
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

A Multivariate Analogue of Pooling of Data

Sato, Sokuro
Saga University

https://doi.org/10.5109/13007

出版情報：統計数理研究. 10 (3/4), pp.61-76, 1962-10. Research Association of Statistical
Sciences
バージョン：
権利関係：



A MULTIVARIATE ANALOGUE OF POOLING 

             OF DATA

         By 

   Sokuro SATO 

(Received August 16th, 1961)

§ 1. Summary and introduction 

 In  this  paper  the  author  attempts  to  extend  the  inferences  of  a  k-
dimensional  mean  vector  on  the  basis  of  pooling  data  in  a  multivariate  normal 
case and to give concretely certain formulae and properties of them. 

   The principle and some statistical methods of pooling data have been 
discussed by Bancroft [1], Kitagawa [1], [2], Bennet [1], Asano [1] and va-
rious authors and developed mainly in case when the observations were 
obtained from the univariate populations. Recently Asano and the author 
of this paper [1] dealt the inference of a mean vector and a dispersion 
matrix on the basis of pooling data in the bivariate case. And in their 
Introduction it has been noted that the inference of a mean vector may be 
also expressed by the similar formulae and properties in the general k-
dimensional multivariate case. 

   Hence this paper may be considered to be partially an extension of the 

previous paper of Asano and Sato [1]. Type 1 of this paper gives us the 
inference of population mean vector with known population dispersion mat-

rix and Type 2 with unknown population dispersion matrix. 
   In conclusion the author wishes his hearty thanks to Prof. T. Kitaga-

wa and Mr. C. Asano for their kind suggestions and encouragement.

§ 2. Pooling of sample mean vector 

   2.1. Type 1. (The inference of population mean vector with 
"known " population dispersion matrix) 

   Let Qv, : (x(1', x(i) , • • • , x%) be a random sample of N, vector observations 
f rom a k-variate non-degenerate normal population N[iii),M] and let ON,: 
(x(2), x(2), x             ;;-D be another random sample of N2 from some k-variate 
normal population N[4(2), . The values of these two common population 
dispersion matrices are known to us, but the populations have not neces-
sarily the same population mean vector. The distinction between these 
populations may be regarded, however, as hypothetical. Let us suppose 
that we may pool the two sample mean vectors and form an estimate vector 
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of the assumed same population mean vectors simultaneously in case when 
testing a hypothesis that ,a(1)=/..t(2) shows that the hypothesis cannot be re-

jected. 
   Our rule of inference procedure is as follows : 

   (i) Let be sample mean vector defined by 0,,, (i=1, 2) 
   (ii) Let the statistic U'U be defined by 

                                                                                                                        --1             U' U= (,(2)—x('))'(.7v11E_, (x(2) _(0) , 
                 Ni 

where x(')=ExY)/Ni. 
                        .1=1 

   (iii) Then let us define the statistic x in the following way. 

        (a) ,.1=N„le')N2x(2)                           if U'U<;62,(a)                 /V1+ N2 

     (b) x="),if U'U>x2k(a), 

where x;',(a) means the significance value of X2 distribution with a signi-
ficance level a in case when the degrees of freedom is equal to k. 

   For the sake of convenience, throughout this paper, the notation of 
Pr.x<u} shows at the same time the probability that each element of the 
vector x does not over the corresponding element of the vector u namely, 
the distribution functions of the respective elements of x simultaneously. 

   Theorem Ll. The distribution function of .3-c is given by 

(1.1) Pr.i-x<u} 
  rrk•• 1  

   i•••1(20,12expL2dr,27„exp[--1±s'i'                 (02 i=1 
   rk<Mkfikk(s L-1 a)' (s+L-1a)< _xk2(a) 

     r - l< (Mk -1-4-1, k rk)fik-1, k-1 

    rk<(mi—Elur j) / 
                  J=2      

• •. 

 +exP[ilis1H••• 12exp[-1fi dr,Ads, 
     (27C) k/2/=1(27r)ki2 i=i i=1 

    (s+L-la)'(s+L-1a)‹xx2(ce) r k<tik /1 kk 
                                       rk -1<(nk -1-1k -1,kr k) /11,-1,7,- 

                              r i<(ni 
                                                     j=2 

     N+N2Ni 11(1) +N2teN+N where m
i= -u,—(i-1, 2,• , k), ni= 12(itIAp) 

         aiiNi+ N2                                                                               aii 

  /N2k +and lij's are elements of a mat rix L such that 
           i=1
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 L  „ 112 113 lik , 1 ii>0 (1=1, 2, k), 

       0 /22 /23 • 12k 

        0 0 133 • • • 13k 

       0 0 0 • • • 1 kk 

  L'R-1L=unit matrix 

where 
 R= 1 P12 ••• Pik 

        P12 1 ••• P2k 
    •••• 

    .... 

        P lk P k• •1 

   Proof. Now let us put for a moment 

                            — Pi" iP —4)  
(1.2)(ye),1 / G11/1/      .YP)=-                                  N,1/ G22/VATi'1/6kk/V1V, 

                                                  (i =1, 2), 
then the joint elementary probability of (yl", 3,1) ,•, y(l) , y(2), 3(2), •-, y12)) may 
be given by 

(1.3)1 exp[1±y"PR-Iy(ollidyi". 
     (270/RI2 i=1i=1 j=1 

   Further, the following orthogonal transformation 

(1.4) P=1/ N1N2y(l)Y(2)a 1/ N1N237()+y(2)           VNH-- N2 \N,v/Al2/'Ni+ V2\1/N2.V 

gives us the elementary probability of bb                                                             ...1,2, • -9 Pk, q1, q2, •••9 

       11 (1.5) h(p',q')llRI2(dpidqi) =expL—(p'R'p +q'R'q)iff(dpidqi)    i=17r)1=1 

   Now let the sample space be devided into two distinct sets D1 and D2 
which are defined as a domain U'U= (p+ a)'R-1(p + a)<Xi2, (a), 

where a—V  NN2 c-1 (12(2) —12(1)) 
            Ni+ N2 

  C= 1/011 0 ••• 0 \ 

         0 ^a22 ••• 0 

        00 ••• VG,k 

and the complement respectively. Then we may and shall decompose the
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probability (1.1) into two parts. 

(1.6) Pr.liv<u =Pr.iN x(1)+Nx(2)                      Ni+N:<u,D,} +Pr.x"'<u, D2I 
where Pr.4<u,DJ means the probability that two events happen simult-
aneously and similar for other cases. 

   On the other hand in view of (1.2) and (1.4), we may obtain that 

      Nix(i)+N2X(2)N2  (1
.7)N

i+N2=E+Fq=12(1)± F"(n(2)ii(1))                                                                N2``" 

             ic=p,("+Fq—GFp, 

where 

                  Va—ii 0 •-• 02 
E=Nlam+A(2), F= 1N,and G-=.                 + N

2 0 i/a22-- 0Ni 
                               : : • . : 

                        • • • • 

                              \ 0 0 • • • V crkk 

   Then the first term of (1.6) may be given by 

                                 .. 

          Nxo)+NX") (1.8) Pr. {,AT2 <u,D1}— q') H (dp,dqi). 
                                      q<F-1(u—E) 

                                      (P-Fa)'R-i(P-Pa)<_Xk2(a) 

   Now let F (t) be a matrix whose diagonal elements are all one, (a, 

fi) element (a--A9) is t, and another elements are all zero. Then 

       012 p13pllc  RI=R-1E12(P 10E13(P 11 ) ••• Elk(— 11) 
     12p lk 

   pll p12plk(1 —P0 •• 0  1 0 
                                     p 11                                                                               Pll 

   p21 p22 p2/c 0 1 0 ••• 0 0 1 ••• 0 

     I 

     •1 0 0 1 ••• 0• 
       • 

•• 

                                                                                                                                           • 

   p k 1 pk-2 ,kk 0 0 0 "' 1 )0 0 "'1 
                    I becomes a matrix whose elements of first row are all zero except (1.1) 

element. Similarly, all elements of the second row of the matrix 

          3\
(p24  ik  112=RiE,3(--'9±)E24           p21222E2k(P22 )                                             PI
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 0  0  1  0  0  0   1 0 0  0 

                                                                                                                                          1, 

  P1' Pi2P          Je 0 10 0 1 0   P                                                                                            22     PIP
i 
       • 0 0 1   0 

1 0 0 1 ......... 0 

    .•                                                    

• 

   4011 Pt  , 0 0 0   1 , 0 0 0   1 

are zero except (2.1) and (2.2) elements, and so on. Thus 

               Pik\n3n2k  R,_1=R-1E12(doP::) ER(P1•E93( E2k(—                              p12) 
                                      k-1,k  Ek_,.k(Pkkii_= R-E„,and E„ 

                         Pk-2 

are matrices of the f ollowing form respectively, 

 Rk_1= t bil 0 0 0  0 , 1 e,2 e13  elk' 

     b2, b22 0 0  00 1 e23   elk 

     b3, b32 b33 0  00 0 1  elk 

                                                                                                                                            • 

                                                                                                                                                       • 

      bk, bA2 bk3 bk4 bkk0 0 

   Now, if we multiply by Rk_i, we get a diagonal matrix such that 
        E“tk_1=E'„R-1E„= i 21 0   0 

                   0 22  0 

                                                                                                       • 

                  0 0   2k 

and 2i>0 (i =1, 2, •••,k). Therefore, if we put 

    L=E,„ 1  0   0 ( 111 /12 /13   ilk                 

1 /1                         n 77        122, '23  /2k 
        0 - -   0 

         1,7' 220 0 l33  13k 
  •

• 

  •
• 

                    

• 1  

       0 0v' 2k0 0 0  lkk 

then 

                                 L'R-'12=1,
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where I is the unit matrix of k degree, and  l  ii>0 (i =1, 2, •••, k) . By using 
the following transformations 

(1.8)p=Ls, q=Lr, 

where s'= (s1, s2, • • • , sk), r= (r1, r2, ••, r , the probability (1.8) may be written 
in the following way : 

    (N+N(2')1 (1.9)I-r.1NN22<u, D11)-=1(27),„,,exp[12irY*dr 
                                   Lr<F-1(U—E) 

        1            expL—±s2ifids. 
    (270"22" 

     (Ls+ a)'R-1 (Ls+ a)<_xk2 (a) 

   Let us put (F-'(u—E))' =m' = lm                                                 1/-m                                              2/ •••/ Mk) where mi= N+1\1-,)1 
                                                                                         ait 

(Ili _N1/4"+ N2[112)      i/Ni+N2 

then 

(1.10) Pr. {N + N4(" D1 I             Ni+ N2 

 =1xp[21]fl idr•(2,1.0[21ds,       .-.(20702e 

   rk<mic fikk(s+L-la)'(s+L-1a)<Ak2(a) 
     r k_ l< (Mk -1- ik-1,krk)/ 

    ri<(mi—i 1 ur j) 
                  2=2 

   The second term of (1.1) may be similarly given as follows : 

(1.11) Pr.1,V<U, D2 = • f h (p', q')II(dpidqi) 
                           q<F-1(U-At (0)+ Gp 

                      (p+a)R-1(p+a)>X0(a) 

        • 1,,—12]. 11±]ilidr            (27kex—P[2(2 70 k/2 exp[ 2 
            Lr<F-1(u—g(1))+GLs 

          (Ls+ a)/12-1(Ls+ a)>xk2(a) 

      11,,,exk11 ±114drin           (270P[2..3;?1•1•••1(270 ki2eXP[ 2ir, 
           (s+ L-1 ay (s+ L-1a)>xk2(a)rk<nk/lkk 

                                                   rk_r< (nk-1 —1k.-1,krk) fik, -1,k -1 

                                       ri<(nl—Ek j-21i,r;) fin
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where  n'=(n„n„•••,n,)_=(F-'(u-41)+GLs)'. 

   Thus we obtain the second term of the right-hand side of (1.1). In 
combination of (1.10) and (1.11), we may obtain (1.1) to be proved. 

   Theorem 1.2. The mean vector Eril and the mean square error M. 
S.E4x} of the estimate X are given by 

(1.12) E‘X = At(i) NN+2N2(14(,)1.1(0) Pr./v(NN+2N2)N                                               c/DA)i 

and 

                           ,2 
(1.13) M.S,E.-X}=N i+N2(N1N+2N2) (A(2) -14(1)) (#(2) —'am) 

                         1.D2CPP'e         + (N
,+NN2)Ni 

where we put 

(1.14) Pr. D11=Ij(27)ki21,R 1/2exp[— -1=p'R-1prndpz 
                                                                                    i=1 

                    (1,d-a)'R-1(P-Fa)_<Xk2(a) 

(1.15) L9211)1=1 P. (270k1,2R1/2 exP[ 2 P' R--1P] A dpi 
                 (1)+a)'11-1(PH-a)>Xk2(a) 

   Proof. Making use of the notation in the enunciation and proof of 
theorem 1.1., we may write 

(1.16) Ac") + Fq + NN+2 N
2(u(2)—Am) h(p',(dp,dq,)            Dl

f + F q —GFp)h (p', q') If (dpidq,) 

                                                    c/D2{p#, 

                                                                                i=1 
                           D2 

                              N,,              =AtmN
i+'N2(11(2)-12(1))Pr.D,             —N                                  1/(N,+N2).Ni 

because, E{q=0. 

   Thus the mean vector (1.12) is obtained. The mean square error matrix 
may be obtained from a following relation: 

(1.17) E4X'}=i•••(0)N2 (2)(1)(1)                + FqN
i+N2(A+ F q 

                            Di 

                  -I- NNH-2N2 (12(2)9(1)))'h (p Iq')A(dpidqi)
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•  • (a(1)+Fq—GFp) (am +Fq—GFp)'h (p', q') 11(dp,dq,) 
                        D2- 

     HF F N _1\17: N2Op) (A(2)___AO))(te(2)da(1))40),) 
        DI 

       (N11\1_412N2 ((#(2)/2(1(#(2)/2(1))I± I 

                                                                              k 

        N2  
      N i+N2('q (A(2) te") (g(2) Thum) q'F') h (p', q') II (dpidq,)                                                                                                  t=1 

        /2(1)/2(1)' Fqq'F' + G2F pp' F' --1-(A(1)q'F' +Fq12(1)')—G11(1)p'F' +Fp12(1)') 
         D2 

                                                    k 

     —G(Fqp'F' + Fpq'F') h (p', q')-11(dpidq,). 
                                                                 3-1 

Then substituting the following relations         

I  L
i+D21qqr =Iqq'h (p', q') lI (dp,dqi) R, 

                                                  i=1 

              =0/ LAP' 0 

for (1.17), we may obtain that 

                                N2) 
         =12(1)12(1)/±N1 N

2E+(1)(2)(1))'+(1-4(2)—Az(1))44(1/-Pr.ID11  i+ 

   ±(NIN+2N2) 2 (11(2)11(1)) (A(2)NN2ID2Fpp'F' 
    —LL(') p' F ' + F ppm'. 

    N 

   Thus the mean square error matrix M.S.E.Ix i of the estimate x may 
be obtained in the following manner. 

 M.S.E. x =E (x A")) (x— fe(1)) 

                                                ,f.t.")' -12(1)/2(1)' 

            1  4_ ( N2 )2           ="(2)u(1))( ,(2)_ ,(1)\lpr.D1 
             Ni+N22-'Ni+ 

                  N2 
             (N1i- NOA TIDjcPP'cl• 

    Corollary 1.1. Specially when p.(2)=At(1), u(1), that is, x is an 
unbiased estimate of ,u('), but the variance components and the absolute 
value of covariance components of the mean square error matrix are greater
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than  aid  (N1+N2) and ci,/(N,+N2) and less than ai,/N, and o1)/N, res-
pectively, (i, j=1, 2) . 

   Corollary 1.2. Specially when N1 is very large compared with N2, 
that is N,>N2, the bias of the estimate x becomes small, and the mean 
square error matrix becomes E/ (N1 N2) nearly. 

   Corollary 1.3. Specially when te(2)=A('), the variance component of the 
M.S.E.X} in case of multivariate pooling of data becomes smaller than 
the variance of the corresponding estimate in case of univariate pooling 
of data. The difference is given by 

             (N,N-PN22aii                )N1-                     [ID9—h2. P!]<0 (i =19 

where 
                 . . 

                             1 

       /-„jH(2 ,)12R exp [ —2 pv_R--ip in dPi 
                  (p+ ay .12-1(p+a)>xx2(a) 

       1 v2. P2i 1e xP[1dp1 
                 (27)'1-2 

                  p,+a,>(x12(a))1/2 

   2.2. Type 2. (The case with "unknown population dispersion matrix" 
in Type 1) 

   Let 0„-1 : (x11), o6',•, x_(\;) be a random sample of N1 vector observations 
from a k-variate non-degenerate normal population N[g(1),E] and let 0,-2 : 

(x12)5 M2)5 ...5 x(92),             7Y=) be another random sample of N2 from some k-variate 
normal populaon N[12(2), EL In this section, the values of these two com-
mon population dispersion matrices are assumed to be unknown to us, but 
the populations have not necessarily the same population mean vector. Our 
attempt of the present inference procedure is the same in Type 1. 

   Now our rule of inference procedure is as follows : 

   (i) Let --c(') be sample mean vector defined by 0„,, i=1, 2. and let S 
be the unbiased estimate of common population dispersion given by 

                                                                          N2      S= (N1+N2-2)-1-1E (x" —X(1)) (x11) — x(1)) + E (0c2)_0----c(2)) (x52) X(2))I 
      =1.7=1 

   (ii) Let the statistic T2 be defined by 

             N1N2__„                    T2_  (x(,.)_x())S-1 (tk(2) ,V1))                         + N
2 

   (iii) Then let us define the statistic ,X in the following way : 

   (a)N i+N2,k(2)NN2  — k-1  T2                       2 5if1                                                 N1 + N2 — 2<fik,Ni-KV2-k-1(a)
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                            N+N,,—k-1 •T2    (b) ,V=x"9 if 1 •>FkY2-k-1(a)                                       N 
i+ N2-2 

where Fk,Ai-FA-2-k-1(a) denotes a-percent point of F-distribution with the pair 
of degrees of freedom (k,N1+N2—k-1). 

   Theorem 2.1. The distribution function of x is given by 

(2.1) Pr.x'<u} 

          ,-1oexb —112-2,11 dr 

   = 

        (z7r)k/-[2 
      rk<ink/lia-

        rk_1‹ (Mk- 1-4-1,krk)fik-1,k - 

      r1<(m1—kEy=211i r))//ii 

              11k 2-1(v2/2)(N1-1-N2-k-1)/2-lexp[x2/21k        -.-)      (27u)Esi" llds,)dx2 

  I 

        7u)-2(Ni-E-N2—k-1)/2 
      (s-I-L-laY(s+L-la)k 

                   X2F"1-1-N2-k-1(0)                            Ni+N2— k-1 

              1 k(x2 I 2) (Ni-i-N2-k-1)/2-lexp[_2‘2/2] 
                       "•

•       (270/,exp[Es!,                 22r + N2— k-1)/2} 
     (s+L-laY(s+L-la)>  k  

                 X2N 14-N2—k—lFk'NY2-k-1(a) 

 +.j         (27)k          270k/2exp[2d rds1) dx2 
       rk<nk/lkk 

       ri<(nl—kL 7=211jri)fi11 

   Proof. Let us use of the notation in the enunciation of this section 
and proof of Theorem 1.1. 

   Let D be a nonsingular matrix such that DED'=/ and define 

            iN2(2)—*(*          17=-1/N—(1)) , Y=Yi)=DY, S*=DSD'.       N,+ N21Y! 

                         / Then Y is distributed according to N[1/NN,(u(2)—ad"                              N1+ N2) ,E] , and (N1 + 
N2 —2)S is distributed as Y, Z04', with the Zg independent, each with 

                                        /3=1 

distribution N [0, , and Z0 is independent of x", x(2), thereby is inde- 
                                                N2 

pendent of p and q • Y* is distributed according to NVNiNN2D(u(2) — it(1)), 
                            N1INT 1V2-2 _ 

El, and (Ni+N2-2)S* is distributed as+1±'2-2Z:Zit'= DZo(DZo)' with 
                        /3=10=1
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the  Z independent, each with distribution N[0, I], and Z: is independent 
of Y*, p and q. 

   Let the first row of a k x k orthogonal matrix Q be defined by 

                qii= /y*,y* •••, k 

this is permissible since E eii=1. Since Q depends on Y* it is a random 
                                         i=1 

matrix. Now let 

              V =Q17*, B=Q (N, + N2 —2) S*Q' 

                                                                                          N1+N2-2 

Then the conditional distribution of B given Q is that of E W oWii, where 
                                                                                        3=1 

conditionally the W0 defined by QZ40' are independent, each with distribu-
tion N [0, I]. 

   If we put 

     B= (kJ) =7 bi, b12 ••• = bi, 
                               Cb1) B22/ 

                   b21 b22 • • • b2k 

                                                                  • 

                                                                      • 

                     bkl b 2 • • • • b kk 

                                                                                                        N1-EN2-2--(k-1) 
then bii.2...k=bil—ba,B221k1, is conditionally distributed as E where con- 

                                                                                f3=1 

ditionally the X13 are independent, each with the distribution N(0, 1) ; that 
is, b11.2...k is conditionally distributed as x2 with N1 + N2 k — 1 degrees of 
freedom. Since the conditional distribution of b11.2...k does not depend on Q, 
it is unconditionally distributed as x2, and is independent of p, q. 

   On the other hand, if we put 

             Q=( q11 q12 ••• qik\ 

                  q21 q22 • • • q2k 

                                                                                    • 

                  gki qk2• • •qkk 

then V , =„I 7.t =,/y.,y* , V.1= = v/y*,y.Eqiigia= 0 and 
  i=1i=1 

   Ti=Y*'1"*=Y'D'DY=Y'(DE)—'(DZ)D'DY 

     =Y'Z—D—'(DED')DY=YiE—IY 

     = N1N2  (x(2) X(1))E-11/  N1N2  (X(2)X(1))—Ni+ N2JNi+ N2 
    = (c (p + a))'Z' (c (p + a)) 

      (P+ a)'c'E-tc(P+
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    = (p a)' (c-i (c') - 1) ' (p ± a) 

     =(p+a)'R-1(p+a) 

has a noncentral f-distribution with k degrees of freedom. Then T2/ (N1 
+N2-2) = Y'S'Y/ (N, +N2-2) = Y*'S*-1Y-*/ (N1 N2 — 2) 

     =V'B-1V = (V ,0•••0) b" b12 • 17,5„_ 
                                                                                 b11.29 

                  b21 b22 b2k 

                                                                                                                          • 

              b" • • b" 0 

where (bo) =B-1, is distributed as the ratio of a noncentral x2 and an inde-

pendent X2. Therefore if am = ,a(1) , [T2 / + N 2— 2)]. [(N, -1- N2 — k 1) /k] is 
distributed as a F with k and N1 + N2 — k —1 degrees of freedom. From 
above relation the inference rule of this theorem follows. 

   The joint probability density of (p, q, x2) where X2= b11•2 k may be given 
by 

                  — 277)k--,exP[—21(p' R 1p-1-q'R-10] 
      (x2/2)(1vi+v2-"-1)12-leXP [— x2/2] 

       2FRAT1+N2—k —1)/21 

   Now let the sample space be devided into two mutually distinct sets 
D1 and D2 which are defined as domains [3 (A+ a) + a)/x2][(Ni+N2 
—k-1)/k]<F, ,N1+N-2-k-i(a) and the complement respectively. Then 

(2.2) Pr.x<u}=Pr.-Nx(1) + Nx(2)                       N 1+ N2 <u, D1} +Pr.(1)<u,D2 
   The first term of the right-hand side of (2.2) may be 

      N^C("N,7(2)      1
Ni+N: <u, D1=h(p', q')(Z Pr.{(dp,dq,) • dx2 , 

                           q<F-1(u—E) 
                       [f (P-Ha)'R-1(P+a)}/X21 [(N1+N2—k-1) //c] 

and by using the transformation (1.8), the probability may be given by 

   (Ni,X(1)+ N2,V2)1  Pr.N i+N2<u, D1} =(z)ki2exp[-1:2r'r]TT dr 
                             Lr<F-1(u—E) 

          2L 
              1 .PF2 S1 , ( x2 /or1+_v 2-k-1)/2-lex px2/2] k 2 

           (27)7,1eX                                           d                          2F (NN2 — k — 1) /211 ds.x 
       [[Ls--FaYR-1(Ls+a)Mx21 [(Ni+N2—k —1)/k] <fk,N1+.1,2-k-1(a) 

Using the same notation as that of the theorem 1.1, we may obtain
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         Nix")  + Noc(2)      P
r.1 (2.3) Pr-N

i+ N2-<u1,1D11- 

                       1--.1 k,–k     1 .f1exP    =...(2 7r2I— 2 ,=._1',Ilidr, 
 rk<Mk/  lick 

        rk,-1<(Mk-1-1k–i,kric)/1k-1,k-1 

      ri<(m1—kEi=2/iiri)//11 

     • I...1 exp[1L,s2 –(x2/2) (Ni-FN2–k-1)12-1exhf_x2/2Jk                                            PI2/`/9'-Illds,)dx2 
     ).(27r) ki22z.=--i:z _ 2F 3Ni+ N2 — k-1) /2(,--1 

      Rs+L-laY(s+L-la)}/X2] <I k/ (Ni-L-N2—k-1)1Fk,Ni+iv2-k-i(a) 

   The second term of the right-hand side of (2.2) may be similarly 

                                                                            k (2.4) Pr. 3,-c(1)<u, D2 = f". Th(p', q') f,,,,_,_,(f) 11 (dAdqi)dx2 
                                                                                         -1 

                       q<F-1(u—E)+Gp 
                        [ I (P÷a)'R-1(P+a)} / X21 [N1-HN2—k-1) /kl>F1-,_A-1 +A-2 _ k _ i(a) 

                              , ,- (v2/2)0-1-1-A-2-k-1)/2-lexhr_ 7 =:j***1(2711,)„,,exp[2(r r+s s)__." ' "2/21(ndd)•d-2                                                                     riSi
,/                             2F 3(N 1+ N2 —k— 1) /2 ;i-1 

  Lr<F-1(u—p(1))+GLs 
   [ [(s+L-la)'(s+L-1a)1/X2] >fk /(Ari+N2—k-1)1Fic,:vi+ v2 --k_i (a) 

    = ...I1,,exp-—                     1 iis,,1(x2/2) (v-F                                              i.v2-7,-1)12-leXP[ — x2/2] 

        (2w)/-_2,÷_1 211 3 (N1 + N2— k— 1) /2 
      [{(s+ L-la)' (s+ L-1a)1 / x2]>{k / (Ni-l-N2—k-1)}FIc, Ni + Y2-1,– i(a) 

    • • . (27r)2p)exp[—12,*-1illdr,ndsi•dx2 
      rk<nkj ha 

        rk-1<(nk-i—lk-1,krk)/lk- 1,1r– 1 
      ri<(ni—kE, =2/1jrj) / in 

   In combination of (2.3) and (2.4), we shall reach (2.1) which was to 
be proved. 

   Theorem 2.2. The mean vector E3x} and the mean square error matrix 
M.S.E.3 x I of the estimate x are given by 

                  N2 
(2.5) Ex= 4(1) + Ni+ N2 (12(2) — 22(") Pr''D1—1/NiN2cliD2p1                                      (Ni+N2) 

and 

               1  
               N2(Ni+ (2.6) M.S.E.x=Ni+E+2N2v)2(—I.'iV.(2)n(1))(,''''s'(2),,(1)it Pr.1D1    

         N 

             +— ID23 Fpp'F'           N
i
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where we put 

          1 r1 
(2.7)Pr.3Dij =(270 ki2,R112exPL—2p'/Z--'pf„,,,_,(x2)pcdpi•dx2 

                [UP-FaYR-1(P-Fa)}/x2] [(N1+N2—k-1) /lc] <Fic,rv1+N2-k-1(a) 

                                                                                 k 

                A1D           p(270  —2p‘'.----1P-Ifyi+N2-k-, (x2) II dPi. dx2 
                                                                                                    i=1 

                [{(p+a)'R-1-(P+a)}/x2] [(Ivi+N2—k-1)/k]>Fk,Ni- N2-k-1(a) 
   Proof. Making use of the notation in the enunciation and proof of 

Theorem 2.1, we may write 

     = loco+ Fg +N
1N+2N2(4(2) — Au)) h(p,, ql)fNi+2v2_ k_(x2)11c1pid)(2                                                        i=1i=1 

    +( At(Fq — GFp) h (p',(;(2)fidp, •fidq, • dx2 
                                                                                       i=1=1 

             D2 

     =FIE.1+D2•41+ NN
+2 N2(12(2) — A(')) Pr.3 D11CF- D2 

           N2 (2)u(1))CI—1/IV, (1VI12          Ni + N2+ N2)DJP},     +(a— 

because /,,1„2 q} = E q } = 0. Thus the mean vector (2.5) is obtained. The 
mean square error matrix M.S.E.3 may be obtained from following re-
lation : 

(2.9) E3,X;X' = -..0 p(1)+Fq+ NIN+2N202(2)—Am) (At(') + Fq 
                         Di 

           N                                                  \ 

              + Ni+2 (a(2),u(1))) h(PC 0.fNi-FN2-k-l(x2)IIdp-lldq-dx2                                                    1=1 i=1 

           (4(1) Fq GFp) ((1) + Fq 
                D2 

          —GFp)'h (p' , q') f2V1i-N2-k -1 (Z2) dP,•dq,•dx2 
                                   i=i j=1 

           ••• at,t(1),1(1),Fqq,F,N2 (#wa(2)+(A(21____ 0(1))0(1)0                                + N
2\\ 

                Dl 

        +  N2 2(2)(1)(2)(1)(1)I                                F       (NN 1+N2)(u) (a(uF ”" 

        ^N             N+2                     N
24(2)00.))+ (4(2)____ 0(1)) qf-17 ",                                                   (13fyi+,2,-1(x2) 

                lldpi • II dqi • dx2
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      +  xe1',a(1)'  +  Fqq'F'  +  G2F  pp'  F'  + (u("q'F' + Fq,u0)') 
                 D2 

         —G (tA(')p'F' + Fpte(1)') — G(Fqp'F' + Fpq'F')h(p', (x2) 

                           k          

• ridpi• irldq. • dx2 
           t=1 1=1 

substituting the following relations 

  IDl+D2 44' = **•( qq'•C.fA1+N2--k-1(x2) -1IdP, • rfclqi• dx2 =E qq' =R, 
                                          i=1 t=1 

  ID1-1-D2( = ID2 = 

    qp' = 1-„j pq' } =0 

for (2.9), we may obtain that 

         = ,u(')At(1)' +1N
1+ N 2'N.N14- N'                                             „(1)(•,(2),_g(1)y(12(2)ii(1)*(1)Pr.D1 

         + N  )2 / (2) (1)N(2)(1))Pr.C                  I.+N2 IpjF pp' Fr           N
, +N2 

              N2 I
D,C(2)I Ell(1)          N

i24tP-U P 

Thus the mean square error matrix M.S.E. of the estimate L/C may be 
obtained in the following manner. 

           =E3 maw) (x—it(1))' 

          =E — Atm. 3oc' — E A(1)/1(1)/ 

        1  
                                        -V 

                             N2  )2(„(2) „(1)\ (A(2)- A(1)) /Pr. 
          N1+ N2E1+N2V.* 

            N2                 /
D2Fpp 'F'        N , 

   Corollary 2.1. Specially under the same assumption as corollary 1.1 
or corollary 1.2, the same results are obtained correspondently. 

   Corollary 2.2. Specially when ,u(2)=g(1), the variance component of the 
M.S.E.kx 5 in case of multivariate pooling of data becomes smaller than 
the variance of the corresponding estimate in case of univariate pooling 
of data. The difference is given by 

        (N, 261                  )Ni{-D2—D2.{A7}]<0 (i=1, 2, •-., k)           +N2 

where
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In, p2, ___ ... 4,2i•11lc             P(27,)k,2,R.1/2exP[21il:—ig,_1P] f-Vi+N2–.1c-1(X2) • 11 dpi•dx2 

                     

i- 

i-D2.p,,,,,i,,h,„.,_,..1,,,,-,..si,            11---i(2701,2uxp[—0kij-,2_k_i (z 2) dpidx2   ..L— 

         (N1 pi^I N1N2\li2gi(2)--g,(1)                1 kN
i+N2)a  
  (x2)112>tNi+A-2-2(a)
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