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   § 1. The Conception of the Stochastic Dynamic Programming. In 
his recent study on the dynamic programming, Bellman [4] (p. 81) expres-
ses the essence of the dynamic programming by the following five condit-
ions, considering a system. 

   a. In each case we have a (physical) system characterized at any stage 
by a small set of parameters, the state variables. 

   b. At each stage of either process we have a choice of a number of 
decisions. 

   c. The effect of a decision is a transformation of the state variables. 
   d. The past history of the system is of no importance in determining 

future actions. 
   e. The purpose of the process is to maximize some function of the 

state variables. 
   The purpose of this work is to discuss some stochastic aspects of 

successive process of strategies in connection with the dynamic programm-
ing on the basis of the above f undamental concepts. 

   In this section, let us consider the outline of our stochastic dynamic 
programming. At first, it is necessary to build a system. Let us build 
our system by the following notations. 

    1.1. Notations. 

   (i) x(i)(i=1, 2,—, s) this x(i) is the i-th strategic variable. (i=1, 
2,—, s; t=0, 1, 2,—) is a value of the i-th strategic variable at the time 
t. The time 0 denotes the present time. For the sake of our convenience, 
let x= (x('), x(s)) be a vector which is composed of strategic variables, 
x(z) 's, and let xt be a vector which is composed of .xi) 's (i=1, 2,—s). 

   (ii) cz) (i=1, 2,—, s; t= 0, 1, 2,—) this is a profit which is earned 
by unit level of the i-th strategic variable x1) at the time t. For the sake 
of our convenience, let c,=-(cP), c?),--, 0)) be a vector which is composed 
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of cfz) 's (i=1, 2,•••, s). And let CP) be a random variable of which 0) is 
a realization, and let Cs—(Q') Q",-••, Qs)) be a random vector which is 
composed of random variables Q') 's (i=1, 2,-•, s). 

   (iii) gt; this gt is a total profit (ct, x1) xf') which is obtained 
                                                                               =1 

by the activity level xt. 

   (iv) bo) (j=0, 1, 2,•, nz) ; this b" is the j-th state variable which 
denotes a quantity of the j-th limited resource, and V) (j=0, 1, 2,—, m; 
t=0, 1, 2,—) is a value of the variable b(J) at the time t. Specially, let 103) 
be a variable which denotes the amount of money (or more generally deno-
tes the liquid capital). For the sake of our convenience, let b be a vector 
which is composed of to) 's, and let b, be a vector which is composed of 

   's (j =0, 1, 2,•••, m). 

   1. 2. System Building. Adapting the above notations, let us build a 
system which is defined by the following five conditions. 

   Condition 1. A stochastic process Co, C1, C2,... is an independent, 

stationary, stochastic process. Each random vector C, realizes at the time 
t+1. In what follows, let a= (a(1), a(k)) be a vector which is com-

posed of characteristic values of the distribution function which associates 
to the random vector Co (and also to the random vectors C1, C2,...) . 

   Condition 2. Each strategic variable x(') (i=1, 2,—, s) is a function of 
state variables b(2) 's (j=0, 1, m) and a(1) 's (1=1, k). In what 
follows, let us denote these functions as follows, 

   (1. 1)x(')=F(')(b; a) (1=1, 2,—, s) 

and call these the strategic function. For the sake of simplicity, let us 
denote our strategic vector by x=F(b; a). 

   Condition 3. (i) We can obtain complete informations on the values 
bo 's (j=0, 1, 2,—, m) at the time 0. 

   (ii) If we carry out our activity by the level xo at the time 0, we can 
obtain the profit, which may be negative as the loss, 

  (1. 2)go=E xt)= (co, xo) 

at the time 1. 

   (iii) The profit g, is invested into the liquid capital 14°) at the time 1, 
but other limited resources are invariable. That is 

    (1.3) br=b,;°)+ go, 14,3)=V) (j=1, m). 

   Condition 4. (i) When the process reaches the time t (t=1, 2,---), we 
can know the value V). 

   (ii) If we carry out our activity by the level x, at the time t, we can
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obtain the profit, which may be negative as the loss, 

    (1. 4) g,==EcP. .14i)= (c„ x1) (t=1, 2,...) 

at the time t+1. 
    (iii) The profit g, is invested into the liquid capital br at the time 

t+1, but other limited resources are invariable. That is, 

     (1.5) bP.,=k))+ g„ bP)--b(?)=-•• (j =1, 2,...). 

Our purpose of this work consists in choice of the optimal strategic funct-
ion F(b, a) in above system. 

    Now, if we choose a strategic function F(b, a), then V), xf 's (i=1 , 
     s), g1; b.?), 's, g2 ; ••• are expressedbyfunctions of bo,co, 

And then, we can forecast future values of bP) 's, 's and g, 's (t=1, 2, 
••• ; 2, •••, s) associating random variables respectively at the time 0. 
In what follows, let the large characters, Br) 's, X" 's and G, 's (t=1 , 2, 
••• ; i=1 , 2, •••, s), be random variables of which br 's, .xj) 's and g, 's are 
realizations respectively. 

    1.3. Choice of the Strategic Function . When we choose our strat-
egic function, we must decide our fundamental attitude in the stochastic 
dynamic programming. Let us assume as follows. 

   Assumption 1. The Purpose of our stochastic dynamic programming 
consists in effective profit earning under incomplete informations , throug-
hout an infinite earning process. 

   Now, if we try to choose our strategic function on the basis of the 
above fundamental attitude, we are necessary to form a functional which 
evaluates the degree of effectiveness of our strategic function. The func-
tional is subject to bo and a. In what follows, let us denote by U (b0, a; F) 
the valuation on our strategic function F, and name the functional U (b0, 
a; F) the ultimate objective functional. 

   " What functional can be our ultimate objective functional " is our 
important problem of this work. It is desirable to derive necessary and 
sufficient conditions for our ultimate objective functional , but it seems diff-
cult to obtain the conditions. In this work, let us choose the ultimate 
objective functional which satisfies the following two conditions. There , 
s„=go+g,+.--g„_, and S7,=G0+Gi+...+G„ _1. 

   Condition 1. (Condition for Discrimination) U(bo, a; F) is an one va-
lued functional of LP°, a and F(b, a), and is not only one value in all 
domain of F. 

   Condition 2. (Condition for Effectiveness) We can choose a suitable 
function so(s,,, n) which is monotonously non-decreasing function of sn and 
is monotonously non-increasing function of n, so that 

   (i) U(bo, a; F) may be so-converged in probability by S„ and n, i, e.
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  (1. 6) lim n) —U(bo, a; F) =0 

for any small positive number e, or so that 
       U(bo, a; F) may be ((p, u)-converged in probability by S„ and n, 

1. e. 

   (1.7) 

    Urn Plidpiv(sn)1 
    74->nU(n) (sn,dpsi9(sn, n) } —U (b0, a ; F) >e=0 

                      ,  

              dtv(sn, n)} 

for any small positive number e and 3. Here, u(n) Ca (sn, n) is a suitably 
selected valuation function on Co (sn, n) and n. 

   Note 1. If we can selected a function CO (sn, n) on which CO (Sn, n) con-
verges in probability to a fixed value on each F, let us select a 9-converged, 
ultimate, objective function. And if we cannot select a 9-converged, ulti-
mate, objective function, but if we can select a function 9(s., n) on which 
Co(Sn, n) converges in probability to a random variable on each F, let us 
select a (9, u)-converged, ultimate, objective function. The former may 
be regarded as a special case of the later. 

   Now, in this work, some functions 49(s., n) = s,, or 9(s., n) sn/n or 
co (sn, n)=ros.)--1-s,,/k,°) will be adopted to choose the ultimate objective 
functional, setting aside that these functions are optimal or not. 

   After we choose an ultimate objective functional U(bo, a; F), we must 
choose our strategic function F which maximizes the ultimate objective 
functional. Let us call the chosen strategic function F to be co-optimal 
if U(bo, a; F) is a functional which is 9-converged in probability, and call 
it to be (9, u)-optimal if U(b,,, a; F) is a functional which is ((p, u)-co-
nverged in probability. And of ter we choose the 'p-optimal or (9, u) -opti-
mal strategic function F, we can decide the 'p-optimal or (9, u)-optimal 
present strategy x0=-F(bo, a) . 

   In some system, even if we try to choose directly our 'p-optimal or (co, 
u) -optimal strategic function on the basis of the above process (1.1),(1.5), 
we shall be involved various complexities. In such a system, we must 
simplify our strategy making process, neglecting the various complexities 
of our considerations and calculations. The simplification is our consent to 
miss. In what follows, let us call " our subjective decision " which solves 
a part of strategy making which is left from our pursuing process on the 
basis of the process (1.1)—(1.5), the subjective policy. 

   Let us consider some simple examples on our strategy making. 

   § 2. The programming in the Game by the Bernoulli Trial. 

   2.1. System Building. The game by the Bernoulli trial is pursued in 
a system which is defined by the following conditions. 

   Condition 1. A stochastic process Co, C1, C2,...1 is an independent,
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stationary, stochastic process. Each random variable  C, (t=0 , 1, 2,—) is 
realized on 1 or —1 by probabilities p or q=1—p respectively at the time 

t+1. If we participate in the bet at the time t and win the bet, the real-
ization of C, is equal to 1, and if we lose the bet, the realization of C, is 
equal to —1. 

   Condition 2. According to the rule of game, we can participate in each 
bet in the game as long as our funds for the bet is equal to or is larger 
then 1. Our strategy at the time t decides whether " we participate in the 
bet at that time " or " we do not participate in the bet ". If our funds br 
is larger than a suitable positive integer k, our strategy decides to partici-

pate in the bet at the time t, and if it is equal to or is smaller than the 
integer k, our strategy decides not to participate in the bet at the time t . 
We can express our strategic function as follows. 

   (2.1) x=F(b(0), p)=1, twhen b(°)>k>_0 (we participate in the bet)                      0
, when 0<b(0)<k (we do not participate in 

                                the bet) 

   Condition 3. (i) le) is a positive integer, and we know the amount of 
br). 

   (ii) If we carry out our strategy xo at the time 0, we can obtain the 
profit 

  (2. 2)go ----co. x0 

at the time 1. 

   (iii) The profit g0 is invested into the initial funds br at the time 1. 
That is, 

  (2. 3) = le) + go 

   Condition 4. (i) When the process reaches the time t (t=1, 2, ••.), 
we can know the amount of funds br. 

   (ii) If we carry out our strategy xt at the time t, we can obtain the 
profit 

   (2.4)gt=ct.x, (t=1, 2, ...) 

at the time t+ 1. 

   (iii) The profit gt is invested into the funds br at the time t+1. 
That is, 

   (2. 5)bP+i=br + gt (t =1, 2, •..). 

   Note 1. If our strategic function decides not to participate in a bet at 
a stage in our game, we cannot obtain any profit and do not suffer any 
loss at any subsequent bets in the game. That is, not to participate in the
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game according to our strategic function, is also to leave the game forever. 

   2. 2. Choice of the Strategic Function. Let us consider how to 
choose our strategic function in the following two special cases, considering 
whether the stochastic process Go, G1, ••• is an independent, stationary, 
stochastic process or it is not. 

   The case 1 (the case of independent process) 
   In our system, if we lose all our immediate funds at the time t, we 

must leave the game at that moment, and then G,=--G,,,= • • • --=0. If le is 
bounded and q>0, random profits G, 's (t 1, 2, cannot always be in-
dependent with each other. But if we have or are given other funds by 
br to participate in other games, in a system which is defined by the con-
ditions 1-4 in the section 2.1, then it is of no important to care for the 
finiteness of our immediate funds for the game. That is, we must decide 
so that either the strategic function (2. 1) may always be equal to 1 or it 
may always be equal to 0, in all successive games. Then, k is equal to 0 
or is not smaller than bP) in all successive games. If we denote the profit 
at the j-th bet in the i-th game by the sequence of random profits G10, 
G11, G12, •, G20, G21, •-• } is an independent, stationary, stochastic process. 
And all values E (G,,) 's are equal to a constant which is determined by 
br, p and F. 

   Let ny„ be the total number of bets in the first rn games. According 
to the " law of large numbers ", we can admit the following expression 

   (2. 6)lim P{IEEGo/nni— E (Go) ›E =0 

                                                  z for any small positive number E. That is, U (br , p; F)=E (G,„) is our 
ultimate objective fuuctional. 

   Since E (G10) E (C 10) • x10 = (p— q) • x10, our strategic function (2. 1) is 
determined as follows. 

   i) If p>1/2, then k =0 (that is, we participate in each bet as long as 
we have positive f unds). 

   ii) If p<1/2, then k>N" (that is, we do not participate in the game). 

   The case 2 (the case of non-independent process). 
   Next, if our funds is only funds for all games, we cannot participate 

in the immediate and any other games forever after we lose all our funds. 
In such a case, we cannot repeat f ailure and participation. We have only 
one chance to leave the game according to the decision of our strategic 
function. The stochastic process G0, G1, G2, ••• I does not be independent, 
stationary, stochastic process. If we intend to choose our strategic func-
tion (i. e. the number k), we must directly pursue relative relations among 
G, 's (t=0, 1, 2, 

   At first, let us calculate the probability by which we leave the game
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by the loss r. r may be Vo—k which is determined by our strategy or may 
be le which is determined by the rule of the game, in the system which 
is defined in the section 2.1. 

   Let in (in some cases, this in will be denoted by simple i) be the num-
ber of " win's " in the period from the time 0 to the time n-1, and let j„ 
=n—in (in some cases, this jn will be denoted by simple j) be the number 
of " loss'es" in the same period. Then, we can participate in the bet at 
the time t, if and only if the relations j„—in<r 's (n=0, 1, 2, t-1) are 
sa tisfied at all times n's (n=0, 1, 2, ••-, t-1). Feller [7] (p. 282-,-) con-
sidered the random walk of our funds by the difference equation, in a sys-
tem which is based on the Bernoulli trial. But, for the sake of strictness, 
let us directly pursue the random walk of our funds. 

   Let E (i, j) (i and j are positive integer) be the event 
   (i) " we can participate in the game at all times t 's at which t=0, 1, 

2, •--, n-1, without suffering the loss r, and 

   (ii) we win at i times and lose at j=n—i times ". 
And let P (i , j) be the probability by which the event E (i, j) will realize. 
We can admit the following theorem. 

   Theorem 2.1. 1) P(i, j)=„Ci.pi • q', if j<r, or j=r and i=0. 

   2) P(i, j)=(nCi—nCj_r) • • qi, if r<jr+i-1. 

   3) P(i, j)=(nCi-2._iCi-i)-Pi-qi, if j=r+i and j>1. 

   4) P(i, j)=0, if r+i+1<j. 

   [Proof] It is evident that the assertions 1) and 4) are true. Let us 
prove the assertion 2) by the double mathematical induction on i and j, in 
the following way. 

   [A] Let us verify that the assertion 2) is true, if j=r. 
    In this case, if and only if co =c1=------c_1=-1, we must leave the 

game. Then, the probability by which we must leave the game till we 
reach E(i, r) is equal to pi. q'. We can admit the following relation. 

   (2.7) P (i , r) = (nC,— 1)•br= (nC1— nG 0) •pi - qr (i + r = n) 

which proves the assertion 2) in this particular case. 

   [B] Let us verify that if the assertion 2) is true on all i 's and j's in 
the domain of i>1 and r <j <r +1-1 (1 is a positive integer), the assertion 
2) is also true on all i 's in the domain of i>1+1 and j=r+1. The rest-
riction on i arises from the restriction on i 's and j's in the assertion 2). 

   [B-1] At first, let us consider the case of i=1+1 and j=r+1. 
   Now, we can assume two paths by which we reach E(1+1, r+1). The 

first is the path by which we reach E(1, r +1) and win the next bet, and 
the second is the path by which we reach E(1+1, r+1-1) and lose the 
next bet. But, if we reach E(1, r+1), the relation (r+1)-1=r satisfies ,
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and we cannot participate in the game at the next time. That is, we can 
reach E(1+1, r+1) by only the second path. We can admit the following 
expression. 

          P(1+ 1, r +1)=P (1+ 1, r+1-1).q=(-1C,+1—„-1Ct-1) •P1+1 .qr+1 
   (2.8) 

           = (nCi+1—nCL)-P1+1.qr+1 (n= r +21 +1) 

   We have proved the assertion 2) in the case of i=1+1 and j=r+1. 
   [13-2] Next, we must verify that the assertion 2) is true on i=l+m 

+1 (m is a positive integer) and j=r+1, if the assertion is true on all i 's 
in the domain of i_</+m and j=r+1. If we pursue the paths by which 
we reach E(l+m+1, r+1), like as we have done in the case of [B-1], we 
can verify that the assertion 2) is true in this particular case. 

   According to the consequence of [B-1] and [B-2], we can admit the 
assertion [B]. And according to the consequence of [A] and [B], we can 
verify the assertion 2). 

   Next, let us verify the assertion 3). 
   If j=r+i and we can reach E(i, j) by only path by which we 

reach E(i, j-1) and lose the next bet. Since j=r+i, i.e. j-1=r+i-1, 
we can admit the following expression by the assertion 2). 

    (2.9) P(i, j-1) = (n-lCi n-lCj-r-1) -Pi.qi-' (1+ j=n) 

Then, we can also admit the following expression, if j=r+i and i>1. 

   (2. 10) P(i, .i) = (n-iGi /31-qi = (.Ci-2._1Ci_1) -qi 

After all, our assertion has been proved.Q.E.D. 

   Now, let us put P„-----i+,P(i, j). According to the definition of P(i, 
                                            j-a=r 

j), we can admit the following expression. 

   (2.11) Pn= j) =1- E P(i, j) =1- E P(i, j) 
            j-i=rz-I-J=n                                                      j

-i<r 

And we can obtain the following theorem which coincides with the Feller's 
assertion [7] (p. 287). 

   Theorem 2.2. If p>0 and q>0, then 

                         ifp<1/2 
 (2.12)Pn—1 

                    — 

                      (q/ p)r if p>1/2 . 

   Proof, we are going to consider the case in which n is sufficiently 
large and 1>p>0, then it is sufficient to pursue the earning process in 
only case of r<j<r+i —1. According to the theorem 2. 1, we can admit
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the following expression. 

 (2.  13) P(i, (i+ j=n) 

   Since n is sufficiently large, and both p and q are positive and these 
are independent of n, we can approximate the binomial distribution by the 
normal one. We can admit the following expression, by the expressions 
(2.11) and (2. 13). 

      P„=1—  1   Fexpi— (i— nP)2—exp—(i+r—np)2t 
        2rnpqt2npq2nPq\PI J 

                                       n-r 

                                    2 

 (2.14) 

                    e•y       =1—1fd+  1d(qy                                        e•y• 
       1/27cI/2n 

                 n- 2np- rn-2np-Fr 

              2,/npq2 V npq 

That is, we can easily admit the theorem 2. 2.Q.E.D. 
   Further, according to the theorem 2. 2, we can obtain the following 

theorem. 

   Theorem 2.3. When a game is carried out in the system which is 
built in the section 2. 1. 

   [A] if p<1/2, we can admit the following expression for any small 
positive number s, 

                                                 n-1 

   (2. 15)lim P 1 E Gi+ (bP —k) 1 >e} =0 
                                                  i=0 

   [B] and if p>1/2, we can admit the following expressions for any 
small positive number e. 

                  n-1n(0)_k 

   (2.16)lime< EG.,/n<0=(`')b° 
                                                 i=0 

                    E(2. 17)limP{ 1EGi/n— (p —q) <e =1——q) 140-k 
                                             t=0 

   Proof. The assertion [A] is immediate result of the theorem 2.2. And 
the expression (2. 16) in the assertion [B] is also immediate result of the 
theorem 2. 2. Let us verify the assertion (2. 17). 

          n-1n-1 

   Now, let us put r,,,= E gifn and Ri,=-EGi/n. Like as we have derived 
         t=0t=0 

the expression (2. 14), we can also derive the following expression (2. 18) 
by the expression (2. 11) and (2. 13), considering r„=(i—j)/n=2i/n-1.
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 (2.18) 

                  }I(i—np)2 — (i+q)—k—np)2b0(©)—k  P(p—q) <6=/1 4d}di                                                      4‘                        ie2npqe 2npq    9,                                                          (
p-o-E<rn 
                                                   <03-0+, 

            1n• rn— n • (rn—(0)—k)/n)e(0)—k 

 /8rn+ 1))   {e-8w—e8pq• (g-)b° }•dr„  Pq(i— 
                                                n • (

27r  
           n—2 

      nebk(0)                  121
0—N2fib—k         12'/1T4_(t-2,7 .(A)°.dt (tr=   

  1/27rP1n) 
                       ne  

                  2/ pq 

When n---)w, the expression (2.18) eonverges to the value 1— (P/q)q)'. 
That is we have proved the assertion (2.17).Q.E.D. 

   Note 2. The probabilities (2.12), (2.16) and (2.17) are not limitations 
of relative frequency distribution. 

   Now, according to the theorem 2.3, when p<1/2, we can obtain a co-
converged, ultimate, objective functional 

                          — (b,;°) — k) , if AP>k 
  (2.19) U (br) , p; k)                    0

,if bP)<k 

                                                n-1 

after we put yo(s„, n)=sn= E g1. 
                                                    (-0 

   Our co-optimal strategic function which maximizes the functional (2.19) 
is defined by k which is equal to or is larger than le. 

   Next, let R(1)6°) , p ; k) be a random variable which realizes on (p-q) 

by a probability (q/p)b6°)–k and realizes on 0 by the probability 1— (q/ P)br)- k, 
and let us consider the case of p>1/2. 

                                                                                                                       n-1 

   If p>1/2, even if n--).00, the random variable co(Sn, n)=Sn/n= j Gi/n 

does not always converges in probability to a value on each k, and it con-
verges in probability to a random variable R(bp), p; k) on each k. We 
must choose a (co, u) -converged, ultimate, objective functional, after we 
introduce a suitable subjective valuation function u(n)(co(s„, n)). 

   For example, let us make the probability by which we must leave the 
game by the loss of all our funds smaller than Q. Then, after we calcul-
ate the number r which satisfies the following relation 

   (2. 20)(1)!=fl i.e. —log                P/logp—logq 

we can express our subjective valuation function u(n)(ya(sn, n)) as follows.
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                           sn/n, if N"+   
   (2. 21) u'(co (sn, n)) = 

                                   --M , if bV)--F sn<i-

Here, M is a sufficiently large number. 
   We can choose our (co, u) -converged, ultimate, objective functional as 

follows 

          U (be) , p; k)=1im it(n) (CD)•dp (CO) 
                                           n—oo r1p(v)Iclv>8 

  (2.22)„,)40)_k 
              — , if k>i- 

         bp)_kn            —M. (14)(p— q) — (11) 
                                   P-, if k<r. 

after we choose an any small positive number 6. 
   After all, if p>1/2, the (co, u) -optimal, strategic function (2.1) is de-

fined by k=r which maximizes the (co, u)-converged, ultimate , objective 
function (2. 22). 

    § 3. The Programming on Some Special Linear Models. 

    3.1. Introduction. 

   The linear model is restricted by the conditions 

   (3. 1) (A(0), x) =b(°', (Ao , x) —to) , (A(m) , x) =1)(m) , x>0 

in which the activity level x is separable (that is, infinitely divisible) and 
we can forecast to obtain the profit 

   (3. 2)(c, x) =E c(i) • x" 
                                                                      1=1 

by the activity. Where c (the vector of profits per unit activity level) is 
a predicted vector which is independent of the activity level . 

   The linear model can express many sorts of activities . But, in this 
work, let us assume that the model expresses a firm . In order to build 
our system on the linear model, let us explain characters of limited re-
sources b(i) 's (j=0, 1, 2, m) more precisely. 

   We can classify all sorts of limited resources to two classes . Let us 
call a sort of limited resources liquid capital, when any part of these can 
be sole to buy any other sorts of necessary limited resources at any mo-
ment, and call each limited resource except liquid capital fixed resource . 

   Now, even if the activity is restricted by many sorts of liquid capitals , 
when we make our .strategy, we can amalgamate these vavious restrictions 
to only one restriction of liquid capital which is expressed in term of total
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amount of liquid capital, since the liquid capitals can freely and mutually 
be exchanged through the intermediation of money. That is, let l" be the 

price of the j-th liquid capital, we can amalgamate various restriction to 
the following only one restriction. 

  (3. 3) ( (r). +lc" .A(1) ± ±l(k). A_(0).x)_1(0).b(0) +p') .b(1) l(k).b(k) 

In this work, let only r) be the liquid capital and other resources are fixed 
resources. 

   3. 2. System Building. 

   Let us build a system which is defined by the f ollowing conditions. 
   Condition 1. An independent, stationary, stochastic process C',„ C1, ••• 

is given. Each random vector C, (t =0, 1, 2, realizes at the time t +1. 
a isavector which is composed of characteristic values of Co (and also 
Ci,C29 -.)• 

   Condition 2. Strategic variables x" 's (i=1, 2, •••, s) are restricted by 
the condition (3.1), and are functions of limited resources b" 's (j=0, 1, 2, 
•••, m) and a. For the sake of simplicity, let us denote the strategic vector 
by x=F(b, a). 

   Condition 3. The vectors which are composed of coefficients of produ-

ction in (3.1), i, e. A(°', A('), •-•, A(m), do not change throughout all period 
in our concern. We can know these values at all times. 

   Condition 4. (i) The limited resources except liquid capital, i. e. 
bP), •-•, le) (t=0, 1, 2, do not change throughout all our concerning pe-
riods. That is 

   (3.4)bS" =bP) = • • - (j =1, 2, ••-) . 

These values 1*) 's (t=0, 1, 2, ••• j=1, 2, m) are known at all times t 
's . And we know the amount of liquid capital be) at the time 0. 

   (ii) If we carry out our activity by the level x, at the time 0, we can 
obtain the profit, which may be negative as the loss, 

  (3. 5)go= (c0, x0) 

at the time 1. 

   (iii) The profit g0 is invested into the liquid capital bP) at the time 1. 
That is 

  (3. 6)br=bv + go. 

   Condition 5. (i) When the process reaches the time t (t =1, 2, •-•), 
we can also know the amount of the liquid capital le. 

   (ii) If we carry out our activity by the level x1 at the time t, we can
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obtain the profit, which may be negative as the loss , 

  (3.7)gt=(c„ oct) 

at the time t+1. 

    (iii) The profit gt is invested into only liquid capital br (t =1, 2, •••). 
That is, 

    (3.8)le,=br)+g, (t =1, 2, -•.) . 

    3.3. Choice of the Strategic Function 1. Now, if the sequence of 
random profits at the successive times 0, 1, 2, •••, i, e. Go, GI, ••• is fore-
casted to be an independent, stationary, stochastic , process, let us call the 
earning process the independent, stationary, earning process . 

    When a system builds an independent, stationary, earning process , our 
programming process is very simple. That is, in such a system, if G, 's 
have an expected value and a finite variance, we can admit the following 
expression for any small positive number e by the " law of large numbers ". 

                  n-1n-1 

   (3. 9) lim P EG,/n—EE(G,Vnj>e =0 
                  t=0t=0 

That is, we can obtain co-converged, ultimate, objective functional 

                                                                          n-1 

   (3. 10)U(br, a ; F) = lirn E E (G1) /n 
                                       n t=0 

                                          n-1 

after we put co(sn, n)----Eg,/n. And since G1 's (t=0, 1, 2, ••-) are inde-
                                        t=0 

pendent with each other, we can obtain the co-optimal strategic function, F 
(b, a) , as follows. 

   Let us calculate the activity level z which maximizes the expected 
profit E(G)=E (CO3 x) } under the condition (3.1). If the variance of 

 (Co, X) is bounded, we can put x=F(b, a), as our co-optimal strategic 
function. 
   We can see an actual example of system which builds an independent , 
stationary, earning process. At first, we can obtain the following theorem . 

   Theorem 3.1. In the system which is defined by the conditions 1--4 
in the section 3.2, if and only if the following two conditions A and B 
are satisfied, the system builds an independent, stationary, earning pro-
cess. 

   Condition A. If the random variable X1')(t=1, 2, ---) of which the 
realization is a future strategic value does not independent of the 
profits G0, G1, ••, all CP 's (t=0, 1, 2' --.) must be equal to 0. 

   Condition B. If Qi''s (t=0, 1, 2, do not always be equal to 0, all 
.14a) 's (t=0, 1, 2, ••.) must be equal with each other, independently of g o,
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g1, •••, gt_i• 
   We can see an example of system which satisfies the conditions in the 

theorem 3. 1, as follows. 
   Example 1. Let xr) be the activity level which only holds liquid capi-

tal, and let xt)'s (i=1, 2, s-1) be the activity levels which surely use 
positive quantities of some fixed resources to be carried out by positive 
level. And let xt be a vector which is composed of 's 2, ••-, s-1) 
and öt be a random vector which is composed of Qz) 's (i=1, 2, s-1), 

and Au) 's (j=1, 2, m) be vectors which are composed of coefficients of 
production of 'X', for b(i) 's (j=1, 2, •••, m) respectively. 

   We can easily admit that if the following conditions a) and b) are 
satisfied, the system which is defined by the conditions 1--4 in the section 
3.2 satisfies the above conditions A and B in the theorem 3. 1. 

    Condition a. Cr).----0 (t= 0, 1, 2, ••-) 
   Condition b. We can decide the activity level X which maximizes the 

expected profit E { (CO3 under the conditions 

    (3.11) (A('), :X") =1P', (A(2), Fe) =b(2), •••, (14(1n),",i)=Pn), 

and further the following relations are admited. 

                                                         n-1 

   (3. 12) (A-(1)), x) <br) P3be) + E (C1, x)<(71.61), =0 (n=1, 2, 
                                                         t=0 

   3.4. Choice of the Optimal Strategic Function 2. Let us express 
Gtil3r) by H1. If the stochastic process Ho, H1, H2, ••• } is an independent, 
stationary, stochastic process in a system, let us call our earning process 
the proportional earning process. 

   When a system builds a proportional earning process, the total profit 
                                 n-1 

till the time n, i. e. E G1, is expressed as follows. 
                                 t=0 

                      n-1 

   (3. 13) E G,=13;,°)—bS"=le) • { (1+Ho) • (1+ H,) • ••• (1+Hn_1)-1 

Let in be a expected value of H, 's (t=0, 1, 2,•••), and 62 be the variance 
                                                            n-1 

of these. The expected value of E G1, say En, and the variance of it, say 
                                                         t=0 

V,,, are expressed by the following values respectively. 

              En=1),;°)• (1 + m)n — 1 } 
   (3.14) 

            Vn Yo°) • (1+ n2)T• {(i+  6 2 )n-1} 
                               (l+m)2 

   We can see some examples in which the variances Em V„ and Ern V„/n2 

                                                                                      n



On the stochastic dynamic programming for an independent, stationary, stochastic process. 15

do not be equal to 0, but are positive infinite. And then, both  urn E Gt 
                                                                                                                                                 n.-..co 1=0 

              n-1 

and urn E G,/n do not converge in probability to any values and to any 
              t=0 

random variables. We must choose our co-converged, ultimate, objective 
                                                                                                              n—, 

functional by a function ca(sn, n) which differs from .3.=-E G, and sn/n, 
                                                                                                 t=0 

n— 

E Gc/n. 
t=° 

   Now, when p (1+m>0i =1, we can consider Le=log(1+ II). Acco-
rding to the definition of the proportional earning process, the stochastic 

process Ho, H1, H-2,..-} is an independent, stationary, stochastic process. 
And then, the stochastic process is also an independent, sta-
tionary, stochastic process. If the random variable Lo (and then L1, L2,...) 
has a finite expected value and a finite variance, we can admit the follow-
ing expression 

                     n-1n —I 
   (3. 15) urn PJ Li/n—EE(.1,1)/nj,>e= 0 

               71-.001=0t=0 

for any small positive number E. And further, we can admit the following 

expression. 

   n-1n— 

         E L,,2+E G, 
   (3. 16)t=0 = logbVBV                           (0)=log t=0                              br 

      n-1n-1 

   After we put co (s„, n) = (kr + E gt) /be), we can admit that lim EE(L,)/n 
        t=0 t=0 . 

is a co-converged, ultimate, objective functional in the proportional earning 
process. Since L, 's (t=0, 1, 2, ••.) are independent with each other, we 
can obtain the co-optimal strategic function F(b, a) as follows. 

   Let us calculate the vector k which maximizes the expected value 

   (3. 17) E (L) = E log (1 + (C0; k)) (k x / b(°)) 

under the condition (3.1). If the variance of L=log(1+ (Co, k)) is bound-
ed, we can admit that x=k•b(°) is our co-optimal strategic function. 

   Example 2. If b(" =b(2) = • =PI') = 0 in the condition (3.1), we can ob-
tain 

    (3. 18) (A0), x)=P), (A(1), x) = (A(2), x)=•••=(A('n), x)=0, x>_0. 

In a system which is defined on such a linear model, we can admit that our 
effective strategic function is expressed by x=l•b(°). Then the system 
builds an independent, stationary, earning process, and Gt/BP)=(C„ X1)/ 
BP)=--(C„ k).
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   Note 3. Since the expression (3.17) is a concave function of k, we 
can obtain unique solution. This assertion has been shown by Kuhn and 
Tucker [14] (p. 481,492). 

   3.5. An Approximate Solution 

   At last, let us assume for (Co, k) to be so small that we can decide to 
neglect the terms which exceed the 2nd degree in the expantion of (3.17), 
by our subjective policy. Then, we can approximate the function (3.17) 
by 

   (3.19)(mo, k) —1/2 • k'• (M +E) •k 

   Here, mo is the expected vector of Co, and M is the squar matrix in 
which the ij-component is mP (mSi) is the i-th component of the vector 
mo), and E is the variance covariance matrix of the random vector Co. 

   Note 4. Since the expression (3.19) is also concave function of k, we 
can obtain unique solution. And further, the solution is derived by the 
quadratic programming. 

   Next, let us consider an actual simple example which is defined on the 
restriction x + y=1. x is the level of our real activity and y is the level of 
the stock of money. Let C be a random variable which expresses the pro-
fit which is earned by the activity x, and r be the interest of money. 

   According to our previous considerations, the level x is that which 
maximizes 

       11
3    (3.20) E(C-x+r(1—x))---2•(C•x+r(1—x))2+ -(C-x+r(1—x))3} 

if we neglect the terms which exceed the third degree of (C-x—r(1—x)). 
Of course, x must not be larger than a suitable positive number r, so that 
we may admit the approximate expression (3.20). That is, if we put 
E (C) m , E (C —m)2} =i 2 and E (C — in) =P3, x is min (r, 5). There, 
e is a solution of the following equation which maximizes the expression 
(3. 20). 

  (3.21)a•52-2b-+c=0 

   Here, a= (m — r)s +3•,a2 • (m— r) +,u3, b= (1/2—r) • (m r)2 + P2 } 
        c= (m — r) - r + r2) 

We can obtain the following table of e(m, ,u3/1a2) which maximizes 
(3. 20). 

   Here, if i>e>o, r=0.03, and if 5>1, r=0.06. And the activity level 
X is min r, e (m, /12, /13//12)
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                    Table 1. This table is that of  g (m, P2, g3,/ A2). 

   /p3/ V112 0.00 0.00 0.00 0.40 0.40 0.40 0.80 0.80 0.80 
           0.10 0.20 0.30 0.10 0.20 0.30 0.10 0.20 0.30 
    0.04 1.00 0.26 0.12 1.00 0.26 0.12 1.00 0.27 0.12 
    0.05 1.00 0.53 0.23 1.00 0.53 0.23 1.00 0.57 0.24 
    0.06 1.00 0.82 0.36 1.00 0.83 0.37 1.00 0.93 0.38 
    0.07 1.10 1.00 0.47 1.11 1.00 0.49 1.13 1.00 0.52 
    0.08 2.47 1.00 0.62 2.53 1.00 0.63 cc 1.00 0.72 
   0.09 co 1.00 0.77 cc 1.00 0.79 00 1.01 1.00 

   3. 6. On the Gibrat's Law. We know an important statistic law " the 
Gibrat's law " which arises f rom the " effect of proportionarity ". We can 
admit the following theorem 3. 2 which relates with the " Gibrat's law ". 

   Let us consider a family of infinite firms. Let bP1)(i=1, 2, ; t=0, 1, 
2, -) be the liquid capital of i-th firm at the time t, and k') •br) be the 
profit which is earned at the time t+1, by the activity of i - th firm at 
the time t. KP denotes the random variable of which ki) is a realization. 

   Theorem 3.2. Let us assume that 

   1. all firms in a family of infinite firms have same liquid capital at 
the initial time 0, and 

   2. each firm in the family is in a system which builds a proportional 
earning process by the strategy of each entreprenour, and 

   3. all probability distributions which associate to random variables 
KP's (t=0, 1, 2, .--; i=1, 2, -) are same on all i's and t's, and have a 
finite expected value and a finite variance, and further, these random var-
iables KT) 's are independent with each other. 

   Then, if n-).00, the relative frequency distribution which is formed by 
liquid capitals of all firms at the time n converges in probability to the 
log-normal distribution. 

   Note 5. The above assumption 3 shows that 
   a. the limitations of relative frequency distribution which are formed 

by the sequence kt), k;'), are same for all i 's (i=1, 2, 3, -), and 
   b. the limitations of relative frequency distrbution which are formed 

by the sequence 14') , 142), , •-• are same for all t 's (t=0, 1, 2, and 
   c. above two limited relative frequency distributions which are formed 

in a and b, coincide with the probability distribution which associates to the 
random variable KV). 

   Note 6. In some cases, we recognize the probability distribution as the 
limitation of relative frequency distribution which is built by a infinite, 
independent, stationary, random sequence. When our forecast is built be-
ing associated by a sort of probability distribution, our considerations of
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this work will give a sort of foundation to choose our optimal stratey under 
incomplete informations. Recently, the choice of the optimal strategy un-
der incomplete informations is studied on the basis of utility functions,  [8], 

[9], etc. It seems effective to apply not only such utility functions but the 
above stochastic dynamic programming.
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