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     1. Introduction. This paper is concerned with certain successive 
process of statistical inferences in the nonparametric circumstance. The 
notions of such successive process have been developed in the normal the-
orey by Paul CC, Kitagawa [5] and others. However it seems that any 
result along this line has not ever been appeared in the nonparametric case 
up to the present time. We shall here deal with two types of the nonpara-
metric problem. One of them is concerned with one sample problem (A) 
and other is two sample problem (B). 

   (A) Let X1, X2, , X,, and Y1, Y2, , lin be two samples from the 
continuous distributions F1(x) and F2(y) respectively. Our " sometimes 
p301" one sample problem of the TT type may be, without loss of gene-
rality, fornulated a3 follows. The main object is to test the hypothesis 

                     H : F1(0) =1/2 

against the alternative 

                   H' : F1(0) =p(>1/2). 

   There exist some cases where it may be more effective to consider in 
connection with the knowledge f rom Y sample. Thus we shall first test 
the hypothesis 

                     H1 : F1(x) F 2(x) 

against the alternative 

                     H1' : Fi(x)>F2(x) 

and then decide how to use Y sample. The main test is performed by Sign 
test and the preliminary test is by Wilcoxon test. In section 2, we shall 
investigate the behaviour of the size and power function of the test when 
sample sizes are large and section 3 is concerned with small sample. The 
TE type problem about the median of X will be considered in section 4, 

    (B) Let X1, X2,  , X,,1; 1119 Y2,  Y„,, and Z1, Z2,  Z,n3 be 
three samples of size m„ m2, m3 from the continuous distribution functions 
F 1(v) , F (y) and F 3(z) respectively. Though it is our main purpose to test 
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the hypothesis 

                    K :  F1(x)  F  2(x) 

against the alternative 

                     K' : F1(x) >F2 (x) , 

we shall consider to test the hypothesis as a preliminary step 

                         K, : F2(x)--=-F, (x) 

against the alternative 

                     K'1 • F (x) > F 2(x) 

f rom the same reason as in (A). Wilcoxon statistics will be utilized for 
these two sample tests. The size of test and power properties in the large 
sample case will be considered in section 5. Some discussions will be devel-
oped in section 6 about the test statistics and the alternatives. 

   § 2. One sample problem of the TT type  The large sample 
     case   

   2. 1. Test procedure. Define the following U-statistics as the each 

test statistic, 

                              m n 

   (1)U1=  E E 0(Xi, X ,) , 
                                              mn,-1,=1 

                                                  - 

 (2)U2 = E (Xi), 

   (3)1NT(X,)+ 0 (1 ,)} , Nm n , 
          , 1 = 1 

where 0 (x, y)=1(0) for x<y (otherwise) and q (x) =1(0) for x>0 (other-
wise). 
   The statistic U1 is what is called as Wilzoxon's statistic (or Mann-
Whitney's) that is used at the preliminary test and the other U's are in 
Sign tests. 

   Now we adopt the following test procedure where we reject the hypo-
thesis H when either the proposition (I) or (II) holds 

                    (I) Ui>uai and U2>u2 , 

                    (II) U i<u„, and U 3>u, . 

The constants tc, may be determined by (4), (5) from the well-known fact 
that the asymptotic distribution of these U-statistics is normal.
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   (4)±Z 1(1+ 1 \nv.                  2J/ NV122  1—P             

1  za21 .z,„ 
                "'2 2 2^

m'  /4'3- 2 1- 21//N' 

   (5) 1- (z,,) -a, , (x) =p' 27r1 fexp(- t2/2) dt=iyo(t) dt , 
where ai is the size of each partial test in the preliminary or main step. 
From the test procedure (I) and (II), the size a and power function g(p) 
of the test may be formally written as follows, 

   (6) a=Pr(U,�u,„ and U 2 �_u„,H)+Pr(U,<u,z, and U,>u,' H), 

   (7) g (P) = Pr(Ui�u„, and U2>_14„2,H')+Pr(U1<U„ and U3 >_11,,, H'). 

   2.2 The asymptotic distribution. The parameters relating to the 
distributions of the statistics U may be easily computed as follows, 

      E(U1) =1 F1dF2= E (U2) =p, E(U3) =2p± (1 -2)F2(0), 

   (8) Var U1=m11(r p2) +(q P2) =02,, Var u2= m1 p(1-P) = a3 9 

                      12         Va
r U3 = N P(1 - P)-FNF2 (0) i 1 F2 (0) f = C3 9 

where 

           q= FWF2, r= f (1 -F2)2dF, and Fi=Fi(x). 
As for the correlation of U's, we get 

        P (UU2) =[ F1dF2+p 1-F2 (0)/11)1/Ma 1C2 =P2 9- 
 (9)0 

        P 19 U = [21 F1c1F2 1-F'2 (0) 111, PF 2(0)1/ N la 3= P3 • 
It has been shown by Hoeffding [3] that the joint distribution of g U-sta-
tistics, which are constructed only within one sample, is asymptotically 
normal. We must extend this theorem for our generalized U-statistics. 
We consider only the joint distribution of U1 and U2, for the other may be 
dealt similarly. Define the statistic 

  11      (10) V
AT=^Eio (Xi)--At}+v(1 -)n,E=1 kfr01(171)=V 1+12                      /111/:=1
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where 
                          -E0(x, Y) ==l-F,(x), 

                   ,Ifo1(Y)-E0(X, Y)=-Fi(Y)• 

Then it has been shown by Dwass [2] that V N is equivalent to VN(U.,---,tt) 
in the sense that 

                ED/ N(U,- 12)-V NT-A as 

and they have a same asymptotically normal distribution. Since it holds 

                              1 m 
                   i/m(U2- P)-                                           ^

m, =1 

we may construct the following random vectors 

 (11)---                05(X,)P,V1*10 (X,)),1, 2,  ,m. 
Since m W;s are independent and identically distribubuted, the statistic 

E m is asymptotically distributed as a bivariate normal distribution j=1 
by the Central Limit Theorem if having the finite second order moment 
not all zero. Noticing that the statistic V2 is independent on both the sta-
tistics V, and U„ we may show after some computations that the asympt-
otic distribution of the statistic (U1-11)/0.1 and (U2 /a2 is the bivariate 
normal distribution with zero means, unit variances and correlation p2. A 
similar result may be also established for U1 and U3. More generally, it 
can be extended for the similar g U-statistics. 

   2.3. The size of the test. From the considerations in 2.2, the size 
a may be asymptotically expressed as follows, 

                                                            koN 

   (12) a= f f g(u, v; 0, 1, P2,o) du dv+ f f g(u, v; 0, 1, p3,0) du dv 
     kON za2k6N 

where g(u, v; 0, 1, p) is the bivariate normal density with zero means, unit 
variances and correlation p and 

                  kON ice /61,0 
  (13) 

                   kw= (\u.3- 2 - (1-2) F2,0 (0) ) /63,0 • 

F2,01 a3,0 and p,,, are respectively the value under the hypothesis H. Now we 
assume that F2 (x) be the Lehmann type alternative 

   (14)F2 (x)=Fr' (x), e _>_ O. 

As Lehmann [6] has appointed, this assumption is very effective in the case 
where the purpose is in comparision between some nonparametric tests.
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We denote the size of the test by  a(0). 

    (i) The case 0=00 (0 is any positive constant). Since koN->-CO as 
N-*cc from (13), we get from (12) 

    (15) lirn a(00) ---- f g(u, v; 0, 1, ,02,0) du dv=a2. 
                                                            za2 

Thus it has been proved that the size a(00) tends to the value a2 of the 
size of the "never pool" Sign test. 

   (ii) N(r > 0). We may get from (8) and (14), 

              P1O2N) =4/r                              N+0(1 /1/ N), 

   (16)F2(0)=-1-- 2-rlog 2+o(1/1/N),),                             /N 

          P2= iz 3(1- /)/4VP(1-p)+,9(1/1/N), P3=0(1/J 

           P2,0----,/ 3(i -2)/2 

and from (13) 

             urnkoN=z,,,-r/4V1 (1+)(=k0), 
   (17) N-4co                              12'21-1                                                          2, 

              lirn k;,,N=z,„+ (1 - il)r log 2 (=I*. 
                                 N-,co 

Using (16) and (17), 

                             00 00 

   (18) a (0 = f g (u, v ; 0, 1,  /3(21 A)) du dv + (ko) i 1- (14); . 
In order to compute the value of a(ON), we may use Owen's table [7] 
which is relating to the computations of bivariate probabilities. Table I 
and Figure I are the results for each value of a, when a2=a3=0.0495 and 
/1=1/2.

              TABLE I The size of the test 
---____ r 
al ----------_0 V 3 2/33/ 34/ 3 

  .0495.0628 .0431.0464.0490.0494 
  .0968.0685 .0487.0493.0494.0495 
  .1587.0726.0511.0494.0495.0495 

  .2119.0743.0528.0496.0495.0495 
  .3085.0750 .0528.0497.0495.0495 

 .5.0712.0520.0496.0495.0495 
  .6915.0640 .0507.0495.0495.0495 

  .9115.0538 .0497 .0495.0495.0495
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                FIGURE I

   2.4. The properties of the power. From the fact that the joint 
distribution of our U-statistics is asymptotically normal, the power function 

g(p) in (7) may be expressed as follows, 
       00 00kON 00 

   (19) g(p), f g(u,v; 0, 1,p2) du dv+ g(u, v ; 0 1„ 03) du dv, , 
        kIN k1N_co k2N 

where 

                 ki,=(u.— .1))/a2, koN=z.i—V 32 (1 — /7.)/2 , 
  (20) 

                   (u.,— 2P— (1— 2)F2(0))/63. 

   ( i ) The case p=p, (po is any constant larger than 1/2). If the value 
of 0 equals to any positive constant 0„ the values of all k's approach — cio 
as N-->00 from (17) and (20). Hence 

                                 co 00 

   (21) lim Roo= g(u,v; 0, 1, P2) du dv=1. 

If (r>0), then koN--->ko and other co. Thus 

                                                                  ko 

   (22)lim 3(po= f yo(u) du+ co (u) du=1. 
                                              ko 

In either case, the value of the power function 19(p) tends to unity as N 
approaches infinity when p-=po. It is well known that the usual Sign test 
has also the same property of consistency, so that we must investigate the
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 behaviour of large sample powers in the neighbourhood of p=1/2. 
               15      (ii) Th

e case p=p,n=—2-+(5 < 0). Let us assume the alternative 

  (23)P=Pm=2I/ M+ 5 > 0 

and derive the relative asymptotic efficiency of the "sometimes Pool" test 
with regard to the "never pool" Sign test. It may be defined as the limit 
value of the reciprocal ratio of the sizes of X samples necessary to achieve 
the same power against the same alternative at the same significance level. 
The power of the "never Pool" Sign test with the size a of the test and 
the sample size M is asymptotically expressed by the form 

                    1 z„                              P 

   (24)fl1(P)=1-0(2+2/-M—p)                         VP(1—P)/M 

After some computations containing power series expansions about p=1/2 
of the power functions, we may get the asymptotic efficiency es,„ as follows,            

1  
                 .) 2    (25) esn=-Z[yo(k1){1-0(41° 1P2'°k1\1-+ 1  ,,tuo(o1- ,0P3,0k2)12          (-I/to!,0I1/1/10 

where k, = lim kiN• 
                 N-. 

In the case 0=00 (positive constant), we get e3,„ =1, for ko=—co, k1=za2 
and moreover a=a2 from (15). 

   Lastly we must investigate the behaviour of es,n in the case 0 =0 N=TA/N. 
Under 2=1/2, 

            k0=zai---1/ 43 r +0(1/tin k1=z,„+0(1/^N), 

            k2=z,23+ 2r log 2+0(1//N), 

            P 2 ,0 = / 6 / 4 + 0 (1 / N ) , p3,0=0(1/^N). 

We may rewrite the expression (25) 

                   ̂  3 ^ 6  
      1z„,——Z   (26)           e,„, yo(z02[C° (Za2)1—(b(44 )1.                                /10/4 

            +I/2 co(z.,+ rlo2g2)0(zaiv r\-1 

                                                                  2 

                            4/i 

We may get Table II by using the values of a in Table I in the case a2= 
a3 = 0.0494.
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             TABLE II Asymptotic Efficiency 

 al--------------0 1/  32/ 3 3/ 3 3/ 3 

 .04951.656 1.041.927.9821 
 .09681.602 1.088.960.9941 
 .21191.566 1.122 1.01111 

 .30851.542 1.112 1.0121 1 
 .51.459 1.090 1.00711 

 .6915 1.323 1.049 1.00411

      1. 7 

      1. 6 
                                                         al 

  1. 51. . 0495 

                                      2. . 2119 

 1.43. .5 

         1. 

      1. 2 

      1. 1 
               3 2               1 

esn1. 0 

     , 

            32,,/ 33,13 4^3 

                  FIGURE II

   § 3. Small sample case. 

   3.1. Test procedure. In the previous section, we have obtained some 
asymptotic results about the size and power of the "sometimes pool" test 
in the large sample case. We shall in this section inquire about the small 
sample case. We modify the notations slightly. Let U1 be the rank sum 
of the X sample in the combined sample and U2 and U3 be respectively m 
U2 and N U3 in the previous section. There exist (m÷n)!/m!n! total 
orderings of X and Y samples. Let 2a, be such number that the ratio of 
the number of the orderings satisfying the relation U,‹ 2„ to (m n) !/m 
n! is equal to 100 a1 % and other 2, be determined by 

               E (7) =a2 E GT) 
                  1=Ace21=-"Air3
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Then the test procedure is to reject the hypothesis H when (I) or (II) 
holds, 

 ( I) U,‹ /1„, and U, 

                     (II) Ul > 2„, and U3 > 2.3 • 

We cannot, in general, express the above procedure in any convenient form 
to compute and hence we are compelled to consider separately for each 
value of in, n and cc, . 
Let be the total orderings of all X's and Y's in consideration where 
only the largest 2+,12 variables (contain 2. X's and 12 Y's) are held in fixed 
order and all are less than zero and x7, ,, be such that the (N— —,u)th 
smallest is a X. P.' ,A,;1 and ./3„,x7be their probabilities. The same are also 
defined for y7, ,„. Let Pm,,, be the probability that all nz X's and n Y's are 
smaller than zero. Under the Lehmann type alternative we may 
derive the values of the probabilities 

                          pm±n(1+0), 

   (27) Pnix7„'"g(m— A) P:zr / (m- /1) (n— (1 + 0) 

           P.)7.2"' = (n— P) (1 ± 0) fTe/3 (7)1 — (n — P) (1 + 0) 

As a special case, 

               P;,n M Pin±n"+69 M 
   (27') 

               Pi,',,„=n(1+0)pn"-n(i+Vm+n(14-0). 

These formulas make the numerical computations of the power simple 
slightly. 

    3.2. The power function. Now consider the simple case that m=3 , 
n=4, ai =0.2, a2=1/8 and ce3=1/16. The critical region of the preliminary 
test may be consisted of the following 7 orderings among the total 35, 

           (xxxyyyy), (xxyxyyy), (xyxxyyy), (xxyyxyy), 

           (yxxxyyy), (xyxyxyy), (xxyyyxy). 
'The orderings which lie in the critical region of the test may be numbered 
by 81. Therefore it is seemingly to trouble to compute the values of such 
probabilities, but we may make the computation very easy by combinating 
them suitably. The case above becomes the following form , 

     3(P) = P3,4+ Pr (any one Y > 0) • P3,3+ Pr (any one X> 0) .P2,4 

        ±Pr(all Y's>0) Pr (any three Y's>0)•P3 ,, 
         +Pr(any two Y's>0) P1,2 ± Pr(xxyyx0)--1-Pr(xyxyx0).
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Thus the power function is given by 

(28) /3(p) =P3-(1 + 3(-1—)1,4(i±e)_ 18p2(1+0)(12(1 )25(10)+2)              p-t"(2+0)°2-(30)±•(+201' 

We shall give another example and perform numerical computations for 

m= 4, n=6, a1=0.059, a2=0.063 and a3=0.055. By the similar considerat 
ions above, we get 

                                   18(1+8)    g (p) =+ a —(0p3"+9)(1 —44 
                          +30(2+0) II +2(1+0) 

                                                                                  j =2 

           6(1+0)2 (1+0)2(7+20)30+0)3 

       (2+0)3(3+0)(5+20) (2+0)2(5+20)— (2+6)2(3+0)( 

(29) —360 132(1+0 (1— p'±') 4 44+30 4( 1i) P6(1+0) 6 6! (1 + 0)6  
               Ini+2(1+0)M3+k(1+0) 

      j=1k=1 

       _ 24 ( p1±op5(1±0) 5 5!(1+0)5       PII 3+k(1 
                                                     k =1 

       — 241(-1—1)— (1 —p2+°)/(2 + 0) p5(1-1-03)-1                                    5!3(1+0)5  
 p5                              (3+0)110+k(1+0) } 

                                                                                      k=1 

where a= 2( 1— 1)p5(1±6(12-13p1+°+3p6). 

Denoting g (p) /p4 =- E (p), where p4 is the power of the "never pool " test, 
the value of E (p) seems to show some efficiency of the "sometimes pool " 
test against the " never pool " test if two tests have the same level of 
significance. Even not in such favourable circumstance above, E (p) may 
be an available measure of the power comparision as described later. 

   We have derived, in the sections 2 and 3, the values of the size and 
power of the "sometimes pool " test for various cases in large and small 
sample. Comparing both results, we may clearly see from Tables and 
Figuares some similarity between them. In large sample, the relative asy-
mptotic efficiency is generally larger than unity in the neighbourhood of 
p=1/2 unless ce, is too small. In small sample, there exist some cases 
where the values of E (p) (p > 1/2) are larger than unity in spite of 
smaller size of the test. The examples are the cases 0=0.5, 0.75 for a= 
4/70, 9/70 or 0=0.5, 0.75, 1, 1.5 for a1=37/210 under p=0.6. Such inclin-
ation is more powerfull when p=o.8. It seems to be inadvisable to take 
the value of a1 too large or small.
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            TABLE III Comparion of the power (The value of E(p)) 

 P 
     ----- __

_- 

       0.25.5.7511.52        a l___a 

     0.875 .447 .227 .114 .058 .015 .004 
 4/701.298 1.042 .958 .942 .950 .974 .988 
     9/701.329 1.075 .987 .965 .966 .982 .992 0

.5 37/2101.400 1.145 1.045 1.010 .999 .997 .999 
      5/211.429 1.168 1.063 1.022 1.007 1.000 1.000 

     32/701.382 1.147 1.055 1.020 1.008 1.001 1.000 
     66/701.048 1.013 1.004 1.001 1.000 1.000 1.000 

     01.291 .823 .520 .325 .202 .077 .029      4/70
1.567 1.252 1.089 1.013 .982 .973 .982 

     9/701.580 1.268 1.106 1.027 .993 .978 .985 0
.6 37/2101.625 1.319 1.156 1.072 1.032 1.004 .999 

      5/21 ' 1.636 1.331 1.168 1.083 1.040 1.009 1.002      32/
701.547 1.269 1.130 1.062 1.030 1.007 1.002      66/70

1.070 1.024 1.009 1.003 1.001 1.000 1.000 

      0 , 1.655 1.461 1.277 1.099 .953 .693 .494       4/70 ' 1.711 1.567 1.447 1.350 1.273 1.167 1.104 
      9/701.702 1.553 1.427 1.325 1.244 1.132 1.067 0

.8 37/2101.701 1.552 1.427 1.326 1.246 1.138 1.075 
      5/211.686 1.533 1.407 1.308 1.230 1 .126 1.068      32/

701.572 1.412 1.293 1.207 1.145 1.072 1.036      66/
701.062 1.040 1.021 1.012 1.007 1.002 1.001

                           Comparision of the size  1
.4E(

. 5 ) 
                                                              a1 

    1. 3 
                                     1 4 /70 

                                     2 37/210  1. 2 L
L, 

                                     3 5 /21 
                                     4 66/70 

    1. 1 

              32  1
. 0-4 

E(0. 5)   1 
     .25 .5 .75 11.52 

 >0 

                    FIGURE III (a)

    4. Estimation of median with a preliminary test . In this section, 
we consider the problem of estimation of the median of F1(x) by " somet-
imes pool " procedure. Let the distributions of X and Y be F1(x) =F (x 8) 
and F 2(y) =F (y - 0') with densities f(x- 0) and f (y- 0') respectively , where 
8 and 0' (8 < 0') be the population medians of X and Y. Let the sample 
size be 2m +1 and 2n + 1. Denoting the sample medians by g and 1-7, we 
define the estimater 0 of 0 as follows,
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                         FIGURE III (b)

        ( I ) ©=X when (71   

        (II) =5.g+ (1-0Y when U1<71,,, 0<<1 

where U1 is a Wilcoxon statistic as in (1) and N=(2m+1)+ (2n+ 1), 2 

(2m+1)/N. Since ,iN(U,—p) is asymptotically equivalent to the statistic 

                    12m+12n+1    (30) =  - E3Vf10(Xi)--n--1I-I'Vf.01(17;) 
            v/A(2m+ 1)i=1v (1 A)(2n+1).J=1 

we shall derive the asymptotic joint distribution of V, and the following 
U2 or U3 

             U2=)/2m+ 1(g —0) 
  (31)                 N (7C— 0) ± 

Let the characteristic function of V, and U3 be C9 (t1,t2), then 

 (ti, t2) =-Eexp (it1VN+it2U3) 

     =E[expl  iti2(2m-+-1)(Vil9 (Xj) it) ±1/5--/2m +1 it,a-0))-]         J=1 2 

                ti 2n+1       X E[exp---               (1A)(272+1)jE=1(01(1;) —P) +171 .72,1/2n-F1 it,(17-—0')1{i•
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Each expected value may be computed by the similar teckniques as Sukha-
tme  [9]. Thus we get the following form 

      r2,(1-5)2         (t
i, t2) =expi_— 2A                           1A4f (0)27A1- 1—A  (32) 

                 1(r n„1—e)11/1(1 //)           +2t11'22f(0) A1 M1)ksin21) 

where 

                (X) —itt2,ElifL(Y) it', 

        in; f P} dF (x — 0), m'i' = *„(x) d F — 8), 

           = lkoi(Y) dF(y--0'), m2= f koi CY) — i-tc1F(y— e'), 
             (x) = 1 — F (x — 0') *01(y) ---- F (y — 0). 

Thus it follows that V , and U3 are jointly asymptotically normally distri-

buted with zero means and the following variances 61, 63 and correlation p3. 
The similar considerations are possible for V, and U2. Let the asymptotic 
density of 1,-/N(U,—/2) and U, be g; (u, v) (j=2, 3), then it is given by 

              11(u2,v22
puv   (33)g,(u, v)= 27ra laip'eXP[ 2_,0DG.21)crla)/1 

where 

      15    (31,--(rAt2) + 112 (q p2) ,(4=1 / 4 f (0)q=(A2+1_2)2)/4.f (0) 2, 

                    0 

   P21TF(x — h) dF (x) F (x — h) dF (x)l- , 0' — 0 , 

                                            0 

                                     0 

                                                                            - 

   "03 —Ia02[5-1F(— h) dF (x) —(x — h) dF (x))1- 
   11/+1 —20 

                                                             0 

                    (xh) dF (x)—IF (x + h) dF (x).                      '
— 

                                     0 

From (I), (II) 

   Pr(6 < w)=Pr(U, < w) + Pr(U, <u,„ + (1-0 f < . 

Thus the asymptotic c.d.f. A (w) of e may be derived as follows,
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                  +2m+1( O) (.-Eo-(1-E)B')     A(w) = g2(u,v)du dv f g,(u,v) du dv 
 /— 

 (35) 
               ^2m+1(,-0)/T2. N(u—E0—(1—E)0')/Tik p 

3u              ,(u)i1-0(k—P2m)du +                    v1)C.')(21)-)du ,                                                               1 - 

where k=1/ p) /0 
The asymptotic density a(w) may be expressed as follows, 

                       k- P2W21 ^k-,03w    (36) a(w) dw =co(w2)-1-0(I/ 1- P22co(w3)0(I/1--93-32)dw„ 
where w,=1/ 2m+ 1(w-0)/a2, w3=1/N(w-50-- (1— 00')/a3. 

We shall first compute the mean value E(e) from (36), 

  E (0) = fw a (w) dw 

                                          - 

     =1(6++  a' - w(w)1  expr(u—P2w2)21du}dw2 
            V2m+12 •2271-1/ 1L2(1-p2) 

 cok 

  (37) + 50-1--(1-5)0'+ G3wco(w)13--                         N3127r^ 1 ---/(4 

                                         • (uP 31'v3)21du-dw,                                  ex(u2(1 

      = 

        B+ (1 — e) (B' 0) (k)  i-yo(k)11/ 2P n7126 ;/P3xt\- • 
For the mean square error M.S.E.(b), 

     M. S. E .(-0) = (w - 0)2a (w) dw 

       02202„22,2                                      N2, 

 (38)             2m+ 1(1 (k))1VI0(k)k(k) (2m+1N 

             -
vNa0 C9p (1-(k) + h2(1-5)20 (k) . 

    ( i) The case h=h0 (positive constant). In this case, it holds 

                              lim k= - cc . 

Thus the value of E(0) and M.S.E.(0) respectively tends to 0 and 4/(2m 
+ 1) where each is the corresponding value of the " never pool" estimator 
X.
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   (ii) The case  h=r  /)/  N (r>0). It is evident from (37) that 

                   E(e)=0 +0(1/, N). 

Secondly we may determine the value of minimizing the mean square 

error from the equality de M .,S. E.(e) =0. The equation may be expressed 

under h=0 as follows, 

        (3                     (k) --
4 k C9 (k)- (5 - 2) O. 

Thus yields the minimum value of the mean square error under 0=0'. 
When we adopt e=2, it follows from (34) that 

                     -1 
            P2 =v/3(1/03=-0 (1 /N) , q(= 02) . 

Then (38) may be written as 

                                                        2 

 (38') M. S. E.(o)= 2n2+i 1-0(k) 1\70 (k) 4- iv 022k (k) o (1/ N) 

The following relation may be easily gained from (38') 

     0a 2 

                    < M. S. E.( )                                               -2m+l• 

    § 5. Two sample problem. 

    5.1. Test procedure. Let X1, X2,•••, X ; 1 71, Y2,• • • YM2 7 Z1, Z 2,-•, 

Z., be three samples from the continuous c. d. f. F1(x), F2 (y) and F3 (z) 
respectively. As in the previous sections, we carry out a preliminary test 
for the main hypothesis 

                    K : F1(x)=F2 (x) 

against the alternative 

                     K' : F ,(x)>F 2(x). 

The preliminary step is to test the hypothesis K1 against the alternative 
K; . Each test is performed by the following Wilcoxon statistics 

           1 m2            U12= mmEE (Xi 171), 
                             —1-2 i=1 j=1 

                    1 M2 M3  (39)U
23= E E 0 (Y. Zk), 

                               m2f1.3)=1 :=1 

       1(mt m/                      E(X
„+E E(Xi, Zk) 

                 ,m2ni3i k=1 j=11=1 k=1 

where (x, y) is the same function as in (1).
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The means, variances and correlations of these U-statistics may be easily 

computed as in the previous sections, 

                                                                                       ,•13•1.23      E(U,J)=1FidF)= pi), E (U1.23) = 22012( 1— 223)11it 

           1 

    Var Uif=
mj(q1)—1+ 0 (1/N) 

      Var U1.23= m iN22,1ni(rm irn2 (q12 — #122) ±in23(r- 123) 

               +2721M2 (Q3 #123) 2M2M3 (P1.23 #12 #13) S +o(1/N) -="621.23 

       p (U239 U12) = (0123 P12 #23) /M2612(723= P 1 2 

       p(U23, U1.23) = (#123 ± #12.3 — P23 • At 1 2 //23 # 13) /N23623(71.23 = 1 . 2 3 9 

where 

           ffi'dF), f(1—FJ)2dF1 , P12.3 = F1F2 dF3 
         Pm= f F1(1— F 3)dF 2, #1.23 = ( 1 — F2) ( 1 —F 3)dF , 

          Ni)=mi±m), N=m1+m2+ m3, 2=mi/Ni; 

Each critical region of the partial tests is asymptotically given as follows. 
In the preliminary test, 

 (40)u23<1,z.,1/1(+1                     —2/N
23 V 1 22231223/ tic"' 9 

where zc, is defined by (4). 
In the main test, it is respectively given by the following 

  (41) U„ 01 -4-/2.7,T2-1/-11,1(,1—i1,(=u0) if (40) holds, 
                       yivt1GAi2IAl2 

           1 z., / 1   (42) U
1.23 2 1/iv,„

23!MI                         12(A23 N12(1 — 223) N13 ± 2A23M3)uce3) if (40) 

does not hold. 

    5.2. The size and power. It may be proved by the similar teckniques 

as that of section 2 that the joint distribution of our U-statistics are 
asymptotically normal, then we may get the following expansions. From 
our test procedure, the size of the test may be expressed as 

      Pr(U23> u„ and U12 > u, K) + Pr (U23 <ua1and U1.23
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Then 
 kON 

  (43) a-_ g(zt, v ; 0, 1, p12.0) du dv+ f g(u v ; 0, 1, p,.2,,,) du dv , 
   koN k'ON 

where 

         koN- (Ha, 1-122,2) /a23,0 

 (44) - (1 - 220-13,0P 

            / 1 1 7\T ,/113,0) 
                          N23 Imie12` 12-I-Min2(5213.°2M2M3 (P1.23,02• 

       aim and etc. are the valule under the hypothesis F 1=F 2. 
We again assume F; be Lehmann type 

                   F 3(x) = PT°2 (x) , 0 2> 0 . 

   ( i) The case 02 is any constant. Since /t13=123- 21 +5 (5 is a positive 

constant), we get 1?0,-, cc as N->oo. Thus we can see from (43) 
that the value of a tends to a2 which is the size of the " never pool " 
test. 

   (ii) The case 02=r/i/N (r 0). After some computations, we get 

     P12= M in13/N12N23 +OW'N), P 1.23=0 (1 /^/ 

           r I/ 1 (1,1       k
o -Zal4V12\L 23 1 -2'231 

                    2 

                    /11'23A23(1 A13)           z„--471(1'23)/1 2 \ 223 112213+2+OW1,N) 
We shall give the results of the case mi=m and ce2=a3=0.0495 in Table 

IV and Figure IV.

                   TABLE IV The size of the test 

c----;17---- _7-0v/ 32/ 33/ 34/ 35/ 3 
  .0495.0471.0920.1256.1150.0788.0563 

  .0968.0449.0811.0999.0853.0621.0517 
  .1587.0422.0706.0804.0679.0547.0502 
  .2119.0400.0636.0699.0604.0522.0498 
  .3085.0363.0538.0584.0536.0503.0496 
  .5.0307.0440.0492.0497.0496.0495

   The asymptotic expression ,3(0) of the power function may be derived 
by the similar methods as in the size of the test, 

     co cokoN 

 (45) a(0) g(u, v ; 0, 1, p12) du dv f g(u, v ; 0, 1, P1.23) du dv , 
     koN klN k2N



 56Ryoji TAMURA

where 

 kiN-- (licr2 1112)/012 
 (46) 

                       k2N— (uce3— 223/112 ( 1 — 223) /113) /01.23 • 

We assume the Lehmann type alternative 

                   F ,(x) =F1' (x), 0   0 . 

If the value of 01 is any positive constant, we get ko,-->ko and the other 
k1,—>-00 as from (44) and (46). Thus we get 

                                                                  ko 

 (47)lim )3(0) =Ica (u) du ± iyo (u) du = 1. 
                                              ko 

We have proved that our " sometimes pool" W ilcoxen test has the property 
of consistency. On the other hand, this property is also true for the 
" never pool" Wilcoxon test . Secondly we consider the case 01=r1/1/N12, 
T 1> 0 and 02 is any positive constant. Since it holds 

           lirn koN — co, lim k2N= — cc, lim klN Z tX2— I/ 3 ri/ 4 , 

we get 

 (48)lim g (0) = 1-0(z,„--1/1 ii/4). 

The right hand of (48) expresses the large sample power of the "never 
pool" Wilcoxon test. 

   The case 01=71/1/N12, 02-----7-2//'N„, ri>. 0 will be considered from the 
standpoint of asymptotic relative efficiency in the following paragraph . 

   5.3. Asymptotic relative efficiency. Assume mi=m to aviod the 
complication of computation. From (45), we get 

 (49) g(01)—lc°(u)11 --o(kl---e-1214)Irclu-4-0(k0)1-0(k2), 
                              1 —p72 

                               ko 

      k,=lim ki, . 

On the other hand, the power function of the "never Pool" test with the 
sample sizes n, (assume ni=n) may be expressed 

        )9,090=1-0(k), 
 (50)             —i1'        11             k=-7-

6n--/212)-, 8/  n012—+p212)1  k • 

From the identities 

                              V 3 ,z,2 
        I/6mz„,,—                            42,r2+ -  (c1,3(01)/d0,)=0--A co(zOil — 0( v  3 /2 1/2 0(ze"—}/43—72)            0 41 

                                               

• C9 (zczo r2/4) +0(^772),
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 (dg,(00/doi)`2y (z,)on)  , 
                  01=0 LI 

we get the following asymptotic relative efficiency with regard to the 
" never pool" test 

    13z„,                                       r2+2-1 
                 C`I/4          es,„(z2r(z a2)-/2) 

(51)1.,/3, 

    2Q12                 +C0 (2cr3.---72) (1)(Zczi11L±r2)] 
    344 

The results of the case a2-a3=0.0495 are given in Table V and Figure V.

                    TABLE V Relative efficiency es,. 

al--T        01/32/ 3 3/ 3 4/ 3 5/ 3 

----- -_

___

__ 

  .0495 1.3093 1.2108 .9646.6750 .6216 .8155 
  .0968 1.2890 1.1557 .9021.7051.7618 .9280 
  .1587 1.2657 1.1123 .8898 .7846 .8579.9736 

  .2119 1.2441 1.0907.9007 .8449 .8155 .9876 
  .3085 1.2272 1.0891.9404 .9277 .9280 .9958 
  .51.2128 1.0463 1.0169 .9964 .9736 .9996

                                       al 

                         1 .0968 

. 112 .1587 
                         3 . 2119 

                         4 . 3085 
.1015 

.5  

. 09 

. 082 

. 073  

. 06                4  

. 05                5  
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          7-> 

       FIGURE IV The size of the test
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        FIGURE V Relative efficiency

    5. 4. The scale problem. 

   To close this section, we consider the following scale problem. Let the 
c.d.f. of Xi, Y„ Zk be respectively F(x), F(y/0),F(z/00') where 0, 0'   1 
and F(0) =1/2. The purpose is to test the hypothesis 0=1 against the 
alternative 0 > 1 and we first consider the preliminary test for O'=1. We 
use the Sukhatme's statistics for the main and preliminary tests, 

                    T„= (m2m3)-1f (Y, , Zk) 

 (52)T12=(nz1m2)-11f (Xi, 177) 

                          T123 — 223712 ( 1 — 223) T13 

where ir (x, y) =1(0) if 0 < x <y or 0 > x> y (otherwise). 
Our test procedure is as f9llows. We reject the hypothesis 0=1 when (i) 
or (ii) holds 

                    ( i ) T23 tc„ and T12 > ta2 
 (53)                        ( ) T

23 < t„,. and T123 > ta, 9 
where 

        41,Ao                   tai — 4-qo /v23'23(. 223) 3 1/2
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              t,— 1H-z„„N122 120 —212)2 

     - 

             t1,zj1 (223L.1223 , 2223 (1213))1/2              "3 448  N23  212 .1 213 -1- 213 

Then the size a of the test is given from (53) by the following 

      a—Pr (T23 > t., Ti2 > tc„ 0=1) -+Pr(T23<tc,„ 7'123>_t,3 0=1). 

Now we assume that 1 + 8 (6 is any positive constant), then the hypo-
thesis 0'=1 is almost certainly rejected in the preliminary test by the 
similarly reason as the previous 5.2. Therefore our procedure is equivalent 
to the " never pool " test. Thus we consider only the case of O'— 1 4- r4 N23 
In the case of 0=1 and e'= 1 ± //I /N23, the following are easy, 

        E (T„)= 1/4 
            co0 

        E (T„)= 1/4 + rk/i/ N23, k=ixf2(x)dx— f xf2(x)dx 

                                                       0 

          E (T123) = /4 ± (1 — 223) k/^N23 

  (54) Var(Tifj/Ni)=01;= 482i; (1 — 2,7) 

                           A'1222223\1 213) 
                             l313 

               Var (i/N23T123)°.123 ="B-)123-,372±3+                                                            213 

           Corr. (T23, T12) P= I 212(1-223) 

            Corr. (T23, T123) — 0 (I /I' N) • 

Thus we may asymptotically express the size a by using (54) 

  (55) a— f g(x, y; 0, 0 ; 1, 1 ; —V 2„(1— 223) ) dx dy 
                               za,– 7k/ cr:, 

                ± (I) — rk/a23) [ 1 — (i) — — 223) rk/a123 • 

Under the assumptions f (x) =N(0, 1), 1/2, we get the values 

               k— 1/27:, p= — 1/2, 1/12, 43=1/16 . 

Then, 

 a -----fg(x, y ; 0,; 1, 1 • —1)dx dy)                                                     z—r`/73                                              at1 —0(z,— 
 32 

         zcri-7za2 

This form is identical to that of the size in 5.2 by letting r=  4 r' and 
hence its behaviour is similar as the Table IV. By the similar considerat-
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ions as 5.3, we may derive the asymptotic efficiency with regard to the 
" never pool" Sukhatme's test , 

                1(zZ,n—)/3r/7r+z,/2 

                                                          - 

           e— 

 (56)(z.)2["V3 /2 

                                                                         2 

            ±SOr /7)03 21701 
                 1/3 

    § 6. Some discussions. 

   Though we have used Wilcoxon statistics for two sample tests for 

location, we have no reasons for its necessity. We may also use another 

statistics to test the hypothesis Ft —F.,. We consider the more general 

forms of rank order statistics 

                                          Nii 

 (57)mii ij — N• k '                                                           ZN•k 
                    k=1jj 

where z,vk is the random variable which takes 1 or 0 according the k th 
smallest in the combined sample is from Fi or F; and EN,,, are given con-

stants. It is well-known that (57) contains as the special cases the statis-
tics, i.e. Wilcoxon, Hoeffiding's c -statistic [4] and etc. The asymptotic 
normality of T has been proved under some regularity assumptions by 
Chernoff-Savage [1]. We shall show the asymptotic joint normality of two 
T statistic (similar for more than two) under the same assumptions as in 

[1]. In fact, Ti, may be rewritten 

                               r mi  (58) Ti,=ifE B,,(Xk)-EB,,(Xk) 
                              mj                              _oo 

 E (17 k) — E 13:`(Y k) o (1 / N ,,) 

where 

                   + (1-- AO F1(x) 

       Lit,(k/N,,)-=EN„,k, RM. JN(t) =1(0, 0 < t < 1 
                                            N-00 

       Bi,(x)= Jr {Hi,(x)dF;(x), B:,(x) = J'IH,,(x)dFi(x) 
   xoxo 

Applying the Central Limit Theorem for the random vectors 

  (59) Wk= B12 (Xk) E 12(X k) B13 (X k) EI 313(X k) S k— 1,  , m, 

, then E Wk/i/mi distributes following the asymptotic bivariate normal 
distribution under some regurarity conditions. The f act leads us to the
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applications of such statistics for our  "sometimes pool" procedure. We 
may also prove that T12 and B are jointly asymptotically normally distribu-
ted. Let the characteristic function of N(Ti,-a)/(1-2) and U3 in (31) 

be co (t1, t2) where a= I .nH,2(x)dF,(x), then we get 
             it  (t

1,->_;B(X)-EB(X)+ %v/ 
                q/12m, 

         -
„      x-—1B' (X) EB"(X)-i- 1  v'mit,(r-0)1-j. 

    -(1- -,1)m2v 1-2- 

The same tecknique as Section 4 shows the joint asymptotic normality.
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