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§ 1. Introduction

The statistical inferences based on sometimes pooling after a prelimin-
ary test of validity, that is, the inference problems on T.E. type have been
given in a thought of successive procedure of statistical inferences by many
authors, Bancroft [1], Bennett [1], Kitagawa [1]~[4] and others. And re-
cently Asano [1], one of authors of this paper, discussed seven typical
statistical procedures and their meaning from a view-point of making some
inferences on the validity test of observations and some uses of previous
information, and proposed in each procedure that the switching constants 2
and 4 may be chosen with a minimax principle for values of a mean square
error like in game theory.

While, Huntsberger [1] has proposed an extensive and special method
of always pooling data independently of the thought of the successive process
of statistical inferences. Namely he dealt an inference based on a follow-
ing conception.

Let N(6;,0f) be a normal population with a known value of ¢}, (i=1,
2), and as an estimator of 0, he gave W(T') defined by
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(LD W(T)=¢(T)g,+{1—ad(T)} ;
where the statistic 7 and §: were an unbiased estimate of (6,—0,)/, - oi+02 and
0, respectively and ¢(7) was called a weighting function. And there the
weighted method was corresponding with the sometimes pooling method on
the basis of giving such a definition as that (i) ¢(T)=0 in case when T
A, (acceptance region), (ii) ¢(7T") =1 in case when TR, (rejection region)
and (iii) 0<¢(T)<1 for all 7.

Thus in order to determine whether or not W(T') offers any advantages
over sometimes pooling method as an estimator for ¢, the mean square
deviation was used as a criterion of goodness and was illustrated by some
numerical examples.

33



34 Chooichiro Asaro and Masahiko SuGiMUrA

The object of this paper is to discuss the inference problems of popula-
tion variance in the light of both principle of successive process of inferences
and principle of weighted estimator and to reconsider the advantages of
each principle and is to propose some recommendations from the view-point
of the efficiency of each estimator.

Through this paper, the weighted estimator of a population variance is
defined in the following way. Let #{ be a sample unbiased variance given
by the i-th random observation Ox, of size #, drawn from a normal popula-
tion N(u,0%), i=1, 2, and let p be a ratio ¢3/s;, where the value of o is
unknown to us but is assumed that p>>1. Then a pooling estimator W (u3,
F) for ¢! is defined by

v+ V. F
ViV,

(1.2) W@, F)=¢(F)ui+ {1—o(F)} u3,
where the weighted function ¢ (F) is only a function of a statistic F =u3/
u? and v,=N,—1 (i=1,2). Section 2 of this paper is concerned with the
inference having a previous information and Section 3 is concerned with
the inference having not any previous information.

In conclusion, the authors wish to express their heartiest thanks to Prof.
T. Kitagawa for his kind advice and valuable suggestions in connection with
this work.

§2. Case 1: The inference having a certain previous information
about p

In this section, let us consider the cases when we have a certain pre-
vious information concerning to a non-negative value of p.

2.1. A trivial case

If a value of o is known exactly to us and is assured of holding the
truth on the basis of physical science, it is well-known that we ought to take
a following statistic W, as a best estimate of ¢f,

. v vaui/ o
@D Wo:vﬁ/‘_ _
In a situation of the weighted estimator (1.2), this is easily obtained
from a result of ¢,(F) =0 as a most desirable estimator of ¢}, In this situa-
tion the sometimes pooling method may be senseless to apply.

2.2, A case having an uncertain information about g

Now suppose that we have a previous information with uncertainty and
assume that p, is put as a value of p. That is to say, in spite of being assum-
ed that po=p, like in a case when a value of p is known to us, we may be
confronted very often and usually with the cases that we are unable to
assure ourself of that a value of p is exactly true in the statistical situation
of inferences. Then the sometimes pooling procedure may have an active
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meaning.

Under such a circumstance, let us suppose that p, is assumed as a value
of p and now is put less than or equal to the true value p without the loss
of generality, that is, p/p,>>1.

2.2.1. Weighted method

On the basis of the principle of (1.1) and (1.2), we may and now shall
define a pooling estimator W,(ui, F') for ¢ in the following way:

2 2
@2 W ud) =6 (ufudut 11 (utfut) 2 b
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Thus we shall consider an estimate W, defined by

(2.3) W= A+ (1—A) 2itvats/oo

Vit Vv,

where a constant A is considered to be a function of p/p, fixed. Then the
mean square deviation D} about ¢ is given by

(2.4) o Jl”-K A2—2—:%H0A +Gol

(V1+ Vz)i Vi
where we put that
K,=v,(v;+2) (0/100)2_2”1"'2({)//00) + (Vi +2)v,,
(2.9) Hy=v,(vs+2) (0/p0) =202 (0/00) +v1(v:—2),
L Go=v, (V2 +2) (p/po)z—ZVg(p/po) + (2vi+v3),
and where the value of D} is minimized in case when A-=A4, given by

1 2(vi+v,) o
(2.6) 4,=1 vive(0/00—1)*+2(v1(p/00)* +v2) ~

In the present case, however, there may be no way that o=p, like in
2.1, because of that the true value p is unknown. Hence we may and now
shall adopt a following weighted estimator W, for a case 4,=0.

2.7 W, = Vit vaus/ oo )

V1+V2
Then the mean square deviation D? of W, about o¢? is obtained as
follows :

@8) Di 2 (L= 0/ o)+ 201 %20/

222, Sometimes pooling method

Under the same circumstances, we are now concerned with the rule of
the inference procedure for ¢ formulated in the following way:
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(i) Let «} be sample unbiassed variance mutually independently for
i—1, 2.
(ii) Let the statistic F, be defined by F,=u3/uip,.
(iii) Let us define the statistic W,, in the following way,
2 2
@ W, — ulu;Lf’z”i/fL, if F,<X,
ViV, =
(b) Wsp:uil’ ’ if F0>7' ’
where the switching constant 2 is certain prescribed constant corresponding
to a value of a certain «-point value of F-distribution with the pair of the

degrees of freedom (v,, v,).
Then the mean square deviation of W,, about ¢} is given by

e 4[2 1 o v, vy
(2.9) Dsp"""?[f'r CETAE {’ﬁ(/m‘z) I(p('é‘z‘ » ‘2'*—)-2)
+ 2oL, (1, 1) (0/00) s e+ D L[5 +2, ) (0/00)*}

vy
Ly ]

where we put that ¢=v,2/{(v,p/p0,) +Vv,2{ and I,(m, n) =B, (m,n) /B (m,n).

In this case the weighted method given by 2.2.1 is corresponding to the
sometimes pooling method in case that 21=o.

2.2.3. Numerical comparison between W, and W, on efficiency

In order to investigate the properties of these two estimators from a
view-point of the efficiency, now we shall attempt to obtain numerical con-
siderations by evaluations of Dj/o{ and D:/of as a function of p/p, for
certain values of the pair of degrees of freedom (v,,v,): Example 1 (v,=
v,=9) and Example 2 (v,=20, v,=4). The figures of efficiencies of each
example are tabulated respectively and the behaviours of those are given
in Fig. 1 and Fig. 2.

Example 1: Efficiencies for vo—y;=9

p/ 0y } 1 2 3 4 5
D2/t \ 111 528 1.556 3194 5.444
| 1=oo 111 528 1.556 3.194 5.444
2.01=5.35 | 116 480 1.047 1,504 1.833
Dytfos | Aw5=318 126 374 576 645 648
? b 2s=159 139 185 253 237 236
‘ =1 138 184 206 215 218

| 2=0 .222 222 222 222 .222
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Example 2: Efficiencies for (v2=20, v;=4)

0/ 00 | 1 2 3 4 5
. |
Di/ort 083 .986 3.417 7.375 12.861
T e 083 .986 3.417 7375 12861
‘ 201=14.02 .088 964 3.153 6.450  10.025
Diyjo | L= 58 112 .897 2.430 3.050 5.312
| A= 208 185 .429 832 877 .908
L=l 197 .331 426 469 487
2=0 .500 .500 500 .500 500
Fig. 1: The behaviours of efliciencies for Example 1 (vo=v;=9)
1001 Weighted
90+ =0
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301 A.25
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Fig. 2: The behaviours of efficiencies for Example 2 (v3=20, v;=4)
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So far as these numerical data are concerned, we may be able to make
the following observations which might be suggestive to our statistical met-
hod in more general situation.

(1) In con

siderable wide range of p/p,, that is to say, supposing that

there may be somewhat a large difference between an applied o, and the
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true value of p, the sometimes pooling method is more efficient than the
weighted estimator method. Above all, it may be found in our examples
that a sometimes pooling method defined by iA=1, which is nearly corres-
ponding to 50 percent point of F-distribution in our examples, is more
efficiency than others.

In contrast to the trivial case of 2.1, this may be concluded that there
is unconsciously a reasonable consideration for us under the circumstance
of this section in case when a sometimes pooling method is applied regar-
dless of that a value of p is assumed.

(2) TUnder the consideration of the restricted neighborhood of o/0,=1,
it may be prefer to apply the weighted method, which is equivalent to a
special case defined by sometimes pooling method for 1=, is more efficient
than the sometimes pooling method for general values of A.

§3. Case 2: The inference having not any previous information to
be assumed about p

Let us consider in this section a case when we have nothing of the
previous information for a value of p, and we are principally interested in
a subject of this case.

3.1. Weighted method

Let us consider the weighted estimator of o? on the basis of the principle
of (1.2) in the following way:

31) W, F) =0 (Fyut+ (1-9 (F) 122
where the weighted function ¢ (F) is only a function of F defined by #3/«,
and we assume for convenience that v, and v, of the degrees of freedom
are two even integers.

Thus we shall consider an estimate W, given by

vi+ v, F
V+V 1

(3.2) W.=Au+ (1— A) 1Tt

where a constant A is considered to be a function of o fixed.
Then the mean square deviation D} about of is given by

o}

(3.3) Di = OESAL

{”2 KiAr~ 2% H[,A2+Go} ,

where we put
Ki=v,(vo+2)p* =20 ve0+ (v, + 2)v,,
(34) Hy=v,(vo+2) p*—2vv,0+v,(v;—2),
Gi=v,(vo+2)p*—2vip+ (2v,+13),
and the value of D} is minimized in case when A=A,=H;/Kj.
And A, is summarized as follows,
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- 2(vi+vs) o -
vi(e+2) (0 —vs/(va+2)) 2+ 2v, (v, + v, +2) /(vo+-2) °

(3.9) Ay=1—

In the present case when a value of p is to be unknown, it may be
desirable for us to choose an unbiassed estimate of A, for the purpose of
giving explicit ¢ (F), but this is so complicate that we shall avoid the obstacle.
Now we shall substitute (v, — 2)F/v, for p of (3.5) as a result of some
trials, where the statistic (v,—2)F /v, is an unbiassed estimate of o, and de-
fine an estimate ¢,(F) of A,. And there we shall add a restriction given
by that ¢,(F)=0 in case when the value of ¢,(F) is negative on the basis
of a non-negative property of weighting function. This restriction is also
equivalent to that ¢,(F)=0 in case when (v,—2)F/v,<<1.

Thus the weighting function ¢,(F) as an estimate of A, shall be defined
in conclusion as follows:

(36) b0 (F) =1— ol g P21,
-0 i (=D F/y <1,

where 0<¢,(FY<1 and we put

(3.7 bi=(1—2)"(v2+2), by=—vwy/(v1—2) (v:—2),

b3:2V1V2(V1’{‘V2+2)/(V2+2).

Thus our weighted estimator W,(u}, F) of ofis obtained by substituting
oo () for ¢(F) of (3.1) in the following way.

Vit v F

VitV

us .

(3.8) Wo(al, F) =¢o (Fai+ 11— ¢o(F)} -

(i) The expectation of W (ui F)
Since #? and #5 are independently distributed, the joint distribution of
u? and #; is given by
(3.9 K (u}) " (ud) "~ 'exp.§ — (a,ui+ apul) | duidus |
where we put that K=alah /I (p,) I' (p.), a;=v:/207 and p,=v,/2 for i=
1, 2.
Then the expectation of W,y (ui, F) is denoted by
(3.10) E{W,(ui, F)}
9 ©
:K[ 1 j J W+ v, F) P (ud) PP exp. | — (ay+ oo F) 4 dudd F
0 (1}

v+,

c e _ 1)2—1 \
[ [ e B QoD oy . — (e i duidF ],
] 0

where 6=v,/(v,—2), and integrating out #; and F partially, we obtain
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(311) E{W,(u F)}
ol (L (1 g )= LG )]

B VL v o (1—F)F? ' dF
2V‘V2KF<2 ) +1> , (ay+a  F)Ptet i h (F +0,)2+ 0,4 °

where we put that I.(m, n)=B,(m,n)/B(m,n), c=v,/((v,—2)p+v,).
Furthermore, for a purpose of numerical calculations, using the follow-
ing asymptotic formulae

2at+b )
T da—b*

J©0,-1)= 1/4 farctan

J (=1 =y llog af* +bt+1 ~bJ0, =D},

G1D g m-n= L[ e 157 on— 1 -1+ Ton-2-D1]
(m=2) ,
T =2 =g e #-20-DaJ(.~D =] (=11},

(=1,

we obtain that

(313) E{W,(u, F)}

o[t 5 (41 oy )]

2V (V1/Vz)” (V1+v2)pz)1+1 rg_l/‘bz.——l )
( 1—2)2 (V2+2)B(2 2){2(} \ 2 ) 110/1/2)]( + 244, 1)

_é(ﬁl> 1,0/’/2)]( +1+7, —1))‘

where we put T:(V1—2)V2/§V1V2+V1(V1_2)p% and J.(m,n) = [J(m, ”)];

T =2 (5,4 2) +

. 2vv,(vi v, +2) (P, Vo 2
J a A ey ey)

(3.14)

i = — oY _h? 8vyvs (vi+vy+2)
{ b 2V1<V2+(V1_2)(V2+2)> - da—bt (vi—2)*(v,+2)°
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(ii) The expectation of (W, (1 F){°

By making use the same manner, we obtain that
(3.15) E[{W,(ui, F)i|

= ot [(;/1 11/ )2 V (ni+2) 1 (22 v 9 TZ) 2pv, V2Ix<£2'2'+1’ %l Tl)
vy (v, + 2) I, (522 +2,%—>p2}+(1+%>‘[1 I(V"’ —Z‘TZ)”
‘ (1—F)2F™""
v szF( ],‘%f (s 4+ Q) 2742 B (F 18,04 By dF

(1-F) F~"

‘l (@4 aF) 2272 b, (F -+ by)® + by | dF]

(iii) The mean square deviation Dj of W (ui, F) about o}
We obtain by combining (i) and (ii) that

(3.16) Di= "*[ +(VIT1 SE Jneir Ly +2)
+ 2w, IK(%+1, e +1)pTv2(v +2)I( +2, ) }
,2_ Y2 2vy Vs BRI 3 24 TR 4
—<1+v1>1‘<2 L 2)- vlfw{j‘(z L) =L 1)
Vi Ve (1—F)F™!
KT (4 4 2)[v ”ZI (@ o) b (F 1 b1 by OF
_J (1-F)F™" ]
) (ay+ aF)P 2 0h (B +4-b,) % + by }
, Vi |, Vs i (1-F)F"™"
Hvm KT (5 + 5 +1) “J (s + )2 (b, (F by b, O

For the purpose of numerical calculations, (3.16) is denoted for the
sake of the asymptotic formulae (3.12) as follows:

(3.17) /01:; 1 AnGi2) I (2”2) 20, L (41, T1>

(VlTV)

Vo Yy

+V2(u2—|—2)1( +2, 5 20 }—(1+%) I{—Z- 7+2>

L (1) e =L (5 g 1))
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, 4(V1/V2)p‘(V1+V2) oht! .
*<v1—2>2<v2+2>B<p1,pz>[”1(’“+”2*2)"[@ 2 Gt D)

(5 PN oy w5 i -2)- 23 (B) (vop

P+l

L (Getri —2) 45 (PFY) (comvd I (Y4340 —2)]

= J

—pE(’?) (—vin/vo) . (2, —1)}]

-1

+v, I"'?E (pzz_— 1> (—le/yz)i ]T<,,V2_1’+2+1.’ _ 1)

- i=0

~S1(%) (=i T( + 144, 1)]] .

3.2. Sometimes pooling method
Under the same circumstances as 3.1., we are now concerned with the
rule of the inference procedure for ¢! formulated in the following way:
(i) Let #! be sample unbiassed variance mutually independently for
i=1,2.
(ii) Let the statistic F, be defined by F,=u3/#? .
(iii) Let us define the statistic W, in the following way,
(@) Wo=+v.Fo)ui/(vi+v,), if Fo<2,
(b) Wy=ui , if Fo>2,
where the switching constant 2 is defined by the same as 2.2.2,
Then the expectation E{W,,} and the mean square deviation D}, are
obtained from the results reported by Bancroft [1] as follows:

B18) EiW, | =ot[1+ 2 AL (F+1 3oL (5. F+1)L].

(319 Dy=at[ L+ L oL (G, 5 +2)

+2V1V2I¢’<2 +1, 5 +1> +V2(V2+2)I¢,(£22*+2,%)p21-
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where §0’:V2'1/(V10+V21)-
3.3. Numerical comparison between W, and W, on efficiency

In order to investigate the properties of these two estimators from a
view-point of the efficiency, now we shall attempt to give numerical con-
siderations like in section 2 by evaluations of Dj/s{ and D;,/si as the functions
of o for certain value of the pair of degrees of freedom (v,,v,): Example
3 (v,=6,v,==8). The figures of efficiencies of this example are tabulated
and the behaviours of those are given in Fig. 3.

Example 3: Efficiencies for (vo=6, v;=8)

o ! 1 2 3 4 5

Di/o8 \ 157 230 278 317 344

=0 143 510 1.366 2.712 4548

| a=637 147 464 948 1.467 1.736

DY/oyt | H05=358 } 157 246 564 653 681
| Ax=165 | 167 231 256 267 265
=1 ' 164 205 223 236 282

L =0 | 250 250 250 250 250

Fig. 3: The behaviours of efficiencies for Example 3 (v9=6, v1=8)

1.00;
90t Ao
.80
700 Aos
60t ///
50r
40 Weighted
.zo%: is1
a0
2 3 3 5 0

So far as the numerical data are concerned, we may be able to make
the following observations which might be suggestive to our statistical
method in more general situation.

(1) From a general view of Fig. 3, it seems to us that the efficiencies
of the present weighted estimator at p<<3 are nearly those of a sometimes
pooling estimation defined by 1=2,5 and that the slope of the efficiency cur-
ve of the weighted estimator is also gentle.

For further details, however, the present weighted estimator is pre-
ferable to the sometimes pooling estimation defined by A=24,, and A=1 in
case when p is near 1, but is inferior to the sometimes pooling estimation
defined by A=1,, or A=oc0. While, the weighted estimator is so much pre-
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ferable to those defined by A=2,, or A= in case when p is distant from
1, but is inferior to those defined by A=12,, or A=1,

Under these circumstances, we may propose on the whole that the pres-
ent weighted estimator may be applied instead of the sometimes pooling
estimation on the basis of the thought of successive inference, in order to
improve the efficiency of estimation in case when we have nothing of the
previous information about a value of p. That is to say, we may suggest
a property of certain robustness of the present weighted estimator defined
by (3.8) so far as the value of p is not so large.

(2) Specially if we attempt to compare the efficiencies between the
present weighted estimator and the sometimes pooling estimation defined by
A=12,4, like in Huntsberger [1], their efficiencies coincide at p=1 each other
and the weighted estimator is also more efficient than another in our nu-
merical example.

§4. Summary

This paper discusses some properties for efficiencies of the weighted est-
imator method proposed by Huntsberger [1] and the sometimes pooling est-
imation based on a thought of successive procedure of inferences, on a sub-
ject of the inference of population variance. There, on the basis of giving
concretely their weighted estimator and of computing their numerical ex-
amples, the authors give certain propositions concerning to the cases that
each method is to be chosen.

KYUSHU UNIVERSITY and SHIONOGI PHARMACEUTICAL Co.
KUMAMOTO WOMEN’'S UNIVERSITY

Literatures

Asano, C. [1] : Estimations after preliminary test of significance and their applications to
biometrical researches, Bull. Math. Stat. (1960), 1-23.

Bancroft, T. A.[1] : On biases in estimation due to the use of preliminary tests of significance,
Ann. Math. Stat., 15 (1944), 190-204,

Bennett, B. D. [1] : Estimation of means on the basis of preliminary tests of significance, Ann.
Inst. Stat. Math., Tokyo, 4 (1952), 31-43.

Huntsberger, D. V. [1] : A generalization of a preliminary testing procedure for pooling data,
Ann, Math. Stat., 26 (1955), 734-743.

Kitagawa, T. [1] : Successive process of statistical inferences, Mem. Faculty of Sci., Kyushu

Univ., Ser. A, 15 (1950), 139-180.

[2] : Some contributions to the design of sample surveys, Parts [IV-VI, Sankhya 17
(1956), 1-36.

[3] : Empirical functions and interpenetrating sampling procedures, Mem. Faculty
of Sci,, Kyushu Univ., Ser. A, 8 (1954), 109-152.

[4] : Some aspects of stochastically approximative analysis, Bull. Math. Stat., 6
(1956), 109-129.



