))

48[[1 111 2]]

s((222122))

#2225 277])
(2 (2125 7))

(211577))




N—4

2 5711])

N@ -4
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N@)—¢

N4

]
J]
J
J]
)

Table 3.1.3-6 Continue

48

A
| | ea — || | le e [~ |
| — | [ =1 = [~
—e | — | | -~ |
| —a | o || oo || ™|
A / /A \——
—_/ —/ -/ 7 __/
3 S g © 3
N\ I ——\ I\ I —— N N I\ N\ I\
/AR /A N /[ I~ /) N [\ [\ N [T
| | e e Jeven | = ]| | e e [ =] ] [ Jeax | et
| e | (T O T T I O O O I [ = | [~ =] |—e R
— | T T O A O I B O AR I =l = o || oea |
o | o I I I o o I N R N A T B e | ;| om || ISEE RN
/ 7/ S S -/ \— |\ VIS S VY A S | -/ 7
7 7/ /7 7/ / AV S VY S A -/ 7/
~ ™ ] © < ™ 9 o 9 P 9
/A N /TN T | —\ I I\ I/ N N
/A VAR N /A I\ [\ [\ /A
Il e =] | =] | < | | e | =] e
—a | Q|| e e - | =l =] "= ~ e
o || [ K I I IS NN R N I — | ™ - o | n | | NHN N
A 7/ —/ (S |\ Y S WY S VR -/ 7/
_/ 7 -/ 7/ — /7 -/ 7/
| 5 | ¥ 5 = g 7 g T =
N [N VA N N\ N I\ N I\ TN T N /N
\_|_J2 /e N e | T/ e N e N I o W A W e W e ™
[ & | oew e = | | = ] e [ | || o] | =] | [T =]
[ I A B R A ] e | o S I I T R [P\ Ry R N | oo
%__\ 32_n/a__ p/d__ NN o | < =] P ] =] m N om ]| N | e
— AR S W S— -/ 7 -/ 7/ |\ S W A U i W | Y S
) T T | B vy 2 e Sy Wy 0 [ ey A ey J0 e O W \— I w—
0 ~ ™ © 3 ~ o g 3 3 ] S P
NN Sy | PN P
| e | | SN - | e —
< | | | me | | | |
R e e Nz N
. o © b S —
TR | TY i === TN TN |
Plen =l o 7. o] — | | PR
<o MAIN / S\ — < N \ /
Mrim | Nee—r N | p—— N 7/
(8 ~# ~<# © ~ = M
I
RSEN
/HH\\
— e
— L=
«w



Random Combined Fractional Factorial Designs II : 49

NG—4 NE—4 N(H—4 N®—~4

144[[1 111 2]]288LL1 11 l 1]] 48[[1 11 1——]] 12LL1 1 1 1 ,1
96[[71 11 17—]1

of(11127]] (1T (AT iy

o[22

(I (=30

81 ———y
Sﬂ;:éiig b] |

o[[22115]]



)
]

2
211—>

211—
11—
—1—-1
[

o212

24((0
[N

i

J
J

Fr2 11—y

3

-

N@W—4

211 —-
1 1——
211—
11

L2 ———
1——1
) S

48|
le———2

(

%f
48
L

I

211
11—
9o

Jell

1

|

N@®—1
11—,
j
211~
11—
——2
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2 1 1\,‘7

Jf
RS
-

8

4
4

N@®—4

Continue

NW-1

Table 3.1.3-7

N T PN N\ /A
A \ \ o \ / \ A \
b= ] e |~ 11 b [l
=] I ea = [l
— ] e P | IS
ca | | o] | l | — | < 1
o v N .
S N/ [ 7 7
E) E) | T - =
< < < h P
— LT P — )
r \ \ . / \ /TN
f= 1 [~ N [ ] bl
I Pl [ = Pl
e | Pt | — || |
& | | B R A — | |
SN2, W— [ S— \— \ /
L —; A — —; p—
] b [S) - ]
- ™ | <1 v
|
TN /A
N / \
F = f e
= | o |
i < O3 v i
A S
./ __/
~ S
S f— P S
S / N\ \ r \
= N R
— ] =] 1|
™ | ea —— | = Ot
\_ / ) s N AT
(..le. AV VR /|8[\
3 ! [} o0 2
|
ﬁ
i \ [
/" / \
— | O3 —
< QI v
| N S
i A A
< S
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3.2 Approximation of the distribution of 1, and 2,

3.2.1 Moments of 1, and non-central chi-square distribution

Let us calculate the higher moments of 4,. The S-th moments of 4,
can be represented in the following formula, such that,

(3.2.1) aver{ 35, = ( ;)Sg (2f> NSF atsraveri (L] |

as we can see in the formula (3.1.4-1) (3.1.4-2) (38.1.4-3) and (8.1.4-4) for
the Ist, 2nd, 3rd and 4th moments, respectively.

Since, for odd degree s. m., we have
(3.2.2) <ab,--e,>%*=0,
then we can transferm the S-th moments of 1, ,

1 NS )
(3.2.3) aver{13,} = <?> é})@f) NS=sq25-5S,
and
(3.2.4) S = SIN®-S,
h=1

where S,, means the sum of 2s-th degree s. m.’s having % entries in s-th
row in the following table.

Table 3.2.1 Representation of symmetric means in formula (3.2.3)

©» @ ® ) ©) ® @™ | ®
Tow | ‘
No. ! i |
1 Ni-t ‘N(Z)—l |
2> 1D | ,
“N1—z %N@)—z L N@-2 N@—2
2 <4043l » | 642120 {14
| | 3€2,%5 | | ;
Ni-3 N@-3 N@-3 ! N@-3 - N®-=3 I nNe-3 ) ' -
3 ‘<5}7>> 6<<5p1p>>i15<4p1p2>> ‘ 20¢3p1 3> | 15<K251p%D <15
15€ 4525 60¢ 325155 | 452,712
10€3,2> 15€2%5 \
Nt | N@-1 } N4 ‘ N@®—4 N5)—1 NG —4 Nt | et
| ! 4 5
1<8p» 8 LTplyy 2865152 5651, 70< 4,15 >>3 56 3p1p5 D ‘28<2p1p6>> L1,
4 28<<6p2p>> 168<<5p2p11;>> 420<4p2p1p2>> 560<<3p2p1p >>210<2P21174>>1
565,35 > 280 3pts1p > 2804 3,2152)  420< 2481570 |
35¢42Y 210€ 4258 BA0L352,2,)
‘ 280 3,22, 105¢ 244>




In the above s. m. table, the s. m.’s can be easily calculated as
p...gp>‘5‘<ab...e>** ,

Random Combined Fractional Factorial Designs II:

La,b

prrly > =<a,b

refering s. m.’s of »,’s and O.A. Then we have

(3.2.5)

LL1,»

_O(N-2>

L2,1,1,>=0(N"?

L5l =
&8,3,>=
L35> =
L2150 =
LT1,»>=
&5,3,»=

o(N-®)
o(N™H
o(N™
o(N™
o(N™%
o(N™

5,111, > =0(N™)
L4,2,15>=0(N?

L2, =

o(N™H

L3,2, > =0(N™)

L=
LG5> =
LE>=

o(IN7%
-0(N—%)
o(N-%),

L3yl »=0(N)
LL>=0(N™
4,11, =0(N®)
&3:2,1,»=0(N)
LZB1>=0(N)
L>=0(N™)
6,15 =0(N"?)
&5,2,1,>=0(N"?
&4,3,1,»=0(N"%)
L4152 =0(N
L3> =0(N)
&3,2,15>=0(N
LGB =0(N)
L2152 =0(N"°)

57

If we denote the s. m.’s, containing odd entries, as <{odd ent!> and
& {odd ent}>», we have from formulas (2.4.10),

& lodd ent}»=<{odd ent}>*<{odd ent|>**
=o(N™,

and we have, for the all even entries s. m.’s

(3.2.7)

<<2p>>:'u2
<<4p>>:'u4

€82, = Nprito(N)

<<64>>> = Hg

N?
K4,2,> = Wz’-&“z +o(N™Y

N3 :
K2,2,2,>= N® “#-o(N™YH

<<81> >:ﬂa

K62, 5= Fyaytasts+ 0N
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P NE 1
\<4p4p>> = N® “iH+o(NT)
N3
K4,2,2,7> = NG satiF0o (N

N*
&K2,242,2,> = N® vi+o(N

Consequently, we get

(3.2.8) averihy} = (4 ) INai+ ml o (N7
If we put
(3.2.9) (wergxu,g:”; {2e,+ 1} +o(N-)
we get
aZ
(3.2.10) ry =Ny +o(N7 .
Ha

In the case the 0(N™') can be neglected, we have
(3.2.11) CXIZ,ZQTU/JZN—I .
Substituting this result to the formula (3.2.3), we get
1 S
(3:2.12) aver 1251 = () 3(55) @ep) =S, .

s=0

So as to visualize the order of N of S,’s which are the elements of S,
we shall tabulate the order of N of S,, in the Table 3.2.1-1, and for the
term of N®-¢ in the Table 3.2.1-2.

Furthermore, for the terms which contain the higher order term than

Table 3.2.1-1 Order of N in the s. m.’s

\ 1 2 l 3 4 5 ‘ 6 ’ 7 | 8
s - —
s=1 ‘ 0 —2 ‘ i
‘ |
s=2 0 |o -1 -2 —4 ‘
1
i i ‘
s=3 0 0, —1 —1 0 2 -2 -4 —4 —6
! | i : I
1 1 ‘
s=¢ | 0 0, -1, -2 0 -1 -2 %7273 5 4 _4 ¢ —6 —8
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Table 3.22-2 Order of N in N(-s

N h
[ | 2 3 4
s \\1 1 5 6 7 8
s=1 0 1 | \
s=2 —1 0 1 2 !
s=3 —2 -1 0 1 2 3
| i
. B | |

N-!, we have

N1_1<<2p>> :Iu2
NO13y = g

N2 LA = j{, #y

N3¢ 259 =3( i~ )

NO6L21E9 =6 'y +0 (D)

N®3544,2,> = 11\? oty +0 (N5

NO-S5L > = 15(/J§ -3 —jif,umg ) +0o(N7?)

NO-Y5L 212> =45 J\TI—T #+o(N™9

NO-2104 4,985 —210

N s 2+ 0(N7

N®O=1054 28 =105 (us— f,ﬂz /a) +o(N7)

NO=420L 2315 = 42044 Nl_ { FONT) .

In general, from the formulas (2.3.7), (2.4.12) and (2.4.13), we have for
the 2s-th degree s, m,
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Sy—=0(N”) for h<s ,
and
== (IN*=m) for h>s ,
then we get

S.=SIN®-S,,

h=1
=N®=S +o(N™ .
Furthermore, we have
Se=C &2 »>+0(N"Y,

and
L2 =N"Yus+0(N™) .
Then we get
S.= —(2?)3:51‘ +0(N ).

Using these results, we easily get
(38.2.13-1) Si=t,+0(NY
(3.2.13-2) S,=3u4i+0(N™Y
(3.2.13-3) S;=1643+0(N™Y)
(3.2.13-4) S, =105434-0(NH
and
(3.2.13-5) S;=1:3-5.-- @s—Duj+o(NYH .

Finally, we get

THEOREM B-1: The moments of 2,, are as follows

(3.2.14-1) aver 1,= ’; {97, 4 1} -+ 4,4 0(N2)
2 /,12 g 1 2 -2

(3.2.14-2) aver 1%,— (3) (4234 1271, 8} + 4y, + 0 (N

2o\3
(3.2.14-3) aver 2= (g) £873,+ 6072+ 907, + 15} -+ 4y, + 0 (N-2)
and

4
(3.2.14~4) aver 2,= (“7) {167, + 22473, + 84072, -+ 8401, + 105}
+ A4p+ O<N_2) ’
where
2

(3.2.15-1) Naj,

Tip—=— 77—
1p 2/12
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(3.2.15-2) b=l (%)

(3.2.15-3) = {5 - -n () NE1'I<#2>

(3.2.15-4) s {1 ()~ oy
N0 NTH()

(3.2.15—4) By [ 2247 {840%3, (;;i (Ge) - i)

840 (3 (t) ~ )

~(RC)-w20HE)
In general, the S-th (S<c) moment of 2, is

(3.2.16) aver 35,= (g) {@e®+ ST @r— 1) (%) @]

=1y
+o(N7YH .
On the other hand, we have the moment of
X*=(/2c+x)°
such that

(3.2.17) E{G/2c+)" = Q'+ 3 @f) 20)5E(x*) ,

where x is normally and independently distributed variate with mean 0
and variance 1. Then we get the moments of the non-central chi-square

distribution with the degree of freedom 1 and the noncentral parameter r,
and we have

(3.2.18-1) E{(/2e+5)% =2c+1

(3.2.18-2) E{(/2e+5) =4+ 12: 43

(3.2.18-3) E{G/2c+0)" ;3: 46072+ 907+ 15

(3.2.18-4) ((,/22+2)}4 = 16 + 22470+ 8402+ 840+ + 105
and in general

(3.2.18-5) u;":‘(%)%fglill ©@r 1)(23)(2 ys=s .

-1
From these results, it can be seen that the distribution of {M-(?) }
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is approximately the non-central chi-square distribution with the degree of
freedom 1 and non-central parameter

3.2.2 Moments of 1, and central chi-squares

Now, we proceed into the calculation of the moments of 2,. These
moments of 2, can be represented in the following formula, as we have
seen in section 3.1.2.

K 2K

(38.2.19) aver{Af = (é) Staver G,
k=1

k)

(
aveer: EI(%K)QDM [(QJ X h)]:‘<§h}>**C,, ,

where >V stands for the summation over the all g. s. m.’s with %~ columns,
and where [(¢ x B)]*, is u-th g. s. m. with ¢ rows and % columns of O. A.
and C, is the constant of the #-th g. s. m. as we can see the Table 3.1.1.,,
3.1.2, 3.1.3 and 3.1.4.

If we denote the g. s. m. consisted of even entries as [{¢ xZ}]* and
X . . . . even ent
g. s. m. including odd entries as [{¢ xZ}]* we have
d

odd ent
for h<K ] for K<h
N® J N®
() W
[geqvpznxerilg]*zl [
[iz::'h}]*:()(N") : [{90‘,3(}5%]*:0(]\7_(}'_’0)
<{h}y>**=0(N°) | <R} >*E =g (N6 |

from the results of symmetric means of »,’s and g. s. m.’s of O. A., then
we get

(3.2.20) S,=o(N7YH , for h1SK.
Consequently, it can be obtained that

(3.2.21) aver{lé‘}:(—%—) Sg+o(N-) ,

where

(3.2.22) Sx=S(even) +S(odd) ,

S(even) =Sum of symmetric means as
[{even}]*’s consisting of all even entries.
S(odd) =Sum of symmetric means as
[{odd}i]*’s in odd entries.
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As we have seen in the previous section for s. m.’s we also have at most
the K all 2 entries in the 2K-th degree g.s. m.’s which are containing the
all even entries, such that

(3.2.23) <%K%>::<2 2>A\-r_

_ (Nu)¥

="y To(NT) .

On the contrary, since the all odd c. g. s. m.’s are containing at most 2K
all odd entries in the 2K-th degree g. s. m.’s, then we have no ¢(>>3) x K
g. s. f. having all odd entries

..................

and containing no zero entry in the 2K-th degree g. s. m.’s.

Consequently refering the formula (2.2.20), we have [{odd ent|]*=o0(N .
Since we have in the previous section

(3.2.24) <{K}{>**=0o(N"),
we get
(3.2.25) S(odd) =0o(NY) .
Then we get
(3.2.26) SK:lué{ ﬁ Q)(W)C¢<<2K>) ok + o(N—l) ,
=1

where C,(<2¥>**) is the sum of numerical coefficients of g. s. m.’s with
¢ rows and K columns of which all entries equal to 2. Furthermore, add-
ing the calculations of the g. s. m.’s those order of N-! we finally get

THEOREM B-2: The moments of 1, are

(5.2.27-1) aver {1,} — (‘é) D+ 4, +0(N-?)

(5.2.27-2) aver {13} = (%)2 {30+ 0] + 4, +0(N-?)

(5.2.27-3) aver 123} = (’;2)3 {150 +90® 1+ 0©} 4 4, +0(N-?)

and

(5.2.27-4) aver {14 ="5)" 11050+ (15 4+-9x 3) D16 x 300+ 00}

+4,+0(N7H) ,
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where
(5.2.28-1) 4= ‘;2 o Ni 1
(5.2.28-2) = ( ) l6- 252)@}
SJ l
(5.2.28-3) 4y== < 2) l(—3062+45)Q)_3(252+3)(D<2>+ (—37'—451)(1)@‘)} ~
(5.2.28-4) 4= (%)‘{<_42052+ 420)0 — (1568, +228) 0@ + (—28,+ 248,
~18)6@<3>+(1661—8)@m};f |
d #2
(3.2.29-1) 8, = 7[33' T
2
4 p
(3.2.29-2) X
2
In general
K K\ ¥ K .
(3.2.30) aver {Af}= <7§> SIC, i <2E>FFLQW 1 g(N-Y) .
@

Proof : In the formula (3.1.12-1), (3.1.12-2), (3.1.12-3) and (3.1.12-4), the
all even g. s. m.’s in the K th column have the order of N°. Furthermore
in the (K—1)th, Kth and (K+1)th columns, we have the g.s. m.’s which
have the order at most N~'. These g. s. m.’s are as follows:

[K=1]

[E: UN(” = [ I N]N@ gty /N —1
[K=2]
(5 (1

U:g:]]N“"zz 7 [[EE]]N(Z)‘zz V
(TR Y R

( 2 T ]N(s)‘z ” ,

[K=3]
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Va4

4

‘Ti EBN(Z)_SZH“#2N_1+O<N_Z> ’ ﬂ/z E E\i]MS)_S:#%wng‘H— o(N™
C5lvee o[22
227 - 9 .
o= ’ (Tare-
[[2 —:U ” [[:EE/UN(S) 8=

(LRI

[1 12 ]N<s>—s:_ugl—+o(N‘2),

11— N—1 \[EETT;UNW:
Lﬂii i ;:UN(Z)—S»i y , t\LEil;]}N@)_s:

G
aaaaa

[K=4]

[/ 42 2 ‘UN(S)%:/&/@N*—J—O(N_Z) ,

, [[E z E EJJN(«Dﬂ:

~

[/3 E 5]] 7 = ”

[[E 2! ﬂjN“)‘g:ﬂS <N1?1) +o(N7%)

4

/7

4

[E 22 2BN(“"‘:”%“G/“‘M‘%N'I—#o(N—Z)

”

22 = 2l -
CET) I 1 P

22— B

R C T A
H%%gﬂ” = p U\EE}EJ” :—”§N1_1+0(N—z)
22- [EH2B” = p
Cohr=r ety -
tid - - -
—

L __
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O 11- _
(%3 | } { _ NO=uu,N" +o(N), ’i Egglib‘N“’ 4:ﬂ§<N1:—1)+o(N—2)
=2 _ .
(QKIQAC)) U\Egli Q/U ” = ”
(222—--7
222y =
[[Eii;gj}” = ”
211—~
[[:::Eg]}” = ”
l/,/Z 2 5-——\!\‘
——ea—— |7 = ”
-z2o7
11 ———

(=4 -

The other g. s. m.’s are the negligible terms those order are at most N2
by virtue of the results of chapter 2 in this paper.

For the moments of the central chi-square distribution with the degrees
of freedom &, we have

[ K o
(3.2.30) E(3#3) =3 C, (<> 0w,
o= o=
where x,, %,, '+, %o—1 and x, are the mutual independent normal variates
with same mean 0 and same variance 1, for example
= (Z} x¢> =

w= B |
P=1
=0F (x}) +0PE (x3) E (%%,
and so on. Consequently, we finally obtain the conclusion that the asymp-
—1
totic distribution of {@(/xz /2) f is the central chi-square distribution with
degrees of freedom @, in the condition that the terms {44} (K=1, 2, -,
4) are negligible order.
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through a large scale numerical computation.
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