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§1. Summary and introduction

In this paper the author attempts to extend the inferences of a k-
dimensional mean vector on the basis of pooling data in a multivariate normal
case and to give concretely certain formulae and properties of them.

The principle and some statistical methods of pooling data have been
discussed by Bancroft [1], Kitagawa [1], [2], Bennet [1], Asano [1] and va-
rious authors and developed mainly in case when the observations were
obtained from the univariate populations. Recently Asano and the author
of this paper [1] dealt the inference of a mean vector and a dispersion
matrix on the basis of pooling data in the bivariate case. And in their
Introduction it has been noted that the inference of a mean vector may be
also expressed by the similar formulae and properties in the general k-
dimensional multivariate case.

Hence this paper may be considered to be partially an extension of the
previous paper of Asano and Sato [1]. Type 1 of this paper gives us the
inference of population mean vector with known population dispersion mat-
rix and Type 2 with unknown population dispersion matrix.

In conclusion the author wishes his hearty thanks to Prof. T. Kitaga-
wa and Mr. C. Asano for their kind suggestions and encouragement,

§ 2, Pooling of sample mean vector

2.1. Type 1. (The inference of population mean vector with
“ known ” population dispersion matrix)

Let Oy (¢, %9, ..., x{) be a random sample of N, vector observations
from a k-variate non-degenerate normal population N[a®,3}] and let Oy,:
(x®,x®, ..., x%) be another random sample of N, from some &k-variate
normal population N[u®, 37]. The values of these two common population
dispersion matrices are known to us, but the populations have not neces-
sarily the same population mean vector. The distinction between these
populations may be regarded, however, as hypothetical. Let us suppose
that we may pool the two sample mean vectors and form an estimate vector
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62 Sokurdo Satd

of the assumed same population mean vectors simultaneously in case when
testing a hypothesis that 4 =#g® shows that the hypothesis cannot be re-
jected.

Our rule of inference procedure is as follows:

(i) Let ¥ be sample mean vector defined by O,, (i=1,2)

(ii)) Let the statistic U’'U be defined by

U'U= (x®— x0) <* © ]\1] >_12—1(x<m_50m),
2

Ni
Where ¥ =3>x{"/N,.
=1
(iii) Then let us define the statistic ¥ in the following way.

_Nx®+ Nyx®
@ *="NinN,

(b)) x=x0, if UU=r(a),

where xi(«) means the significance value of x® distribution with a signi-
ficance level « in case when the degrees of freedom is equal to A.

For the sake of convenience, throughout this paper, the notation of
Pr.{x<<u} shows at the same time the probability that each element of the
vector ¥ does not over the corresponding element of the vector u namely,
the distribution functions of the respective elements of x simultaneously.

if UU<ii(a)

Theorem 1.1. The distribution function of x is given by
(1.1) Pr.ix<<u}

:j. ...g.(é%)mexp[M%«%r?]%{i{ldn ﬂ} e )L,)exp[ 52 ]ﬂdsi

re<<mi/lix (.;+L—1a) (s—%L"‘a)éxﬁ(a)
Fe—1<(Me—1—lk—1,47%) /I—1,6-1

k
r;c<(m1—Z}£1_;-rj)/ I
=

+y j @%erxp[— ; gsl]J j (Zn)‘/‘exp[ 92 Z‘.r ]ﬂdans”

(s+L—1a)’(s+L—1a)<xk2(a) Fe<ln/lix
Pre—1<<(Mk—1—dp~1,676) [lk= 1,5 =1

.
r1<<"1—22[1j"j>/111
=

1/ (1) &)
where mt-——**N +N ) Nl,U-z +N2ﬂL
|/ (o N1+Nz

(=1,2, - &), m=" N1t D +N2(u )
V

—H/%-Zlijs,, and lij’s are elements of a matrix L such that
1 J=¢
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= '111 112 113 llk\“’lii>0 (i:l,Z,---,k),

0 Ly Iy lsy
0 0 l33 lﬁk
0 0 0 L /
L'RL=unit matrix
where
R='1 pu = 0w
P12 1 P2k :
| : b
Low pw v 10

Proof. Now let us put for a moment

T

X% /l(t) E‘El)—/lg) x(l)_ﬂ(l)
1.2 O (310, 30,000, 30) = (L I M *x )
( ) y (yl )y > yk) 1 011/"/Ni"[/0'22/,'/N’5 l/ohk/l’/N
(i=1,2),

then the joint elementary probability of (¥, y&, ---, &, ¥, &, ---, ) may
be given by

1 Zwa-l u)]ﬁ 1 ays.
1

(1.3) *(ﬂz)l—m exp[ 2. 11

Further, the following orthogonal transformation

/ NN y(l)
4 P=]) N Nz(

gives us the elementary probability of pi, s, -, Dis @1, @2y =++5 G

y(Z) \‘ q= l] NN ( y(l) N y(2) )

NN N+ N\vN, TN,

15 @ I [@nda) = gyt — 5 PR p+aR0) |(1(@pda)

Now let the sample space be devided into two distinct sets D, and D,
which are defined as a domain U'U=(p-+a)'R'(p+a) <xi(x),

where a:]/Nﬂﬁ\%f c1(u® —pu®)
1 2

C= 1/0-—11 0 e 0 \ ,
0 ]/07)2 0
L 0 0o .. 1/'(?M_/‘

and the complement respectively. Then we may and shall decompose the
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probability (1.1) into two parts.

Nx® 4+ Noao®
Nl '{‘ Nz

(16)  Pr.iw<u|=Pr{ <u, Dl} + Pr.ix<u,D,},

where Pr.{x<u,D,} means the probability that two events happen simult-
aneously and similar for other cases.

On the other hand in view of (1.2) and (1.4), we may obtain that

N,x®+ N,x® N

1.7 NN =E+Fq=u" +FQ+N,1T2N; (1@ — p®)
x=u"+Fq—-GFp,
where
NaeNa® g 1 (Ve w0y
E=""Naw~, > Y= N 3nN| 0oy 0 [and G=y "

00 oy J
Then the first term of (1.6) may be given by

N177(1)+N x® ot ' r r
sy PrfEE oy, Dl}»fj } h(p', @) [ (dpdg).
a<F-'(u—E)

(pta)yR-1(pta)<xx*(a)

Now let F,; () be a matrix whose diagonal elements are all one, («,
B) element (a#p8) is t, and another elements are all zero. Then

13

R=REp( 20 ) B (~21) - B~ )

/ 1

©
(]
=
=

=l p2 . plk\\’ 1 —pll 0o -- ()“ ...... 1 0 _Z_
11
P % 10 1 0 0 0 1 0
: ‘[ 0 0 1 0
pkl pk2 pkk) 0 0 0 ' 1 ] 0 0 1
Y, \

becomes a matrix whose elements of first row are all zero except (1.1)
element. Similarly, all elements of the second row of the matrix

Ri= REos( ) But~ 25 ) o B (1)

oy
01
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P | JR 0 1 0 0 coeeerens 0 1 0 0 coeereee- 0
! . | o
o3 PR o 01— Péz ......... 0 0 1 0 coveeennns -

01 !

|
; SRS U S S i
oM pi P L0 00 e 1 .0 0 0 coeeeeeee i)

are zero except (2.1) and (2.2) elements, and so on. Thus

CRE (PN B (= PN (P g (—OF
R,=R-E,( pn> : Elk( p“> E%( ﬁ)... E( pgz)
k=1
...... Ek—'k( 'O'kk—_lk—1">:R_1E*’ and E*

are matrices of the following form respectively,
Rk—].: /b11 0 0 0-veeeen 0 } s E*_—_»’ 1 e, €5 «voovveer e
Byy Bay O Qeeeeeenns 0 ‘ 0 1 @gy oo .
Byy Dy byy Oeeveeeene 0 | ‘ 0 0 1 woeeen x|
| S B
U b By Byg bgeeeeeeees ber | 000 e 1)

Now, if we multiply E), by R,_,, we get a diagonal matrix such that

EiR, ,—=E\R'E,= [, 0 «eeeeeer (U

0 Ay weeeeeees 0 |

- X

and 4,>0 (?=1,2,---, k). Therefore, if we put
L:E* c!, 1 0 -ceeeeees 0 = \[ lll l12 113 ........ l“" \
| 1/011 . . } 0 loy gy eeeeene-- Lo |
| ;SX; 0 0 gy eeeeeeees Ly ‘
| : i |
| 1 | ¢ J
00 e oA 0 0 0 Lk

then
L'R'L=1,
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where I is the unit matrix of % degree, and /,>0 (:=1,2,---,k). By using
the following transformations

(1.8) p=Ls, q—=Lr,

where s'= (Sy, Sz, =+, Si)» = (71, 72, -+, #,), the probability (1.8) may be written
in the following way:

Nx®+ Nx® [ 1 1& .7
a9 PriZN N <"’D1fﬁj"”j (amyext| — 3 27t [T,

Lr<<F-'(u—E)
} \ z21),c/2exp[ %Lési :]Llj;dsi'

(Ls+a)R-1(Ls+a)<x«?(c)
V1 N + N

Let us put (F'(u—E)) =m'= (m,, m,, ---, m;) where m;,=
v gn

Nip" 4 Nouf®
(ui ) ’

/N, + N,
then
N &+ No®
(1.10) Pr.{ NN <u,D1}
(o1 _1& .78 1 173¢
—j } (zn)me"f’[ o 27 ]Qd"J ﬂ (zn)we"p[_ 2 ]‘1:11(13{
re<<mui/lix (s+L-la)(s+L-1a)<xi*(a)

Fr—1<<(Mi—1—lk—1,krk) /I—1,6-1

Y
The second term of (1.1) may be similarly given as follows:

(L1 Priw<w,Doj = [ [h(o", a) T (dbda)

q<F-1(u—nM)+Gp
(p+ayR=1(p+a)>x:*(e)

:j' j Wexpl: > 27’1] @y exp[— é kZ'.S%]fIdﬁHdSz

Lr<F-(u—rM)4+GLs
(Ls+a)R-(Ls+a)>xi?(a)

:j. j(z ok et ~ 223” j(:z )WW’[ %;’ﬂg"“gd*

(s+L-la) (s+L-1a)>xi2(a) re<<ne/lik
P t<(Mg—1—Qi~1,67%) [k —1,k~1

r<(m—23%5=2li,r) /11
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where n'=(ny, ny, -, m) = F ' (u—p") +GLS)'.
Thus we obtain the second term of the right-hand side of (1.1). In
combination of (1.10) and (1.11), we may obtain (1.1) to be proved.

Theorem 1.2, The mean vector E{x| and the mean square error M.
S.E.{x}| of the estimate x are given by

N, ) /
(1L12)  Ewj=a®+ g2ty (0 —a) PriDi=|/ (e el

and

2
(L18) MSE.i®{=y L N2+ NINJ: No) 9= a®) (WO—u) Pr.iD,|

'77771_\72”7” - T %C el
TN NN, PP

where we put

110 PriDi=| | s bpuess[ 5 0 R 1T dp,

i=1
(pF+ayYR-'(p+ay<xi¥(a)

1
(115)  Loip}= | | D+ oyl grwens[ 5 o' R]IT
>+a)R-1(p+a)>xi2(a)

Proof. Making use of the notation in the enunciation and proof of
theorem 1.1., we may write

(1.16) E{x] :ﬁ } #® - Fgq + ﬁﬁ S ACHRAILACE lI:Il(dpidqi)

Dy

+- JJ (W +Fq—GFp)h(p/, q’)tli[l(dpquf)

/ N,
12—1/ mcIDQ§P§,

—=p" 4 Nli\_szz (u®—u®) Pr.iD

because, E{q}-—=0.

Thus the mean vector (1.12) is obtained. The mean square error matrix
may be obtained from a following relation:

@17 Eiws=| | (604 Fa+ Vo (a0 —u0)) (w94 Fg

D1

fNZ @) __ 0 ! [ x
TN v, B e ) B, @) TL(dpda)
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o N
+ \ =y (w0 -+ Fq—GFp) (¢®+Fq—GFp)'h (p'. q) [1 (dpda)

:j s wOp®' + Fqq'F' + T\T*]X?N (u® (a9 —pD) 4 (0 — 4 D) )
1 2

(e (@) @) @OF + Fau)
17 2
+ ]T]Yzﬁ (Pﬂq (H(Q) _u(l)) " (u(i) _ﬂ(l)) qu/) h (p/, q/) H (dpldql)
17T 2 i=1

+5 j ﬂ(l)ﬂ(l),—}“qu’Fl"‘}‘Gngp’Fl“}‘ (ﬂ(l)q,F,+Fqﬂ(l),)"G{‘u(l)p,F/—;‘Fpﬂ(l)/)

~G(Fqp'F'+Fpq'F)h(p',q") iI (dpidq.).

Then substltutmg the following relations

\qq’h(p q)H(dpdq) =R,

Di+D2

Lnt@i=Ip1qi=0, Iniqp'}=I,{pq'{=0
for (1.17), we may obtain that

Inl+Dz? qq

Eixx'}=pVp"" 4 N N ZTN Vz

1"1"‘

N gu(l)ka( )—ﬂ(l)) (ﬂ(?) _M(l))a(l)’ §P7’.{D1§

(Nz LA . . N,

(N N (@O @) Pro D+ L Fpp'F

—1/ G Lo tep F - Fpp®'s.

Thus the mean square error matrix M.S.E.{x}{ of the estimate ¥ may
be obtained in the following manner.

MS.Efx}=E{(x—pP) (x—p")}
B3|~ aOE %'~ B 1R a0 a0
T S T y———
N, -
-+ (N:;NQN{ I, {cpp'c'i.

Corollary 1.1. Specially when p®=p?, E{x}|=uP, that is, x is an
unbiased estimate of p“, but the variance components and the absolute
value of covariance components of the mean square error matrix are greater
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than o,/(N,+N,) and o,;/(N,+N,) and less than ¢,/N, and lo;;/N, res-
pectively, (i,7j=1,2).

Corollary 1.2. Specially when N, is very large compared with N.,,
that is N,>>N,, the bias of the estimate x becomes small, and the mean
square error matvix becomes 33/ (N,+N,) nearly.

Corollary 1.3. Specially when pu®=p", the variance component of the
M.S.E.ix}| in case of multivariate pooling of data becomes smaller than
the variance of the corresponding estimate in case of umivariate pooling
of data. The difference is given by

N,o, 9 a |
ﬁvm\rafﬁv;[fvz?ﬁz%—IDE*%p;§]<o G=1,2, k)

where

C 1 1, k
L. #=| j B gy R exp[— , p'R™'p | dp,
(p+ayR-1(p+a)y>xi2(a)

I,.p3 :} Pi(zl)v—exp[— é p?] ap,

T
pitai > (@)

b

2.2, Type 2. (The case with “unknown population dispersion matrix’
in Type 1)

Let Oy, : (x®,x0, ---, x¥) be a random sample of N, vector observations
from a k-variate non-degenerate normal population N[u®, )] and let Oy,:
x®, x®, .-, x2) be another random sample of N, from some k-variate
normal populaon N[g®,3]]. In this section, the values of these two com-
mon population dispersion matrices are assumed to be unknown to us, but
the populations have not necessarily the same population mean vector. Our
attempt of the present inference procedure is the same in Type 1.

Now our rule of inference procedure is as follows:

(i) Let ¥ be sample mean vector defined by O,, i=1,2. and let S
be the unbiased estimate of common population dispersion given by

M B No . 5 .
S= (Vi N —2) 731~ 30) (0~ %0) + 35 (0 —59) (6 —2) |
i=1 j=1

(ii) Let the statistic 77 be defined by

NN, ,_ _ o
e AVidVe o@  mmY §-1(x® _ oM
T'*N1+N2(x xM)’' S (x®—xD)
(iii) Then let us define the statistic ¥ in the following way:
= Nx®©+Nx® .. N+N,—k—1 T .
(a) x= N.+N, if 5 - N, +7N2—2£p o1+ Vo1 (Q0)
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N,+Ny—k=1_ T
k N,+N,-2

where Fy y.v.—s-1(a) denotes a-percent point of F-distribution with the pair
of degrees of freedom (& N,+N,—k-1).

Theorem 2.1. The distribution function of x is given by
2.1) Pr.ix<<u}

(b) - F=x® , if >Fy vyt veio (@)

:J j ,(Ti)mexp[— % LZTE]]&[ dr

remi/lxx
Fe—1<<(Mr—1—lk—~1,xrc) [lk—1,k~1

r1<(m1—kz‘u-~2lu ri)/li

& j (et - 2§ ](122/12)((?\;\1;\7”/ }f"’{%/z 2/2]@‘“1)

(s+L-1a) Es—{—L—la) < .
X N T Ns—k—1

o1 1 &, 1(x/2)ittet-bit-lox p[ — x*/2]
+}...ﬂ-(2—)mexp[— g_l 2 { (N, +N,—k—1)/2}

Fr,m+xo-k~1(Q)

(s+L-ay (s+L—1a) .
X mﬂwmxa—kq(a)
1 % %
.j } -(%)T/zexp[- 9 1,—1 :I(;I_;_[ld )(;[;[ldsl> dZQ
re<<ne/lxx

Fig—y<<(Mk—1—le—1,57%) [l ~1,5—1

A T
Proof. Let us use of the notation in the enunciation of this section
and proof of Theorem 1.1.
Let D be a nonsingular matrix such that D3YD'=1 and define

-1/

2 (x(z) x(l)) Y* — /Y* \=
tY* |

Yk,

=DY, S*=DSD'.

cordin u® — p®y, 2} , and (IV,+
1+ N2
—2)S is distributed as Z VAYAS w1th the Zﬁ independent, each with

dlstrlbutmn N [0, X, and Z is independent of &, x(z) thereby is inde-

pendent of p and ¢-Y* is distributed according toNI/ N NN, D(u‘ b —u®),

N1+ Ne—-2

Z], and (N,+N,—2)S* is distributed as > Z}Z}'= 21 DZB(DZ,B) with
B=

B=1
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the Z; independent, each with distribution N[O, I], and Z} is independent
of Y*, p and q.
Let the first row of a k2x k& orthogonal matrix @ be defined by
Y*

(IHZW i=1,2,---, R

this is permissible since ﬁ‘{ g;=1. Since @ depends on Y* it is a random
matrix. Now let
V=QY* B=Q(N,+N,-2)S*Q’

Then the conditional distribution of B given € is that of Z WBW’ where

conditionally the W defined by QZ3% are independent, each W1th distribu-
tion N[O, I].

If we put
B:(bij): b11 12 1 bu (1)
(1) r)a
b'21 22 b.2lc |
bu b

Ni+Ne—2~—(k=1)
then by1...,=b,,— b, Bz'b, is conditionally distributed as > X; where con-

ditionally the X, are independent, each with the distribuifén N(,1); that
is, b5 18 conditionally distributed as x* with N, + N,—k—1 degrees of
freedom. Since the conditional distribution of 8,..., does not depend on @,
it is unconditionally distributed as x%, and is independent of p, ¢q

On the other hand, if we put

Q:(%l a2 qix
i
| UETQES Q2
B :
{\ A1 di2 Qrxe

k e k .k
then V, :EQuY?{j;/Y""Y* s VJ:ZE‘IﬂY?‘:V/Y*'Y*EQJJJH:O and
Vi=Y*Y*=Y'D'DY =Y (D)~ (D3)D'DY

~Y'SF'D(DXD)DY =Y'ST'Y
— NlNg n(2) _ (DN 7 -1 NIN2 (D _an(l)

VN—1+N2<x X)) VN—“1+N2(’“ xWY
=(c(p+a)' X' (c(p+a))
=@+a)cxc(p+a)
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=(@+a) (c?Z(cH) D (p+a)
=(p+a)'R'(p+a)

has a noncentral y3-distribution with % degrees of freedom. Then T°/(NV,
+N,—2)=Y'S"'Y/(N,+N,—2)=Y*S*'Y*/(N,+N,—2)

=V'B"V=(V.0--0)/ 5" b= o B Vi Vi
by
pet pee b?‘ 0‘ v

b’m biz ) b%k‘ _/;‘ ()

where (b;,) =B, is distributed as the ratio of a noncentral y* and an inde-
pendent x%. Therefore if u®=u®, [T?/(N,+N,—2)]-[(N,+N.—k—1)/R] is
distributed as a F with 2 and N,+N,—%k—1 degrees of freedom. From
above relation the inference rule of this theorem follows.

The joint probability density of (p,q, x*) where »*=0b....., may be given
by

r 2 _»417* _ 1 TR=1p4 1 4/ R~1
h(p ,Q)waN-z—k—l(/f ) —«(2.”!)""R exp[ 2 (PR P+ qR Q):I
_(Z /2)(w1+\ —k—1)/2— 1exp[ /2/2]

TN, + Nam k—1) /2]

Now let the sample space be devided into two mutually distinct sets
D, and D, which are defined as domains [{(p+a)' R (p-+a){/x*] [(N:+ N,
—k—1)/R|<F, xi+x--1(@) and the complement respectively. Then

ij">+Nx<
N+ N,

(2.2) Pr.ix<u}-— <u, D, }+Pr.g x0<u, D,

The first term of the right-hand side of (2.2) may be

Nl*(l) Nn*(ﬁ) i , , 3 N
P?’.“' ?Vlj}N;x <u, D, :4( j h(P »q )fA‘1+1V2~k—1 (Zz);[:Il (dpidqq') -dy®,

q<F-(u—E)
H@+a)YR-1(pt+a)}/x? [(Ni+Ne—k—1) /K] <Fi 5148 -k-1(Q)

and by using the transformation (1.8), the probability may be given by

Pr. {N 95\(;11‘%”(2_) <t Dl}: g j (Zr )1/2ex]9l: ”*1" f]Hdr

Lr<F-(u—E)

. (12/2)(’\’&\2 k—1)/2 _1exp [ 2/2]
g j @ )uzexp[ *S.S‘jl o (N, TN, — k1) /2 Hd&d,{

[{Ls+a)YR-1(Ls+a)}/x? [(N1+Ne—k—1) /k] <Fie, 1+ v~k -1()

Using the same notation as that of the theorem 1.1, we may obtain



A Multivariate Analogue of Pooling of Data 73

Nyx® 4 Nox®
(2.3) Pr. "* N,+N <uy, D1}

01 14,k
:'% j (fzn)kff_,exp[— 9 gl]n]?gldn
re<<mg/lik

Fr1<l(Mp—1—lp—1,k#1) [lp—1,k—1

r<<(my—i=2lyr;)/lu

' 1 o T/ 2) RO pl — 52 J2) (N e
.J [(27)&/.exp]: 2 Z z_] o N1TN k 1) /2( <;E[ldsl) dx
s +Lma)(s+Lla)}/x7] <{k/(N1--No—k—1) }Fie, n14 xo-n-1(00)

The second term of the right-hand side of (2.2) may be similarly
@4)  Pr. (x0<u, Doy = [ [1(D', @) Frisviees () I (didg) A

q<<F-(u—E)+Gp
[{(pLtayYR-1(p+a)}/x2] [N1--Ne—k—1) /k]1 >Fr, 1+ 52—k—1(Q0)

B [ 71—‘ B 1 o (/ //2)(2\1+\ —k—1)[2 1096]5 2/2]
j J(zn)ffﬂexf’[ o (rrs's) O N Nk 1)/2] (I1dras.)-d
Lr<F-'(u—p0)+4-GLs
[{(s+L-1a) (s+L1a)}/x2) >{k/(Ni+No—k—1)}Fi,x1+50-1-1(Q0)

~[] et -y 5] YR ek

[{(s+L-'a) (s+L1a)}/ x> 1k/(N1+Noe—k—1) 1 Fr, 514 3o —p-1(0)

r

S ,@ingxp[ 2 ]Ha’r Hdc -dy?

re<lnk/lx
re—1<(x—1—lk—1,17%) /Ir—1,6—1

r<(m—x2=2l1r5) /I

In combination of (2.3) and (2.4), we shall reach (2.1) which was to
be proved.

Theorem 2.2. The mean vector E x| and the mean square error matrix
MS.E.ix} of the estimate x are given by

N, 5 / N,
D 2 @ _ ,m ¢
25) Eixli=u A, Nz(u LN Pr.iD} — IN(N NZ)CID,_, pi

and

(2.6) M.S.E. éngf\f —I—N DS <NIJXN > (a2 —p®) (@ —p®) Pr.iD,}
2

N -
N Tl Fpp'F|
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where we put

( . .
@7 PriD,}-= \‘”J‘(Zn)}"’g;R”z exﬁ[— é p’R—lpr1+Ng—k—l(Xh)i:]];dpt'dz

{p+a)YR-1(p+a)}/x?] [(Ni+Ne—k—1) /k] <Fi, w14 82-k~1(Q)

101 = | | gy Pegeest]— § PRD|frercs @I T dpr-d

{(p-+a)R-(p+a)}/x?] [(N1+No—k—1)/k] >F, v+ ve—r-1(0)
Proof. Making use of the notation in the enunciation and proof of
Theorem 2.1, we may write

o k 3
Eix| i} S gﬂ(l)’{“Fq+N1]Y':N2;(ﬂ(2)_#m)§h<P” q,)fA\'1+N2-—k—1(xz)1=]1:dpi ‘11:_]1:d(1i'd)(2
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=0+ F i (@) + 3y @ —4®) Pr. Dy}~ GF I,

W~ a PriDy— )/ A

N
— 2
# +N1+N2 NI(N1+N2)CID2§p}’

because I,45,i@d}=FE{q{=0. Thus the mean vector (2.5) is obtained. The
mean square error matrix M.S.E.{x} may be obtained from following re-
lation :

(29) Efxx'i= j g 2O+ Fq+ NIJ%W (u® —u®) (,um +Fq
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+J } (P - Fqq'F'+ G Fpp'F'+ (uq'F'+ Fqu®")

Da

_G(u(l)P’F,“'i‘FP”(W) —G(FqP/F,*}“qu’F')%h(P,, q,)fzvl-m'g-—k—l(lz)
3 3
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substituting the following relations

Ips0,49q'} = ‘

"Di+D2
I 0t qt=1Ip1q}=0,
I,iqp"i=1,1pq’'{=0
for (2.9), we may obtain that

k k
aq’'-h (P, @) friewe—i1 (2% -gdpz -;:Ildqi-df:E%qq’ﬁ =R,

Efs'| =a0n 4§y Sty oy (O a0 P D
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() WO — a0 (W) PraD, g+ L Fpp |

N L wp Fr s Fputy.

Thus the mean square error matrix M.S.E.{x{ of the estimate x may be
obtained in the following manner,

MS.E.ix|=E{(®—p") (x—u)"}
. YRR G ) nE S FREIE AES--REN ¢)1] (1) g (7
Eixx'| —pPE{x'{ —E{x{p®" +pOn

— 1 Nz 2 (2) ,,(1) @) Wy 7 ( .
~~1\[1""]\722—*-<Z\/'1+N2) (u®p®) (u® —pP)'Pr.iD, |

N 14 14
+~Nj— ot Fpp'F'}.

Corollary 2.1. Specially under the same assumption as corollary 1.1
or corollary 1.2, the same results are obtained correspondently.

Corollary 2.2. Specially when p®=u®, the variance component of the
M.S.E.ix} in case of multivariate pooling of data becomes smaller than
the variance of the corresponding estimate in case of univariate pooling
of data. The difference is given by

R End =L <0 (=12, 8)

where
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I, pli = l j bi- '@;)T,z!ﬁmeﬁcﬁ[— 2'1) R“IP] f\'1+,\'2_k~_1()(') . gdpi.dz'
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