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    § 1. Introduction. 

   In this paper we shall be concerned with the point estimation of the 

parameters in the random effect models for the complete multi-way layouts 
and the nested designs. This paper gives the exact formulae of sufficient 
statistics and those of the best unbiased estimates of parameters .  "The 
best unbiased estimate", here, implies the one having the minimum variance 
of all unbiased estimates. 

   F. A. Graybill and A. W. Wortham [4] pointed out that in random effect 

model for the multi-way layouts the usual estimates for variance compone-
nts were the best unbiased estimates, but it contained an error in enumer-
ating the sufficient statistics. S. N. Roy and R. Gnanadesikan [10] showed 
a similar result supporting the above result, but the dimensionality of the 

parameter space was ignored and some additional conditions concerning the 
functional relationship among the parameters seem to the author to be need 
for their result to hold valid. In this sense we have had to start anew 
independently from these authors in order to establish the results in this 

paper. 
   F. A. Graybill and R. A. Hultquist [3] obtained a sufficient condition for 
the existence of a complete set of sufficient statistics in random effect 
model. Our emphasis in this paper is however placed not only on the 
existence of a complete set of sufficient statistics but also on the exact 
formulae of the sufficient statistics and those of the best unbiased estimates . 

   The recent results of D. L. Weeks and F. A. Graybill [11] are concerned 
with three factor effect. Neither their results nor ours do contain the 

others and it is noted that they are exclusively concerned with minimal 
sufficient statistics without any regard to a complete set of sufficient statist-
ics.

   § 2. Preliminaries. 

   Let A= (ao), B=(b,,), then the Kronecker product denoted by A®B 
is defined as the matrix (a1 B)in the usual way. The Kronecker product 
of any number of matrices is defined as the natural generalization of two 

                        43
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matrices, and we shall write the Kronecker product of n matrices A„ A2, 

••• An, as ROA,. 
                    i=1 

   In this paper, we shall make use of the well-known relations concern-
ing the Kronecker products of two matrices such as (A®B) (COD) = 
AC®BD, (A®B)'=A'®B', and their generalizati-
ons to the products of any number of matrices without mentioning explic-
itly. 
   Throughout this paper we shall write the n x n unit matrix as In, En 
denotes the n x n matrix with the elements all equal to 1. Let H„ be the 
n x n matrix with the elements all equal to zero except for the element of 
the first row in the first column equal to 1, and let IC = In namely, 

        ( 1 0  0 
    01 0 

   •1 

• 

  (2. 1)_Uri=Kn— 
                                                   0 *. 

                              1) 

   Further let T„ be defined as the orthogonal matrix with the elements 

of the first row all equal to1n, namely, 

             / 1 1 1
_ 
                       v% n 1/ n ^ n 

  (2.2)T„= x 

               \ X X   X 

   Then we have easily 

  (2. 3)T„E„T = nH„. 

    § 3. The case of the 2-way layout. 

   This section is devoted to the case of the 2-way layout. Although 

there is no essential difference between the case- of the 2-way layout and 
the case of the general r-way layout, the notation system we need in the 
latter case is rather cumbersome and complicated that it would be, the 
author feels, necessary to treat this special case for the preparatory 
exposition of the basic techniques in the developments of the arguments in 
the general case. 

   In this section we shall be concerned with the model equation, 

    (3. 1) kt+ a (1 ; t1)+a(2, +a(1, 2 ; t1, t2) + et11213, 

                   (t,=1, 2, • ••, ni, j=1, 2, 3),
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where is a constant denoting the general mean, and  a  (1  ; t1), a (2 ; t2), 
a(1, 2, ; t1, t2) and e„„,, are distributed normally with mean zero and the 
variance (4, 0-i)2 and (4 respectively, and further they are all independent 
to each other. The variance-covariance matrix of these n1 n2 n3 variables 
xt1t2t3 are given by 

   (3. 2) V 17„0.E.30E.,+ GT! E „, I „2e)E 012 1,01 n20E.3 

                +02eIni019220in3* 

   At first we shall evaluate the determinant of this matrix, which is 
equal to the determinant of the following matrix, 

                 (T„i0T„®71,3) V (T „10T„071,3)% 

In view of (2.3), this is equal to 

    (3. 3) n2n3d,2 I „1011,20H „,+ n1n34 ,2101 H n3012 I ni®-I 
                   01, ./n10in2®In3 

              = n2n301 (Hn1+ K7,1) 01--/7,25-DcH„3 + n, n34 Hni®-1„2+ K„2)C)H„3 

               +n3612 (117,1+ Kn1) (-11.3± K„,)®11,3 

                de2 (H,„1+ K„)0< (H„, K„,)® (H .3+ K. ,3) 
              = (n212301+ n1n36+ n3a12 + aD H ni ®Hn2OHn3 

               + (n2n3a;+ n342 + CrO Kn1OHn20-11n3 

                (n1n3a2 + n3012+ Ge)H 7&Kn2C)H 

                 + (n3012+ 00 Kn10K7,2-H.3 + 0-tiz20-K,3. 

Thus the matrix (3. 3) is expressed as the linear form of five matrices, 
and as all of them are diagonal, this matrix is also diagonal, and any two 
matrices have no non-zero element in common. This fact leads us to the 
evaluation of the determinant as follows, 

    (3. 4) V = (n2n3a1 + ninacr+ n342+ del (n2n3G1+ n342 + 4)(7'1-1) 

                   (n1n3a2 naGL+ aD(n2-1) (n342+ de) (607/v12(713-1), 

or by writing 

                                0- ae, 

                         12=n342+ 01, 

   (3. 5)01 = n2n3G+ n342+ (1, 
                    0 2= n in + n342+ 6q, 

                        E= n2n3a1 )1,1234 n342+ 01,
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we have finally 

     (3.  6)V=0E01(n1-1)02(n2-1)012(n1-1)(n2-1)00n1n2(n3-1). 

   Now let us find out the inverse matrix of (3.2). Five matrices in 

(3.3) are all diagonal matrices with the diagonal elements equal to zero or 
one, and these have no non-zero element in common. Thus we have 

   (3. 7) [ (T,i1®T7,2iT„3) V (T „AT 7,2 ?DI '7,3) 

           = Ilnlo<H7,2®11„+Krilo<11„2®11.3+IniC)K '&11, 
   OE°1-2 

  11                   K
„i(DIC,®Hna+ni®In2®1(7,3 
      12190 

           = Hn1®Hn2ailn3+ (I„—llni),>311„2®Hn3 
    °E°1                                                  I 

              + T117,1® (In,—H„2) ®Hn,d-0(I ni—H.1)® (1-n2—H„2)®Hn3 
 212 

               + Inigin2®(-1-n3-11n3). 
                    6$0 

In view of (2. 3), we have 

   (3. 8) V-'—1Eni®En2® E7,3+(/— 1 Eni)(DE"gE 
          nin2n3u E112n3u ,nini 

                   nin30 2 
                    En10(1,22—n2En2)0En3 

                2n
30 12n^                   (In— 1 Eni)0(.1,--2En2)®En3      ni 

              +  1  in1®/„,0(1.7,3— n3En3) . 
                              Finally, by noting the relations 

                      n)2                   E„Y„= (Ey, and 1%.1„17,2=E  ri 
         1=1,=1 

where Y'7, is any n-dimensional vector Y'n= (y1, 3'2,•••, Yi,), our joint density 
function is given by 

   (3.f (x)nin2.3                  -1/2;7)Vi"exp [— -21--(X —it) tV-1 (X-11)] 
                             1 yln2n364-E-1/2017(ni-t)/20y(n2-1)/219172(ni-1)(ni-1)/20€7nin2(n3-1)/2 

                              27r.
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               r1jit,2,n2723—                                     '(X)2             • expL—
2)-I- 0,`TIti.—X 

             + n/3E+EE (xt1t2.    0 u               2 1212 ti t2 

                       1  

                   + EEE (X/1/2/3-41112021.] • 
                                     -0 t1 12 t3 

   We have the family of distributions whose parameter space is written 
explicitly as 

                        0<00<co, 0,=01+ 02— 0,2 

                        00<012‹ , 
                  S2= 

                     012<01<co, 00<g<00 

                         012<02<co, 

and whose minimal sufficient statistics are given by the following five sta-
tistics 

                      S0=EEE (x 111213— Xt112.) 29 
                                        11 t2 t3 

                        S i=n2n3E(x11..—x...)2, 
                                              Li 

                     S2= nin3E 
                                           12 

         S12 =123E+2, 
                                              /1 12 

and 
                                          x.... 

   Since the family disrtibution of these sufficient statistics is strongly 
complete in virtue of a lemma of Gautschi [5], the theory of estimation 
tells us that the usual estimates are the unique minimum variance unbiased 
estimates of the variance components aL 61, aF2, a12 and the general mean p. 

   § 4. The case of the r-way layout. 

   In this section we shall give the results and the proofs in the case of 
the r-way layout with the model given by 

    (4. 1) X1,12-31,44= tt + E a (                                             ,ii-•• ik; tZ) et,...trt,,, 
                                               k=-1 liecR 

                            (t j= 1, 2, • •-, j=1, 2,•, r+1), 

where it is a constant denoting the general mean, a(i                                                                                   •••, ik; .•', tik) 

denotes the main effect of the i1-th factor if k=1, the interaction between 
irth, i2-th, •••, ik-th factors with the level ti„ ti„.•., tLk if k  t   I, and e„...yr,
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denotes the error term. Further, the following distributional assumptions 
will be made 

    (1) a(i„•••, ik; t,„•••, t1k); is distributed as the multivariate normal, 
mean vector 0, covariance matrix a;kI„for k=1,2,••-, r; 

   (2) i e„...yr, is distributed as the multivariate normal, mean vector 0, 
covariancematrix 6, I„,...„,,, 

    (3)a(ii,•-•, ik; ti1,•••, tric)} and ta(ji.•••, ih; t,„•••, are mutually 
independent for (ii, ••-, ih) ; 

    (4) a(ii,•••, ik; t,„--•, tik) and are mutually independent 
for k=1, 2,•, r. 

   In the above equation (4.1), R denotes the set of integers (1, 2, r) 
and 1k denotes the subsets (i1, ik) of R= (1, 2,—, r) with the relat-
ions i1<i2<•••<i,. E denotes the summation for all subsets Ik of size k 

                             1kcR 

in R. 

   Throughout this paper the notations such as Ik, L, Lip etc. mean sets 

of integers (i„ i2,-•-, ik), .i2, • • • jh), (li, 12,•••,1,) etc. respectively, and 
 the summations such as II, , , where A, B, C are such sets of integers 

                              AcB AcB 

as stated above, mean the sum of all numbers aA's having A as the suffixes 
which are included in B, or included in B and including C, respectively. 

   Corresponding to (3. 2), we have the expression of the variance-covar-
iance matrix in terms of the Kronecker products as follows 

                                                                 1-8-11 

    (4. 2) V =E E °Uri® (En,kl-nik)]®Enr+1+-6cIni®•••®-nr+1, 
                   k=11,cR 3=1 

where 61, is a sort of generalization of the Kronecker's delta which is 

                1 if j is equal to either member of 1,,    (4
. 3)—               k 0 

otherwise, 

and E° is defined to be a unit matrix I. 
   For the developments of the arguments in this section we have to 

prepare with a number of notations and lemmas as follows. 

   Definition 4. 1. 
                                  r+ij 

   (4. 4)Auk)--->Lir E aijInj 3LP, 
                        L

P)=1 
                                               LpcR 

                                                                   07'1-1i,1 
                                                           P ,    (4. 5)A=E E 02_1122,_8L 

j=1                                           p=1 LpcR 

                          r-hr+1 1-st 

  (4. 6)A.,4;=E0.2,LPjh                               kp=kL

pDPt=1 
                                                LDCR-J,
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 (4.7)Bud= A(Ik) + , 

  (4.8)B=A+6q, 

   (4. 9)Xti,•=E•Ext,trtr+,9 

                                              , 

                                                t)1 t jr_r3 tr.,/ 
                                   (Jr-g=R—Lg) 

  (4. 10)X E • • • E  
                                 ti tr+, 

 (4. 11)1 3( 

                     

'Xr+1 
1_3.7 
                                 n,Lo 

                                             j=1 

  (4.12)i=  1  X, 

   (4.13) 

   (4. 14)U t,,•••t, Utp-Ctr+, 
                                       tjitj

r_atr+1• 

                               (Jr- g=R—Lg) 

  (4. 15)CJ =E E ti.-y 
                               tl tr+, 

                 1  

   (4. 16)ut...1=r+iUtt9 
                              II/11p1.- 81/110                                  nj 

                                                             .7=1 

and 

  (4.17)it=  1  u. 
                                   ni• • • 14-1-1 

   Lemma 4.1. A(//e)1 (not including A) are functionally independent. 
   Proof. By the Definition 4.1 it is obvious that every Aod is the linear 

form of a number of alp's. For any pair of members of A(,) the one 
includes at least one alp not included in the other, which completes the 

proof. 
   From Lemma 4.1 obtain 

   Lemma 4.2. {Bud} (not including B) are functionally independent. 

   Lemma 4. 3. 

    (.418)A"h)1 rA(J72,0API—1)                              (/ )=72Vic/k(/,`,./h) J • 
                ,4 

    Proof.
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                                r-h 

    (4. 19) A(Ih))--=E E6LIIr+11-StLpJA            k p =k P t=1 

                                     LpcR-Jit 

                r-h+1r-1-1_str-h-l-1r+1/ _st 

   =i                 0.1nt L  EntUp.) 
                       p=k LpDlk P L-=-1p=k+1 LpD(lkdk) P t=1 

                LpcR-Jk_iLpcR-Jk_i 

                   rr-h-I-1 ?ifnti_st_r-h+1r-Fl 1-St                                                                        12, LiA-, 
                     n,„Lp=k LPCIk P t=1p=k+1LpD(4,4) 1D t=1 

                 LpcR-Jk_iLpcR-Jk_i 

                  1ri)h_i) 
                                       tlukoh)                                   k 

This lemma enables us to express A(jd in therms of A p), which is given 
by 

    Lemma 4. 4. 

    (4.20)A.C1(Jk)k()1 E(-1)PA(/,,Lp) • 
                                     22i, ••• 72p=0LpcJit 

   Proof. We shall give the proof by making use of the mathematical 

induction in h. 

   In case h=1, we have from Lemma 4.3 

                   ,rA 

  (4. 21)1 vicr         kk 

                     1 

                         = E (-1)PA(I
k,Lp •                                                 /Z .?, 1)=-0 LpcJi 

   Then assuming (4. 20) to be valid in case h=N, e., 

  (4. 22) E E(-1)PA(Ik'Lp) •                                    n
„••1•n,,,,,p-0LpcJ, 

We shall prove this is also valid in case h=N +1 by using Lemma 4. 3 and 

(4. 22), which is given by 

         (J,,,f1))(IN) 
   (4. 23) A ud= [A((ji;:)— Auk' 

                         iN+1 

 { 

                  E 11                                „(-1) PA (Ik'Lp)—E(-1)PA(,,,,iN+1,L„)}1NniN-FiLnji• • ...INp=0 Lpc,p=0Lpc/ 

         1  

                   [ : (-1)PA(4,y+E E ( -1)PA-uk,y]                       liJN+1 P=a LP` Np=0 Lpc1„,+, 

                                                                       1-1)3jN+1
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               1 N+1              = E E(-1)PAci
k,LP).                           ,b•&•p=0LcJ                            "•••,)1V

-1-1PA+1 

   Now we observe the next lemma meaning the dependency between A 
and  {A(ik) or B and Bud • 

    Lemma 4.5. 

   (4. 24)A=E E (-1)P—'44(L) , 
                                         p=1 LpcR 

   (4.25)B=E E (-1)P-1B(Lp) • 
                                            p=1 LpcR 

   Proof. By Definition 4. 1 A(R) is the sum over the null index set and 

is equal to zero. On the other hand Lemma 4. 4 should hold true even if 

I, is the null set, and we have 

                                                          r 

   (4. 26) Au') — „ EE(-1)PA(L) 
                            fin; p=0LpcR 

                                             .1=1 

                  = [A + E E (-1)PA(Lp)]=0. 
                                                p=1 LpcR 

                                                    .7=1 

This is equivalent to 

  (4.27)A=E E (-1)P-1A(L). 
                                          p=1 LpcR 

   Here we need to prepare the following 

    Leema 4.6. 

                                                           rk 

  (4.2 8)E-..EEE(-1)"WE•              tzk13=o Locik11tik 0—o Lpciklitf, 

   Proof. Proof is given by making use of the mathematical induction. 
In case k=1, the proof is given by 

   (4. 29)E (-1)112 +0 .1 = y2,(uf. 
     2121 

                          ----E(ut .-(1)2. 
                                                                t. 

   Fnrther assuming (4. 28) to be valid in case k,N, we have 

                                   N-1-1 

  (4. 30) E EE 
                th'ti

N+113-0 Lt3c1N+1
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         = E E 
LoE [(-1)N-V— (-1)N-t3U                                  "tiptiN+1/1-*1                            /3=0ci

, 

                  r N 

            LIEE(-1)NAI                                                       tli-tl
i319),+12—gN=0(-1)Ar-I3UI...t12 

                                                                                         t/ 
                               13=0 LACIN 

             E(-1)N-gUtt.—E E(-1)N-grit12                                                                                  /11j 
                      f3=0L,gc1N113tif3=0 Lgc/N 

                                                                        g g=0 I, 0C 7N,                                                                  [E E (-1)N-P-E1U,.tLtE N+1-0Utli                                                                                        t2 
                                 f3=0 

                                                                      ft /A+1 

                              N+1          =E[EE(-1)N+1-13U,                                  I,tip],                                13=0Lgc/N+1 

which completes the proof of the lemma. 
   We shall derive the joint density function as the generalization of 

(3.9), which is enunciated in 

   Theorem 4.1. The joint density function of all is given by 

    (4. 31) f(x), (2n) -ni-nr+1/2B-1/21i 1-/ iB(It) -(nil-1)-(nik-1)/2 (GO -ni-nr(nr+1-1)/2 
                                                   k=1 IkcR 

                                            r+1 

                     illnj(X— 11)2Su) se             — 2='+EE p k2                     2k=11,c1I4-9(1 )ae}1    •exp[ 9 
where 

           r-1-1i _a~k2 

      S(ik)=EnjiEE( 
                      i=1111 tikt3=0 

                                                   2                    Se=E•••E (X1i-trtr                '1 tr+1+1 

   Proof. Let us at first transform the variance-covariance matrix given 
in (4. 2) by the orthogonal matrix which is the Kronecker product of the 
matrices defined in (2. 2), and we have 

   (4. 32)(1-7,10T,,,® • • • OT„r+1) V (Tni®Tn,®. • .01%r+) 

                                      r+1 1r 

                  E (520-1 n;_8j[0(H„,stIkInitk)10H7ir+i 
                 k=iIkcR j=1t=1 

                    ±aeIni®In20-.01n r+1 

                        r+ti_sj[r— 
           ,EEik(H„,k (H„, + KN)JO1nr+1 

                  k=1 IkcR j=1t=1
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            ornO(Hn i+K)                                   )=1 

                  r+1 r r           =E E 61 II Ili jill® (Tint+ OikKnt)1011n7+1               k=1 IkcRj=11=1 

 _ r+1 

           •II®ni±K 
 .1=1 

         =            CL E aLpriiGq]lini—OHnOHn                                                                              p=1 LpcRj=1+1 

             + Err Eslp4_ail7110 (lln_t8ikK:itr+1k)_4'41(9Hn                   k=1 IkcRI--p=kLppIk,=, t=1 
                                    LpcR 

                + 0: I ni®'• • 01 nr®Knr+i 

                         r+1 

          =BHOHn +E E Liu
/di-10(H.,IkKnitk)OHnr+i 

             1=1k=1 ikcRt=1 

                +6e Ini® • • • OinrOK„r+1. 
   Thus the matrix (4.32) is expressed as the linear form of a number 

of matrices of the type 
                         An1®An20...0AnrOH.7+1 

where 
                      Ai=Hi or Kt 
and the matrix Ini0.--0-1nr®Knr, and all of them are diagonal matrices 
with the diagonal elements eqnal to zero or one, and have no non-zero 
element in common. This f act leads us to the evaluation of the inverse 
of (4.2) as follows, 

   (4. 33) [(1 n107 1.20.-OTnr+,)V (T niOT.2®071 nrjr1 

         1 r+11 ratat             = 
RHOH„,+EEn11® (H,,ikKnik)0.117,                               tt7-1-1                      j-=1k=1I kcR BO (Id t=1 

             1                 •/ 0 ---0/ nr®Knr+1 

        r+1r1 '             = p-11-110i+I kcEp, II®(1-nt—Int)8tiki.OH nr+1                j=1k=1R.1-u)1=1t 

             + 1, I • • ®In(In) 
          C;rr+1"r+1• 

Therefore, in view of (2. 3), we have
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   (4.34) V-1— r+,1  E„,®•••®Enr®Enr+i 

                           j=1 

   tst 

              1  

        +E E 110{(1E„)k(in—-1-En) 
         k=1kcR(t=1tntnr+i r+1 

           + -1- in10...0/„r—1)                                              7+1 nr+17-1-1 
                            e 

              — /-1-11 E„10 • • • ®En®En 
                             rr-Fi 

       +ErEpe11-StStr+1,i-811   EE(-1k-311llnLIB)0En13                                                                                     nt               k=1kcR[g=oLgclk)0(                        1=1r+i jinj/ 

                    1             +/7,10.• Oin0(in—En. 
         err nr+1r+1 

   Let U be the column vector of ut,•••tr+i's, then we have by using 
Lemma 4.6 

  (4. 35)U',,1   Eni®.• • 0E7,OE„                                        rr-1-1 

               ll                               nj 
                                       i=1 

                 1                         = r+1 112 
                  lj nj 

                                          j=1 

                                        r+1 

                       1-1 ni 
                                        j=1 

       r k rAt_At741(y-4 
   (4. 36) U'!E(-1)"110(E1.tt                                  31-7,L,9)0Enr+1ll131U 

        /3=0Lgclk1=1 j=1 

                                   9()1_81 
         =EE 

           13=0 LgclktIg1Pni 

                                             r+1 

             =E E (-1)k-gll njzgE•••Eiet...t 
            3=0 Lgclkj=1t1g11Ig 

                              r k            =E.-ELEE-1 1131                        titr+,g=oLgclk 

                 r+1si              =1-1 nj'kE•••E[EE(-1)k-Wti...t 
              j=1tikg=o Lgc k 

                             -F11 _,i 
   ,rllE 

                     :7=1t. tif3 =0 Lgc./,
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 r+1 jk             =11 niLE E (-1)k-'(it11-tit,—11)12                   j=1tit t,k(3=0 Locik 

                        r+1 
      =ni—                   'kEE[EE(-1)"x t...t1,-12              1-1 

              j=1ti k/3=0 Loc/k 

                 =S(I
k), 

and 

   (4. 37) U'In1®•••017,7.0(17,,i— n iEnr,i)U 
              =U'I„®•••01-n r+1U — 1 U'in0•••®/.,0Er,r+iU                                              nr+i 

                =E• • •E ...trtr+1— 1E.• -EtT...tr         t,1/41nr+1tr 

                                     t                                     rr+i 
          tr+i 

      =E•••E-02 
                       r+11                       t

1 tr+1 

               =E.•.Et 
                                    rr+i           t

i tr+1 

                   = Se.

The quadratic form in the exponent of our density function is then seen 

to be 

                                        r+1 

                            n;—te)2Su 
e   (4

.38) U'V-11 EB +Rk),2•         E e 

   On the other hand we obtain easily from (4.33) 

    (4. 39) v- =Bll 11 Bud(nu-1)...(nzt-1) a: n1-nr(nr+i-1) 
                                    k=1 IkcR 

At last we have (4.31) by (4.38) and (4.39), which completes the proof. 
   Theorem 4.2. S(Ik)/Buk, is distributed in central chi-square distribut-

ion with (n,-1)... (nik-1) degrees of freedom for every 1.„=R, Se/oe with 
n1•••nr(nr+1-1) degrees of freedom also, and these all are distributed ind-
ependently to each other. 

    Proof. 
   Let X be a column vector of observations, du be a column vector (p,g, 

And let TT,), r:',) be matrices, modified Tni respectively, as follows
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                       /1  1\ 

                                                  Tit 

  (4. 40) VtI) =0  0 

                      0   0 , 

  (4. 41)PK) —T—T(n)                        ntntnt• 

Then we have another expression of U'V-1U given by 

   (4. 42) U'V-1U 
              = U' 7nr+1)1T.,®•••®T nr,i)V n,0-..OT nr+1)1-1 

                (Tni®.•.®Tnr+i)U 

            = U' (T ni®. • •OT 

     11 r1-8              •[B-H.,®•••011,2,1+E110ik)OHnr+i                                        tnt                                                         "-k=1 I
kcR .L..0(4)t=1 

  „0 ••®in01(                           rnr, 

           

• (T 

           1             =B (X—)CT T) 071 V+) ,)(Tri 07 Or+) ,) (X —p) 

             +E E D1 X'Erio (T8%7,(,kt)81k) 071Sti;2+11                    k=1 kcRuk) t=1 

                          •[ft® Vit)1-81kril)S-t-10 OT ri                                                     t=1 

               +  IX' (71 ni®...®TnrOT;,)+,)' (Tn1®•••0117,r011Kr+) )X 

               1  

           =B (X — IA) Q(CQ 0 (X — 

     E E ,D1 + 
       k=1 IkcRcre 

where 

             o=r11), 0---011Z+)„ 

         Qk)=--lir(TWir)stIkR; 1, 2,- , 
                                  t=1 

and
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 Qe=117,i0•••®Tn rgriicr+) 

   Here the following results are easily obtained. 

   (A) For I,=R, (4)Q(IL)V /B(Ik) and VQ,V/6: are all idempotents 
since it holds that 

         qi,,,,(Q(4)VQ(Ik))Q(4)17 /Bk)=Q(Ik)B(Ik)IQ(,,)V /B(Ik) 
           =Vi k)()(4)V/kik) 

       Q;(QeVCe)(1eV/ =Q; G: IQ /(62)2 
         =VQ,V /01. 

    (B) e[Q (4)X]=Q (4)12=0 for .1,=R; k =1, 2,•••, r, 
         e[QeX]=Q,A=0, 

         e[XVik)Q(4)X/ (n,— 1) ••• (n,k-1)]=4,k) for 1,,,=R; k=1, 2,••., r, 
         E[XVQ,X/nr-nr(nr+1-1)]=4 • 

    (C) rank [q/k)Q(Ik)V]= (nzi-1)••-(n,k-1) for Ik=R; k=1,2,•••, r, 
          rank [QeQeV]=211222-••nr(nr,-1). 

   (D)Q(,,q,k)0 for .1-k 

This consideration leads us to the proof of the theorem. 
    Now, in our model, the random variable is X11...nr+i; X21...1, 

•••, X21...7,7+1; ; Xni...nrnr+i), the sample space Rx is a nin2•••nr+i-
dimensional Euclidean space, and the family Ox is specified by the parame-

ter 0= (a, 61k' a: ;IkCR, k=1,2,•••,r), whose space is of (2r+ 1)-dimension, 
wher 00<,u<+ CO, 0 a2.1-7, ‹+ CO and O<62,<+ 00. 

   We shall consider the transformations of the original parameters and 
statistics such that 

                                     r+1 

 (4.43),                      r(1)=Tr n                          B' 

    (4. 44)(2)1-r(/k)=2B
(I), Ik=R, k=1, 2,..., r, 

  k 

    (4. 45)(3)._1                  r_- 

   (4.46)Z(1)= x , 

   (4. 47)4Pd =S(ik) .1,=R; k=1, 2,-, r, 

   (4. 48)Z(3)=Se,
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Since we observe the independency  of, the class of parametric funccions 
{/3(4); Ik=R, k=1,2,...,r} in Lemma 4.2, it is seen that the transformation 
(4.43), •••, (4.45) from 0 to r= (r(",712/)k), v(3) Ik=R, k =1, 2,•••, r) is one-to-
one. Therefore we can say that 3' is specified by r, where — co<r(3)_<Trvi) 
<tfid)<0 for any pair (M, N) such as M=N, M=R, N=R. Further we 
should notice that B is a function of Bad's as seen in Lemma 4.5, and Z('', 

42/Vs and Z(" are functionally independent to each other where the proof 
is omitted. 

   Then, under the new parameter r, by using the above-mentioned results 

we obtain the probability density function of X as follows ; 

   (4.49) K(r)exp[r(')Z(1)+EZ2/)k)r(8)Z(3)+ g(lTi),Jk=R)h(Z(1))]. 
                                         k =1 I kcRk 

Hence the sufficient statistic for 8X is (Z('),Z(122, Z(3) ; IkCR, k=1, 2,•••, r). 
In order to show Oz in this type be complete, we need to use Gautschi's 
lemma or the following generalized lemma. 

   Let Y(k) be a k-dimensional Euclidean space with the point y('= (Ylv Y2• 
• • yk) . We shall write the first j components as y(i) and the remaining 
components y(U)) so that we write y(k) in tha following different f ashion 

y(k) (y0) y((j))) — (y(k-1) yk \                         ) etc. And let r(k).---- (r„ rk) be the point 
of a k-dimensional Euclidean space, then the notation r(i) is to be understood 

in the way above stated. 

    Lemma 4.7. Let 

                              Y(k)p(kk)rue)e 0)} 9 
where co is a Borel set in an Euclidean space containing a non-degenerate 
k-dimensional interval, be the family of measures PA(4) on the additive 
family of subset in the space of point y(k), having the density 

   (4. 50) pr(k) (y(") = C(r(k))h(y(k)) exp [Eriyi+ g• (vy((s)))1 

with respect to Lebesgue measure. Then 017(k) is strongly complete. 
   The proof of this was explained in [2]. 

   In the estimation problem of the parameters, the estimates usually 
adopted in the practice of statistical inferences are unbiased and based on 
the sufficient statistic Z defined above. As we can observe our family 
is complete by making use of Lemma 4.7, we have 

    Theorem 4. 3. In our random effect model, the usual estimates of the 
parameters, such as the general mean and the variance components of 
random treatment effects, are the best unbiased (unique) estimates among
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all unbiased estimates. 

   § 5. Nested design. 

   We shall treat the problem of the estimation in the random effect model 
 for the nested design, whose model equation is given by 

    (5.1) x.-trtr-1-1 AcRt+Ea(1,2,•••, A; 
                                                      _1p-t                                                             2,' • •ta)4-et1—trtr+1' 

  1 

                                            (t,=1, 2,•, n,; j=-1,2,•••, r+1), 

where g denotes the general mean, a(1; t1) is the effect of the 1st factor 
labeled t1, a (1, 2,• • A; ti. t2, 29 • ta) is the effect of the a-th factor labeled 

      ta) within the nested plot labeled (t1, ••-, ta_i) for the 1st, 2nd, ••-, 
(a-1)—th f actors, and eti...yr+iis the error term. 

   We assume that ,a is a constant, all a(1, 2,•••, A; t1, t2, ta)'s and 
et are distributed independently to each other as normal with mean 
all equal to zero and the variance of a(1, 2,—, A; tt                                                   _1,-2,•—, ta) all equal to 
aA, the variance of et1...111, all equal to C:. 

   The variance-covariance matrix of all observation is given by 

   (5. 2) V=0-2A[HO (.07,-82AIni).10E„r+1+cr!llr+10/                                                 j=ini•                  A=1 )=1 

By the orthogonal transformation defined in Section 2, we have 

(5. 3) (Tni® • • • OT„r+i) V (Tni0•••0Tnr+i)' 

   R r+1,t
_r+1         c2A11® (I A Hi-eA)10H„,(JHain.      A=1 J.--1e=,nt nt+1 J=1 

    =[Rr+1j        E4P11n1-8 P41.1,,(ri110-Hn 
     P=1 j=1 j 1 t=2 t 

     +krR            EaPrii)-6+0[±1016- (A-" -111n-t8tAnOlinr-1-1        A=1P=A PDA j=11 1=272,nt 
                     FcR 

           ajn i®• •Onr ®Knr+i 

                          r+1     =B*I(ll®Hii t                                t=2 

                      r        +E B* (A)In0LI10(I12`4-1/6-(A-"Hl-eA )]®- 1- Inr-I-1     A=1 e=2ntntnt 

           a2Ia
1®.••0/nrOK.r+i, 

where
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              R  r-1-1 i _sf 

     B* =E611nP a: , 
           P=1 j=1 

                                    7-1-11 _81 

     B* (A) =EE 611n ,P + a: , 
                P=A Pp 

                     PcR 

From this it follows that 

       ' 1  1  (5. 4) A-1 =171( nj B*I„OE„20•••®Enr®Enr+i      j=2 

     ±' 1  in(in _  1  En)SA--(A-1) ( 1  En)1-eAl.-b 1  E. 
  A=1 B*(A)Lt=2 ntI ntntr+1 

         + 1,/7„0•••0/nr®(/.r+1nr+1                                                         ir+1                  C7 

       r+1 l1
*                       in 0E7,20.-•®Enr®Enr+,           )=2 nj B* 

          R1  
        +E inril®Ti'tA1-SA 110E.r+1 (-1----)1-1jA 

          A=1.0(A)L1=2ntt_Jr+1 .7=1 ni 

        R 1        —En,„0[110-K4-1El-8'A-11.1En( 1\8jA 
         A=1.0(A)t=2ntnt71-1 j=1nj 

         + 62/,,10- • •O/nr (/„— 1  E„.       er+1 nr+r+ 

Then we have that the joint density function of all observations is given 
as follows : 

     (5. 5) f(x)— (270 -n1-nr+1/2 B*-1/2 B*(A) -(ni-na-1)(na-1)/2 (OD -n1-nr(nr-1-1-1)12 
                                                AcR 

                                                            r-I-1 

             -S* Se              .exp[—ti=1 E (x _ „)2+1(A)+  1.1 
               2B*'1-/f-J1 Bto a:' 

where 
                                  7-1-1 

        Se:9= II...ta2, 
             j=a-1-1to     " 

       S: = E E (xt,...yr+1r) 2. 
                 11 tr+1 

                            Since it is seen that the family of the distributions of the sufficient 

statistics in our concern is complete, we have the same conclusion about 

the estimation problem for the nested design as we obtained in Theorem 

4. 3,
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