
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

Some considerations on the combination of
estimates from different biological assays

Asano, Choichiro
Shionogi Pharamaceutical Co. | Kyushu University

https://doi.org/10.5109/12998

出版情報：統計数理研究. 10 (1/2), pp.17-32, 1961-10. Research Association of Statistical
Sciences
バージョン：
権利関係：



SOME CONSIDERATIONS ON THE COMBINATION 

     OF ESTIMATES FROM DIFFERENT 

          BIOLOGICAL ASSAYS

By

         Chooichiro  ASANO 

(Received January 25 and Reviced December 10, 1960)

§ 1. Introduction 

   When we take aim to decide adequately an estimate of the potency of 

a test preparation by using the results of two or more biological assays 
conducted to data, whether these be assays of the same design and technique 
or assays by entirely different techniques, the problem of combining the 
estimates of the potency is encountered. This problem is often complicated 
with the various meaning of the estimate, particularly if the individual 
estimates were made by different workers using different procedures. Occa-
sionally, the estimates to be combined may be considered that they must 
agree except for differences attributable to sampling error. On the other 
hand, however, they may have not necessarily the agreement as a general 
rule in the sense of that the duty of combining the estimates discharges 
some moderate adjustment of the potency of a test preparation on the basis 
of a physical ground. 

   In either case we are now in a situation to make a best composite figure 
as the potency of a test preparation. Then in the formation of the com-
bined estimate, most importance will be attached to the individual values 

that are most precise or reliable, and some type of weighted mean will 
therefore be wanted very often. 

   The problem of making a combined estimate of the weighted mean type 

has been discussed previously by many authors, that is, Cochran [1], [2], 
Yates and Cochran [1], Bliss [1], Finney [1] and et al. And the purpose 
of this paper in treating the subject again is to discuss it from the view-

point of the recent successive process of statistical inferences based on a 
scheme of Bancroft [1], Kitagawa [1], [2], Bennet [1], Huntsberger [1] and et 
al. and attempts to give some results and recommendations for the biologi-
cal research workers in practice. 

   In conclusion the author wishes his hearty thanks to Prof. 'F. Kitagawa 
for his kind suggestions and encouragement. 

                             17
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§ 2. The  inferences using the results of two biological assays with 
  known variances 

   Let 0„,: (x11, OC12, be a random sample of n1 from a normal 
population N (pi, a) and let On,: (x219 DC22) x2n2) be a random sample of n2 
from another normal population N012, aD . The values of these two popula-
tion variances are known to us and they are distinct each other, but the 
populations have not necessarily the same population mean. Then our final 
aim is to estimate a value of (p1+ /12)/2 with the best precision. 

2.1. Preliminary testing procedure (1) 

   We are now concerned with the rule of the statistical procedure formu-
lated in the following way : 

   (i) Let x, and aL be the sample mean and the population variance 
defined by the i-th population, (1=1,2). 

                                              a!    (ii) Let the statistic d be defined by d =;x1—x2ily1+-
                                                     n1 n2 

   (iii) Let us define the statistic X in the following way : 

       (a) i= (nixi n2x2)/( ni +  n22)if d< A,             CI\62 

        (b) (X1--i-X2)/2 , if d>A, 
where the prescribed constant A is corresponding to a value of the aA-
percent point of the normal distribution N(0,1). 

   The necessity for such inference procedure is based upon the following 
motivation. Under the situation where the assumption Pi=i22=,tt to be pre-
liminary tested holds true, the estimate with weights inversely proportional 
to the population variances which gives us the best estimate of common g 
is known to be prefered. On the other hand, however, under the situation 
where the assumption is naied by the preliminary test, a simplest estimate 

  + x2)/2 for CU' g2)/2 may be quite reasonable because of that the 
estimate gives us the unbiassed estimate. 

   Thus our inference procedure is divided into two branches for the sake 
of aiming at the improvement of the precision of estimate and is distinct 
essentially from the theories of combined estimate of weighted mean type 
discussed previously. The results of our inference procedure is obtained as 
follows. 

   Theorem 1.1. The distribution function of x is given by 

(2.1.1) Pr.x<u=lo (A—mx)—0(— A—m„,)0u—mi)                                                  ay) 
                               u-m2                  10_, .4_0(A_mx-pxzt)0(-A-mx-Pxzt)}e-'21,          + 2

7rI/1— P2xz1/ 1— P2xz
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where we put 

                        /02 02          = .• 1—•/2-4-2-s Mr=(ni2P1+n221-12)ri2+n22),(P1±P2)/2, (2.1.2) m) 
          "1"20102C/2 

        (n14- n22)02 —(GI)/4 and P x z = (-6:24I2          (3' " = 2 
 6162ni n2\ill n2nin2 • 

   Proof : Let us put 

                     )(2` (2.1.3) Pr.ki<u}n12 1+n2x22n1+-"22)<u, D2 ,          01 62 al 022 

where D1 and D2 are the domains in the sample space (x11, . , x1,1, x21, . • 
x2,2) defined by the above relations (a) and (b) respectively. Then, defining 

X, Y and Z as (ii-x2)(i+11/2(2±1-12X1l'iltX2)2+1and (ii+X2)/2 
               n1n2 '02\oio2 

respectively, we may obtain that 

                      u A 
                                         1 (2.1.4) Pr.Y<71,1),= (27ra xaexp [- 2 i( XO2711x)2 + (Y2121;121•1c/XdY, 

                 xGy 
                                         -A 

                 -11  ((X-m x)2      Pr.Z<u, D2 = 27MA6z (1— p!") f exp [ 
                                   2 (1 - ph) 4 

                                                                         .A<IXI<00 

                        - 2P XZ(X — mx)m +(Z—M2 z)21-1 dXdZ, 
                                     6X Z 

where X is independent of Y and mx, m1, n2z, 0), oz and px, are given by 

(2.1.2) and 6g =1. Thus we may obtain easily (2.1.1). 

   Theorem 1.2. The mean value Eri# and the mean square deviation 

EI(X--/i'+2)2i-of the estimateare given by 

      2 

                                  1  (2.1.5) E {X} = mz + m,10 (A - mx) - (- A-m„)(mz+ ,t) 
                                                     27c 

                        q)(A- mx-p yztA-mx-Pxzt_t2dt                    P:yzio!y;)1e 
and 

(2.1.6) M.S.D.{x=a2z+ (m2,,-2mym2+ 01) 10 (A-nix) (- A - m x) 

      + 1 .1(ma—t262)"\0(A-mx- p„t)                                       0(—A.9,21x—,P"t)} e-'2/2 dt. 
    V 27rV1 Pxz ^1— Piz 

   Proof : The mean value (2.1.5) is evident, and the mean square devia-
tion is obtained by
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 2<,1

27r (2.1.7)E01,) 0(A —MOI/(m2+a2t)2 

                 " 

             {0(A—mx—p,,t_0(—A—mx—pxzt)(  e-"/2dt.                   — Pxz J \ /1— P2xz 

   Corollary 1.1. Specially when Pi is an unbiassed estimate 
of II and M.S.D.L.i becomes as follows: 

(2.1.8) M.S.D.4 = 1(121+\1nin2(ai 
                               C712 100)A)                —4(

n2) 4 401\n, n2 

   Of course, in this special case, we may find easily that taking zero as 
a value of the A is prefered for minimizing the M.S.D.}. 

    Corollary 1.2. Specially when 4=0,22=02, the values of # and M.S.D. 
kX-1 are shown as follows: 

(2.1.9) E ---- /21+ /12 ± n1111+ n2P2{0(A/"2(1117112))         2+ n2i/ni+n2 

               _0(_ 4_1/nin2(tii—it2)_ 1Pi+//2^ni +n2 at 
                         + n2 a J)1/27(                                    12I21/ n1n2 

      Vnin2 (Pi — /22)n, —n2tA —Vnin2 (Pi —//2)+)±11--n2t 

                                 \ 

       i/ni+ n2 a /+ n2 )^n1+n2 ani+ n2 e_0/2dt 
     21/n1n2/ (ni+ n2) 21/22,n2 / (n1+ n2), 

and 

(2.1.10)M.S.D.= (2/11+ n2)(32+ (14(nigi+ n2112) (n2u1 + nit12)}                   4n1n2(ni+n2)2(221+n2)2 

     0(4 Vni/n2 (121—P2))—Ai/nin2021—P2)+ 1  1(011+ g2)2 
        V+ n2 ai/ni+n2 i) ^27rj \ 4 

                                                             — (n1 + n2) 62t2 
                                                                 4nin2 

        1/ nin2 Cul —P2)  
+n1—n2t ,—A  nin2(Pi-112) n1—n           + n2 a ni+ n2 \/v7nin2 a                                                      + n2; •{(ae dt.        2j/nin2/ (ni + n2)/2 1/n1n2/(ni + n2) 

    It may be noted in this special case that the inference procedure 
defined by A=0 gives us the unbiassed estimate but does not always show a 
minimum value of the M.S.D.[i#. 

2.2. On an examination in view of a weighting procedure 

    Let us consider a weighting procedure which uses weights determined
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immediately by the observed value of the preliminary test function. That 
is to say, for an estimator of  (tei+  it2)  /2, a function in the present weighting 
procedure is defined by 

                              n1i1 , n2x2 
                                                   2 -I-

(2.2.1) W(T) =X1+X2 0(T) + n i 4_ n21-75(T),              2 
               22                        0

102 

where T denotes the statistic which will provide the test of the hypothesis 
that ,u1=p2 against the class of alternatives PIN/12 and c (T) is a value of 
the test function and denotes the weighting function in weighting procedure 
at the same time. If 0(T) is defined as (i) 0(T) = 0 in the case TA„ and 
(ii) c (T) =1 in the case T=I?,, where Ac, and Rc, are the acceptance and 
rejection regions for the test of H with probability of the first type error 
equals to a, then W(T) reduces to our estimator in sometimes pooling procedure 
based upon the preliminary test of significance. In order to determine 
whether or not W (T) offers any advantages over the results of the pre-
liminary test procedure, the mean square error about the true value of 
(,a1-Ha2)/2 is used as a criterion of goodness. 

   Now let us consider an estimate which is substituted a constant A for 
0(T) in (2.2.1). Then the mean square deviate about (Pi+ /12)/2 is obtained 
as f ollows : 

                  2 22
2                                                                     -2          (4 vv                   l

n,n2I nin2
2  +A2+ (1_A)2( ill —P2       2 222\ (2.2.2) VIW (A)=

4(01+a)(a!)
n+nal22 

                                                                              i 

                    \n,n2/\nl n2/ 

                                                           ,,2 ,2 and this is minimized in case when A= ( 'al-12) 2/+--P2)2} • 
                                                   nl n2 

   From the view-point of (2.2.2) a criterion for the choice of the value 
of A may be easily considered with a certain rationality as follows : 

                             ,62 621 
         A=0, if Gal--1t2)2/(—+ <1, 
                                n1 n2 

(2.2.3) A=1/2, ifIf , 

    A=1, ifIf> 1, 

and this will be applied, to the preliminary testing procedure (2) in section 
2.3. 

   In the present weighting procedure,since the value of Cul- —P2)/11(-11+A 
                                                           nl n2 

is unknown to us, we may and now shall substitute a statistic T defined 

by (ii—i2)//!jj+ A for the parameter and further let ,75 (T) in (2.2.1) be 
            nl n2 

  (T) defined by T2/(1+T2). Then we may obtain a following theorem
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corresponding to Huntsberger [1]. 

   Theorem 2.1. The expectation and the mean square deviation of the 
estimator W0(T) given by the weighting procedure (2.2.1) is obtained as 
follows: 

                                   ni _n2 
                                                               e72/2r2t 

(2.2.4)EW,(T);=111 2+/12+7 1!                                 r `A—1+ Et=0 .A+ 1 
                 21/ni +n2nln221, 

                           cl 

and 

(2.2.5) M.S.D.W0(T)}:------Ei(W 0 (T)  412)2 
 ,2D-72/27-21                      r2(1  2r2( 1_"1"2'--1 .1 Ai+i 

                       nin22 2n 2f---012'i! 

where we put like in Huntsberger [1] that I (r) =1+3H (r) —5G (r), 

              e.z!272/2r2)i    H(r) =E A, ,G(r)--= e2-Y".                                        21r !                                                  (A,_,— Ai), 
  1=0z=1z 

                                                                                                                             co 

   Ao=ei/21 dx, Ai= (1— A, —1)/(2i-1) = eli2 x'e-x2/2 dx. 
   In order to determine whether or not W, (T) offers any advantage over 

the previous inference procedure given at section 2.1 as an estimation of 
(ui+g2)/2, the mean square deviation about the true parameter value is used 
as a criterion of goodness. It seems to us, however, that W „(T) has not 
so goodness from the conclusions of Huntsberger [1] and Asano-Sugimura 
[1] and here we may be confined within a notion (2.2.3). 

2.3. Preliminary testing procedure (2) 

   From the view-point of the criterion for the choice of the value of A 
in section 2.2, we may and now shall propose another preliminary testing 
procedure which is distinct from section 2.1 in order to aim at the impro-
vement of the precision of the estimate of (111+,u2)/2. The formation pro-
posed here is concerned with one of the preliminary two-sided testing pro-
cedure which were descrived previously with the fundamental aspects by 
the author [1]. 

   The rule of our statistical procedure is now specialized under the same 
notation as those of section 2.1 in the following way : 

   (i) Let the statistic d be defined by d=—X2)/aia2 
                                                    ni n2 , 

   (ii) Let us define the statistic z in the following way :
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      (a) X__ (n x.               11n x2) / /291 + n2) if d2<2, 
                          al 62 

                     nixi n2x2                  + 
                                    2        102+2•   (b)< d2<il 

,          2n
in22X,2 

          2 2                 a
l62 

      (c) x= (x1+X2)/2 , if d2<A , 

where the switching constants A and /I are prescribed constants. 
   We are now going some results on the mean and the mean square de-

viation of the estimate given by the present modified inference procedure. 
   Theorem 2.2 The distribution function of X is given by 

(2.3.1) Pr. 4i<111 = + ITP (z, y) dz dy, 
                     D(a)D(b)D(c) 

where D(a), D(,,) and D" are the domains in the sample space defined by 
the procedure (a), (b) and (c) respectively and are denoted by 

      0<y2<2(2<y2<_A 
(2.3.2) D(a)           •n2 )/-c-/022D(b):1nin2           —0.0<z<u-F00<z<u+(7,2(722,/ 

                                                      2( ni2+n22))vY                            ni2+  n2'          al022\ aia2 
                 AGy2<oo 

and D(c): 
                —.0<z<u+1/27 y , 

and where we put 

(2.3.3) f (z, y) = nin2c exp[ni(z —1)22a2 
                              n2z—V cY — a                    (

,c--+ 
                                          l2 

     27r0, 02nin2 

and the switching constants A and A are denoted by (/-- -27+1)2 and (1/7P +1)2 
in terms of some percent points A' and A' of N(0, 1) respectively. 

   Proof : We may easily obtain by transforming the joint distribution of 
  and independent i2 to that of y and z defined afresh by (X1— x2)/1/c and 

xi and from being a preliminary testing hypothesis Ho : (/1-112)/i/c 

   Theorem 2.3. The mean value Ert} and the mean square deviation 
    — (g1+ ,a2)/2)2} of the estimate x are given by 

                               - C2.3.4) Eli# =}21±12 1 1-0/217/11+ /12_1_2al #(d)(0)(11/-112±-1/cA+tal/1/ni)          2 1/27re L2\1/77-7'\2/)/n2 

      0(0)         r_4,2_,./tvi+toyvni)}.+02_(1)(111 P2 + cA+ tani) 

   _ 

         02/1/n221/n-202//n2
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  _our _1,2-1/cA+tailVniA,11 

                   — 

                62/V n2 

                   nl
,a14_n2g                                                              //— 

  4- 1 e- t2/2[( ().-!2+  tizni/ai I)io (oil -P2+47/ cA + ta,/,/ni) 
 Ii,/27rn,n2n,n2a2// 222 

 2-1-9,2-1--,2  6
1(5''1`-'2                                    

, —   _ 0(0) re 1 — /22 —) / cil+ tadv n9i._i_i/n2/a2 .10 (,) (it1 — tt2+1,-/c2+ tad v/ ni) 
           (76/n2i--1--nl ,n2ia2/Vn2 

                             2 7-2                             a
la2 

 _0(1)(111-112-1//iC+ tat/ 1/121)}1 dt 
              C2/1/ n2 

 +  1 (n1+n2)-1f-e-t2/2[{(3721_,_n2)_,_(3n2j__ni)_i_(3n1_,_n2\  al                                       (4--,--0.,All-1--2-1-2/12-r2121=t                                   4/27\a!4/62 CIal G2/V ni 

 .10(0)(111— /12 —117C2+tai/i/ni)-v                                0)(Ati —P2— I/CA+ tail 1/no 

                                   I 

      a2/1/n20.2//n2 

                                       121—1-12+1/Ac+tai/3/n,)} 
                                 -I-             I0(0)r- /12 + J/cA + talli/n9_0(0)( 

             a2/1/22262/1/n2 

 +(3n2no 62  j(,)(tti-g2--,/c2+ t ai/V___ oceni)ri— P2-1/cA-Ftai/Vni)      2+)i   a2al/n2,\a2A/n2ail,/n2 

       + OW( //1,u2+ 1/-71c+ t a ii/ni ) ow (Pi —112 + 1/C/1 + t'd t/ni)}idt,            62/1 n2a2/1/ n2 

                             ((n2in2) 

                                     _ 

                   1,2,2               -.t= -(-1+-21  f-"/2GIC4  rn17n21 (2.3.5) M.S.D.                4n,n2)I/ 27ce,1.Gi2Ma2 

                                                                                  2 

                                       16 (2/1+12‘,2)2/,,2 
                                     (4a.4 

           . {0(2)(/-21— /22+ I/ CÄ+ t a i /1/'n,)0(2) (ill — /12 —1/0+ t Gi/Vni )1. 
            62/1/n262/1/n2 

 _ (5n23n1),s,(2)(til — /22+ i/cA+tai/Vzni\(,)g1-112-1/cA+t61/1/n1,               )(1"()1 
      2+      C

2CI2               a2/1/ n2a2 ,/Vn2 

    (n2, _ n: 
_ )    \ala2/ r(/5n2n,\,)3a1 (ni_n2)t},leri-P2+/-a+ tai/Vni  n,.)         ,,,,221/n221                L1a2a2)Vtl-P2)                    -V ni4(4adVn2   8(24_,.) 

     6.1ati(72 

     — 0(1)(Pi — /12I/a+ t al/Vni)1.+1(3n2+l'i)(#1go71 Can2)ti-              62/1/ n2022al/Vn,ai4
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 . 0 (1) (ill — P2 + 1/ cAd-tud/n1 ) 1)(1)(/II — t2 —1/CA + ta 1/1 n1    
      °V/ n262/J/n2 If 

   (n4n22)      ,,,,(3,22N3(7221720Ctil — /12)2+C/7ni n2\l                                  2o1    (5n1 n2a?‘)(giP2) t +nC2+--)t2 
   1_6(i-7+-'-':-)CI02/n1\ (42/6102 

        CI02 

              . j vori —P2+1/c2+tadvni)._                                              0)(1-11—P2-1/Cil+ tali/no) 
       I\02/1/n20-2/1/n2 /i. 

   .fn: _
0n2^,2)2± 201 (3n2,+nu\t,,,,)#A_Cq(5n21+3n2i.2    --h.(3.10VelP                       11/74 \ ci41\i'l/-‘2)i'-TniCI02 ) 

         . 1 0 (0)(/el  —il2 +1/ /CA + tai//)21)00)(iti — P2 --1/cA-Ptai/f/ni)\                    }]                                                              dt,               (32/1/n262/^n21 / 

where we put that 000(u), (1/27r) -1 14 xmexp [—x2/2]dx. 
   Proof : The mean value (2.3.4) is easily and the mean square deviation 
is obtained from the facts that 

                                  2 -1-t2/222-                 -2 (2.3.6) E{:tDoi)1= {I/27C(n21+n22 )eFE(1("21Ati +12:'t2+1/ 721t)-1                         \0102) )Lt.-1\//\ 0102''011 

                                 ,,— 

  . (3/ n2)1.10(ori— P2+ V/ c2/+tc 1/V n)vo(111— P2—Vc2+t ad/ ni)}] dt,   \02/\a2A/n262/1/ n2 

                                 ,,,,,,--1 - -t2/2 E{x--21D(,)=k16/27E('-+"=:)2l'er,_,(2.\i(3n2,±n22gi +(3n22+ni)g                CI62L"--i\i/R 01021\02cii2 

              01 /3ni ± n2)" 02  (3n2+nI)i.ivo Cel —/12 —1/c2 + t a di/no    +C2-.) t.1l 
        v ni ai 02I/n2\4cf/it62//n2 

        _0„,r--,a2—VcA+tai/J/W1)+(Lor t/                                        i— /12+ VcA+tai/n,) 
            62/1/ n262i1/n2 

        — ow (/1l — /12 + j/ a- -I- t a i/ t/ni)}]                                       dt,                       62//n2 

and 
                                                                                                  c° 2 

                            -//22i9,,
_i 

(2.3.8)Ex2 D"1=(#1+ /12)2--1C4-1-41 1                  4'4k(ni'n2/4V27rfe[Et=-0/r) (a' ± /224-t a 1/1/ n1)- 
      (62 )i0(i)gl—/12±/CA +tai/i/ni)vori— P2—V/C71+tail,/zni)d                                                                                         dt.• 

   i/n21IG2/1 /n22                                                      CI /1/n2 

    Corollary 2.1 Specially when 11=p2=-12, i is an unbiassed estimate 
of p, and M.S.D.{i} becomes as follows:
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 )1, n2                                ..

\ 16 (n/          i= 1(4+4-t2/202 a22 (2.3.9) M.S.D.         ')1. fei 2 2(nic%)                    4 n, n2                           i27r
.0_l_Ln2(52                    i)                           42) 

{0 (2)(1/Cel+ t611,/ni)0(2)(-1/c/1-1--tc/i/vniyi.+(5+ 3ni1)10(2)(1/cA+ tci/i/iii)   ^0 2/i / n2a2/1/ n22 1/(62/1/n2/ 

     (2) /-1/cA + tadi/ni)1--1`6i 62/0102 t[3.100)ra + t a ,/,/ni   —0( 
        a 2//n2/1J+Vnn                                81 n1_4_n2).12                   (T121'CI62/1/n2i 

  — om (7 1/1-1- tad^iii1)± 0(1)(V cA+toi/j/n,                     )0(1)(- 
     a2/1//-22CI2/Vn2a2/1/n2 

 _ Cn:_,222)      61al 62  pp+n2a12) 10(0)(1/71+461(1'nu)—0ocva+t(11/V/ni)F 
   16 (/2'+1-2)2nia2a2/1//2262/1/n2 

        01 02 

                           — \ 

  + (5 _i_3 n201\i0(o)(VcA+tai/v/171-0_0(o)(1/cA±taili/n,)}_i                                                            dt.      '22
1°11(k0 2/ Vn2102/1/n2 

   Corollary 2.2. Specially the inference procedure defined by A=2=0 
                                                               c20.2 shows us that EI.Xj= (Ili+112)/2 and M.S.D. 1Fc=p-+/4 , while that 

                                                ni n2/ 

                                 =(n_,,tti ± ,44t2)I111 defined by A,2=00shows us thatE.Fc+no)and M. S. 
                                               \02                                         162i/(01 02 

       ,,,,\-1inn\22 D.I.X1=(14+-"=.1)+C--4—)(Ili— P3/4(--4-1-44-     61 6261 62al(1)
§ 3. The inferences using the results of two biological assays with 
unknown variances under the assumption of an equality of population 
means 

   When the potency of a test preparation is estimated in the analytical 

assay of twice or more times, their results may be considered occasionally 
that good agreement between several estimates is to expect. In these 
circumstances of the biological assay, the combined estimate is used to take 
a weighted mean with weights inversely proportional to the individual va-

riances and knowing the values of their variances we obtain a best estimate 
by the statistic. But for such an explicit information concerning to the va-
lues of the individual variances, we may have no choice except for substitut-
ing the estimates of their variances and we are confronted mostly with lack 
of the information in practice. For instance, we may be able to illustrate 
a potency estimation for a tuberculin preparation, one by assay on cows and 
one on guineapigs, Fisher [1], Finney [1].
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    Now let  0„i: (x11, x12, • x17,1) be a random sample of n, from a norm-
al population N(p, (4) and let 0„: (x21, x22,..., x2n,2) be a random sample of 
n2 from another normal population N GD . The population variances (4 
and 62 may be or may not be distinct. 

   Then our rule of inference procedure is defined in the following way : 

   (i) Let X, and 4 be the sample mean and the sample unbiassed va-
riance from Oni, (i=1, 2). 

   (ii) Let the statistic F be defined by F=4/4. 
   (iii) Now let us introduce the estimate z of g defined in the following 

way : 
       (a) i=(niii+n2x2)/(ni+n2) , if F<A, 

       (b) (w,x,+w2x2)/(wi+ w2), if F>A, 
where wi=ni/4, (i=1, 2), and the switching constant A is prescribed con-
stant. 
   Our attitude of the successive inference is asserted in the following 
way : We may prefer to take the weighted mean (wixi+ w2X2)/(wi+ w2) 
as a substitution of a best estimate of u in case when a distinction between 
the values of two sample unbiassed variances 61 and 31 is shown significantly 
under a hypothesis H: ai= 01 and otherwise we may take naturally (n1i1+ 
n2i2)/(ni+ n2) as a best estimate under the assumption of the same popula-
tion in case when an equality in the hypothesis H has nothing to be denied 
from the test of sample variances and at the same time we shall be much 
relieved from the troublesome calculation of the weighted mean. 

   The another aspect of the attitude of our inference procedure may be 
explained from a different view-point of an assumption oi<61 given by the 
information concerning to the population variances, and in principle we may 
consider now to adopt always the weighted mean with weights inversely 
proportional to the individual variances. Under the circumstances of the 
observations, however, if .32 happens to be smaller significantly than 4 in 
case that F<A, we may consider to be unable to admit the dispersion of 
observations with some unreliability and may prefer to take the sample 
means merely which are independent of the dispersions statistically and to 
combine by the formation of (a). That is to say, we come to the conclusion 
that adopting the weights which is contrary to the assumption is inadequately 
and we may and now shall introduce the successive inference with certain 
validity check of the observations by the preliminary testing procedure. 

   Theorem 3.1. The distribution function of x is given by 

(3.1) Pr.i<u=Pr.(n1-.i1+n2x2)/(ni-1-n2)<u, D + Pr. (w1i1+w2x2)/(w1 

                     /n,122(uma)/      + w2)<u, D(b)=21/2 /if'Ail, i2, G)c/G                     Cvn2c1+n1622'2 
                                                                                      Acroicro 

                                                                  •dildx2 ,
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where  Do) is the domain defined in the sample space (x11,..., x1,1, x219 
x211) by the above relation (a) and D(1,) is the complement set of D(1) in 
the same space, and where 

      Ti C)2'221)-) =l3'22)-1)/B(\Li2,2                                 —1)1) , Z—I)2 GM/ (1)2GiA + 

                2 

                                                                             vi+v2                                                         - 
2                  Vnin2(v2/v1),2/2?_?_1 v[1ini(xi—P) 

(3.2) / f(Xi,'2exp-6 a                    2ulu2B (
2 ' 21'2G      )Li 

      n2 (x2 —)cGX+x      + 
200 < 11 2<uci=niaVn201,—1.     62l+c1G 

      ^ 

   Proof : The proof is immediate and shall be omitted. 
   Theorem 3.2. The mean value Erg# and the mean square deviation 

        } of the estimate x are given by 

(3.3) E.--t=,12 , 

and 

                                                                                         f.„2  

 (3.4) M.S.D.ri=n14+n2n2)6222.11 —+n222Cif 1+ jd-    (ni+ 

where 

        1cE(i+1)(1— 13,P (3.5)for T\1,     J1=
B0)191,2)2=0'         k22) 

     =B8(-12-1,?+2) B (1,1-)-21for T=1, 

        1  - (3.6) J2=E(i+1)(1-1T)i B9(n+2,1-)-1+ i)for T   N1,                  22        BC±12,23)I=0 

     =.130(-21v+ 2,2-2) B ,-2-112)for T=1, 

and 
                  0 ,(4/ (v + , T =n21)2a1/n1v162. 

   Proof : The mean value (3.3) is obtined immediately, and the mean 
square deviation is obtained by 

(3.7) 
                                  fnixi + n2x2)2     .EriEil(cli1G+i2\21D(a)}+Eni+n,          =

I\              1+c1G(14 
where
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(3.8) Ecii,G+x2\27-,222                                                                                                                                        -I-            1+CiG= 112—r22 V21)CjniC11(1)1)12j171622j2 
and 

 (3.9) E (nlit+  n42)2D(,),}_.k12 n 14+ n20.4(I)21)1)          ni+n2/(121+ n2)21\22 / 

and the convergency of each J of (3.5) may be easily shown in view of 
the situation of the respective original integrations regardless of any value 
of T. 

   Corollary 3.1. Specially when 01=4=02 and we take that n1=n2=n, 
the estimate x is constantly an unbiassed estimate of a and M.S.D.ri# 
becomes as follows: 

(3.10) M.S.D.1i}= a2                 2n Li — -1-0°22))21-n14°' -21) -1- 2) +2-1)4- 2' 21± ) ' 
where O=(A+ 1)-1 and Moreover if we put A=0, 

(3.11) M.S.D.ri =n+.1  02 ,                     2n2 

and otherwise if we put A_00, =02/2n. And in this special case 
we may find easily that taking A=00 is prefered. 

   Corollary 3.2. Specially an inference procedure defined by gives us 
an unbiassed estimate of g and M.S.D.X-= (7'401+ n262)/(n1 + n2)2. While, 
the defined by A=0 gives us the unbiassed estimate 

and M.S.D.Ii=1c1(=1)2Ji +J21-,2• 
         112"2 

§ 4. The inference using the results of two biological assays with 
unknown common variances in case when the equality of population 
means is not assumed 

   The inference procedure discussed here is almost corresponding to the 

previous procedure defined by § 2.1 except for that the values of two popula-
tion variances are common and are unknown to us. That is to say, the 

potency of a test preparation is estimated through a preliminary test of the 
hypothesis on equality of the population means on the basis of the similar 
motivation as § 2.1 for the improvement of the precision of estimate. 

   Now let 07,,: (x11, x12,..., x1,z7) be a random sample of n, from a normal 

population N(Ati, o2) and let 07,2: (x21, x22, • .. x2712) be a random sample of 
n2 from another normal population NO22, o2), where the population may be 
or may not be distinct, but an equality of the population variances is assumed. 

   Then our rule of inference procedure is defined in the following way : 

   (i) Let and 4 be the sample mean and the sample unbiassed vari-
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ance from  On, , (i=1, 2), 

   (ii) Let the statistic t be defined by 

                      xi—x2i 'n1n2(n1+n2-2)• t= 
(n1-1)s+ (n2-1)s ni+n2, 

   (iii) Now let us introduce the estimate x of (p1+,u2)/2 defined in the 
following way: 

        (a) x= (n1x1+912x2)/(n1+n2), if t < A, 
       (b) (i1+x2)/2, if ft( > A, 

where the constant A is prescribed and is corresponding to a value of aA-
point of the t-distribution with degrees of freedom (n1 + n2-2) . 

   Here we may note the present attitude of the inference procedure in 
the following way : When a significance between two population means is 
shown us by a fact t > A, we may prefer to make an unbiassed estimate 
(xi+X2)/2 in order to estimate a value of (pi+ p2)/2, and otherwise when 
the significance is not recognized by the fact j tf < A, that is to say, when 
the hypothesis that p1=p2 is unable to be rejected, we may and now shall 
accept the hypothesis and take the weighted mean to aim at a best estimate 
of common ,ti(=iii=P2), where the weighted mean is immediately given by 
(nix,±n2x2)/ (ni+ n2), instead of (w1i1+w2x2)/(w1+w2), from the view-point 
of that the weights of xl and x2 are only denoted in proportion to n, and 
n2 under the prescribed assumption of the equality of the population vari-
ances. 
   We are now going some results given by the present inference proce-
dure. 

   Theorem 4.1. The distribution function of x is given by 

                  (ni+ n2)u—(nlpi+ n2/22))11e-24                                                                                  Vn1+242-2 (4
.1) Pr. .1 x<u = 1dp dV 

               1/27r                        6i/ni+n2 rAr,(ni+n2—  

                                           2 

                                                                                        n+n2 

   + 127f0((uPi+/12\21/ni+ n2ni—nVe- 
                                                     1

2-2r 

           2'j/nin22p)edpdV,    IP>Ar(nl+n2-2 
                                         2 where 

         T= (112'± a  n2 /12/11+p) I 1/ 2V/(ni+n2 —2) .              in2 

   Theorem 4.2. The mean value E and the mean square deviation 
M.S.D.1X} are given by 

(4.2) Eli} =fil P2(nin2) (iltP2)f(p,v)dp dV +(ni—n2)6                                                       n
,n2(ni+n2)            2 2(ni+ n2) 

                                              

IriSA
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 pf  (p,  V) dp dV , 
           /1>A 

and 

(4.3) M.S.D.ril =nia+2 n2 +(12' —n2)2/12) 211f(py) dp dV                           4(ni+ n2)2 

                                                                                

ir,•A 

                                     (72'—n22G2,p2f(p,V)ddV ,                                  + 4n 1n2 (ni + n2) 
                                                                                       T,>A 

                          -I-n2 _2 -(1-2-!n,,+n-2  where we put that f(p,V) =V 2 e 2 11/27rr(-2-. 

   Corollary 4.1. Specially the inference procedure defined by A = 00 
gives us that (g1+P2)/2+"bias", where the " bias" is (72,—n2) 
— /22)/2 (n1+ n2), and } =G2 / (ni+n2)+ (nt—n2) 2 (Atl M112) 2/4 (ni + n2) 2. 

While, the defined by A=0 gives us an unbiassed estimate of (Pi+ /12)/2, 
but the M.S.D. becomes (n1+n2) 62/4n1n2 and does not always give a 
minimum value of the M.S.D. }. Hence certain choice of a proper value of 
A may be prefered in view of minimizing the mean square deviation (4.3). 

   Corollary 4.2. Specially when ii1=t12=p, X is an unbiassed estimate 
of u and the M.S.D.ni becomes as follows: 

(4.4) M.S.D.ri = +n2-111+(7141-77:72222)2 11 P2 f (AV) dP . 
                                                      ,7,>A 

   And we may find easily that the inference defined by A=00 is prefered 
and then we obtain the best estimate of g.

   Further discussion and conclusion 

   In this paper, the inference procedures concerning the combination of 
estimates from two different biological assays are discussed and are given 
certain properties caused by the respective inference rule, in order to aim 
at the improvement of the precision of an estimate of the potency. 

   The only concerns in this paper, like in Asano [1], may be to choose 
the switching constants prescribed by 2 and/or A. And, in the sense of 
ordinary testing hypothesis of certain validity test of observations, most 
biometricians in practice may choose the values of 95 or 99 percent-point 
of other percent-point of a basic distribution of certain statistic to be tested 
f or the sake of the consideration of the probabilities of 1st and 2nd kind 
error like in Tang [1] or Lehmer [1] as the values of 2 and/or A. But the 
values of 2 and/or A have influence upon the accuracy and the precision of 
the estimate and hence may be considered to employ such certain values of 
2 and/or A as will minimize a maximum mean square deviation.
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   In conclusion, in order to know the numerical appreciation of the  in-
ference procedure in the sense of ordinary testing hypothesis and moreover 
to find the values of 2 and/or A in the sense of certain game-theoretical 
strategies, the numerical tables for the respective inference rule are quite 
important and now are going to be prepared by the author. 

KYUSHU UNIVERSITY and SHIONOGI PHARMACEUTICAL CO.
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