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1. Introduction.

Nonparametric two-sample test for dispersion was not much investigated
as the test for location. However several authers, especially Mood [1], Le-
hmann [2] and Sukhatme [3], [5], [5] have for a few past years proposed
some suitable nonparametic two-sample tests for testing differances in dis-
persion.

In general, it is difficult to calculate the power of the nonparametric
test except in the case of extremely small sample size though most tests
have the property of consistency. For this reason, we shall consider the
asymptotic relative efficiency relative to the standard test as one of the
principal problems of the nonparametric test. The theory of this subject
has been developed by Mood [1] and Noether [6]. Sukhatme has also co-
mputated the asymptotic relative efficiencies of the tests which he proposed
relative to the variance ratio F test. Tamura [7] has succeeded in construc-
tion of the more efficient test than Sukhatme’s tests which is the same kind
extention for Sukhatme’s first test [3] as Lehmann [2] has done for the
Mann-Whitney test for location.

It is however interesting to reconsider the methods that they have used
to get the asymptotic efficiency. Because they (i) assumed the asymptotic
normality of the test statistics which are not always true in certain cases
and (ii) used the limiting distribution, i.e. the normal distribution itself to
get the efficiency. Recently Witting [8] has tried the generalization of
Pitman’s method to compute in more detail the asymptotic efficiency of the
test for location. The purpose of this paper is also to obtain the asym-
ptotic relative efficiency of the Sukhatme’s first test with regard to the
standard z test up to terms of order #~!. Then it will be seen that our
result contains the Sukhatme’s result on the efficiency as its first term and
the remaining terms represent corrections for finite sample size.

Now let X, X,, -+, X,, and Y,,Y,, ---, Y, be independent and identically
distributed according to the continuous distribution F'(x) and G(y) =F (3/6),
respectively. Moreover we assume that F(x) and G(y) are both symmetrical
and have without loss of generality median 0. It is natural to use the

31



32 Ryoji Tamura

well-known z statistic (or F statistic) to test the null-hypotheses =1
against the alternative 6<C1 {or 0:=1) when the underlying distribution is
normal. However there are some nonparametric tests to test the above
hypothesis since we have no reasons for the validity of z test under the
unknown distribution. We consider the following statistic 7" that Sukhatme
[3] has proposed,

¢h) T=mn" 33 ¢(X,Y))

i=1j=1
where ¢(u,v)=(1 if 0<u<<w or 0>u>v

0 otherwize.

We call this test to 7 test. Then Sukhatme has obtained the following
asymptotic relative efficiency of T test in the sense of Mood relative to the
standard variance ratio test.

@ e=12(-D] [af()dx— | xf(x) dx]|
where f,= [ jx—E(X) §2dF(X)/;’{[f1{x—E(X)}%F(x)JZ , fx) =F'(x)

In order to obtain the efficacies of tests up to terms of order m~' (or
n~'), we must avoid to use the limiting distributions themselves of the test
statistics. Accordingly we shall use the approximate distributions of the
statistics 7" and z which have been expandeid in the form of Gram-Chailier
seres or Edgeworth’s series.

2, The general expression of efficiency.

Now concider the statistic S as the test statistic of the test for scale
parameter and reject the null-hypothesis when the sample value of S is too
small. Then the critical region of size « of this test is the domain given by

P, (S=S.) = a.

On the other hand, if we wish to reject the hypothesis in the case that S
is too large, the above equality is transformed to P(S>S,)=«. In the
former case, the power function will be given by

(3) P(6) = P.(S<S.|0)

or

4) P(0) =P[{S—E(S){/v var(S) =x|0]
where x iS the normalized value of S,

) x=1{S,—E(S){/, var(S)

When we want continuity correction, we shail add 1/2 to the numerator
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of (5). Then we may expand P(f) by the standard normal distribution as
follows

6) P(0) =0 (%) + €299 (%) + €307 (%) + -

where

2

o(x) = (@) " exp(— ) .
o) =) | o) = [ p(bar.
and if we write the £-th moments of S about the mean by «.(S),
@ ¢ == g 1(8)/ms(S)™
t= g 1 (S)/m(8)* 3]

__% [15(S) /22 (S)**  —1015(S) /12 (S)**]

Cy

Il

b= g [10(S)/m(S)® —151(S)/m(S)*+30] .

Then under the null-hypothesis we may express (3) as follows
(8) a=0(x,) + ¢3¢ (%,) + €30 (%) + -+

where x, and ¢! are respectively the values of % and ¢, at 6=1. Assume
that P(0) is expanded in the neighbourhood of 6=1 as follows,

P(0)=a+ (6—1)P'(0)4+0[(0—1)%]

then we shall define the efficacy Es by the term — P’(0),_, following Mood
and Pitman. From (6) we may also easily express E in the form

9) E=—[2,¢ (%) + C;9® (%) + %:630® (%) + -]

where x, and ¢, are respectively the values of the derivatives of x and ¢,
at 6=1. We may also define the asymptotic relative efficiency of S test
with regard to the certain standard test as the ratio of such sample size
that makes the powers equal.

3. The efficacy of T test.
The efficacy of T test is given by (9) as follows,

(10)  Er= —,[0(%0) + ™ (%) + 299 (20) + 0l (a0) 290 (2) 4+
1 1

In order to obtain the values of the coefficients, we have to compute the
moments of T and their derivatives under the null-hypothesis. Now deno-
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ting them by u) and 7, respectively, we may derive the following identities
after some complicated calculations.
(1) 1=1/4

1= (m-+n+7)/48mn

1= (m+n-+1)/32m*n*

1= (m+n){mn(m-+n) /6— (m*—mn+n®) /15+ 11mn/5} /128m*n?

(12) Ly=[(4B—3A)(m—mn) + Al/mn

,a3::[(7273A—9B+ 6C) (m*—mn -+ n®) —%mn} / mn’
= (m—n)[mn(m-+n)(4B—3A)/8+ (—3A+13B—-18C+8D)
2, 2y a(09 4 954, 44 3,8
(m® + mn-+n?) T6(1—2A 4BT33C 3Dmn]/m n

where A-— J:xf(x)a'F(x), B-— :xf(x)F(x)dF(x),

C= :xf(x)F(x)zdF(x), D= f:xf(x)F(x)adF(x).
Frome these relations we can obtain the following coeflicients
(13) a=0m>?), =0m™>?%, d&=0m™>)

ci=—120(m* + mn+n*) /mun(m+n) +0O(m™*)
and
(14) C,=0(m™), &=00m™3®), =00m™)

~ /’"r 13 _ 2 _ 1ot _(1

Eo=—32, 3| (JA—9B+6C) (m*—dmn-n*) 4an

/y mn(m-+-n+7)°

Next we can compute the derevative x, at 6—1, since x is expressed in the
form

5= u(T) (T~ mnA), where A= [ (1-G)dF+ [ GaF,

Le. % =—24 (#3)_”2—%%%(#3)‘1, where x,=0(m") .

In order to get the value x, of x at 6=1, we shall use the identity (8). Thus
let the solution of the equation @(x)=a«a be x,_,, then the value of x,_,
gives the a percent point of the standard normal distribution. Setting the
solution of (8) in the form x,=x,_,+ /2 and substituting it into (8), we may
determine £ as follows,

h=—120(x}_,—3x,_,) (m*+mn+n®) /mu(m+n) +o(m™).

Thus we can give the solution of (8) by
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1
50

From the relations (9), (14) and (15), the efficacy E, of T testis given as
follows

(15) Xo=Xi—a— —3%1_0) (m* + mn+n*) /mun(m-+n) +o(m™").

6 (4AB—3A4) (m—mn) ]
AV 3mn(m+n+1)

Be2ay B e o [

[1 + élorxl_axf_a— 3%,_y) (mM*+mn+n®) /mn(m+n+ 7)]

r, ¢ ) ¢
x [”;2 (xi,—1)+ ;3 (31— X1_g) -+ C0(xt_y— 642, +3) —o(m™).
1 1

After some simple calculation we can get E,.

_ /48 4B—-34 q 13A—-36B +24C3q*— p*
(16) Er=24)/ Jo[1er/asn g, Lo a1t R
3p° +q 7 1
+g0 () ~Fmen)
where 1-0(x)=a; x —x 'l+l:p i—izq
a 1—a™— @ m n ’ m n .

The first term in (16) is the same efficacy as Sukhatme [3] and the re-
maining terms is the finite correction terms.

4, The efficacy of the 2z test.

In this section we shall discuss about the expanssion of z distribution
in the same method as in the previous section. Let S;= >} X! and S, = Zn]

Y2 then z test is usally performed in the normal case by using z= % log
[‘i /Si] as a test statistic. Thus
m/ n
2z=10og(1+S¥) —log(1+S¥) +1logiE(S,)/m}—1log{E(S,)/n}
where SF={S,—E(S)}{/E(S), E(S,) =mu,(X), E(S,) =nu,(X)0.

Accordingly the following expression is possible.

(17)  2(z+10g 0) = (St —SD) — 5 (SP=S1%) + L (SP—=St) — -
From (17) we can calculate the moments of z as follows.
(18)  E@)=—3ha+ s pa— g4 pa+o(m™)

m@= 10 vt k(5 a-Ln) @ ey romm



36 Ryoji Tamura

1a(2) = é (12 —323) pg-+o0(m™)

1 ()= a2 =30 (=L =20 Xa-2000) (9 30°)
15(2) /112 (2)*F = 1015 (2) /112 (2)*F=0(m™")
26(2) /145 (2) 2 — 1524 (2) /11, (2) 2+ 30=1023 (2, — 32%) 2%/ p+ 0 (m™")
where A=, (%) /1 (%) =1, 2,=pe(%)/12(2)* =314 (%) /11, (%) *+
'13Tﬂa(x)/ﬂz(x)4_4/v‘e(x)//12(x>3‘*33/14(95)//12(95)2?2’*'12/14(9‘:)//12(\9‘7)2—6
Thus the power of z test is generally expressed as follows
(19) P.(222,) =P,{ (z—E(2)) /) py(z) =%}

“1-[0(@) — A3 2) f:¢<><x>7214 (24— 124,24 +202)

% (pg+3qz)¢(3) (x) /415 + %2,11—3(,12_3,2f)2%¢(5) (x)+o(m™)

5 10
(20)  x= [zﬁ—logﬁ%l ha/ Vl 1p[1+2

— 2y

(p+4)]
Under the null-hypothesis, (19) is expressed in the form (21)
(21) a=1—{D (%) + .0 (%,) + ;0% (%) + ;0P (%) }

where x, is the value of x at 6=1.
The solution x, of the equation (21) is given by the following form,

(22) X=X+ 6 ’13 > - (xh— 1)]/ ? + A: 2B a3 — 3x,) - 4—15—7ﬁ
316% (243 —5%,) +o(m™")

Especially in the normal case the value of z which is obtained from the
relations (20) and (22) consists with the following Fisher-Cornish’s result

Za:l/pxm Gq(xﬁ 2)+]/ Gz 3x“p_,_’f2:‘"7121xw ’ )

Moreover we get from (20)
LBTRVE

(23) xlzl/—%[l—lﬂl—( +i;—)]

Thus the efficacy of z test may be expressed by the following form
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2 _Fajyangy _gpey 4. OH—24 (¢
@) E= eI Faee-am -0 5 (p )

2
_312, (xa—1) A7 (A3 —122,2,+2023) (1,4_3%)

- 316 (34— 1625+ 8)27° (2,— 34 %J

5. The asymptotic relative efficiency of T test with regard to z test.

Since we have obtained the efficacy of T and z test in the previous
sections, we may calculate the asymptotic efficiency of T test with regard
to z test against the uniform, normal, and exponential distributions.

Now suppose that a test 7', uses m,; observations to attain the level «
of significance and power p(m, «,0) and a test 7T, of level a requires m,
obvervations to produce the same power for the same value of 6. Then
the efficiency of 7T'; with respect to 7, may be defined as the ratio m,/m,.
We shall consider the efficiency in the case that two sample size is equal,
i.e. m=mn, only for the sake of simplicity of computation. Let the power
of test S be ps(m, a,9). Then from the relation

Dr(m, a, 0) =p.(m*, , 0)
we can obtain m*/m as follows

(25) m*/m:es(1+éa,;gsﬁ‘>

where e¢; denotes Sukhatme’s efficiency and

7

k=225 -1) (134-36B+24C) /A+ o — S (x—1)

By (523—22,) /22, + %- (22 —1) (A5 — 122,25+ 202%) /22,

Table
o (x2) 0.05 (1.65) 0.023 (2.00)
uniform distribution 0.60 (1+1.18/m*) 0.60 (1--3.24/m*)
normal distribution 0.61 (1—2.90/m*) 0.61 (1—2.47/m*)
exponential distribution 0.94 (1—2.25/m*) 0.94 (1—0.71/m*)
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