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METRIC PRELIMINARY TEST 1
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Ryoji TAMURA
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§1. Introduction. The auther has developed in [2] a “sometimes
pool”’ procedure about sample medians as an estimate of the population
median. In this paper, each estimate of a shift parameter of the popu-
lation and the population median may be discussed along the same line as
[2]. First we consider an estimate of a shift parameter.

Let X,,--, Xw, and Y ,---, Y, be two samples from the populations with
continuous ¢.d.f. F(x) and F(x—4). Hodges and Lehmann [1] have de-
fined as an estimate of 4 the following statistic (1) which is the median
of the set of m,m, differences (Y¥;— X))

( 1 ) jlzzmed(Yj—X;).
And they have shown some excellent properties about (1), for example,

(i) 4,, is a median unbiased estimate
(ii) the asymptotic efficiency of ﬁlz relative to the classical estimate
Y — X (-denote sample mean) is 3/z in the case of normal F(x).

Now consider the case where there exists another sample Z,,---, Z», with
the ¢. d. f. F(x—4—8), 62>0. In such case, it will be more effective to
consider the estimation procedures after testing the hypothesis =0 against
the alternative 6>0. Therefore we first perform a preliminary test by
the Mann-Whitney statistic

(2) Uss (V.2) = (mom) 31 536 (Vs Z)
1 for y<<z
» Where $(, 2) = {O otherwise .
As a second problem, let X,,---, X,, be the sample from the popula-

tion with continuous ¢. d. f. F(x — 6) where F(x) is symmetric about

zero. They have also derived an estimate 6, of 6 which is the median of
<m12-;—1) average %f(X,«+Xj)
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64 Ryoji TaMUrA

(3) 5:med[é—(X,»+Xj)J 17 <m, .

Suppose that there exists another sample Y,, ---, Y., from the distribution
F(x—6—5), 6>>0. Then we shall first consider testing the hypothesis =0
against the alternative 0>0 by the statistic

(4) Us(X, Y) = (mm) " 51 310(X,, V),

Section 2 is concerned with the “ sometimes pool” procedure about an
estimate of 4 and the procedure for ¢ is dealt in section 3.

£2, An estimate about a shift parameter 4. First define the

similar statistics as (1), (2) and (3)

(5) 4y = med (Z,— X))
(6) Us(X, 2)= (mm)) ™ 3 31 0(X,, Z).

Then the estimate 4 of 4 is formulated by the following

A= 212 when Uy;>u,
(7) SN R
A:EA12+ (1_E>A13 When U23<uw
, Where Uy= *é*za/y’/lvza v 172?3(1 ~23) mi—:“”zj:Nij ’ lij;”ni/Nij ,

and 1—-®(z,) =a, ©(x) is the standard normal c.d.f. N(0, 1). We shall
intend to derive the asymptotic mean value and mean square error about
4 of the estimate 4 (7) and moreover to evaluate the asymptotic efficiency
relative to the “ mever pool’’ estimate 4,,, As the first step, consider the
asymptotic joint distribution of U, and 4, The following are so easy to
show that their proofs are omitted.

t=E (Uy) = [F (%) dF (x—0)

—oo

0= VCZ?‘(;/kNngUza) ~ (7ag = H35) [Pogt (@us — 223) / (1 = 2z3)

gu= [F*(x) dF (x-0), 5= [11-F(x-20){* dF ()

—co

, where ~ means asymptotic equality.
By the results of Hodges and Lehmann [1]
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(8) Pr(d,<<a) =Pr(Us(X, Y—a)<u,)
, where u, is the expected value of U,(X,Y) under 4=0, that is —é then
we may get the identity

G(u, a) :Pr[,/m(Uzg—/Jgg)/azg<u, 1 N (AAIQ— 4)<al

:Pr[)/‘N?S U~ 1125) [0:5<ut, V/TVIZ WU (X, Y —4— 7‘7\721) — 1t [04

<Ny (=) /o]
, where

/ a { . P
wi=EU(X.Y 4= Ty~ o = a [ f@)dx/ Ny

oi=Var Uy(X, Y‘\A_,/Nm)'”l/l%?(l‘Alz)
and then

1 ) e (s
1N ( 9" — 1) [o~ay 1245, (1 —4y) J.f(x)dx (=aky).

—oo

Since it is well-known that the joint c. d.f. of U-statistics is asymptotically
normal, we may find the asymptotic expression

u akle

(9) Gu,a)= | [ g(x,5;0,Q; 1,1; pn) dx dy

—00 —00

, where g(x,y; &, #,; 02, 62; p,,) denote the bivariate normal density func-
tion with means u,, #, variances o?, o2 and correlation p,, and

(10) pu=| [F @) 11=F(5=08)} dF (%) —hnnl /v 2 (1=21) 04 0.

—o0

The asymptotic joint density of 3/ N, (Us—1) and 4, may be obtained
from (9) as follows,

(11) g(x: y; 0, 4; 0o, 1/N12k§2; ,012)-

By the similar techniques, though slightly complicated, we may find the
asymptotic joint density of ;N (Uy— 1,;) and Ed,+ (1-8) 4,

(12) gx, v, 0, 84+ (1—=E)(4+3); 03, 0125; 0O123)

, where
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- & co =8 281 =97 2y
ot = [Ny T Nadal i T ] 127)
(13)

prss = H;HF(x);l—F(x_a)g dF () — tositsh} ;

1—& ¢ o 1 oA .
+1_22’3" IF(x)F(xTO) dF(x)*rlzsr‘:S"] 1K Ny 02301,23< Jf dx\.

From the definition (7) of 4 and (11), (12), the asymptotic probability of 4
may be expressed as follows,

Pr(i<a) =Pr[}/ NuUss— t42) /655=>0,, dy<al]
+P7’[|//M; (Uss— Mg5) [ 095< 00, 5212+ (1-8 Zj13<a]

a

= [ g, 50, 45 1, 1/Ngki; o) dx dy

Vg —

[ [g(x y; 0 44 (1=8) 05 1, 0,45 pi) dx dy

—~00 =00

, where va:;/m(ua‘ﬂzs)/am- A
The probability above leads to the asymptotic density w(a) of 4

w(a) = jg(x, a; 0, 4; 1, I/leké; p12) dx
(14) Vo
4 jg(x, a; 0, 4+ (1-8)0: 1, 0155, p123) dx.

—o0

From (14),

E(4)= foa da[ﬁg(x, a; 0, 4; 1, 1/Nuki; py) dx

—co Ya

+ [ g a5 0, 44+ (1=6)55 1, 01af; piw) dal.

—o0

After some computations, we may get the mean value

(15) E(d) =4+ (1-8)00(v,) + (\72‘\;2% — 0y500120) € (V)
’ 12 %12

By the similar computations,
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M.S.E. (4)=E (4— 4)®

. 1 T 2y 2
(16) — le klg ; 1 —(D(L?w) (T 01 25{1)(1)04) + <N1312k;§ o 61.25101.21;) L’w(f?(vw)

+0°(1 —8)2D(v,) —20(1 =€) 0, 3501259 (V).

We suppose 6-=0 and determine the value Qf ¢ minimizing the mean square
error (16). From the equation d[M.S.E.(4)]/dé—=0, we may easily get the
identity

; (D(Uw) — U9 (vw) § (E‘ )‘23) =0

and we get £=1,,
Though ¢ =2, does not give the exact minimum value of the mean

square error of 4 in the case of 0==0, we adopt £=1, for sufficiently small
0>0. Lastly in the case where ¢ is sufficiently small, say é—=o(l/, N ),
we shall conpute the asy.nptotic efficiency of 4. It follows from (10) and
(13) that

Then from (16)
(A7) MS.E. (d)=[1-1a(1 1) {0 (v0) —0ag (@) 11/12( [ fdx)*N,..

Let the asymptotic efficiency of 4 with regard to the *“mnever pool’ est-
imate 4, which is defined by the reciprocal ratio of asymptotic variances
, be denoted by e,,, then we get the following

(18) €en = [1 =20 (1= 25) § P (v,) =00 ¢ (va) {] 7

In the case of 1,;=1/2, we get the Table I

TABLE I
v | 165 1.30 1.00 5 0 —5
e 1243 1.205 1176 1.148 1.143 1138

$3. An estimate about the median 0, As stated in section 1, we
assume that

PrX<x)=F(x—0), Pr(¥Y<y)=F(y—0-38)

and F(x) is symmetric about zero. In order to formulate the estimate 0
of 0, we first define
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v.x) =" 8 vx, x)

(19)
U0 = (" s, v)

SiEjEmy
, where vy (x, ) =1 or 0 if x+x">0 or otherwise and

~j=m,

(20) Gzzmed[é (Y,+Y_,.)] ,1<i<

is the median of <m?2+ 1) average (Y;+Y))/2. ,
The preliminary test is performed by Mann-Whitney statistic U,, (4). We
define an estimate ¢ of 0 as follows,

60, when U, u,

@2n . . A
=210+ (1 —2y) 0 when U,<Zu,

» Where 'llm:,é _{_Za/l/,r'm 1/Wi;) )

By the similar considerations and computations as section 2, we may find
the following values

tp=EU,= |F(x) dF(x—0)

o5=Var( NyUp) ~ =15 /Ao + (qu— 13/ (1— 2,3
(22)

RO X =N o (g
u,— EU{X—6 1/m.v> 9 %a [f*dx/ m,

G=Var U (X— 60—~ )~1/3m; , i=1,2

a (-]
p=COrT. <U12, Ul(X—ﬁ-ﬁ;ZT )-:1/3 [QJF(JC)%I“F(X—B)%

—oo

dF(x) —‘/112]/1/‘ A 1201

'=corr. (U, Uz(Y-e-a—;/%z)):,/?, (2 [F(£)F (x+0)dF (%) - 1]

—o0

In fact, denoting Z=X~—0—a/, 7,

o= (") (@m—a) (B By (z0 Z¥ (2, 20 + By (Z,, Z)
* ‘l/‘(Zz’ ZS)§
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(23)

("M N Ey(Z,, 202 Z)1- 8 0(1jmy).

And

Evr(Zi Z:)¥(Z,, Z5) = [dF (x,)dF (x,)dF (x,)

x +xe>2a/ymi
x1+x3>2a/ ym

1 g - .
—5 —da [fFaF ) 01/ m,).

—oo

Similarly, we get

Ey(Z,, Z)v(Z,, ZO:’}( —2a jfzdx/v'?nj+0(l/1/ﬁl)

—o0

Ev(Z, Z)0Zo 20—y —d] [£2axsf O /%m0 my).

Substituting these values into (23), then we find oi~1 /3m,. Thre other re-

sults in (22) may be similarly computed. By using the works of Hodges
and Lehmann

(29) Pr(0,<a) =Pr(U,(X —a) < u,)

where z, is the expected value of U,(X) under 6 =0, that is, #,=1/2, we
shall derive the asymptotic joint density of U,, and 6,.

Priy'Ny, (U~ ) <<u, 1/7771((;1*6) <a]

P . ) — a 1 3
:Prtl/ng(U12‘ﬂ12)<”: Vv'om, 3U1(X*6—;/"—'7;11 —/v‘1§<le(§ _M)J

and then g, (%A~ﬂ1>~2a J'fzdx (=ak) from (22).

Thus the asymptotic normality of , N, (U,,—z1,) and v om, (51—6) may be
established from the fact of the asymptotic normality of U-statistics. The
joint density may be written as

(25) glx, ; 0, 0; 03, 1/3k%; o).
Similarly, we get the asymptotic joint density of v N,(Up,—#) and /N,
“12(‘91‘ )4 (1 —25) (éz —0—0)} as follows,
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(26) g(x, ;0,05 0, 1/38; 0").

From (21) and (25), (26), we may derive the asymptotic distribution of 4,

o Vmi(a—8)
Pr (0<a) = [ [g(x, ¥; 0, 0; 1, 1/3k; p) dx dy
v VN12(a—0—(1—A126)

+ [ [g(x 50,051, 1/3k; o) dx dy

—c0 —o0

, where v,=1/ N, (Ue— t12.)0s.
The asymptotic density w(a) of 0 may be expressed as

27 w(@)= [g(x, a; 0, 0; 1, 1/3km,; p) dx

Y

aa Jg(r’ a; 09 0+(1—112)6’ 1' 1/3k2N12) /)I) dx-

By the similar computations as section 2, we get the following

’

28)  E@) =0+ (1-2)000) v (S~ 5]/ 8 k

(29) M.S.E. (6) =E (6—6)*

2

== 0(.) 1/3km 0 (02) /36Nt v (00) ( 1, — N ) /3R

(1= 2) 2020 (v,) —2(1 = 21) 80’9 (va) /1 3Ny, k.
For sufficiently small 6, say 6=0(1/,” N,), we get p=— -4, and

o' =o0(l/,/ N,) from (22) and then

(29)’ M.SE. (6)=41—0(v,)!|/3k*m,+ () /3k Ny,
’ + (1= 2) v (v,) /3k*m,

, where v,=2./,/122,,(1 — 4.,).
Thus the asymptotic efficiency e., of 0 relative to the “ never pool” est-
imate ¢, may be given by (30),

(30) es,n:[l - (1 - ;‘12) %@(Ua) _vaq’? (va) %]_l'
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When m,=m,, we get the following Table II for ¢,

TABLE 11

v 1.65 1.30 1.00 5 0 —.5

e 1.642 1.516 1.428 1.347 1.333 1.320
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