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§1. Introduction

When we take aim to decide adequately an estimate of the potency of
a test preparation by using the results of two or more biological assays
conducted to data, whether these be assays of the same design and technique
or assays by entirely different techniques, the problem of combining the
estimates of the potency is encountered. This problem is often complicated
with the various meaning of the estimate, particularly if the individual
estimates were made by different workers using different procedures. Occa-
sionally, the estimates to be combined may be considered that they must
agree except for differences attributable to sampling error. On the other
hand, however, they may have not necessarily the agreement as a general
rule in the sense of that the duty of combining the estimates discharges
some moderate adjustment of the potency of a test preparation on the basis
of a physical ground.

In either case we are now in a situation to make a best composite figure
as the potency of a test preparation. Then in the formation of the com-
bined estimate, most importance will be attached to the individual values
that are most precise or reliable, and some type of weighted mean will
therefore be wanted very often.

The problem of making a combined estimate of the weighted mean type
has been discussed previously by many authors, that is, Cochran [1], [2],
Yates and Cochran [1], Bliss [1], Finney [l] and et @l. And the purpose
of this paper in treating the subject again is to discuss it from the view-
point of the recent successive process of statistical inferences based on a
scheme of Bancroft [1], Kitagawa [1], [2], Bennet [1], Huntsberger [1] and e?
al. and attempts to give some results and recommendations for the biologi-
cal research workers in practice.

In conclusion the author wishes his hearty thanks to Prof. T. Kitagawa
for his kind suggestions and encouragement.
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§2. The inferences using the results of two biological assays with
known variances

Let O,,: (x4, X15,..., %1x,) be a random sample of 7, from a normal
population N (x4, ?) and let O,,: (%21, Xoz . . . » X20) be a random sample of 7,
from another normal population N(#,,03). The values of these two popula-
tion variances are known to us and they are distinct each other, but the
populations have not necessarily the same population mean. Then our final
aim is to estimate a value of (z,+u,)/2 with the best precision.

2.1, Preliminary testing procedure (1)

We are now concerned with the rule of the statistical procedure formu-
lated in the following way:

(i) Let x; and ¢} be the sample mean and the population variance
defined by the i-th population, (i=1,2).
(ii) Let the statistic d be defined by d=%,—%:// %+§
1 2 °
(iii) Let us define the statistic ¥ in the following way:

@ x= (") (T ) i<

03 03 01 2
(b) x=(=,+x,)/2 , if d>4,
where the prescribed constant 4 is corresponding to a value of the «,-
percent point of the normal distribution N (0, 1).

The necessity for such inference procedure is based upon the following
motivation. Under the situation where the assumption #,=u#,=# to be pre-
liminary tested holds true, the estimate with weights inversely proportional
to the population variances which gives us the best estimate of common «
is known to be prefered. On the other hand, however, under the situation
where the assumption is naied by the preliminary test, a simplest estimate
(%, + %,)/2 for (u; + u,)/2 may be quite reasonable because of that the
estimate gives us the unbiassed estimate.

Thus our inference procedure is divided into two branches for the sake
of aiming at the improvement of the precision of estimate and is distinct
essentially from the theories of combined estimate of weighted mean type
discussed previously. The results of our inference procedure is obtained as
follows.

Theorem 1.1. The distribution function of X is given by

el

(2.1.1) Pr.iz<ul={0Ad—my) —O(— A—my) | O (“"l’z)

oy

1 “Z—:Z{l_@<Amd>_@<~A~mx—pxz"’)}e'”ﬁt,

+— R — =
1/27r . ;/l—-pifz 1/1_1031’2
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where we piut

| [o? a2 ‘n n. ny N,
(2.1.2) my= (¢~ ﬂz) ' L o= ( ;ﬂx + 22/12)," <%+‘§), my= (py+ 13) /2,
n (2] / o O3

2 1

/ 2 2 2

2 n, ng)"‘ . <o% on) / (07 03 o: o}
o=y ot = (DL %) 4 gna =( %) f( 5 %)

¥ (o§+ o3l T F T \p, " m,/) Pxz=\p Ty, n, n,

Proof: Let us put

o » \
(2.1.3) Pr.iz<u =Pr{(@%v~‘+"2?f?)/ my ) <u,D1}+PrJ%&xu D.},

0y o /\oy 0y

where D, and D, are the domains in the sample space (Xi1,. .., X1 Xots -« s
%»,,) defined by the above relations (a) and (b) respectively. Then, defining

2, ~1/2 -1 _
X,Y and Z as (x,— x2)<al+ 02) lj (n‘x1+ x2> ("§+ > and (¥;+x%,)/2
1 2 :

respectively, we may obtain that

u A
(2.1.4) Pr.§Y<u,D1§:(2noXaY—)lJ f exp [—f {5 —ma | (Yomyl | |axay,

0% ol
— —A

PriZ<u,D,{={2r0x0,(1—0%,) | J JEXD To(T—p%)

-0 A<LIX|<

1 (X m‘/)z
.0\/) o5

XomoZom) | (Z=m'] xaz,

Ox Og %

— 202

where X is independent of Y and my, my, m, oy, o, and oy, are given by
(2.1.2) and ¢%=1. Thus we may obtain easily (2.1.1).

Theorem 1.2. The mean value E{%} and the mean square deviation

E {(Fc—’il;ﬂz)z} of the estimate % are given by
(2.15) E{xi=mz+m{0(A—m;)—O(—A—my)} ——J (my+o,t)
A—mMmy—pyyt [—A—my— ;0X7t 22
BT (e St 2 L B Y i 22
{ ( 1/1—,0%(7 ) \ 1/1 Pu )}e a,
and

(2.1.6) M.S.D.{Z{=0%+ (ms—2mym,+02) | O (A—my) —O(— A—my) }

A—my — oyt —A—m—px,t _
mz_tzz j@ X Xz —Q _ X 7Xz } pz/gd.
(i —tra3) {0 = 7R 2 ) — o gy, ) pe dt

e
%)
Proof : The mean value (2.1.5) is evident, and the mean square devia-
tion is obtained by
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21NHE] x { =(m}+03){ 0 (A“m.&’)*(b(—/]“mxa2+m;+02_71§~;j (mz+o0,2)*

{o(t e pet) o= pnd)) oy

Corollary 1.1. Specially when p,=ur,—p, X is an unbiassed estimate
of v and M.S.D.{x| becomes as follows :

(2.1.8) M.S.D.g?c;:%(;:';z) }L’zl’jj( °) {0 () —0(—4)} .

Of course, in this special case, we may find easily that taking zero as
a value of the A is prefered for minimizing the M.S.D.{x}.

Corollary 1.2. Specially when o?—=oi=0?, the values of E{x} and M.S.D.
{xX} are shown as follows :

219) E{zj=t1ite ”1“”“”2“2{@ A Y ()
( ) k3 2 * n,+mn, ( l/nl+n2 )

_(AD(_A_@(M—L!Q)}W 1 [ (u1+uz+1/nl+n2 t)

1/711"*"”2 g l/é;f 2 2]/ n ng
A u/nan (ﬂl—/lz) n,—n, 1/@27(#1—/12) n,—n,
A— AT AN ;—A— t.
o/ VR, 0 Nt } ol Vintn, 0 mtR, e g
N 2y /(1 +ny) A\ 2y nn, / (n,+ny) }e t
\ V B,y 1T ¥y / \ V nn, 1 2
and
4
2. 1 10 M S D — (nl + n2)0 { g _ (nlul + ngﬂz) (n2u1+ nlﬂ2)}
( ) = dmn, () (n,+n,)*

-{(D(A—'/”l”? (ul—uz)>_(p(__/1_1/n1n2 (11— uz) J/(/zﬁr te)®
vn,+n, o V' n,+n, o 1/27:

— (n,+mn,) 02t2 )
4n,n,

. 21, (1 — 1 — S, (s — 1 n,—
/A_l/]n/lng( 1 62)+Zl ' th /—A—l n/lnz( 1 E 2) + n1+Zz t\ o
ol 7 CHLIAC T, B L) 1T } e dt
‘\ 2y nlng/ (n+mn,) 24 nlng/(”1+nz) Y, )

It may be noted in this special case that the inference procedure
defined by A=0 gives us the unbiassed estimate but does not always show a
minimum value of the M.S.D.{x{.

2.2. On an examination in view of a weighting procedure
Let us consider a weighting procedure which uses weights determined
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immediately by the observed value of the preliminary test function. That
is to say, for an estimator of («,+ x,)/2, a function in the present weighting
procedure is defined by

1“:'1 | @?\Lz
2 2
@21 W(T) x‘*x%MT)+————%L41—¢aU§,
! 2
of " o}

where T denotes the statistic which will provide the test of the hypothesis
that #,=p, against the class of alternatives u,=<u, and ¢(7") is a value of
the test function and denotes the weighting function in weighting procedure
at the same time. If ¢(T) is defined as (i) ¢(7") =0 in the case T—A, and
(i) ¢(T)=1 in the case TCR,, where A, and R, are the acceptance and
rejection regions for the test of H with probability of the first type error
equals to «, then W(T') reduces to our estimator in sometimes pooling procedure
based upon the preliminary test of significance. In order to determine
whether or not W (T') offers any advantages over the results of the pre-
liminary test procedure, the mean square error about the true value of
(u,+ 1) /2 is used as a criterion of goodness.

Now let us consider an estimate which is substituted a constant A for
¢(T) in (2.2.1). Then the mean square deviate about (x,+ #,)/2 is obtained
as follows :

2 2,2 2.2
(G- o) (4t
1

_ w2
(222) VIW(4)] :4?"% Lo |y AT A A Rt
) (i ) Vatul )

2
and this is minimized in case when A= (x,—u,)* / {(U‘+ 62)+ (uy —u;) }

From the view-point of (2.2.2) a criterion for the choice of the value
of A may be easily considered with a certain rationality as follows:

— ; _uye/( 01, o
A=0, if (m—m) /(n1+n2) <1,
(2.2.3) A=1/2, if 4 =1,
A=1, if " >1,

and this will be applied to the preliminary testing procedure (2) in section
2.3.

In the present weighting procedure, since the value of (u#;— ;) /;/ a 4 o2

1 R

is unknown to us, we may and now shall substitute a statistic T defined

by (icl—?cz)'/y/ il+i§ for the parameter and further let ¢(T) in (2.2.1) be
n, n,

$o(T) defined by T?/(1+7%). Then we may obtain a following theorem



22 Chooichiro Asaxo

corresponding to Huntsberger [1].

Theorem 2.1. The expectation and the mean square deviation of the
estimator Wo(T) given by the weighting procedure (2.2.1) is obtained as
follows :

n1 ng
BT T2 oo —'y2/27,2t
224) E\Wo(T)j=tattey ol o /oo g 5e !,
Q2 EIWAD=Rg 5 Tt e
1 2
and
(2.2.5) M.S.D.%W(,(T)}EEKWO(T) “2) }
ey afq . 0% Jotoi g et
—1() r(1 W) 2r*(1-7 nn>§ st A

where we put like in Huntsberger (1] that I(r) =1+3H(r)—5G(r),

H) =5 (5) A, 6= 1+ 3 A- ) |,

2!
Ao:e‘/zj e~ " dx, AL:(1—Ai—1)/(2i—1):e”ﬁj x e~ dx.
1 1
In order to determine whether or not W, (T) offers any advantage over
the previous inference procedure given at section 2.1 as an estimation of
(#,+25) /2, the mean square deviation about the true parameter value is used
as a criterion of goodness. It seems to us, however, that W,(7) has not
so goodness from the conclusions of Huntsberger [1] and Asano-Sugimura
[1] and here we may be confined within a notion (2.2.3).

2.3. Preliminary testing procedure (2)

From the view-point of the criterion for the choice of the value of A
in section 2.2, we may and now shall propose another preliminary testing
procedure which is distinct from section 2.1 in order to aim at the impro-
vement of the precision of the estimate of (u,+#,)/2. The formation pro-
posed here is concerned with one of the preliminary two-sided testing pro-
cedure which were descrived previously with the fundamental aspects by
the author [1].

The rule of our statistical procedure is now specialized under the same
notation as those of section 2.1 in the following way:

T
(i) Let the statistic d be defined by d= (x,—%.) /‘/;ZJ—E—%
1 2 ?

(ii) Let us define the statistic Z in the following way:
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— M X, M X 7 n .
@ z=(" :a,—?)// (Zr+ 22 ), if det,
1

oy 02 2
X, |, NX
1 (1711+7022 X+ %o | e o
(b) x= 717 p 5 , 1f A<<d?<<1,
—y
01 O3

(©) %= (% +x)/2 , if d.<<4,

where the switching constants 4 and 2 are prescribed constants.
We are now going some results on the mean and the mean square de-
viation of the estimate given by the present modified inference procedure.

Theorem 2.2 The distribution function of x is given by

(23.1) Pr.z<u) :[” + ” + H] f (2 y) dz dy,
D(a) D(e)

D(b)
where D, Dy, and D, are the domains in the sample space defined by
the procedure (a), (b) and (c) respectively and are denoted by

0<y2<22 (r<re<d
2.3.2 D, : _ D, : n
( ) @ "2/0/”22y ® 1 B 012 g9?
—eoz<ut L B —oo<2&u—( - )
01? 1_722 (zn +02 >
A<y?<Too
and D(c): 1 .
Ve

—co<lz<lut+—5-y ,

and where we put

I/n1nzc exp [_n1(2—/11)2 nz(z_l/EJ"/Jz)z‘J’C:Ui o2

270, 0, 202 - 202 n o,

(23.3) f(z,y) = n, n

aud the switching constants 2 and A are denoted by (/7 +1)*and (/A +1)*
in terms of some percent points X and A" of N(0,1) respectively.
Proof: We may easily obtain by transforming the joint distribution of
%, and independent x, to that of ¥ and z defined afresh by (x;,—x,)/y ¢ and
x, and from being a preliminary testing hypothesis H,: (u;—#,)/1/ ¢ =1.
Theorem 2.3. T he mean value E{X} and the mean square deviation
E{(Z— (#,+u1,)/2)2} of the estimate X are given by

t) (d)(o><”1_”2+1/a+t“l/l/”—l

(2.34) E{%|— IR _L -z?/2[<ﬂ1—r/«!2 T
- 2 n,

2 )¢ 2 +2/

M=ty —y/ cA+1t0,/1/ n, [ ty+y cA+to )y n,
— QO - 1 - oW
( o2/v n, >}+2/n2{ \ Z/I/nz >
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_(p(l)(”‘l 2=y cA+ Lo /‘/”1>H dt
2/1/7’12
w ’Zzu L, L
+_1ﬁ —L?/ZI:< R t"’“nl/gl>{(p<0)< T He s M&>
- ) n1 Fnz ﬁ1+ﬁg 2/1/ Ny
B of o} " o3

A N e AR Ly
n

_@w)( ! — —
02/1/712 ﬂ 2 02/]/n2
T+ 3
o} o3
My —l/a’*‘tal/l”/;ﬂ ]
—Qpwm —
(D < as/v n, )H dt
1m0 e 3n,  n, 3n 3n, AN
+4/2,,(01+£> f ¢ H( o +ag>“l+<?g’*a> 2+(01 “/,7;‘1"‘}
.{@(0)(”1_u2—1/a+t01/1/ﬁx> _@(0)(”1—”2_*/071'}"tal/l/”i)
0s/v 1, 03/ n,
+@(0)<u1—”2+l/0/1+tol/t/ﬁx>_(1)(0) (’“‘1 I/Cl‘*“tol/l/ﬂ >}
0'2/1//772 2/[/”2
3n, { —uy—yea+to /v n, o/~ te—y cA+to. ) nm,
= om — — QW -
+( 2 +Gl>]/n2 ( 02/1/;12 ) ( OZ/L/nz )
ﬂ1ﬂ2+l/a+t01/L/E‘ ﬂ1_ﬂ2+l/a+t01/1/17
oW - —Qw — ! } dt,
- ( Gz/;/ﬂz ) ( (72/1//112 ) ] t
2 2 - ( <n"‘@>
=, 1ot a3y 1 pal of o3 rmy | Tn,
(235 MSD.zi=(P+3)——r| o Ty i+ %)
h af 03/ o3

. 16(2)(/“1—#2 - VQ;ZitUI/V}E) - @(2)<ﬂ1_ l‘z—l,,,»/a’it UI/L/EI>}
‘ Oz/l/nz o3/y’ 7y

_ﬂz—l/a'*‘tﬁ/l/n—l)‘_:l

- (5n2 ” ?m‘l) J!d’(z)(ﬂ‘_”” v cA+ tol/n/”_l) - a><e>(ﬂ1 as/y m,

02/]/772

n M, — —
B <a% 052]/;2[{(5:22_%1>(ul_ﬂz)_%wl ”2>tH “’(ﬂr#zi:;lc/li;:fﬂl//m)

ﬂ1_/v‘2_|/5/i+t01/1/ﬂi~ 3n, n o n, n
— WO ! e, 1 — vt (1 T2
0} < T )}+{(U§T ?>(ﬂ1 13) v < | ?)t}
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_{@m(‘l—ﬂz-l-1/"67/11'1‘01//"_1_(p(l)(ﬂl—ﬂz—r/c-ﬁitdl/l’/n_l\’l]
93/v ny o2/v ny Al

(2=%)
_\oy ‘72

16(”1 | nz) {3(%_%2>( ) +;3:’l1 <5721 nz) (e —pa)t+ 1<7n1 ‘ "") tz}

ot ol
a3
iq)«»(ﬂl oty cd+toy/y . @(n)(ﬂl_/"z_l/aitgl/l"/;l:\l'
2/V ﬂa 02/]/112 /
ny, N 2 2o, Sn1 on, , 3n,
+{(af—a§)(ﬂl #e)*+ v E<U, A)(ul ’u2)t+ <o >t2}

. {®(°>(g1*ﬂ2+!f:a+@‘/V—/’7l> _ (D(a)<ﬂ1—#z_l/671+tal/;/;l)}:lj a,

92/v n, 92/v 1y
where we put that ™ (u)= (,/ 2z ) - ju x"exp [—x%/2]dx.

Proof: The mean value (2.3.4) is easily and the mean square deviation
is obtained from the facts that

(2.36) E{Z|De}= {/27[("1 "2) k J‘u eﬂ"? [ﬁ](?)(%ﬂl +Z§2/12+V/0771 t>2‘i

i=1 1

: L/E)f {@(:)(/‘1-—#2+1/ cx-irtal/;/w)_@m(”‘_ﬂz—l/awm/l/’z)H at
( O, 02/1/"2 ) "2/V”2 |

E (%" Doyt ={16,/2: (% +2)} T éﬁz[z(?){(&i% :)n 1+(3”2 o e

—o0

T )t}“{ ?2_(3_”2+”1)}’ {«pw(ﬁ%‘”Zikﬂiﬁ“l//_@)

2

v mg\ o} v m,\ 08 of 02/ 1,
_(Dm( #r—y cA+ t"l/v/"—1>+ @(i)(“l_”z’*“/ajt“i/v‘/?z)
‘72/1//”2 ‘72/1/”2
—(D(”( ﬂ2+;/cl+tol/,/nl)}] a,
2/1/ ny

and

(214 #5)* o} o 1 (=0 N
(238)E § 2[ D(C) =t 4 2 4( ! ni) W —e L:o( )(/11+l12+t01/]/721

\ Y Lot Wk +;//_A+t0/,/— My — Uo— —/li—tO/_
(Pa) foo(Br e e (R S )

Corollary 2.1 Specially when p,—u,=n, % is an unbiassed estimate
of # and M.S.D. {x%} becomes as follows:
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n ’ﬁ
n,0y

(2.3.9) M.S.D.gf;:}( 73 L f —migl >[(n202+7’>

o) (e b e )

201

(-3
of o} 0,0, t[ {@(x)(l/dﬂol/l/n)

@7/ CA+t01/l/n1\}] . ‘ V CATEO Vv 1y
/ 8! 1+ ) Vv Ny n, 2/! n,
\01

-2 2/1/”2

v/¢d {—tal/l/n1>}—|— @(l)<;/'c_/l+t01/,/¢71> _q><1><‘v”c71+f01/v/771 )]

_ q;(l)( /] 91
02/ 1y 92/v m, o:/v m,

nl_‘?_z
<o—1 o'§>
2

16<n1 n22>

N, © V’/C_A-l-t"l/l/n_l ) _I/é;‘+t01/l/;1‘
+(5+3n ;){@ (%7 ooy )-2( ou/v 1, )i ae.
Corollary 2.2. Specially the inference procedure defined by A=21=0
2 2
shows us that E{x}= (u,+u,)/2 and M.S.D. ;?25:(0—‘+“—2) / 4 , while that

t2[<7+n20§>{(p<0)<ﬂ0{/t n1> q)(o)(—l/a—ktal/p/ﬁl'”

7,0} 2/l/ﬂo 02/1/772

defined by A=2=oco shows us that E{Z}= ( L1ty +": >/<?11 o > and M.S.

= n,, w\7h ny _ / n; nz
D.ix} = (0%—1—02) Ea <U% ) (#y — #3) 4<G;—r 5
§3. The inferences using the results of two biological assays with
unknown variances under the assumption of an equality of population

means

When the potency of a test preparation is estimated in the analytical
assay of twice or more times, their results may be considered occasionally
that good agreement between several estimates is to expect. In these
circumstances of the biological assay, the combined estimate is used to take
a weighted mean with weights inversely proportional to the individual va-
riances and knowing the values of their variances we obtain a best estimate
by the statistic. But for such an explicit information concerning to the va-
lues of the individual variances, we may have no choice except for substitut-
ing the estimates of their variances and we are confronted mostly with lack
of the information in practice. For instance, we may be abie to illustrate
a potency estimation for a tuberculin preparation, one by assay on cows and
one on guineapigs, Fisher (1], Finney [1].
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Now let O,,: (%11, %12y ..., %1,,) be a random sample of #, from a norm-
al population N(#, ¢?) and let O,,: (%3, Xs3,..., X2,,) be a random sample of
n, from another normal population N(#, ¢%). The population variances o?
and ¢} may be or may not be distinct.

Then our rule of inference procedure is defined in the following way:

(i) Let x, and s} be the sample mean and the sample unbiassed va-
riance from O,;, (i=1,2).

(ii) Let the statistic F' be defined by F-—=s3/si.

(iii) Now let us introduce the estimate X of « defined in the following
way:

(a) x=mx+nmx,)/(m+n,) , if F<ZA,

(b)) x=(wx,+w.x,)/(w+w,), if F>A4,
where w,=n,/s?, (i=1,2), and the switching constant 4 is prescribed con-
stant.

Our attitude of the successive inference is asserted in the following
way: We may prefer to take the weighted mean (w,x,+w,x,)/(w,+w,)
as a substitution of a best estimate of « in case when a distinction between
the values of two sample unbiassed variances 5% and ©% is shown significantly
under a hypothesis H: oi=0¢, and otherwise we may take naturally (s,%x,+
n,%,)/(n,+n,) as a best estimate under the assumption of the same popula-
tion in case when an equality in the hypothesis H has nothing to be denied
from the test of sample variances and at the same time we shall be much
relieved from the troublesome calculation of the weighted mean.

The another aspect of the attitude of our inference procedure may be
explained from a different view-point of an assumption ¢i<Zo? given by the
information concerning to the population variances, and in principle we may
consider now to adopt always the weighted mean with weights inversely
proportional to the individual variances. Under the circumstances of the
observations, however, if s happens to be smaller significantly than s? in
case that F<<4, we may consider to be unable to admit the dispersion of
observations with some unreliability and may prefer to take the sample
means merely which are independent of the dispersions statistically and to
combine by the formation of (a). That is to say, we come to the conclusion
that adopting the weights which is contrary to the assumption is inadequately
and we may and now shall introduce the successive inference with certain
validity check of the observations by the preliminary testing procedure.

Theorem 3.1. The distribution function of % is given by
B.1) Priz<<ul=Pr.\(nx,+nx;) /(0 +n,)<<u, Dy} +Pr.{ (wx,+w.x,)/ (w,

) <, Dyt =0 (W BIETI) ) (e s f [{[ 7@ 2. 6rac)

V' My0%+ ny0;

Ac12/o92

-d%.dx,,
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where D, is the domain defined in the sample space (Xi1, ..., Xy Koty e - - s

Xo) by the above relation (a) and D, is the complement set of D, in
the same space, and where

L3 5)=8(55) | B(3:3) vt/ Custarcd,
_vitw

@) | Sk §) =l 0 (16) el fne
2’2

7, (X,— 1) | . c,Gx,+x )
+Lo.zg—z :lv D — o< 1+2‘G 2< Clznlag/n2oi ’ Vi:ni—]»-

Proof: The proof is immediate and shall be omitted.

Theorem 3.2. The mean value E{x} and the mean square deviation
E{(x—n)?} of the estimate X are given by

(3.3) Eixi=n,

and

(34) M.S.D.ix} wil Ie(%,%>%+§{<%>201]1+12} ,

(1, +m3)* n,
where
1 1
(3.5) ]1—ﬂ§(z+l)<l—7—) By(3 +i+2) for T,
“5(5.5+2)/5(3.5) for 73,
38) Jo=— b S+ (1o ) B(g 2.5 i) for T,
B (%)
~n (e 25)/8 (05 for 71,
and

0=v,03/ (vyoid+v,0d) , T =mn,v,07/n,v,05.
Proof : The mean value (3.3) is obtined immediately, and the mean
square deviation is obtained by

@ B ~Bl(CECLE | op (AR b

where



Some considerations on the combination of estimates from different biological assays 29

2

@8 E|(CECHE) Dot n ()0 s A

7, (2
and
(39 E {(%ﬁ;’;’g?)z Doy} =1s® +’Z17i:%2§§} 1(3:2) -

and the convergency of each J of (3.5) may be easily shown in view of

the situation of the respective original integrations regardless of any value
of 7.

Corollary 3.1. Specially when oci=0i=0> and we take that n,=n,=n,
the estimate % is constantly an unbiassed estimate of v and M.S.D. ix}
becomes as follows :

(310) MS.D.1%| =, [1 L(5.5)+ ”“{Ian(z 2+ L5+ 5
where 0,=(A+1)"! and v=n—1. Moreover if we put 4=0,

(311) M.S.D.i%| = ”2*‘21‘02,
and otherwise if we put A=, M.S.D.{x}|=0%/2n. And in this special case
we may find easily that taking A= is prefered.

Corollary 3.2. Specially an inference procedure defined by gives us
an unbiassed estimate of r» and M.S.D.{x}= (n,0}+n,03) /(n,+n,):. Wihkile,
the defined by A=0 gives us the unbiassed estimate

and M.S.D.%'E;:{q (5;)2]1+J2 }Z":‘ )

$ 4. The inference using the results of two biological assays with
unknown common variances in case when the equality of population
means is not assumed

The inference procedure discussed here is almost corresponding to the
previous procedure defined by § 2.1 except for that the values of two popula-
tion variances are common and are unknown to us. That is to say, the
potency of a test preparation is estimated through a preliminary test of the
hypothesis on equality of the population means on the basis of the similar
motivation as § 2.1 for the improvement of the precision of estimate.

Now let O,,: (%5, X1, ..., %1,;) be a random sample of #; from a normal
population N(#y,0%) and let O,,: (X215 X22,..., %2,,) be a random sample of
n, from another normal population N(u,, 0%), where the population may be
or may not be distinct, but an equality of the population variances is assumed.

Then our rule of inference procedure is defined in the following way:

(i) Let %, and s? be the sample mean and the sample unbiassed vari-
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ance from O., , ({=1,2),
(ii) Let the statistic ¢ be defined by

X —X, 1y (n+m,—2)

fo Yo . /
v (1, —1)si+ (m,— 1) s} V' B+,

(iii) Now let us introduce the estimate x of (u,+#,)/2 defined in the
following way :

(@) x=(mx,+m%)/(n+mn,), if ¢ < 4,

(b) x=(x,+%.)/2, if [¢/> 4,
where the constant 4 is prescribed and is corresponding to a value of «,-
point of the #-distribution with degrees of freedom (#,+#n,—2).

Here we may note the present attitude of the inference procedure in
the following way: When a significance between two population means is
shown us by a fact [¢| > 4, we may prefer to make an unbiassed estimate
(%1+%,)/2 in order to estimate a value of (u, -+ u,)/2, and otherwise when
the significance is not recognized by the fact |#| < 4, that is to say, when
the hypothesis that u#;,=u, is unable to be rejected, we may and now shall
accept the hypothesis and take the weighted mean to aim at a best estimate
of common u(=py,=u,), where the weighted mean is immediately given by
(1,2, +n:%,) / (n,+m,), instead of (w,x;+w.x,)/(w,+w,), from the view-point
of that the weights of x; and x, are only denoted in proportion to 7, and
n, under the prescribed assumption of the equality of the population vari-
ances.

We are now going some results given by the present inference proce-
dure.

Theorem 4.1. The distribution function of % is given by

n+2 -7
= 1 (1, + 15 ) — (11221 + Na2t) jj -
. JE<uUl=—u 0
(41) Prjz<ui=—=o(" e nl +n2»f§> dp dv
S — 2 ny+ny
1 Myt 4y l/nrt‘nz ny—n, -5 Ve eV
v e | o=t ant)e _n1+n2—2) ap av,
ITI>A 2

where

T= (J"ﬁ:z By p) AV =)

Theorem 4.2. The mean value E (X} and ‘the mean square deviation
M.S.D.\x}| are given by

titry  (B—n) (8 —us) (n,—ny)o
42 Byt ORI ES [ femapav e, e

IT<A
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J pf (p, V) dpadv,

TI>A

and

(43) MS.DE{ = "+ (”122’;3 e )’ f f f(p,V) dpav

dn,n,(n, +n,)

(nl—n2)202 jj pzf(p’ V) dj) dV,

where we put that f(p, Vy=y T e"(gj”)/,/z—n F(%) )
Corollary 4.1. Specially the inference procedure defined by A=
gives us that E{x} = (¢, +#,) /2+“bias”, where the “ bias” is (m,—mny) (4,
— 1) /2 (ny+ny), and M.S.D.{x}=0"/(n,+n,) + (B, — 1) (11— 1) /4 (0 +m,) %,
While, the defined by A=0 gives us an unbiassed estimate of (u,+u1,)/2,
but the M.S.D.{x}| becomes (n,+mn,) o®/dn,n, and does not always give a
minimum value of the M.S.D.ix}. Hence certain choice of a proper value of
A may be prefered in view of minimizing the mean square deviation (4.3).

Corollary 4.2. Specially when p,=p,—p, x is an unbiassed estimate
of # and the M.S.D. {x} becomes as follows :

Tntn, 4 nn,

(44) MSD.% = J1+<"“”2)2”p2f(p, V)ydpavi .
TI>A

And we may find easily that the inference defined by A= is prefered
and then we obtain the best estimate of .

Further discussion and conclusion

In this paper, the inference procedures concerning the combination of
estimates from two different biological assays are discussed and are given
certain properties caused by the respective inference rule, in order to aim
at the improvement of the precision of an estimate of the potency.

The only concerns in this paper, like in Asano [1], may be to choose
the switching constants prescribed by 2 and/or 4. And, in the sense of
ordinary testing hypothesis of certain validity test of observations, most
biometricians in practice may choose the values of 95 or 99 percent-point
of other percent-point of a basic distribution of certain statistic to be tested
for the sake of the consideration of the probabilities of 1st and 2nd kind
error like in Tang [1] or Lehmer [1] as the values of 1 and/or 4. But the
values of 4 and/or 4 have influence upon the accuracy and the precision of
the estimate and hence may be considered to employ such certain values of
2 and/or 4 as will minimize a maximum mean square deviation.
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In conclusion, in order to know the numerical appreciation of the in-
ference procedure in the sense of ordinary testing hypothesis and moreover
to find the values of 2 and/or 4 in the sense of certain game-theoretical
strategies, the numerical tables for the respective inference rule are quite
important and now are going to be prepared by the author.

KYUSHU UNIVERSITY and SHIONOGI PHARMACEUTICAL CO.
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