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1. Introduction and Summary. A  functional relationship 

                             71= Ca 11 52, • • • k) =C9 (0 

is assumed to exist between a response 7) and k continuous variables 51, 52, 
• • •, 5k. To elucidate certain aspects of this relationship, measurements of 77 

are to be made for each of N combinations of the levels of the variables 
e',t= 52ut.• • 5ku) = N. We assume that the function ca(5) can be 
adequately represented by a polynomial of 2nd degree within a limited re-

gion 91 of immediate interest in the space of the variables. We restrict 
every experimental point 5 to be in the k-dimensional interval ai<ei<bi, 

(i= 1, 2, •••, k), which lies in the region 91. 
   Putting xj=2(b,—a,)-V1—(a,+bi)/2], (i= 1, 2, • • •, k), every experimental 

point must lie in the interval 

(1.1)— 1<x1<1, (i=1, 2, •••, k), 

and the response can be represented by 

(1.2)77(I) =g0± E g,x1+ E 
                                                       1<i< j�k 

   The problem of experimental design considered is the choice of the 
design matrix D of N rows and k columns whose u-th row is X.:,=(,c,„,x2u, 

       for u=1, •-•, N, which specifies the levels of the variables to be 
made in each of the N trials. Here we assume that the design matrix D 
must satisfy the following conditions: 
for any integer a,>0 such that ai<4, we have 

(1.3) = 2 (a1, a2, ••-, ak), 

if all of the a, are even, and otherwise it is equal to zero, where 2(ai, a2, 
•-•, a/c) is a constant for all permutations of a1, (12, •••, ak, but it can be dif-

ferent for the different partition of a=EL, a1. 
Let us put henceforth 

(1.4) /12 = /1 (2,0, •••, 0)=2(0.2, 0, •-,0)=•-•=2(0, •••, 0,2), 
             23 = 2 (2 , 2,0, 0)=--- =2(0, •••, 0,2, 2), 

              24=2(4,0, •-, 0)=2(0,4,0, 0) =•••=2(0, •••, 0,4). 

                             17
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A k-dimensional design of order 2 whose design matrix D satisfies the 
conditions (1.3) will be called a symmetric design of order 2. For the estima 
bility of all the coefficients in (1.2), any 2nd order symmetric design must 
satisfy the relations 

(1.5)22>0, 0<23<249 24+ (k —1) 23— k2F,>0, 

as we shall show in section 2. 
   Of course a symmetric design having 24=323 is a rotatable design of 

order 2. But we do not assume the rotatability for the present. When we 
assume (1.3) for any set of k non-negative integers a, satisfying the con-
dition a, < 2m, instead of the condition EL, cei<4, the corresponding 
designs may be called the m-th order symmetric designs. It can be readily 
seen that if the conditions (1.3) hold true for quite arbitrary set of k non-
negative integers a1, the simultaneous moment generating function G (0 „ 02, 
•••, 8k) of the columns of the corresponding design matrix D is a symmetric 
and even function with respect to 01, 02, •• • , 8k. Therefore, the design is 
symmetric with respect to the coordinate axes of the variables x1, x2, •••, x. 
For any linear model, such as (1.2), in which there are L unknown coe-f 
ficients, the N equations at the N experimental points may be written in 
an obvious matrix notation as 

(1.6)n =X8 , 

where the N x L matrix X is called the matrix of independent variables. 
If the observed values found at the N experimental points are represented 
by a vector Y and 

(1.7).--(17") =77, e 77) (17-77)'=1"Na2 

then, on the supposition that the mathematical model (1.2) exactly represent 
the true situation, the " least square " estimate B of the )9 is given by 

(1.8)B= (X' X)--'X'Y 

The " least square " estimate 71,(t) of the response 77( t) for each assigned t 
is given by 

(1.9)71D(t)=7-'8 

wheret'= (ti, t2, • , tk), 

                      z'= (1, t1, t2, • • • , tk, ti, , tk, tit 2, • • , tk_itk) • 

The standardized variance of 5'7,(t) is given by 

(1.10)No-2V [77,(0]--- Nr-' (X' X) 1 , 

which becomes, adopting the assumption (1.3) for the 2nd order symmetric 

designs,
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     Nn2(k 1) p4(p2k22)2 (1
.11)/ [n,(t)]=1+         0222k23 k[24+  (k  —1)2,  k2] 

        323—44P4        +77) (Etik,              GA3(A42 — 

   where402H t i2 = t‘ + • • • + 

The purpose of this paper is to seek for the 2nd order symmetric design 
which minimizes the above variance function under the conditions, 

(1.12)x„ < 1 and p= constant. 

   It will be shown that, for a suitable N. the desired symmetric design 
D* has a design matrix whose elements are ± 1 or 0. Section 2 is devoted 
to preparatory consideration by which to deduce (1.11), which was also 
proved by Box-Hunter [1], p. 213, and then to give (2.8) and (2.9) for VD(p) 
and (2.10) for 17,' (40) respectively. After this preparation we shall give in 
section 3 Theorems 3.1 and 3.2 regarding min-max value of the variance 
function. In section 4 we shall turn to discuss to find the 2nd order sym-
metric design D* which minimizes under the conditions (1.12) the expected 
value of the standardized variance, assuming the uniform distribution over 
the sphere t,=p, that is, VD; (p) =min [N6-2V (t) So far we have 

                                                 D It =P 

assumed the adequacy of the 2nd degree response surface, and in section 
5 we shall be concerned to give in Teorem 5.1 the alias matrix and the 

bias due to the third degree terms which might be contained in the true 
response surface. In section 6, two examples are discussed in order to show 
some of practical implications of our results obtained in this paper. 

2. Deduction of Variance Functions. Let us put 

                          1 x11 ••• Xkl 4 • • • xk1 XliX21 •-• Xk-11 xk1 

                            1 X12 ••Xk2 X12 • • • X;c2 X12X22 •' • Xk-12 Xk2 (2
.1) 

                              • • • 

                          

1\1 X1 ••• XkN.4V••• XkN X1NX2N *Xk-12V-XkN / 

Since the least square estimate lip(t) of 77(t) in (1.2), based on a symmetric 
design D, is given by (1.8) and (1.9), we have 

(2.2)V[5,(t)] = (X' X)-1z-a2. 

Using the assumptions (1.3) for symmetry, we obtain 

               1 0 ••• 0 22 • • 22 0 ••• 0 

               0 22 ... 0 0 ••• 0 0 ••• 0 
                             • •            : • - : . .
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                0 0 •• • 22 0 ••• 0 0 ••• 0 

             22 0 ••• 0 24 23 0 •-• 0 

(2.3) X' X =••                   •••••

•                                 •••                         •• 

             22 0 ••• 0 23 -• 24 0 0 

               0 0 ••• 0 0 ••• 0 23 ••• 0 

                        

. . . .                          . .               

. . . • . • 

          0 0 0 0 0 0 ••• 23 

   Since a-2 V [17D is a reciprocal quadratic form of X' X with respect 
to the components of z, we have 

                    0 1 t1 t, 

                            1 1 0••• 0 22 ••• 22 

                              t1 0 22 • • • 0 0 •-• 0 
          1 ...•.. (2

.4)a2 V-ViD(t)] = /13tit2;A1. 
                                tk 0 0 • • • 22 0 • • • 0 

                           ti 22 0 • • • 0 24 23 

                                        

• • •                  
• • •: : • 

                        

. . . 

                                     t2, 22 0•.• 23 • • • 24 

where A is a positive definite matrix of order 2k + 1 obtained from N'X' X 
deleting its last ,C2 columns and ,C2 rows. The last term in the right hand 
side of (2.4) can be reduced to 

                               0 t,2,— A2 • • • t;s— 22 

       1  k1t21 2 224-223-4 

                A 

   1 +, 211EA 

                             : 

            ••• 

                     22 23—Al 24 22 

where di is a positive definite matrix of order k with diagonal elements 24 
  2F2 and other elements 2,— 2 which appears in the above expression. Since 

the characteristic roots of 4, are 24-23, (replicated k —1 times) and 24 +
•(k —1) 23 — k4, and one of its principal axes is (k-1129 k-1/29 , k-1/2\                                                   )adopting 

an orthogonal transformation such as 

(2.5)s1=k-112E(ti— 22), 
                                                 i=1 

                Si rij 22). (i =2, k) 

we obtain 

                      E ti E 
(2.6) V [77,(t)] =1+  + i<j 2

,+j  +                          2224— 24+ (k- 1)23 — k2F2 •



Symmetric designs for exploring response surfaces21

   Since we have, on the k-dimensional hypersphere  t  =  p, 

                     E titj = (p4— E t4)/2 , 
            t<i?=1 

                      = P4 /k , 
                    )=2z=-1 

we obtain 

           p2 p4ik(p2k22)2 (2.7) 2 VP,(t)]=1+)1+       a'222324 23k[24 (k —1) /13 — k21 

Since the minimum and the maximum values of Etf on the hypersphere 
    p2 are p4jk and p4 respectively, we have the following results. 

(a) For the case 23C3-124, 

                            p2 (k_p4 (p2k22) 2 (2.8) V(p)= max-- Vri),(t)] = 1+                a22 22k22 k[24+ (k— 1)A3—kA' 

and (b) for the case 23>3-124 

                       p2 (,04+  p2k2) (2.9) VD(p) =max 2VPD(t)= 1 ++               a2 2kk-1)A)k[24+(k 1)2 3— k Ad• 

Now, if we associate equal probabilities to all points on the sphere t;=p, 
the expected value V D' (p) of N a-2V[17,(t)] becomes 

(2.10) V D' (p) — 1+               p2(k _ 1) p42(k_up4 (p2_ k22)2                 222(k+ 2) 23-1-k(k 2) (24-23) k[24+ (k —1) A3— kAfl • 

3. Minimum Value of VD(p) for Symmetric Design. 

   Under the conditions ;xiufi<1 and assumptions (1.3), the moments of the 
columns of design matrix D must satisfy the inequalities : 

(3.1)(i) 0 < 23 < 24 < 22 , 
                 (ii) 24+ (k —1) 23— kiq>0 . 

Since the value of VD(p) in (2.8) monotonously decreases as 23 increases in 
the interval 23<3-'24 for any fixed values of 22 and 24, VD(p) cannot have 
its minimal point in the interval 23<3-124. Therefore, it suffices for us to 
seek the minimum of V L(p) in the interval 23>3-124. In view of the ex-
pression (2.9), 17,(p) decreases as A4 increases, for any fixed values of 22 
and 23 and hence it will attain its minimum for 24=22, which is given by 

                         (k —1)p4 (p2 b/12) 2 (3
.2) VD(p) =1+  +                    22k (22— 23) + k[,12+ (k-1)23—k22i •
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But the equality /14 -= 22 can only happen in the case when all the elements 
x,,, of D are equal to ±1 or 0. Consequently, we should construct our 
design matrix whose elements are ± 1 or 0. Then 2,2 is equal to the ratio 
of the number of the elements assuming the values ± 1 in any columns of 
D devided by N, and 23 is the relative frequency of rencontres of these ± 1 
elements in any two columns in D. 
Putting r =23/ /12 in the expression (3.2) of V A0), we have 

(3.3)VD(p) = 1+ p2 +  k((ig11)4 Lk22+ (1°2-222 /221 ± (k—1) r-22 —r 

            A 

              = 2
2 + C-22 

where we have put 

           A p2 + P {k — 1+ 1                   k1 —r 1+ (k — 1) r} ' 

          B(k —Dr — p2V                  kl+ (k -1)r# ' 

               1+ (k —1)r 

with the restrictions 1/3<r<1 and 0<;{2<C. For any fixed r , VD(p) assumes 
its minimum at 22=Ci/A/(1% ;1+V B), and we have 

(3.4)minVD(P) = (^A+)/ B)2/C 
                                             )1/42 

Let us seek for the minimum of (3.4) as a function of r in the interval 
1/3<r<1. Now we have 

                    1/A+VP(k —1)p4•21/ (3.5)min V ,,(40) =      d
r X2 C2k/AL17-15-62 

where we have put 

    P— 1  1 k— 11                 (k—l)r[ 40' k(1—r)+ ka+ (k-1)r# ' 
      1 2(k-1)  2 1          Q = 

p2 + k (1— r) + k{ 1+ (k-1)r#(1— r)2 ' 

and either of double signs should be selected according as 1+ (k-1)r 
—192-7:0. Since we have
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 (22  -4P,={p-2±2(k-1)/k(1-r)-(1-r)-12-4k-7(1-r)-2, 

the inequality Q2 --4P>0 gives the solution 

          ---2/k+ ,/k--2(k-2)2-1-  ,9                                                                   1+-2   r<a = andr> 3=   0•            (k -2)/ k+^k-2(k -2)2p-2 

But since we observe that 

               Q>0 at r=a and Q<0 at r=3, 

we obtain the following results : 

(i) For the case p2<(k+ 2)/3, where 1+ (k-1)r=p2>0, the variance func-
tion VD(p) attains its minimum at r=max (a, 1/3). 

(ii) For the case p2>k, where 1+ (k -1)r- p2<0, V D(p) attains its minimum 
at r=3 which is greater than 1/2. 

(iii) For the case (k+2)/3<p2<k, the derivative of V D(p) becomes dis-
continuous at r= (o' -1) / (k -1). The minimal point of V ,,(p) is given by 
r=a or 3 or (p2-1)/(k-1) according as a>(p2-1)/(k-1) or g<(4.02 -1)/ 
(k-1) or otherwise. 
In this case (iii) we observe that the minimal point r is greater than 1/3. 
In the case (i), a rotatable design where r=--1/3 can give the minimum of 
the variance function VD(p), when we have a<1/3. Now, it is to be noted 
that the inequality a<1/3 is equivalent to the condition p2>4k/3(8-k)>O, 
we obtain the following theorems : 

Theorem 3.1. Among the k-dimensional symmetric designs D of order 
2 under the conditions x,„1<1, a second order rotatable design can give 
the min-max solution of (3.6) 

                        Table 1. VD.(P)=--min max Ar,,V[f7D(t)]. 
                                                                    tl=p 0"

  1c,---2                  
' min-max design D* 

p2V D. (P) 
                      22=24 1 r--23/24 

0.2 2.0944 0.3090 0.5528 
0.4 2.6649 0.3874 0.3675 
4/9 2.7778 0.4000 1/3 
0.6 3.1667 0.4737 1/3 
0.8 3.5205 0.5270 1/3 
1.0 4.1427 0.5848 1/3 
4/3 5.0000 ' 0.6667 1/3 
1.5 j 6.0000 0.7500 0.5000 
2.0 11.899 0.7101 0.5505 

3.0 29.856 0.6340 0.5359 

4.0 , 54.136 0.5959 0.5279

 k---=-3                 

I min-max design D* 
p2V D* (P) 

                  22=24 r--23/24 

0.2 2.3068 0.2977 0.6145 

0.4 3.1673 0.3632 0.4870 

0.6 4.0000 0.4000 0.4000 

0.8 4.8400 0.4242 1/3 

1.0 5.7120 0.4626 1/3 

5/3 9.0000 0.5555 1/ 3 
2.0 12.000 0.6667 0.5000 

2.5 19.874 0.6635 0.5420 

3.0 29.856 0.6340 0.5359 

4.0 55.833 0.5985 0.5279 
5.0 89.818 1 0.5779 0.5228
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    (3.6) V D. ( p) min max N c'V [r7 (t)] , 
                          1, 1 =P 

           only when 4k/3(8-k) < p2 (k + 2)/3, (k=2, 3, 4, 5). 

Theorem 3.2. Any 2nd order symmetric design D under the conditions 
xi, <1, cannot give its least square estimate -12 D (t) of the response 77 (t) , 
the maximum standardized variance on the hyper-sphere th = p, less than 
the values tabulated in Table 1.

k=4k=5 
-.-.---       11 
0.54.0000 0.37500.50000.54.2771 0.3714 0.5319 

1.06.8540 0.42710.38201.07.6518  0.4216 0.4338 

1.59.3406 0.45911/32.016.4408 0.45740.3453 
2.014.0000 0.50001/32.25 19.080  0.46291/3 

3.029.8560.6340 1 0.53593.0 ' • 30.000 0.6000 0.5000 

4.055.8330 5985 0.52794.055.8330.5985 1 0.5279 

5.089.818  0.57790.52285.089.8180.57790.5228 
1  

k=6k=7 

0.54.4735 0.36960.5516 10.54.6544 0.40050.6322 
1.08.2284 0.41900.46481.09.0305 0.40940.4854 

2.0 18.2926 0.45440.38972.019.7025 0.45290.4184 

3.032.0000.50000.40003.034.7890.46710.3875 

4.0 1 55.8330.59850.52794.056.0000.57140.5000 

5.089.8180.57790.52285.089.8180.57790.5228

D* is a k-dimensional 2nd order symmetric design matrix with elements 
    +1 or 0, (i=1, 2, k ; u=1, •••/V). 22 is the relative frequency of ±1 

elements in any column in D*. r is the relative frequency of rencontres of 
-4-1 elements in any two columns in D* .

4. Minimization of the Expected Variance. 

   Since it becomes clear that a rotatable design of order 2 cannot always 

give the best estimates of the 2nd degree regression functions, we proceed 
to seek for a 2nd order symmetric design which may give a best estimate 
of the response 77 (t). For this purpose, we shall adopt for the criterion 

the mean value V D'(p) of the standardized variance NG-2V[rI,(t)] in (2.10). 
An argument similar to that used in the previous section will give a 2nd 
order symmetric design which minimizes 17,'(p) for each assigned p, if we 
do not restrict the size N of the design. Under the conditions I xi„l<1 the 
variance function VD' (p) in (2.10) decreases as A, increases for any fixed 
values of A, and 23. Therefore, V D' (p) attains its minimum when we put 
24=22, which means that the desired design has all its experimental points 

at the k-dimensional lattice points or 0.
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Putting /14  =22 and r - A 3P 4, 

the variance function VD' (p) becomes 

              1[2(k-1) p4,2(k-1) p41+(k,- P2)2 
(4.1) V „' (p) =1+2 2p+2(k+2)r-rk(k+2) (1- r)I'k;t2[1+ k -1)r-k2,2]. 

This expression attains its minimum, for any fixed r, at 112.- CV A' / (^ A' 

+ VB), and we have 

(4.2)min V D' (p) = 6/ A' ±^B02 / C' 
                                A2 

where we have put 

               1) p4 , 2 (k -1) p4-p4      A' --P2-1-2(k
+2)rmk(k+2) (1 -r)-1-k[1+ (k -1)r] ' 

    B' =[1 + (k- 1) r / + (k - r] , 

    C' [1+ (k- 1)/]/k . 

Differentiating min VD' (p) in (4.2) with respect to r, we have 
                           A2 

    dAl/vz.B'p (4
.3)min VZ(P)^=•(k -1)4[±2j/p,V],      dr

A.C'2kV A' 

where we have put 

 PL,-1k-1k1         p2k(k+2) (2r7-12-r\ +1(k -1)r jj4[1+ (k -1)r] , 
    1 2(k -1) k ,  2 2 1j  4 1 

       p2k (k + 2) 27--r1-r )rnk1+ (k -1)r# 2(k+2) 1(1 -r)2r 
n2 

' 

the double sings should be selected according as 1+ (k - 1)r- p2 0. We 
shall try to solve the inequality +2/P7-Q'<0 with respect to r. 

We have in the interval 0<r<1 , 

       dQ'2(k-1) (4
.4)<0 ,         dr+ (k -1)/12 

        d nAD2n,dQ'  2(k -1) t-(4.5)          dr Y''2-2A=drk[1 + (k -1)7]2' 

and 

                               1  1  4 1 (4.6) Q'2LIF"-[1p22ie((kk+ 21))(2k2r+1r) 2 (k + 2)l(1 r) 2;21.2                   1 
                      8r2 -2k(1-r)2 

                   k2 (k - 2) r2(1-r)2 •
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By virtue of  (4.4), Q' decreases from + 00 to — co monotonously in the in-
terval 0<r<1. Therefore, Q' has an unique root somewhere at r=r0 in 
the open interval (0, 1). Now we observe that 

(4.7)ro>iz k /(1 'k +2), 

since Q' is positive at A-1/k +2). By virtur of (4.4) and (4.5), the 
expression Q'2-4P' is decreasing in the interval r<ro, attains its minimum 
value which is negative at r=r,„ and hereafter increases monotonously to 
+ co. Therefore, the equation Q"-4P'=0 has two roots r1 and r2 in the 
interval 0<r<1, which are 

(4.8) k + 2) <ri<ro<r2, 

since Q'2 —4P' is positive at r=/(/+2). 
   Now we shall proceed to give the minimum value of the variance func-

tion (4.2) for three exclusive cases: 

(i) For the case ,o2<(k+ 2)/3, we have 1+ (k-1)r—p2>0 in the interval 
1/3<r<1. Therefore,d min I (p) in (4.3)                      d

r A2 
is always negative in the interval r<r1, and is always positive in the 
interval r>r1. The variance function (4.2) attains its minimum at r=r1. 

(ii) For the case p2>k, we have always 1+ (k-1) r — <0. Therefore, 
d min VD' (d) is always negative in the interval r<r2, and is always dr x2 

positive in the interval r>r2. The variance function attains its minimum 
at r=r2. 

                                                                                                                                                                           . (iii) For the case (k +2) /3<p2<k,dmm V (p) is discontinuous at r                                   dr X2 
(p2 —1)/(k-1). In this case (iii) the minimal point r' of min VD' (p) is 

                                                                                                  A2 

given as follows, 
a) when Q"-4P'<0 at r= (p2 — 1)/(k-1), r'= (p2-1)/(k-1), 
b) when Q'2-4P'>0 and Q'>0 at r= (p2 —1)/(k-1), r'=r1, 

c) when Q'2-4P'>0 and Q'<0 at r== (P2 1)/ (k 1), r'--=r2. 

Throughout all these cases, we observe that the minimal point is greater 
than v'k/(Vk+2) by virtue of (4.8). 

   Table 2 shows these values VD*' (p) =min e N6-2V[i/D(t)], accompany- 
                                                     D ing the corresponding 2nd order symmetric desings D* with elements x2„= 

+1 or 0.

5. Alias matrix for 2nd order symmetric designs. 

   When the regression function 77 (X) , instead of the expression (1.2), con-
tains 3rd order terms and is adequately represented by (5.1)
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Table 2.  Ka(P)=min No.--2T7[jD(t)] • 
                           D 11=t)

k=2 

                 d 
p2VIAI(P)                        design D*  

                 22=24Y=23/24 

0.52.8163 0.46490.5636 

1.0 4.0000 0.62500.5000 

1.55.2500 0.75000.5000 

2.09 5327 0.78470.6747 

3.024.1950.69680.6650 
4.045.4760.65640.6598 

5.0 , 73.3660.63310.6565

k=3 

                      design D* p2V
I*V) ,,                  A2-44r=23/24 

0.53.2632  0.43510.6521 

1.05.0997 0.55410.5944 
1.57.1690 0.63400.5708 

2.09.5183 0.69290.5582 
2.513.6856 0.78250.6900 

3.020.7200,74480.6861 

4.039.0960.70010.6811 
5.063.210 ' 0.67440.6779

k=4 

0.53.4817 0.42630.6990 

1.05.6726 0.53230.6487 

1.58.2103 0.59970.6269 

2.011.1385 0.64780.6148 

2.514.4704 0.68430.6073 

3.018.500 i 0.75000.6667 
3.525.9050.75540.7001 

4.034.7410.73500.6979 

5.0 1 56.267 I0.70730.6949

 k=5 

 0.53.5969 0.42290.7289 

 1.05.9835 0.52330.6837 

 1.58.78510.58550.6636 

  2.012.0436 0.62910.6524 

  2.515.7714 0.66170.6452 

  3.019.9736 0.68710.6403 

 3.524.6530.70750.6367 

  4.031.5630.76410.7119 

 4.540.7910.74750.7102 

  5.051.1930.73450.7089

k=6 

0.53.6606 0.42140.7500 

1.06.1583 0.51910.7084 

1.5  9.1115 0.57870.6898 

2.0 12 5604 0.62000.6792 
2.5 1 16.5174 0.65070.6725 

3.0 20.9873 0.67450.6678 

3.5 ' 25.9730.6934 0.6643 

4.0 ; 31.4750.70890.6617 
4.5 37.8040.75000.7000 

5.0 : 47.3070.75760.7206 

5.558.029  0.74650.7195 

6.0 69.839  0.7374 0.7186                    i

k=7 

0.5 1 3.6964 0.42090.7662 

1.06.2580 0.51710.7273 

1.59.2985 0.57510.7097 

2.012.8577 0.61520.6997 

2.516.9474 0.64480.6933 

3.0 21.5725 0.66770 6888 

3.526.7355 0.68590.6855 

4.032.4377 0.70070.6830 

4.538.6800.71310.6810 

5.045.4630.72350.6793 

5.554.2670.76600.7298 

6.065.3320.75650.7288      
1
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Table 2. (continued).

k=8 

                     design D* 
p2VD./(P) 

                 22=24r=23/2t 

0.53.71630.42070.7792 
1.0 1 6.31390.51610.7424 

1.59.40380.57320.7256 

2.0 1 13.02520.61620.7161 

2.5  17.19000.64160.7099 
3.021.9030.66390.7056 

3.5 1 27.1660.68160.7024 

4.032.9810.69610.7000 
4.539.3490.70810.6980 

5.046.2700.71830.6965 

5.553.7440.72700.6952 

6.061.9200.75000.7143 
6.573.0790.76500.7371 

7.085.4660.75790.7364 

7.598.8200.75180.7358

  k=9 

                        design D*   p2 V
p.'(P)                      2

2=24 r=23/24 

  0.53.7265 0.42070.7898 

  1.06.3432 0 51560.7547 

  1.59.4591 j 0.57230.7387 
  2.013 1133 0.61120.7295 

  2.517,3174 0.63980.7236 

  3.022.0760.66180.7194 

, 

  3.527.3920.67920.7163 
  4.033.2660.69350.7140 
  4.539.7000.70530.7121 
  5.046.6930.71540.7106 
  5.554.2460.7239 j 0.7093 

  6.062.3590.73130.7082 
  6.571.0330'73770.7073 

  7.081.2520.77220.7444 
  7.593.9600.76600.7438

(5.1)72 (i) - /30 giXi E )31.2XiXi E 
                                           i�j 

or n (I) x191 for short, the least square estimate B of j9 in (1.8) is 
biased for we have 

(5.2),C_.(B)=,3+(x- x)--ix'xig,=g+Agi • 

The ' alias matrix ' A=(X/X)-'X'X, will take the following simple form 

(5.7) if we assume for the design matrix D, in addition to the 2nd order 
symmetry, that the fifth order moments of the columns of D are all zero. 

   By the rearrangement of the independent variables, the u-th rows of 
X and X, can be respectively represented as follows, 

(5.3) (1, xizt, • • .9 xk221 xth• • • • • XICU, XIUX2Ilf XiuX32tf• • • • Xk-DIXICU), 

(5.4) (xL, xiulla, • • •, xi„x7c„, x2u, X2,X1., X2uX12, • • • • XL, • • • XIUX2UX3llf • • • ) 

where u=1, •-•, N. 

Using the assumptions for symmetry (1.3), we have 

                                   1 22 ••• 22 

                      wherez1-=22•••2 
                                                                                                  `3 (5.5\1X/X=(     NO'E/' 

                      

• • • • 

                                           22 23 • • • 24 ,
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     is a  k+  1 by k+ 1 symmetric matrix, 
   0 is a le+1 by k-FiC, zero matrix and 0' is its transform, 

   E is a diagonal matrix of order ,,C2 whose diagonal elements are 
followed by a 3 replicated X, times. 

   Using the assumptions that fifth order moments of the design matrix 
D are all zero in addition to the assumptions for symmetry (1.3), we have 

                             01 ••• 01 03 

(5.6)X'X, E, ••• Ek 04 
                             0, ••• 02 05 

where 01, 02, 03, 04 and 05 are zero matrices whose sizes are respectively 
(k+1) xk, „C2xk, (k+1) x,C3, kx,,C, and ,C2x,C3. E, is a kxk square 
matrix whose elements are all zero except the i-th row which is (24, 23, •••, 
/13). (i=1, 2, •••,k). Therefore, we obtain the following 

Theorem 5.1. Under the assumption (5.1) of this paragraph, the alias 
matrix is given by 

                  / 0, 0, 03 

(5.7)A=1—I El ••• Ek 04 
                             02 •-• 02 05 / 

and the bias of the least square estimate D(t) is given by 

(5.8)119,=,E t1(24fiiii+23Egi,j)—E 
                                              A2t=-1 

6. Numerical Examples. For an example, let us compare following two 

3-factor designs of experiments having the same size N=15.

      / 1 1 1 \ 
       1 1 —1 

       1 —1 1 
         1 —1 —1 

      —1 1 1 

       —1 1 —1 
        --1 —1 1 

(6.1) D1= —1 —1 —1 
      1 0 0 

      —1 0 0 

      0 1 0 
       0 —1 0 
      0 0 1 
        0 0 —1 

      0 0 0

      22 = 2/3, 

        r — 231 24= 0.8, 

            13 11 2 ,77 ,4    VD:(P)
31°m 24" 

     p2VD/(P) 

     0.04.333 
     0.54.318 
     1.05.808 
     1.58.902 
     2.013.599 
      2.519.902 
       3.0I27.808
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      1 1 0 
        1 —1 0 
      —1 1 0 
       —1 —1 0 
      0 1 1 

       0 1—1 
       0 —1 1 

(6.2) 0 —1 —1       1 0 1 

      —0 1 1 

         0 —1 —1 
       0 —1 0 

      0 0 0 
      0 0 0 
      0 0 0

       4 , = 8/15, 

        r 41,14 = 0.5, 

           553     V 
D21 ( p)2P2 

          2 D! (P) 

     0.05.000 
     0.54.266 
     1.05.188 
     1.57.766 
      2.012.000 
      2.517.891 
      3.025.438

where D1 is an usual 3-factor composite design matrix with elements -I-1 
or 0, and P2 is selected to have (22, r) near the values tabulated in Table 
2. The mean standardized variances V,,:(p) and VD,'(P), for the assigned 
values of p2=e+t!--F4L of the estimated responses are shown above. We 
observe that, 

(6.3)17,/(P)>V D2' (p), for 0.2 < p2 < 12.2. 

Moreover, since D1 and D2 correspond to the absolutely symmetric designs, 
we can apply the formulae (5.7) and (5.8) for the 3rd order terms which 
might be contained in the true response 7)(1). Hence, comparing the coef-
ficient r of fi,ji in (5.8), we can expect that the bias caused by D2 is less 
than the bias caused by D1. 

   For the second example, we refer to Box-Behnken [2], p. 862, Table 8, 
'Seven factor second order rotatable design in three level ' of size 66, whose 
standardized variance is given by 

(6.4) (p) = 0.55 (12 — 3p2 + 8,04) . 

Simple calculation shows that, comparing with Table 1 in section 3, the 
variance function V p(p) in (6.4) is somewhat undesirable. But the modi-
fication remains unsolved. 
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