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§1. Summary

This paper discusses some methods for test of a mean effect on biologi-
cal direct assay on the basis of pooling of data. A need for such methods
is emphasized in the experiments under a restriction of small sample size
at two or several similar environments or conditions, especially on biological
direct assay. The principle of pooling of data is based on a scheme of T.
Kitagawa [1], B. E. B. Bennett [1] which discussed the estimation of a mean
effect after preliminary test of significance. And recently H. Bozivich, T.
A. Bancroft and H. D. Hartley [1] discussed the power of analysis of varian-
ce test according to the pooling scheme of data. In this paper the tests of
means and percentages after the preliminary test of significance are discussed
and a recommendation is given from the viewpoints of the size of the power
and the power gain.

§ 2. Introduction

The principle of a direct assay is that the doses of a standard prepara-
tion and those of a test preparation, both sufficient to produce a specified
responce are directly measured and a difference of their potency can be in-
vestigated by their respective critical doses. Of course the simultaneous
trial method is the basis of this assay techniques, and the test preparations
T can be assayed relative to a standard preparation S by simultaneous ex-
perimentation by the comparison between the observed doses of S and the
observed doses of 7' under the same environments and conditions.

The fundamental idea of this paper is that if such a standard pattern
of assay has been adopted as a routine in factory production or elsewhere,
a pooling of data can be introduced, in order to reinforce the power of test
under a restriction of numbers of subjects. In some circumstances we had
better pool the data in repeated assay of S, and it is the purpose of this
paper to formulate such a rule of pooling procedure and to clarify the
Freparaiion ) _consequences of' the pooling procedure.
\’ Control Test When a direct assay has perfor-
Block(Days) | med as the following (left-sided) figu-

1 ! Sw T re, a rule of test procedure for 7', natu-
2 | Se & rally may take the following steps:
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(i) Make a statistical test on a distinction (mean or percentage)
between S, end S, with a significant level «,.
(i) Then

(a) if the significance of the difference between S,y and S, is
recognized, a similar statistical test between S. and T, is
made only in block 2 with a significant level «,,

(b) otherwise, that is, if the significance of the difference is
not recognized, the data of S, and S, are pooled and a simi-
lar test between Sy.q and T, is made with a significant level
a5, where Sy i means the pooled data of Sy, and S,.

In § 3 we discuss a test on normal distribution having a common known
variance, which at the same time gives us a test of percentage by means
of usual normal approximation, and in § 4 we apply a #-test procedure bet-
ween S and T,, where two normal universes are assumed to have a common,
but unknown variance. §5 discusses a test of percentage by means of double
dichotomies. In §3 and § 5, some numerical considerations are given.

The author wishes his hearty thanks to Prof. T. Kitagawa for his kind
suggestions and encouragement.

§ 3. u-test after preliminary u-test of significance

Let Oy : (%, %15 -+, %1v) be a random sample of N, from a normal
universe N (uy, %), which indicates the critical doses observed on S in block
1, and Oy,: (%21, %22, =+, %2y ) be a random sample of N, from other normal
universe N (u., %), which indicates the critical doses observed on S in block
2, and then let Oy,: (%35, %32, - » Xay,) be a random sample of N; from the
third normal universe N (u,, ¢%), which indicates the critical doses observed
on 7T, in block 2. These three normal universes are assumed to have a
common universe variance, whose value is known to us. The difference
between S, and S, may be regarded to be due to a fluctuation on blocks,
which may exist or may not.

Let us suppose that we shall pool two groups of sample observations
on S;, and S when the hypothesis #,=x, cannot be rejected and then let
us test the difference between T, and S by the pooled observations.

Our rule of test procedure is formulated as follows:

(1) Let a statistic u, be defined by

// 1T
(3.1 U= (9—51—9772)/ I/N—llﬂ" T\]]h; g,

where :Tct:%i] x;/N,. Let u(«;) be the a;-point of the normal distribution
J=1
N(O,1) such that
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u(a&i) ro
G 27)"! [ e ? dt=a;, ((=1,2,3).
. —u(mi)
(2) Let us introduce a test for T, defined in the following manner.
(a) If u,>u(a,), then test the hypothesis H: u,—u, by applying
the normal test to the statistic

(3.2) uQ:(;irxg)/]/ 1.1

with the significance level c ..

(b) Otherwise, that is, if \u,|<<u(a,), then assuming u,= = s,
say, test the hypothesis H: p,=up; by applying the normal test to the
statistic

(3.3) sy = (Frg— %) /]/NLJFN% .,

with the significance level «,, where x,,= (N, X, + N.%,)/N,, and N,,=N,+
N..

Then the power of our test procedure are of importance in this pro-
blem, and in consequence of these considerations the values of «,;, «, and
«, are proposed for the practical uses so as to keep approximately an
assigned value for the power of our test.

The power of our test procedure is given by

34) Pr.D,\+Pr.iD;}= J Jfl(.%y ¥y.)dydy, + JJfZ(}H’ ¥i)dy.dy;,

D D2

where we put

/ = Tt 1 Y1=7)% 20491 — 1)Y= 72)
f1(91 ¥2) =(2m000 1— o) ‘exp[“z’(ffbf){“ o oo,

@5), O ]

fz(yuys)Z(Znolaz)“lexp[_ 1 {(yl—_ﬂl)

- +(y3“7/3)2}] ,

o3

o o N, - N, _ _
Vi=X1— X Yo=X2— X3, ya:j\zl?NéerNijNé X2 — X3

(3.6)

. 1 1 __ 1 1 41 1
0= GI/ITI—‘_N; ’ Uz*—al/Nv2'+m‘ sy 0O3=0 '/N1 N2+N2 s

N,
M= Ly — Mgy No—=Ho— U3, ﬂa:m/h'i‘m_ﬁ]v Ho— Us,
2
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— { / 74]?%" 7;1;7\ 7,771”7—;77174 - -
o= ANy () e
and
37 Dt /11
3.7 1 o ]Tl[;—{—]g'/.z u(nm,) <<y, oo,
/T T
‘\Ul/ NzTNs u (o) <yy,< oo,

/0<y1 \o]/ = *Jrz\lf u (a,),

~ 0]/qu ~u(aa) <Yy <o,

For the test of percentages, a condition of some normal approxima-
tion may be more or less satisfied, and as the simple normal approximation
the observations p,=(r,/N,), p.=(r:/N,) and p;=(r;/N,) can be considered by
arcsine transformation, sin™', 7,/N,, (=1, 2, 3), and then their variances are
known to be approximately the constants, thatis, (4N,)"'. In this situation
the above results for test on normal distributions with known variance
are directly applicable for that on percentages.

Now we attempt to give numerical informations about the size of power
and the power gains by numerical evaluations of (3.4) by assigning some
values of the pairs of {N,, «;i, (i=1, 2, 3). The power gains are used to
compare our sometimes pool procedure with that of the neverpool test and
are defined as follows:

(i) Assume a value of the parameter », to be zero:

(ii) For this value of 7, evaluate the size of the sometimes-pool test.

(iii) For this level of size, evaluate the power curve of the never-pool
test: this power curve is then directly comparable with that of the
sometimes-pool test corresponding to 7,=0.

The behaviour of the size of the power and the power gain'are illus-
trated as a function of (#,/¢,7,/¢) for certain values of N,, N,, N, and «,,
ag, oy: Fig. 1 (N,=N,=N,=4, a,—=a,—a;=0.05), Fig. 2 (N,=N,=N,=4,

=0.2, a,—=a;=0.05), Fig. 3 (N, =N,=N,=4, a,=a,=a;=0.10) ; Fig. 4
(ngNz_Ns_—lO, oy =a,=a;=0.10).

So far as these numerical data are concerned, we can make the follo-
wing observations which might be suggestive to our statistical procedure in
more general situation.

(i) The size of our test procedure does not equal to the nominal level
of 0.05 (or 0.10), but varies as «; and 7,/0 vary. It can be noted that the
size of the power for the values of 7,/0 between 0 and 2 in the case of
(7,=0, and a,=a;=0.05) is larger than 0.05. As 7,/ becomes larger, the
size- peak tends to the left and becomes larger than the nominal pool test.
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Moreover, the larger 7./0 becomes, the narrower becomes the interval in
which the size of the power exceeds that of the nominal pool test.

(ii) Referring to the size curve for a preliminary test carried out at
the 0.05 level, the peak is usually high. Clearly, a preliminarv test carried
out at this level will in many cases admit an unacceptable size disturbance.
Therefore, with the intention of size control for the nominal level of 0.05,
that is, in order to decrease the peak of the size or to narrow the interval
which exceeds the power of the never-pool test, we may propose a statisti-
cal procedure taking 0.20 as the value of «; with a,—2,-—=0.05.

(iii) From the point of the power gain, if we can assume that 0.5>7,/0
>—2, we may find a large power gain by choosing the level «, = 0.20.
However, under the assumption 0.5<7,/0, the power gain is less than the
never-pool test. And if we have nothing tc assume, we may propose a bor-
derline test.

(iv) The larger N(=N,) becomes, the smaller the power gain is obtain-
ed.

§4. t-test after preliminary t-test of significance

Let ()Av]: (%11, X135 ""x“})’ Ol‘lz: (%15 X290, xg,,vlz) and OA\«:{: (X315 X0y o0y
%y,) be random sample from normal universe N(xi,0;), N(x,0%) and N (g,
6?), respectively, with the same meaning as in § 3. In this section, the three
normal universes are assumed to have a common but unknown variance oZ,
The universe means z,, #, and #, are not necessarily assumed to be equal.

In this case, our rule of test procedure is defined as follows.

(1) Let x,,%. and x, be sample means and let s, si and s; be sample
variances respectively.

(ii) Let a statistic t, be defined by

-y 71 1 Nt (N,—=1)st4 (N,— 1) s\
. b=z ()RR P

Ni Ni
where %,=>x,/N, s?=> (% —%.)"/(N,—1),
j=1 J=1

and let t,(a;)) be a significance value of t-distribution with the ¢ degrees
of freedom and the significance level «;, (i=1,2,3).
(iii) Let us introduce a test for T, defined in the following manner :
(@) If [ty >ty 2 (), then test the hypothesis H: u,=up, by
applying the t-test to the statistic

: HNmDste (V=D
N,+-N,—2 )

.1 1
(4.2) fo= (2= 1) (o F oy )7
with the significance level «,.
(b) Otherwise, that is, if 't <ty .y,_.(a,), then assuming n,=u,
=, Say, test the hypothesis H: un,=p, by applying the i-test to the
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statistic
_—_ 1 N, —2)sh+ (N;—1
(4.3) ty= (X12—X3) <“ji\717 N) (g\ NIBiN( 5 )33) ’
with the significance level «,, where
(4~4‘) El:’: (N151+N2?52)/(N1+N2)’

sh={ (N, —=1)si+ (N~ 1) st} /(N + N, —2).

Now our problem is to obtain the power of the test given by the above
test procedure, as in § 3, and this problem can be reduced the determination
of the value of «,, a, and «; for the practical uses so as to keep approxi-
mately an assigned value of the power of test.

The power is denoted as follows.

(4.5) PrAD{+ Pr.{D,} =Pr.{lt|>tx, yoz(ay), [ £ >Fnyp p—o(a2) §
+ Pr.{|t, gt)‘1+3\'2-2(a1)! [y >ty (ay) £

Now let us put, for the moment,

(4.6) Yi—=X,—Xy, Yo=X— X3,
ni*:NL-*l
and
2 2 2 9 )
7,851+ NS5 .S 73S 72583
4.7 W= WSS gy MSTHS gy M
g 4] o

Then the joint elementary probability of (W, W,, W,) is shown by
(4.8) GW,W,,W,) dW,dW,dW,

n1 nz na Wi+We— W3
2—(m+n2+na)/2 -1 gy —21Th2T e

S e Wewy Wyt W e
r(3)rrcs)
-dW dW ,dW

and we obtain the probability of (W,, W,), integrating out W, as follows.

L W

4.9 HW,, Wg)dWIdezPr.§W1>W2§[J G(W,, Wo,W.)dW, |dW.dW,
0
SPrWSWA[ | GOV W W)W, aW.aW,
0
—mtnetn B e Pt / ‘n 2 oy 1477\
H.j.fr/;jll_l 2 1 (g_ Ti'{"]j
A SSISIST (D) (2 2
() ()r(s) i (et




Tests due to pooling data through preliminary test on biological direct assay 33

na+n: W1 ni+n2+nz
7’2—1—1—1 e B

2 2 o
-W, w, e dW,dw,+(1-A) - EZ,E (—1)i+str
()G

"imy P A mitne n w3
N — [ n1Tng_ i ne_ -3 =M3
"/’,2,1_1\ M2 q 2 (ﬁ' 11 +-7> g TR Sydlmg =5

o hipTh N2 LW, W, e dW.dWw,
R AN <2 1+z+] r)
where
’nsss\ )
(4.10) A= Pr{r- e 1}:[ Pony (F) dF.
‘ YR

But the joint probability of (y,.) is shown by

! 1
1D S0 3)dyidy, = (2roi0a/ T= Fexp| —5 o
—_ 2 J— — — 2
. {(3’1 O;l) ' 20(y, ;71132(3’2 72) + (92 O;—Zl }] dy, dy,,
where
(4.12) 01:01/7\171 N, ’ 02-"[/ **‘*‘N y M= My Moy Te= U — Us,

o= b ()
Consequently, the joint probability of (W,, W,, Y1, ¥:) is obtained by
(4.13) H(W ., ,Wy)f(y.,y.)dW,dW.dy.dy,,
and further let us transform (W, W,, y,, v,) into (T, T,) by
(414)  Ti=3./v' W01, To=3:/y W,0,.

As a result, throughout the troublesome calculations, the first term of
the power is expressed by the following function,

-1 (711 0,17

73
exp{ 5 + 2} 1P Pty 4
415) PriDj= A 2(0=07 ‘;12 g 210y o) s
(20 r(oee 3 i=0 j=0 7=0
i (2) (3 (2)
a+b+2r‘ nit+nat+ng a+bd 1
2 2~ T
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(2= Y (T2 Y
.L—Gza‘rég%‘&*“ {F(%_i_a+§+1>r(ﬂ2;ﬂ3+ —TTI-)+g 1)
e b ety i
J@ @) (Bt (B 07
D1
o +p eyttt

'F(yz‘g_jJrg%i'l)U(Yi‘f) (71‘%) ((1 Z;éTT)deT}

where D, shows the domain of (T',, T,) such that

nn; NN
(4.16) ’—zl/—+ 2 tvl.HQ 2(0) <T <o, ;;gy{iznftN2+Na—2 (o) <T',< oo,

Similarly the second term of the power is obtained from the joint dist-
ribution of (W, W,, v, ¥4), that is,

(m+ng +na+1) 7?-1
(4.17) H(Wl, Wg) f(yl’ y3) dW1 dW3 dyl dyg T af*" (Wg‘ Wl)
o (5 )0 (3)

ni+ng
R

‘W, eXP[“%{Ws + - ( o2 7]1) + G;'“a)j }:IdWI dwdy, dy, ,

1

where we put

(418) 3i=Fi—F =y N e
/1 1 4/ 1 1 _ _
‘ﬁ*[/ﬁfl—FI\T2 g, O03= L/m?m+lvl o, p2=p(¥1, ¥3) =0,

g N N
=M 25 73 **N1+N2/11 N1+N2 U Mg .

Now let us transform (W, W,, y,, ¥;) into the following (7", T,)
(4.19) Ti=y, /W1, T3:y3/]/W.303 s

and then we obtain the following power function.

- (m+ﬂw+l)

z L . mimacly; masl
(4.20) Pr.iD,} = PR E] (=D { W, W,
e &0 )
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N\ 2

cexp| — S W, + (T WY (T, W) ") V]aT, dT, aw, aw,
) )

04 O3

where D, shows the interval
S nn, /1y (1, +n
UL Ivamez (1), v s (£ 1,) ¢

No4aa—2 X )ST:;‘/OO .
n, +n, no+ny+mg (s -

| 0<T, <

(4.21)
10<W1<oo, 0<<W,<<co.

The power defined by the formula (4.5) can now be written in terms
of the right hand-sides of (4.15) and (4.20), and a paper of the author is
being prepared which will give the numerical tables with various (7,/s,),
(n5/0,) and N,, N,, N; using magnetic drum data-processing machine, where
we may apply the Monte Carlo method with some considerations to the
formula (4.5).

©5. Other test for percentages after preliminary test for percentages

In simultaneous trials, whether they may be measured by attributes or
not, a method of double dichotomies may be considered as one of the most
reasonable procedures. That is, our consideration in this section is summari-
zed as follows.

Let Py, and P, be the means of two binomial populations which denote
the lethal (or effective) percentages of standard preparation and that of
the test preparation respectively. Then a difference of the toxicity (or
the effectiveness, etc.) between two preparations, S and 7, may be obtained
usually by P,—Ps or by P,/P, But the size itself of P,—Ps or P,/Ps to
be used in comparing with two preparations is under the strong influence
of actual sizes of the absolute values of percentages P, and P,, and it is
much more so in practical situation where the observations obtained by a
routine assay method may suffer from some block variations (days, places of a
laboratory and so on). Consequently another function of P and P, is better
sought for to be used in our present formulation.

Now let (a, b,) be a pair of results in {-th simultaneous trial (i=1, 2,
-+, N) and let us consider only the pairs (0,1) and (1,0), where @ and &
are the outcomes of the observations from the assay of standard prepara-
tion and test preparation and 1 and 0 denote a death and a survival of
subject, respectively. Then the probability that (a, b)=(1,0) is equal to Py
- (1-P,) and the probability that (g, &) = (0,1) is equal to P,(1—Ps). Hence,
knowing that (e, b) is equal to one of the pairs (0,1) and (1, 0), the con-
ditional probability that it is equal to (0,1) is given by P=(1—P,) P,/ Ps(1
—P7) +P,(1—P,){ and the conditional probability that it is equal to (1,0) is 1
—P=P;(1-P;)/{Ps(1—P;)+Pr(1—Ps)}{. And in order to devise a proper
test for testing the hypothesis that P,>>P,, we shall state what risks of
making wrong decisions we are willing to tolerate, The toxicity of test
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preparation may be measured by a ratio (the odds) k,=P,/(1— P,) of lethals
to survivals and test preparation may be regarded the more toxic, the
larger the value of %, becomes. The relative superiority of test preparation
over standard preparation can reasonably be measured by a ratio of %, to
k(=P,/(1—P,)), that is, u=P,(1-P,)/P,(1—P,). If u=1, the toxicity of
two preparations is equally and if u>>1, test preparation is more toxic
than another, and further, if #<<1, standard preparation is more toxic than
another.

Therefore this method may be considered immediately as a testing
method concerning a difference between the means of two binomial distribu-
tions without a condition of normal approximation, Wald [1].

Now let us consider three binomial distributions and let P; (i=1,2,3)
be an unknown parameter showing the probability of a success (death,
effectiveness, etc) in a single trial of the i-th binomial population. Our
problem is to test the hypothesis P,=P, finally on the basis of the odds-
ratio # defined by the observations of the same number N on each popula-
tion, Now our rule for the procedure is formulated as follows.

(i) Let v, and v, be defined by
v, =1/2,
vo=tty/ (L4+uy) =P, (1—P,) /{ P.,(1—P) + P,(1—P,) }.
(ii) Let I be a number of the favourable pairs between S and S
in each sequence of N and let m be a number of pairs that shcw us the

effectiveness of Se, against Sy, in I pairs. Then the number m is compared
with a number k, (or k.), where k, (or k;,) satisfies the following relation:

(5.1) {

l !
(5.2) g;}“ ( f)(%—) <a,, for the alternative hypothesis P,>P,,
or
ko l 1 14 . .
E(z)(?) <a,, for the alternative hypothesis P,<P,.
i=0 N /
(iii) Now let us introduce a test for T, defined in the following man-
ner.
(@) If m>k, (or m<k,), we define v, and v} by
(5.3)

vi=1/2
{vé:PS(l—PZ)/§P3(1_P2)+P2(1_P3) i

and the following test procedure is carried out finally.

Let I be a number of the favourable pairs betewen Sz and T, in each
sequence of N and let m’' be a number of pairs that show us the effecti-
veness of T, against Sy, in I' pairs. Then the number m' is compared with
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a number k, (or ki), where k| (or ki) satisfies the following relation.

(5.4) ,2 (%(i)l <wa,, for the alternative hypothesis P,>P,,

or

IRV R
ﬁ<l.)<—2~) <a,, for the alternative hypothesis P,<<P,.
i=0

(b) If m<<k, (or m>k,), we define v{ and vy by

v’ =1/2,
(5.9) {vé’~3P3(1—Pl)+Pa(1—P:)% {P(1=Py) + P,(1-P;)+ Py (1-Py)

and the following test procedure is carried out finally.

Let 1" be I'+1, and let m" be m'+m,, where ' and m' are defined by
(a) and let 1, be defined by a number of the favourable pairs between T,
and Sy in each sequence of N, and let m, be a number of pairs that show
us the effectiveness of T, against S in 1, pairs. Then the number m' is
compared with a number k' (or k') where k' (or kY) satisfies the follo-
wing relation.

5.6 v g,
o0 5 (0N3) <a. (=P

4
i=k,

or

M-

/l”< ) <ay, (P3;<<P,).

Now we assume under the consideration of numerical calculation that
a correlation of {P,(1-P;)+P;(1-P)} and {P;(1—P,) + P, (l—P,) }may
and now shall be neglected on the basis of the fact that this correlation is
approximately given by P,(1—P,)/N for moderate large value of N, e.g.,
it becomes 0.0125 in case that N=20 and P,=0.5, and 0.0045 in case that
N=20 and P,=0.9.

Then the power according to our test procedure is shown as follows
approximately :

(5.7) LZ: (i )vz(l v,)'" iz ({') vy (1—pp)r—

i=k1 =k NJ

#3 (§ Jma-wy e a—ay

Now in case of testing a lethal ratio for test preparation, where the hy-
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pothesis that P,=P, is tested against an alternative hypothesis that P,>P,
and our successive procedure of this test is defined by using k. first and
then by using %[ or k! secondly, the behaviour of the size of the power and
the power gain are given in Fig. 5 (a;=-a,=—-a;=0.05) and in Fig. 6 («a,=
0.20, a,—a;—=0.05), for N-=20 and for each (P,, P,, P;) of all the combina-
tions of 3025, 502, and 709%.

In these figures, we note that each number of the favourable pairs
depends on a combination of each value of (P,, P,, P;) and the nominal
level of 0.05 is not given on the basis of each percentagetest, but is defined
on the basis of odds ratio test. From a general view of these figures, we
may obtain some resonable explanations as in § 3. That is to say, we may
prefer to take about 202, as «, with an intension of size control and from
the view-point of the power gain. Here we need to introduce some assump-
tions in regard to a distance between P; and P,.
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Fig. 5. (a) Size curves for N=20, a;=as—a3 Fig. 6. (a) Size curves for N=20, ct;=0.20,
=0.05 az=03=0.05
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Fig. 5. (b) Power gainfor N=20, a;=—a> Fig. 6. (b) Power gain for N=20, a;=0.20,
=ar3=0.05 ae=0a3=0.05

In conclusion, if we can assume a situation P,>>P,, we may propose
to take our sometimes pooling procedure taking 209, as «,, and otherwise
if we can assume a situation P,<<P,, a never-pool test should be recom-
mended to be used, and when we have nothing to assume, we may propose
a borderline test.

KYyusHU UNIVERSITY and SHIONOGI PHARMACEUTICAL Co.
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