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         By 
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Introduction

   It sometimes or even more frequently happens in microscopic or mole-
cular order biological experimentation that the specification of the response 
curve, which describes the relation between the intensity of the stimulus 
and the rate of the response of the subject under consideration, f rom hit-
theoretical point of view when the response is quantal. In such a situation, 
the stimulation in progress should be considered as a process of hitting a 
target or a number of targets of the subject by some quantic and stochastic 
agents. Since there exists the process of recuperation in the subject from 
the effects of hit during the stimulation is continued, the process which 
describes the fluctuation of the actual number of effective hits can legit-
imately be considered as a birth and death process. The occurrence of the 

response which is closely related to the process can be formulated as fol-
lows : There exists a fixed threshold number k inherent to the subject and 
once the process which describes the actual number of effective hits arrives 
at the threshold number k during the duration of the stimulus, the response 
occurs and not otherwise. The problem of specif ying the response curve, 
therefore, turns out to that of solving the probability of absorption or first 

passage to the state k with respect to the birth and death process with an 
absorbing barrier. 

   In this paper, the general solution of the probability of absorption or 
the distribution of the first passage time will be given when the underlying 
stochastic process can be considered as the general homogeneous birth and 
death process. The asymptotic behavior of the probability of absorption will 
also be given when the intensity of the stimulus is adequately controlled.

1. The general homogeneous birth and death process with an 
   absorbing barrier 

   Let prim be the probability that at time t the process is in the state 
En (n=0, 1, ••• , k) and let the transition probabilities from the state E1, to 
the states En+1 and E„_, within infinitesimal time interval (t, t+ At) be 24t 
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 ±o(z1t) and g,,z11---Fo(dt) respectively, while those to other states except E„ 
  En+1 and E„_, be o(z1t). The coefficient An > 0) is the probability of hit 
  within unit duration of time when the process is in the state En and i (>0) 

  is that of a recuperation occurs out of n hits. Since E0 is the ground state 
  so that /J0=0 and E, is an absorbing barrier so that Ak= ,ak O. 

     The basic system of differential equations which characterize the process 
  is 

  (1)         a Pao(t)                  =20P0 (t)4-111P1(t)           t 

        apn(t)  
            atitn)Pn (t)tin-F1Pn+1(t) (n=1, 2, ••• , k —2) 

           aPk_i(t) 2 (#\(2
k-1 "k-1 Pk-1)Pk–i(t)           at 

        apk(i)   
 at2ht) 

  or in matric notations 

        at)R
p(t)p(    (1')           at 

  where p (t) po(t) N and R= —20 iti 

               p1 (t)20 — (214- At1) P2 

           P2(t)21— (22+112) P3 

                             •• 

          Pk_i(t)2k-2 — (4-1+ fik-1) 0 
    Pk(t)2k_i 0 
     Let us examine the latent roots of the matrix R. The characteristic 

  polynomial sok+I(x) of R is 
  (2)Cok+I(x) = I xEk+l—R = xfk(x), 

  where Ek+l is the unit matrix of degree k+1 and fk(x) is the characteristic 
  polynomial of the matrix Ak: 

 (3) Ak 20 /21 
         ao (21+A1) /220 

                             21 — (22+ 122) 113 

               02k-3 — (2k-2+ Pk-2) Pk-1 
                                                                      2k-2 — (2k-1 + Pk-1)
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It is easy to see that x=0=_---xk is a latent root of the matrix R and the re-
maining k latent roots are the roots of the equation fk(x) =0. 

   As to the latent roots of the matrix (3), the following theorem holds. 

Theorem I. All latent roots x, of the matrix A„ are simple, real and 
satisfying the inequality 

(4) —2 max (A,- Ha,)<xi<0 (i=0, 1, ••• , k-1; 
                          0� _j<k-1 

   In order to prove Lhis theorem", we shall first prove the following 
three lemmas. 
Lemma 1.2) All latent roots of a real matrix An(nxn)= ((aka (i, j=1, 2, 
••• ,n) satisfying the following two conditions are real and simple: 

   (i) a12=0 when j 2, 

    (ii) a„1...,a„_1;>0 for all j= 2,3, , n. 

Moreover, these latent roots are separated by n-1 latent roots of the con-
tracted matrix An., (n—i x n—i) =((a,,)) (i, j=1, 2, ••• , n-1). 
Proof : Let Ah be the contracted square matrix consist of the first h rows 
and h columns of the matrix A„ and fii(x) = xE h,— A,, be its characteristic 
polynomial. The expansion of the determinant shows that the following 
relations hold : 

(5) f,, (x) = (x — ahh)fh-i(x)                 in,f                                           h-2(X), (h= 2,3, • • • , n). 

Using the condition (ii) and the above relations we may verify that the 
sequence of polynomials 

(6)f.(x) , fn_i(x) , • • , f1(x) and fo(x)7=-1 

forms Strum's series in the extended sense (Takagi (1937)). Since the 
highest order term of the polynomials fh(x) is xh, the number of changes 
of sign in the series at co, V (cc), is zero and those at — co, V (— cc), is n. 
Hence the roots of fn(x)=0, the latent roots of An, are all real and simple. 
The roots of fn_i(x) = 0, furthermore, separate each other the roots of 
fn(x)=0. 
Lemma 2. (Bartlett (1955), pp 52-3) For any latent root x of a real 
matrix A (nxn)=((au)) satisfying the conditions ai,>_0(ij) and Ekaki = 0

1) Professor T. Kitagawa of Kyushu University has kindly pointed out to the author the proofs 
   of the simplicity of the latent roots of the matrix An and a modified one which have given 
   by Ledermann and Reuter (1954) after the preparation of this paper. The proof given here, 
   however, is more simple and straightforward one compared with that cited above. 

2) cf. Yamamoto, Sagaku, 11, (1959), pp 14-5. (in Japanese)
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for all i and j, there exists a certain diagonal element amm for which the 
following inequality holds: 

(7)amm x amm 

where ' cl denotes the absolute value of any quantity c. 
Lemma 3. We have the following identity: 

(8) An= ' ai+bi —b2 
       —a1 a2+b2 —b30 

                    —a, a3+b3 b4 

             • • 

       0—an _, —bn, 
                                                             an4-bn 

              =a1a2 an+bia2 a„--Fb1b2a3  

                +b,b, bn_1an+bib2  

Proof : Since A„= (an+ bn)A„_,—an_ibnAn-2, and Al=a,+b„ A2 ---a1a2 bia2+ 
b1b2, it is easy to prove the identity by induction. 

Proof of the Theorem I : Since 20, 21, , 2k-2 and .1-1                                                           • 1, • 2, Pk-1 are 

positive so that Aiiii4.1.1>0 (h=0,1, k —2), it can be seen by Lemma 1 that 
all latent roots of the matrix (3) are real and simple. Moreover, from 
Lemma 3 we have MO) =A021 ••• 2k_1>0 and fo(0)=--_-1>0, and a slight modi-
fication of the proof of Lemma 1 that V(0)=0 instead of V (00)=0 shows 
that all latent roots are negative. The results will lead us to the required 
inequality as an immediate consequence of the Lemma 2. 

   It follows from this theorem that all roots of the characteristic poly-
nomial cok+i(x) are real as well as simple because k roots of co,,,i(x) =0 are 
also simple negative roots of fk(x)=0 and an extra root is )4=0. We shall 
denote these latent roots of R in the ascending order of magnitudes as fol-
lows : 

(9)xo<xi<x,‹ ••• <xk_i<xk=0. 

   Let s; and t,' be normalized column and row latent vectors of the matrix 
R corresponding respectively to the latent roots x1, i.e., 

(10)Rs,—x,s„, t/R—x,t„' and C.v.,— 

then we have the spectral resolution of R 

(11)R= E x,s,t,' 
                                                       j=0 

say, where but is included to complete the set of latent vectors, so 
that Ejs,t1—Ek+1. The solution of (1) or (1') may, therefore, be obtained 
as follows : 

   From (1') and (11) we have
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(12) at,'p(t),Rp(t)=x,t;p(t).  at 

Hence it follows that 

(13)  t  /p(t)=t  p(0)ezit (j=0, 1, •-• , k). 

Multiplying s, on both sides of (13) from the left and summing from j=0 
to j= k, the required solution can be expressed as follows : 

(14) p(t)_E exit s,t,' p (0). 
                              .7=0 

   The latent roots of the matrix R can in general not be expressed ex-
plicitly by the algebraic functions of the constants 2's and ii's except the 
cases of k=1 and 2, so that the solution (14) is unfortunately quite a formal 
one. (The case of k=1 is only a trivial one where no counter process can 
occur. We shall, therefore, consider exclusively the case where k>2 in the 
followings.) 
   The latent vectors, however, can be expressed explicitly, though com-
plicated, by the corresponding latent root and the constants 2's and g's. 
Thus, the latent vectors sk and tk' corresponding to the root xk=0 are easily 
seen that sk'= (0, 0, • •• , 0,1) and CZ= (1, 1, ••• , 1, 1). The column latent 
vector corresponding to each of the negative latent roots x„ may be obtained 
by solving the set of equations 

(15)(x,Ek+i—R)s =O. 

Assuming the (k+1)-th component of s, be one ; sik=1, we have 

     Sjk-1= Xj/ 2k-lt 

                               xj + Ah-F1+ Ph+1 -Ph+2 
(16) siii=x,            2h2h+1 2k-1 2h+1 XJ+ 2h+2+ Ph+2 Ath+30 

          0•••                    ••                                                                                                                                                                         • 

                                                                      - 2k-2 X .1+ 2k-1+ /2k-1 
          (11=0,1, ••• , k-2). 

By solving the set of equations 

(17) R) =0 
under the assumption that the first component of ti' ; tio=ci, we have also 

                     x.1+4 -P1 
(18) t,„-- c„          2021... 2h-1 -20 Xj+ 214-P1 -P20 

     0-Ph-1 
                                                           -2 h-2 Xj+ 2h-1+ Ph-1 

          (h=1, 2, .•• , k— 1).
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It is easy to see that t„,=0 for all j=0, 1, ••• , k--1. 
   The coefficients cj's may be determined by the normalizing conditions; 

thus 

(19)1                     /0• /1,k 19) c 
                      x,S .,h7;11, 

                         h=0 

where S X j+ 4+1 gh-F10 
                   — 4 +1 Xj+ 4+2+ Ph+2 gh+3 

                                                                                                                                    • 

              ••• 

                                                        2k-2 Xj+ 2k-1+ Pk-1 

          (h=0, 1, ••• , k-2) 

     Sik_i = 1, 

and T xi+ 20 — 10 
                    —20 xi+21-4-g1 — ,u2 

                                                                                                                                • 

                                                 — 2h-2 X j+ Ah-1+ Ph-1 

         (h=1, 2, , k-1) 

    To = 1. 

   In the case where the process starts from the ground state E0, i.e., 

p'(0) = (1, 0, ••• , 0), the solution of (1) may be simplified as follows : 
                                                         k-1 

(20)p(t)--sk + E 
                                                                           .7=-0 

Hence we have the following theorem : 
Theorem II. When the underlying process which describes the stimulus-
response relation is specified by (1), the probability of absorption or occur-
rence of the response within the duration of the stimulation, pk(T), is 
expressed as follows: 

                                                               k-1 

(21)Pk(T) = 1 + E cjexiT , 
                                                  j=0 

where xi's are the negative latent roots of the matrix R and els are the 
functions of 2's and gi's as expressed in (19). 

   It may easily be seen from (20) that all states except E, are transient 
provided all 2's and g's are constants, so that limr—Pk(T) =1. 

2. Asymptotic behavior of the probability of absorption 

   In a situation such that the experimenter has to contemplate the coun-
ter process of the subject for the stimulus, i e., the recuperation process 
from the effect of hit during the stimulation is continued, the theoretical 
response curve turns out to be a very complicated one as described in sec-
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tion 1. Such a situation is always met especially in biological experimenta-
tion. 

   As  far as the determination of the threshold number k is concerned, 
the experimenter would sometimes administer the duration of stimulus as 
short as possible in order to make the effect of counter process as small as 

possible, because the administration of intensity as well as duration of stimu-
lus would always be in his own disposal. If we can clear away the counter 

process or death process, theoretical curve may well be simplified as follows : 

(22) pk(T) =1- 

                      k-1            2021...2J-12.1+12k-1  (-1)k-1Eex .T 
             j=0(2j—/10)(2J—21) ••• (2.7-2J-1) (2J—Aj+ i) • •(2j 2k— i) 

provided all 2's are not equal. The case in which some 2's are equal may 
be inferred from (22). 

   Alternatively, asymptotic behavior of the process under the situation 
that the duration of the stimulus is sufficiently extended would be of in-
terest, in as much as reasonable assumptions for the mechanism of counter 
process could be established. We shall, therefore, discuss here the asym-
ptotic behavior of the probability of absorption or occurrence of a response 
given by the formula (21) for large T under the following assumptions : 
Assumption (a) : All 2's are the same order of magnitudes, say 2;=-0(2) 3) 

                    (j=-.0, 1, ••• k —1). 
Assumption (b) : All ifs are the same order of magnitudes, say g.,=0(p) 

               (j=1, 2, k— 1). 
The assumption (a) is quite reasonable practically because all 2's are pro-
portional to the intensity of stimulus which may be fixed throughout the 
stimulation process is continued. The assumption (b) may be acceptable 
in almost all practical cases because all ia's depend only on the mechanism 
of recuperation of the subject. Proper selection of the time scale render 
us to make the following additional assumption : 

Assumption (c) : 1.1 is a finite order of magnitude, i.e., /23,0(1) 
                 (j=1, 2, ••, k— 1), 

because /2, is the reciprocal of mean recuperation time of the process. 
   Under the above three assumptions, the following theorem holds for the 

probability of absorption. 

Theorem III. Under the assumptions (a), (b) and (c), the probability of 
absorption can be expressed as follows:

3) In this paper, the symbol a=0(b)' implies that 'a is of the same order b', i.e., a/b as well as 
 b/a remain bounded. The symbol a=o(b) ' implies that 'a is of a smaller order than b', i.e., 

 a/b tends to zero.
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                                              X0X1—Xk-17,(1+0(x)) 

(23)NT) = 1— e(1+ 0 (/1)) 

provided 2=0(1 ). 
Proof : The condition 2= o(1) would be indispensable for the purpose of 
controlling the probability between zero and one. When 2=0(1), it is evi-
dent that the probability of absorption tends to one because all xi's are 
negative constants. 

   Let us evaluate the largest non-zero latent root x,_, of the matrix R 
in (1') or Ak in (3). This is the largest zero of the characteristic polynomial 

(24) fk(x) = - Ak, k; + A,, k — 1 + • • • + Xk, 

where { h# denote the sum of all principal h x h minors of —Ak• 
   Let Mi, be a principal j —1 x j— i —1 minor of — Ak which lies bet-

ween i-th row (column) and j-th row (column) of the matrix —Ak, i.e., 

(25) 2i+ ai—111+10 
                         22+1+ PH-1 i+2 

                                                         j –3 Aj-2+ tij-2 

       (0<i<j<k+ 1), 

where Moi and Mik+1 denote the principal minors situated in the upper and 
lower corner of —Ak respectively. We shall assume here that Ato-----0 and 
that Mii+1=1 for all i —0, 1, ••• , k. Then, the coefficients of the characteri-
stic polynomial (24) may be expressed by using (25) and Lemma 3 as fol-
lows : 

           —Ak, =-M0k+1-= 2021 ••• 2k-1 

                              k 

            —Ak, k-1 =E MOiMik-E1 =g11-2 ••• fik-1+it1P2 ••• 1.1k-2 2k-1                                      i=1 
                             •..+2122..•2k _1 

                    + E AO ••• ••• Ak-1+ i ••• tik-22k-1+ ••• 2t •• • 2k-1) 
                              i=2 

(26)— A„, k—h#= E M0i1Mi1i2 • Mihk+1 
                               1�11.<12<m<ih�k 

                                                    h, 

                                           ttir'••Atir+1-2 + •••.+ '•• 
                          i2< •••<iii,Sk r=0 

                                      k-1 
        — A k, 1=E (Ai+ tt,), 

where i0=0 and in+i=k+1. 
   From the assumptions (a), (b) and (c) we can evaluate the order of 

these coefficients as follows :
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        #- Ak, ki 42i •- • 4_1= O(Wk) 

(27) -Ak, k-1                     =,u1 2 ••• ••k-1(1+0(2))=0(1) 
        1- A/c, k =0(1), (h =2,3, •-•, k=1). 

   Since fk(0)=#- Ak,k>0, ik' (0)=-# -Ak, k -1} >0 and fk (0)=2 -Ak, k-
21>0, the first approximate value xV21 of x,_, may be obtaimed by using 
Newton's method as follows : 

              .f.k (0)-Ak, k}  (28) xV2, =(0)= — A1,2021 • • •4-1(1— 10 (2)) 
        .1le'111[12 "• 

or=0(2k). 

The correction term for the second approximate value x32?1 obtained from 
xP)i is 

         fk(xV2.1) - k,k-2x,(!+•-• (29) 
     f(Xl(c121)A                          Ak, k -1#+23-Ak, k,-1 2 3 x,(,121+ ••• + k x 2k,' 

                 0(22k) 

so that the order is smaller than 2"-'. The required largest root xk_i can 
therefore be expressed as 

(30)xk_i= -0/1• • • 2k-i (1+0(2)).                     PiP2•12k-1 

   Since Lemma 1 shows that the largest latent root of the contracted 
matrix A, lies between xk_2 and xk_i and the order of which is 21-1 as men-
tioned above, the following order relations hold for k different roots: 

(31)O(1) <xo<xi< ••• <xk_2�0(2') <xk_i=0(2k) <0. 

Thus for any negative latent root x1, the order relation x i= (P) (o<p<k) 
may hold. 

   Let us next evaluate the order of the coefficients ci's by evaluating the 
order of the components of latent vectors s, and t,' corresponding to x, 
(j = 0, 1, ••• , k -1). 

   Since xi=0(2) we have from (16) the followings : 

(i) When l<P<k, 

(32) sik = 1 
            =xj/2k -i =OW-1) 

       sj„ xi=A
k-1 (3 Mh+ik+i, k + MIL-Elk-El, k-h -1 }xi 

                              + • • • + 

                       12h+1 • 14-1  
                       7X (1+ 0(2)) =(a—k±h+P) (h=0, 1, •-, k-2)                       44 +1•Ak-1
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                (h=0, 1, ••• , k —2). 

(ii) When o<p<i, we have also 

(32') sik = 1 
       s„_, = 0(2') 

       s ;„ = 0(2'+' ) (h=0, 1,k —2). 

We have also from (18) the followings : 

(33) t = ci 

        tin =  (3 "Oh-1-19+1U-Oh+1,h-11,c;++Dcp 
                      /10•••2h-i 

         = c, (1 + 0 (2') x j) (h=1, (h=1,2,.--,k-1) 

       tik= 0 

The normalizing constants c.,'s are therefore determined as follows : 

                                                                                   • (i) For xic_i= —2,,•• 2, (1+0(2)) we have 
                     1.1 dak-1 

(34)ck_i= — (1+0(2)). 

(ii) For x j=0 (AP) (O<P<k — 1) we have 

(34')c1=0(2k-P)=0(1). 

   Hence (21) can be expressed by (23) as stated in Theorem III. 
   When 2 is so controlled as 2=0(T-11k) or the magnitude of the stimulus 

is 0(Tk-iik)for large T,,(23) maybe reduced as follows: 

                                             - 

                                                         Ao—Xk-1T 

(23')p, (T) = 1—e(1+ 0 (T--1R)) 

When the experimenter fails to control the intensity 2, the probability tends 
to one provided the order of 2 is larger than T-lik and tends to zero pro-
vided the order of 2 is smaller than T-". 

   When the intensity of the stimulus is maintained constant, since 2 is 

proportional to the intensity I, i.e., 2,= ail-, and is interpreted as the recipro-
cal of mean arrival time—or mean duration up to a new hit occurs—when 
the process is in the state E,, 

                   (2.21 .• • 2k-1)1" = I (aocei = 

can be regarded as the reciprocal of the geometric mean of these mean 
arrival times and is proportional to the intensity of the stimulus. Since du; 
can also be interpreted as the reciprocal of mean holding time—mean dura-
tion up to a death occurs—T; of the state Ei, if we denote the geometric 
mean of ,a; by At, At= (AtiAt2• ,tik-Y1(k-1),it can beinterpreted as therecipro-
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cal of a general mean holding time  r  = (Ti r2••• rk—i)11(k-1). 
   When we introduce these parameters such as and g , the 

asymptotic probability of absorption can be expressed as 
                                     _  (Fad,  

(35)Pk(T) 1— e (Tmk-1 (T>1) 

   Now we can introduce from this relation the asymptotic relation bet-
ween the megnitude of stimulus IT and its duration T both in log unit 
which yields a fixed probability of absorption, say p. Thus from (35) we 
have 

                 (aIT)k  (36)
(T / )_log (1-p) (T>1) 

or 

(37) log IT kl log T log a- k kI log  + log (—log (1—p) ).

   The results show that the asymptotic relation of the magnitude of 
stimulus in log unit to the duration of stimulus in log unit when T is large 
is linear, the direction coefficient being (k-1)/k. 

   Hence we have a new problem of the linear regression, the direction 
parameter being discrete. The idea of utilizing this asymptotic behavior of 
the probability of absorption may be found in the paper due to Bouman and 
Van der Velden (1947). They had treated a somewhat different case where 
the holding time is always a constant,4) and intended to estimate the threshid 
number of quanta for seeing. The data given by them, however, were quite 
insufficient in that T was not sufficiently large to permit such a asymptotic 
approximation. Theoretical assumptions employed for the mechanism of 
death, moreover, are inadequate. But the discussion related to these physio-
logical disputes are beyond the scope of this paper. 

Acknowledgements : The author wishes to express his best thanks to Pro-
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4) Their treatments are not rigorous except the case of k=2. Yamamoto et al (1959) obtained 
   a more improved results.
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