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§1, Introduction.

In many actual cases of statistical inferences used in biometrical and
pharmaceutical researches, it may often happen that we have to appeal to
a successive process of testing various hypotheses and of estimations of
parameters.

In view of our practical uses of statistical inferences, the unwary seems
to be left with the impression that some statistical analysis stated in current
text-books are, in short, more concerned with inferences by a single use of
sample mean or by that of sample variance than with inferences in which
sample mean, sample variance and previous informations are used in coopera-
tion with each other. No statistician, who is conformed with the effective-
ness of statistical inference, can be allowed to obsure such an obstacle in
physical and biological sciences. These situations were pointed out by Kita-
gawa [1] in the Introduction of his first paper on successive process of sta-
tistical inferences.

In most of practical circumstances it seems us to be essentially needed
that we should make some inferences on the validity test of observations and
some uses of previous informations, before we may appeal to the standard
procedures of testing hypothesis or of estimations. General aspects of our
statistical procedures in such cases will take some form of pooling data.

It is our standpoint that the formulation of these procedures can be
given in a form of successive process of statistical inference, in which (i)
our model is “ not completely specified” in the sense of Bozivich-Bancroft-
Hartley [1] and (ii) the previous information is to be taken into our con-
sideration, under certain conditions discussed in Kitagawa [2].

The object of this paper is to formulate, in the light of successive pro-
cess of statistical inferences, several important statistical procedures being
used in practical situations and to discuss with some merits of these pro-
cedures from our view-point. Section 2 is concerned with inferences about
the population mean, while Section 3 with those about the population vari-
ance.
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In conclusion the author wishes his hearty thanks to Prof. T. Kitaga-
wa for his kind suggestions and encouragement.

$2. Inferences about population means

2.1. Type 1

Let us consider the situation where we are provided with two samples
O,,1 and Ong' The first sample On1 will give us some information which is
rather general and stable, while the second sample O,,2 will yield us another
information which is rather special and unstable, but which is more intimately
connected with we want to infer. Let us assume that O, : (%1, %12, -~-,xml)
gives us an estimate X, for the population mean #,, where x, is distributed
in N (1, 6*/n,), and let O, : (%.1, Xs2, =+, %2, ) be another random sample
from another population N (#,,0%). These two normal populations are kno-
wn to have the same population variance, whose value ¢ is however un-
known to us, but they have not necessarily the same population mean. Un-
der this situation the following statistical procedure is very often used by
practical statistician: if s%, the sample variance defined by Onﬂ, is larger than
a prescribed constant C, the sample mean %, obtained from O,L2 will not be
so reliable as to be used alone without any regards to the stable informa-
tion x,, and hence we may and we shall define the pooled estimate (%, +
n.%,) /(n,+n;), while otherwise, that is, if si is equal to or smaller than
the constant C, the sample mean %, will be worth while to be used alone
with no regards to the stable information x,.

The needs for such statistical procedure will occur when any increase
of sample size 7, is strictly prohibited or impossible and hence there is no
way but we decide whether our information due to O, can be accepted or
should be wholly abandoned. )

Our statistical procedure is now formulated by defing a statistic x in
the following way:

(a) x= (n,x,+ n:X,) /(1 -+ 1), if s> C,
(b) E - Eg, if So < C,

where C is a prescribed non-negative constant.
Theorem 1.1. The distribution function of x is given by

(s + ) u— (mypy + nzuz_)) PriD,

(1.1) Pr.ix<<ui{=0 ( T,
1 2

N (D<L’”i,i”;“1?).Jl1 - Pr.iDi},

where we put
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(1.2) Pr.iD,}= 1'f’T [ (g) ,

1

X
e *dy’,

and
u

(1.3) @ (w) :;%{ exp{~~g-} dt,

while D, is the domain defined in the sample space (Xi1, Xso 5 X2u) DY
the relation s3>C and D, is the complementary set of D, in the sample

space.
Proof : This is easily shown from the fact that si and (x,, ;) are

independently distributed. Indeed we have

— . %y + Moo L Py ix
(14) Pr.iz<u{= Pr] S <u, D,}+Pr. |%<u, D3},

with Pr.{D,}=1—Pr.{D,}.
Theorem 1.2 The mean value E (x| and the mean square error M.S.E.
{x} of the estimate x are given respectively

(L) Eix} = p+ "0 (m—us) - Pr.iDyj

»n,+
and
., d nia? . (#2"/11)2_(”1"‘”2)‘
(16) MS.E.(x}|= ;;2*- W.P%{Dl% {”’ ] nn, }

Proof : (1.1) gives us directly (1.5), and (1.6) can be derived from

2

(L7 Ei17)— {ﬁ{i‘ﬁf ("ﬁ}g;“f}-zﬂr.g D+ (;’TZ + 13)-Pr.iD,}.

22, Type 2: (The inference of population mean after one-sided
t-test)

Let O, : (%i. %1 -, %,) be a random sample of #, from a normal
population N (z,, ¢%), and let 0,12 D (Ko, Xasy +o0y x%) be another random sample
of n, drawn from another normal population N(z,, ¢%). These two normal
populations are known to have the same population variance ¢%, whose value
is however unknown to us. The distinction between two population means
may be regarded as hypothetical and we are in the situation of an incom-
pletely specified model in the sense of Bozivich-Bancroft-Hartley [1].

We are now concerned with the rule of the statistical procedure for-
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mulated in the following way:

(i) Let x; and s? be the sample mean and the sample variance defined
by O, (i=1,2).

(ii) Let the statistic ¢ be defined by

1/2 1/2

e ) GRED

(iii) Let us define the statistic * in the following way :

(a) x=ux,, if t <2,
D) =z, +n.x,)/(n,+n,), if 1<<t<4,
() X=x,if t >4,

where the switching constants 4 and 2 are prescribed constants.

There are two important practical problems (1°) and (2°) to which our
present statistical procedure can be applied with certain respective different
interpretation.

(1) The first problem is concerned with an estimation of maximum
value of x, and #,. The simplest estimate which can be verified by the
theory of statistical decision function is known to be max(x,, %,), as shown
in Bahadur [1]. Our inference procedure, however, adopts a modified estimate
in order to aim at the improvement of the precision of an estimate of com-
mon population mean under the situation x,—=u,.

(2°) The second problem is based upon assumption that pz,>u,. For
instance this assumption may be quite reasonable when the second popula-
tion is concernd with the observations on a control, while the first one with
a manifestly more reinforced drug than the control, which involves #,>u,.
Under this situation where the assumption #,>>u, hold true, an information
which is given by two sample means, x, and x,, when x, happens to be
significantly smaller than x, can be admitted under the hypothesis that #; =z,
with the interpretation that On1 is giving exceptionally small sample mean
%x,. Therefore we may and we shall in this case reject the information gi-
ving by O,Ll.

I8l

Theorem 2.1. The distribution function of ¥ is given by

(2.1) Pr.ix<u}

mtne ,

| T r<mjnf;z) o (S | Tep)dp av
2

n1+ng

1 (ny -+ 1) U— (10, + nott,y) H -5 Vor %

o (Pt ) U — (Bl Halty) Ve

+1/27r ( 0y, +n, ) € r <n1+n2-2)d‘bdv
2

A<T<A
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2 ﬂ;ﬂ;? -V 2 —
) [ Ty o0 w20 Yapay,
()

where we put

(/] mny M2 //%72' .
2.2 = %z = e
(22) <]/ n,+ 0, +p>/, l n1+n2—2v .
Proof : The proof can be done along the same line as that to Theorem
1.1. explained in details in Kitagawa [2].
Theorem 2.2. The mean value E{x}{ and the mean square error M.S.E.
{xZ} of estimate x are given by

(2.3) Eiz) = p— = #g)ln Pr.iD+m(1=Pr.iDp)|

anno
S S ( /nl /71—2
]Ll/ 0y + 1, ]]’ n, L0, (D) — l/ n, I"Q(‘D)} ’
_muy tnp, (u1—us)
4) =M U0 Pri Dy~ mPr. (D,
g

T, (nyrmy)y (el (D) =l (D)1

and

— a® o2
(2.5) M.S.E.%x§=n1+n2+n Y7,

a: Tn(6) + M0, (0) | + {1 Pr.iD,y |

. nz(ﬂl ﬂz)) P; { ”zﬂgiﬁlﬁz{ Byt + Nty
( n+n, +Pr Do u n,+n, }ﬂﬁ" 7+ A, }’

where we put

(2.6) I, (p')= ”P"f(l), Vydpdv, (j=1,2),
_E Vﬂ|+nﬂ 2
2.7 f(p, V)= ERL A
% z +n2~2
S =)
2.8) D,: {TQ » (1=0),
T>A, (i=2),

and



6 Chooichiro Asaxo

29) Pr.Di =], f.Vapav.
by
Proof: The mean value E {x} is given by
I _p‘l—m‘-’ . n1+ne 2
N N o I WE VT Y og _\e = 'VE
(210) E %] = ‘_H [( pa +Vnﬁn<,> dpdV

R

_p2as  nitne
2 T A

n, ) 'V :
+ t[{l_—n;‘nj (q—l/:%ﬂ> Tﬂl};np(”1fn:—£> dpdV

2
| 5 i esff-’:‘flf-rv’ﬂ;"“ 2
+ gn 142 rmn—z (q+l/ ﬁ;pﬂz <n1+no dpdVqu,
0 T 2

and the variance (2.5) is obtained from a following relation,

mim N\ p, o N
ﬁ( 2,1, ),Pr-%D1§+{n1>14n2+u1{-Pr.gD2;

211)  Ei#) = {n

)

+<‘ o *—i—u‘é}'Pi’.{Do% - - %”1100(1,)_[_ 1],;2(1)2)}

n,+ N, 721+7’la 2
2o /n, /1,
+;2;l'1 n 0{ ]/ —LIuo(tlﬂ /111 ID (p)}

Corollary 2.1. Specially when p,==p, x is an unbiassed estimate of
u,, but its mean square error is greater than 6%/ (n,+n.) and less than o* /n,.

Corollary 2.2. Moreover if we put 2=—A, the results (2.1), (2.3) and
(2.5) consist with the Theroem 1 in Kitagawa [1].

Corollary 2.3. Specially when n,>n,, the bias of E{x} becomes small
and the mean square error becomes approximately equal to o*/(n, +mn,).
Otherwise, when n,>n,, Eix} is approximately equal to 1., and the mean
square error may become rrgll,ﬁ(pz)/n1 nearly.

2.3. Type 3: (The case with “known” population variances in
Type 2)

Let O’H: (%11, xlz.---,xml) be a random sample of #, from a normal
population N(u,, o), and let 0"2: (X21,%32, --~,x2,12) be a random sample of #,
from another normal population N(z,, ¢3). The values of these two popula-
tion variances are known to us, but the populations have not necessarily the
same population mean and variance.
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The rule of the statistical procedure is now specialized in the following
way :
(i) Let x, be the sample mean defined from 0, (i=1,2).

(ii) Let the statistic d be defined by d= (x,—%:) ]/01+n
1 2

(iii) Let us define the statistic x in the following way:
(a) x==x, if d<i,
b)) x=mx +nx.)/(n,+n,), if A<d<<4,
(©) x==x, if d>4,
where the switching constants 4 and 2 are prescribed constants.
We are now giving some observations on the mean and the variance of

the statistic ¥ with their detailed proofs, because the Type 3 is simpler case
and suited for numerical considerations.

Theorem 3.1. The distribution function of x is given by

- U—pa 2 + Hy + }) _;22./5
31)  Priz—ui-''t J(y+u )0 ¢ e Ty
Vv 270 v 1—p8

N1+ nape

Y it as M — My (nl_rn )(01*0 )
o ny+ N,y 7 ‘ / +nluﬁ—ngug){@( T jﬁg(nlgl?hzqg)r y>
V' 21y m,0% 4 ny00 I ( ny+ Ny =
A —{—’uf,’jﬁl (711+7’lg >,<?%_qog) ~ (utua)y?
— 0 ( ¢ €0+ 1,0:) )} x g (Mg
v 1—p3

U U—i1

Ho— [y y niy2
, A+77 == e
+ —1;;”.—1,& (y+u1))‘1—(1)(‘ ¢ C_,)}e dy ,

v 2r 0y :

v 1—pi
where ¢, p,, p. and p; are defined by (3.4), (3.6) and (3.8).

Proof: Let us put

(3.1)  Pr.x<u}-—Pr.\x,<u, D,! +Pr{ FE ke p } + Pr.ix,<u,D,l,
| n,+n,
where D,, D, and D, are the domains in the sample space (x,, - » Xy Xy
%z, defined by the above relations (a), (b) and (c) respectively. Then
we have

1 u ( A _1 \X C)
(B3) Prize<w,Dol=y o0 =1 (_Yl ge“p 2(1— pl){ =
gy XD (¥ =6 (Y—sz]‘[dX*dY
OO0y 3 A I ’
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where we put

c
2 ) 9
2 o / ol H
3.4 k 02 —‘1 05— L cC—=1|/ ,,lg-i-,,,,z
( ) ¥ P! n, ’ I ny n, ’
Og
Py = — ==
C,” n,

We have also
( N, X, + N %,
35) P <, D, }

u

1 Jf”fx'p[z(f—l [Eoi -2 E=) )

=5 o
27“71‘77;/1—,03 03) Ux Ox0p

S T o

where we put

T M1+ 1% IR T 2 ”ﬂi_’_’z_“_
T omtn, ’ 7 omtn, T (n+mp)?,
(3.6)
) _;rof—ag o
T e et
Furthermore we have
(3.7 Pr.{x,<<u,D,}
_ 1 P —1 [(X—8) , (X—&)(Z—E)
——Zﬂ:axozy/l_ipg’ J_{{ Jpr[Z(l—pﬁ) [ a% —2p; Ox05

Cas 54) Jax}az,
where we put

Z:;ﬁ y Ea=uy (7223 -
(3.8)

04

2‘_‘61/”1

(3.1) is now easily obtained from the changes of the order of integra-
tions in each of the right-hand sides of (3.3), (3.5) and (3.7), as we were
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to prove.

Theorem 3.2. The mean value E{x} and tke mean square error E{ (x—
#.)2%} of the estimatle x are given by

AT R R N P ACO B ACDI BN ACORNACDEN ACHY
and

(3.10) M.S.E. gig:%"—?ﬂ o— 1y)? {]o )+~ ~~—; Jl(y")}

# 20— m) {13 =, B T | T+ T =T (9),

where we put

B A
1o '/zazjym( P dy,
/ Mp— ity (n1+n2)7£o!7—70.,)y
5~y e [ T imitin )
v 2, 1,03+ ny0} J2 U\ VvV 1—02
(3.11) l+€2:'€£—1 (n,+n,) (oi—0a) .
_q)( ¢~ c(mot+nod 3’)} o et gy
v 1—p}
oo Ho— Hy y
N V' o At e T | -
J: (99 = oo, ij)(—”yﬂjz )e dy,

for i=0,1,2.

Proof: The mean value (3.9) is evident, and the mean square error
is obtained by

(1) B =- it (=)o) + | (M ) — e 1,5 + 2 Tu(5)
Rt AE DR IN ACO RS ACO RN ACORIACS

Corollary 3.1. Specially when ¢,=a,—=a, the values of E{x}{ and M.S.E.
{%} are shown as follows :

@10 Bim =t o [ o (7)1 ) i)

S ACOENACOR

and
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(3.14) M.S.E.;xiz—i—dr{co (4+27 )~ o (a4 2 ) "

o

() 107 + o +n) {@(AH&;&@)_@ (1=

+ 2(ny—1y) {]o(y )“ﬂ'n J: (! ) r T]o(y") —J: ().
Corollary 3.2. Specially when n,—up,, ¥ is an unbiased estimate of
i, and M.S.E.{x} becomes as follows :

(3.15) MS.E.{x{= 77+]U(y)+]1(y)_] 0,

and in case when ¢,—o,—=o,

2 o?

(316) MS.E.\x{= ) +i0()~0@)], " -+ Jo(3) T,

_‘_

Corollary 3.3. Specially when oi=oci=0* and n,>n,, the bias of the
estimate of x becomes small and the mean square error becomes o/ {(n, +n,)
approximately. Otherwise, when n, > n,, the estimate of x becomes v,
approximately.

24, Type 4: (The inference of mean value after a preliminary
test of variance)

Let 0,11: (X1 X1z o0y xml) be a random sample of #, from a normal
population N(z,, 6%) and let O, 1 (X1, %o -, x%) be another random
sample of #, from another normal population N(u., ¢3). An equality of two
population means is not necessarily assumed. However, if we can consider
the values of these population means to be common, each of two sample
means x; and %,, can be used as an estimate of the common popuation mean
u(=up,=un,), and further at the same time the pooled sample mean x,; is
also an estimate of # with the variance o%{x,,} = (1,0} +n,03) / (8, +n,)*, which
is greater than o/n, when o¢}/oi<(2n,+n,)n*. This implies that the pooled
sample mean x,, does not necessarily have a smaller variance than that of
x,.

Our rule of inference procedure of x; is formulated in the following
way :

(i) Let x, and s be the sample mean and the sample unbiased vari-
ance defined from O, , (i=1,2).

(i) Let the statistic F' be defined by F=s3/si.
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(iii) Let us define the statistic £ in the following way:
(@) % =ux,, if 0<<F<3,
(b) Z=(nmx,+n,x,)/ (1, +n), if 1< F<A,
(c) x=x, if F>4,

where the switching constants 4 and 4 are prescribed constants.

There are two important practical problems (1°) and (2°) to which our
present statistical inference procedure can be applied with their respective
interpretation.

(1) The first problem is concerned with the case when an equality of
two population means can be assumed. Although the weighted mean (1,%,
+m.%.) / (1,+mn,) is an unbiassed estimate of the common mean, our statisti-
cal practice based upon our common sense or upon our intuition will suggest
us rather to reject a sample with significantly larger sample variances com-
pared with the other one, and pool two sample means when two sample
variances are not significantly different. In some biometrical and pharma-
ceutical researches, such a consideration concerning variances may be needed
because of data containing a large fluctuation due to the individual subjects.

(2) The second problem is concerned with an estimation of minimum
value of #, and u, under the situation that population mean in consideration
is a monotone increasing g(¢%) of its population variance ¢%. The function
g£(-) may or may not be known to us. It is therefore our intention for
appealing to the statistical procedure of the Type 4 that a more reliable
estimate of the common value x,=gz, can be obtained for the case of equal
variance of=o3 by pooling two sample means x, and %..

Theorem 4.1. The distribution function of x is given by

(41) Prizul: 0(}: n, (1 —, )Hl*[oq(@ @)}_HD((n1+n2)u—(n1ﬂ+nzﬂ2)>

oy 2’2 V' Mo+ n,03

ARG (R L (5Y)

04

where we put

(4.2) Ie<2 0522 ¢1 ¢2 /B((bzl 22 b=n~1, p;=n,—1,

Oy=0s/ (P A+ ¢5), O,- 2/(¢1A+¢’)

and B(¢,/2, $,/2) and By($,/2, $./2) denote a complete and an incomplete
beta-function respectively.

Proof : This result is evident, because I and ¥ are independent of each
other. :

Theorem 4.2. The mean value E{x} and the mean square error E{ (%
—u)? are given by
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—y ) ¢, ¢ b1 bs))
4.3) Eix} = #zf‘,;ll’ﬁ;q”lfeo(j "2)*"2&2(21’ ;)I

|

and

(m+m)° my  (Bytmy)?

I,,o(d" ?f) (o1 moitmaol  mi(ny—u,)*

4.4) E{(x—u)%) = (uy— )" + : {i’lﬂgnzﬂ & ”1(_”1’*‘2712) (e

_ﬂz)z}

¢, ¢
T, " (i (L) (%0 5) |

where 1= (Mt +n05) /(B +15).

Proof: The mean (4.3) is evident and M.S.E. {x} is obtained from

that
s Ew=(p )| 1-5(%.5)
(o wye il al ) =135 Gt (5. 5)

Corollary 4.1. Specially when p,—=p,, X is an unbiassed estimate of
u, and M.S.E.{%| becomes as follows:

. N0+ n,05 o ¢y b T o 2 A P
@0 MSE = (T () (TG 5)

Corollary 4.2. Moreover if we put 1=0, E{x} and M.S.E. {x}{ are
given by

. 2 ¢ ¢
4.7  E{xi= Mz‘%iﬁz 2192(21’22> ,

and

. mz(u1 #)? ot ol
4.8) MS.E.{x}— (n1+n2) (n??njz

2

_@i"zoz M (i — 1)\ 7 (D1 b
+(771 (n+m)t (my+my)? )192( ’ 2>

Covollary 4.3. Specially the inference procedure defined by always

pooling shows us that E{x}=y,, and MS.E.{x} = (= 12)® | mioi+ iy}

(”1"‘"2)2 (”1 +ny)?
while that defined by never-pooling, that is, A=A, shows us that E{x}=

s+ (o — ﬂz)Ig(¢1/2 ¢2/2) and M.S.E. %J:\‘:

?
|
ty
+
-}
TN
[
l
ijm
l
N—
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L5, %) , where 66,=0, .

§ 3. Inference about population variances

3.1. Type 5: (The inference of a parameter after a preliminary
test of analysis of variance)

Let us consider an ordinary inference in case of a randomized block
design as a fundamental example of analysis of variance test. Let x,; be a
random sample drawn from N(0..+6,.+0.,0¢%), (i=1, 2,---,/ and j=1,2, ---,
m), where 6,. and 0.; denote a treatment effect and a block effect respecti-
vely, and where we put >),0,. =3>,6.,=0. Then the treatment effects’ are
tested by the ratio F,, that is,

@ Q,
Fo=ay /a=nm=1y"

(5.1)

where @, =m>(x,.—x..)"* and @,=>1>) (¥;,—X%,.—x.;+%..)%. The ratio F, is
i i J

distributed in the central F-distribution with the pair {/—1, (I—1)(m—1)}
of the degrees of freedom under the null hypothesis 6,==0 for all 7, and in
the non-central F-distribution with the same pair of degree of freedom
and with the parameter of the non-centricity parameter A=m3},6% /20 under
an alternative hypothesis.

We are now concerned with the statistical inference procedure of the
parameter >] 0;./(l—1)=o? defined in the following way:

Qe
=1/ -1 m-1)"

(ii) Let us introduce the estimate 42 of o defined in the following
way :

(i) Let F, be a statistic defined by F,=

(@) &=K, if F,<4,

) #=(Q— %) /mu-1), it Fo=a,
m—1 // ”_

where the switching 4 and the estimate K are certain prescribed non-negative
constants.

There are two important practical problems (1°) and (2°) to which our
present statistical inference procedure can be applied with their respective
interpretation.

(1) The first problem is concerned with an estimation of ¢ under the
situation when the assumption ¢?>-0 is ascertdined by an existence-proof on
some physical grounds. Now let a non-significance of the F-test be infered
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from experiments, which might lead us to the conclusion to the effect o;=0.
This is contradictory to our general and stable information to the effect that
unless any additional and reliable data giving reasonable estimate of ¢ are
given, o7 should be better to be taken as equal to a certain non-negative
constant K. Now we have obtained the data which is contradictory to our
general assumption o{>>0. Furthermore let it be prohibited or impossible to
make further additional observations. Then our statistical procedure may
be at least one of the possible approaches for estimating the constant o°.

(2°) The special case when K =0 may be worth while to mention,
because, even in the case when no positive constant K can be assumed in
the sense enunciated in (1°), it may be natural (or operationally granted)
at least for certain practical circumstances to assume that an estimate of
o® should not be negative. These considerations will hold valid, particularly
for the case when any additional of size of sample is prohibited or impo-
ssible.

Theorem 5.1. The distribution function of 53 is given by

Vi
(;V2>’22‘
Yy

o = e )¢ y
(5.2) Pr.isi—ui=1 —zw.‘f[ff(fivf VB
= 2! 2 2 [ARAZEY) v, . v
: 200 2 (A T[22
(2% (5+4,7(3)
= RHi-1 e u,+ 52
A ow L (e Y1 i
jAu_ (#,—1) 4;, # exp ( Ui (a—1) )dul}du_],
where I, (21 »l«i,’;f) is defined as same as (4.2), and

(5.3) r=v,/ (v A+vy), A=16%/(1-1),
vi=l—-1, v,=({-1) (m—1).

Proof: Let us put

(54)  Pr.ist<u}—Pr.iK, Dy +Pr.{(Q1— m%l ) / m(1~1), D, |

where D, is the domain defined in the sample space by the above relation
(@) and D, is complement set of D, in the sample space. Now Pr.
{K, Do} is a value of the definite integral ranging from zero to 4
concerning probability density function of the non-central F-distribution
with the non-centricity parameter 2 and the pair of the degrees of freedom
$(I—1), (I-1)(m—1){. The second term of the right side of (5.4) is
calculated in the following way. Indeed the joint distribution of &, and

Q, is
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(55) SCQ @ e | -1 (@114, ag,,
where
(5.6) C=_ e

e e () (e
Now let us put ul:Ql—;lQ3 and #,=v,Q,/v,Q; and I¢t us transform @,
2
and @, to #, and u,. The Jacobian is given by
(5.7 o= uw,/vi(u,—1)%

Consequently the right side of (5.2) is obtained.
Theorem 5.2. The mean value E {62!, the square mean E{ ()2 and
the mean square error M.S.E.{3?} are given by

N ViV,
e we"‘,l Vi, . Vs 202 } ZF( R +1>
¢8) Efd-— {1 Z ’<2+ ’3)[ (v, +u)§ ,F( ) (Zl >
[B(%+i i+1,5)— B¢,<’)21+i+1,%)—z—;{ (5+d 3+1)
— By +i, 52—2+1)}] (4>>1),
—A i I,L
(5.9) {1 2—-31(2+z,”2)}+ (Hzfmg:!z jf_”

[ By +iv L) —2Bu(y+it1y) - :{B(gw,ﬁz“‘ﬂ)

ZB¢,,(2+z,Z+1)+B¢(2 ’§+1>}+B¢,( +it1, ﬂ

(A<D),

e (N7
(510) Ej@)r =K {1-3%, <V2‘+"’sz)}+<v(zjv)>2Z.,F((w)zp(h:,))
r(s) r(yH-

~

-[u{B(2+z+2 2)—Bu(y +z+2,2>}—2u1{B(z+z+1,22+1)
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—B¢/<%+i+1,%g+1)}+’;—;{B<V1 w+2)-By(yrigr2)]
(A4>1),

- Qi 11 Ve
s1) =K s i) e B 5 e (D52 11 2)

(ihv.)t 2 i!r(%) p(%{+i)

[B(g i)~ B (Y rir 1)+ V’B(2+z,2+2)

ol B i 2) 2 Bl i1 1) B (i3

+v,By (5 +z+2,2> 2v, B, (%‘+i+1,§+1)+£3¢,<2 +z,2 +2)]

4<£1),
and
A2) A2 __25 01'? 2 — 52 72027} :
(6.12) MSE.%OAE{(G, 7 VT) }~ E{<Ut ‘V1+V2) }
A 4622 u 40?

— 4 2 R T

—E{ r} 1+V2E§ t} (V‘+V2)2l ’
where we put
(5.13) t=vy/{Vy+vid), vi=I-1, vy=(-1)(m-1),

p'=1—1, ¢”:V1/(V1+V2)-
Proof: The mean value and the mean square value concerning to

(QI—E’QQ are obtained in the following way:

(5.14) E{Ql—:;Qa, D(u)} Eci< > (2 2) it —2+1+1F (V —2}—V2+ +1)

Vi
?+i 1

[“@ 0w, (4=,
‘A

o
ve vty w v
(5.15) = ZC’ (5—3) “ (26%) o -HI"(Kl"—Zl~ V2+2- + 1>{ J (u 2+:1>§‘ +v2+3{~\1 du,
1 i +7
v
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1 ‘—'2‘—+i 1
Ty v
N (un—!_l;)g) 2 24441 )
s
and
v 2 122— U+;v+z+2 v, +v .
(616) E{(Q—2'Q:) , Du}=3C(2) " I("5%+iv2)
" Fri-1 D
. J 7”27}”(:’2;1.32 duz , (Azl) ,
A(u2+u1) :
2 ERaT R T e
(617)  =3C(%) @) r(ate +2)H w =1,

v —o= 2
'l(u2+J> i
Vi

Corollary 5.1. Specially, when K=0 and A=1 (this case may be adopted
very often in our routine), E {52} and E| (%)%} becomes simple.
Indeed we have

_o 2 GO r(tgeic)
(V1 +v2)5 ( < T )

Y14

—Bup(y it 1) =0 B i g ) ~Bup(g iy 1)},

(5.18) Efd}

By i1y

and

(2oryr T (P54 2)

B10 PU = G 5 ® ) rry) U )

2

—Bua(g i +25) =20 B (§i 41 Y1) = By (G +i 151
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2

Corollary 5.2. Let us consider in particular an inference procedure
which is defined by A=0. This corresponds to the case when we use always

an estimate (QI— ?QQ V/(u1+u2) for the non-centricity parameter 2¢°1/
2 v

(vi+ve).
We have then the following expectation,

ey VitvVe .
. 262 e AT (‘*‘2 +l+1> . \
(5.20) E%“f‘—m[*“?izr(”ﬁr<ﬁ+z-) e

ol enn )}

and further E!{(6})%{ is given by (5.13) as the special case when ¢'=0.
From Corollary 5.2, we can observe that our technique of ordinary
estimation of the non-centricity parameter after the analysis of variance
has certain bias.
Corollary 5.3. When we adopt an inference procedure defined by
Corollary 5.2., the probability that we obtain “minus’ 6% is given by

e y .V,
(5.21) 1= Lop (5 +ig ) )
3.2. Type 6: (The inference of variance after a preliminary

F-test)

Let O, : (%1, %15, -7, %,.) be a random sample of #, from a normal
population N(u,, ¢}), and let 0"2: (%a1, Xogy *++, xz%) be another random
sample of 7n, drawn from another normal population N(u,, ¢}). The values
of these two variances, ¢} and o are unknown to us and the distinction
between these two values of and of may be regarded as hypothetical, and
we are in the situation of having an incompletely specified model in the
sense defined in Type 2.

Our rule of the statistical procedure is formulated in the following
way : ’

(i) Let s} be sample unbiassed variance mutually independently defined
by sﬁzzi (%3—x,.)/v; with v;(=n,—1) degrees of freedom, (j=1,2).

(ii) Let the statistic F, be defined by F,-—s%/sk

(iii)) Let us define the statistic 4% in the following way,

{a) &* =g, if F,<,
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(b) %= (v1Si+4-v,83) /(vi+v,), if 2<TF <4,
(¢) &*=si, if Fyo>4,

where 2 and A4 are the non-negative prescribed constants.

There are two important practical problems (1°) and (2°) to which our
present statistical procedure can be applied with certain respective different
interpretation.

(1) The first problem is concerned with an estimation of the minimum
value of ¢} and o¢f. The current estimate based upon our intuition would
be min(s}, si). This should not exclude, however, any other estimate which
may be more natural and more effective under our situation of incompletely
specified model. Indeed the distinction between of and ¢f is hypothetical in
our present situation, and we may and we shall appeal to the pooled esti-
mate of the common value of the population variances in order to aim at
the improvemernt of the precision of our estimate, when the hypothesis H,:
o2=0} can not be rejected.

(2°) The second problem arises under the situation when we have a
precof based on physical grounds which can secure us to assume ¢:<(¢% For
instance, the first population is concerned with a test-mixture on which
observations are more carefully done than those on a control corresponding
tc the first population, and we can assume o}<Co%. The procedure {a) implies
the rejection of the statistic s! which is contradictory to our assumption
0i<ol.

Theorem 6.1. The distribution function of 6* is given by

RN u A

(6.1) Pr.j&*<u *J J g (g, ) du,du, -+ {ul [ { g (uy, uy)du,duy-+-v,
el

970
u A u e

| {
. ’ J gz(“nuz)d”lduz}"l"J J & (uy, us)du, du,

R IPY 0’ A

ViV

where we put

Vi-tve (V}) .“21<1i2>;72 v vi+ve 1
-5 2 2 5 — = N
62 guy=2 7w exp (Mt
r)r(s) 2ot o3
(27 2
Y4y ¢! ?/Z? 3 vi vi+ve
o T e
g2 (Uy, uy) = F/il)]“(é‘ 1 2 exp 5 ;i};l—i—;g ]’.
(2)7(3)

Proof : The joint distribution of si and s? is given and we put #,=
si/si, u,=s; and #;=si, and then we transform (s}, s3) of the joint distribu-
tion to (u,,u,) and (%,,u;), where the Jacobian is given by
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9 (si, sb) d(snis; = u,

3 (ny, s) _'ul” 3 (24, 3)!

Now the right side of (6.1) can be obtained easily.

Theorem 6.2. The mean value E {62} and the mean square ervor M.S.E.
{6%¢ are given by

(63) Efto) =oi{l—To(5 Y+ 1)+ il (5 54 1)+ 0 {1 (5 5 +1)
(O G ) A )

and
(64) MS.E.{6,} =E} (62— d%)?}

_ o;(1+%){1 L (. 2)| ot (142 VL () 5 +2)

; 2
oyt (5. 52~ L (3 ) g 7 et(1))

AL v 2) - 1% ”22+2)}+(72L”z)2 AT+ 122 +1) ~ L5 10 41)

2 [ty )=t 13 1) 2 ()= 1 1)

5 ey 1) B (3 D) ]

where we put

2 oW, A
6.5 (2] :,,,,7?,1,,2 Ju— N (- L
©) oWt o d T T o ol

Proof: The mean value and the mean square error are calculated by
(66)  Eis,{=Efu| Dy} + E [0 { Do} +Efu; Dot
and

(67)  E{(@*—)*| =B (us—o)? Dyl +E|(* % |p, )

VitV
+Eg (1"3_0%)2j D(c)} ’
where D,y :2,<<2, Dy, : 2<<w,<<A and D : u,>A.
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With regard to the mean square E{#3}, E{ui{ and E{wu,u,}, we can
obtain the following results in a general domain B<<#u,<A,

68)  Eiudi —oi(1+ D)L 5 +2)- L Y+ 2),

14

69) Bt = otf1+ D)L.( 5 +2)— T

and

(6.10)  Elugay} = otod {15 +1, 5 +1) = L5 +1, 7+1)},
where we put

6.11) oA P

Then, in our problem, we may displace « and 5 for © and 6, that is,
(6.12) Dg: a=0, =0

D(b): A= @, ﬂza

D(c): C(:], B:@.

Consequently (6.3) and (6.4) are obtained.

Corollary 6.1. Specially, an inference procedure defined by the * never
pooling ™, that is, 2=0 and A=0 shows us that E{6*|{—ol, MSE.|6*}|=

75 ot. An inference procedure defined by the “ always pooling’, that is,

A=0 and A=oco, shows us that E{6,}=(v,014+v,03)/ (v, +V,),
and

: soy (Y101 V00T | 2(v 014 v,08) V103,03 .
(6.13) M.S.E.{O' ;—(-;11”2 ) =+ ('V'__F*sz)g — 20} —Wz + 0.

Corollary 6.2. Specially when 21=0, E{8*} and M.S.E.{6*} become

(614) E oty = of{l—, 12 Lo(3h 5+ 1)f 4, 2ol ),

and

(6.15) M.S.E.|{6%}= 2 Y1

= v O D T 2ot D I )

2’2

+ 2 UIUJ@( +1’ 2 +1>} VIZ:—ZVb{ IB(% E21+ 1>~UZI®( 2+1>}
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2 Vv, ¥
ot (121 =1 (%2, L o)l — o,
+ot ( +u1){ (3o 9+ )=
These results coincide with the Bancroft’'s omes [1].

§$4. Further discussion and conclusion

The application of statistical procedures in which we have both a vali-
dity check of observations and a consideration of our previous informations
before making any use of current statistical inferences are very often and
even customarily used in our routine of statistical analysis. These reflect
our practical situations where our models are not completely specified. The
present paper is concerned with successive processes of statistical inferences
to be used in these situations which may happen in biological and pharma-
ceutical sciences as well as in physical sciences.

The paper discusses with six fundamental types of these statistical
procedures. Our main work is to formulate accurately our statistical pro-
cedures and then to evaluate the mean value and the mean square error of
each of our statistics defined by these statistical procedures. The numerical
aspects are quite important for any practical applications of our statistical
procedures. The author of the present paper is now preparing the use of
our magnetic drum data-processing in Shionogi Pharmaceutical Company for
the calculations of numerical tables associated to statistical procedures dis-
cussed in this paper.

The remaining problems are concerned with the choices of two switching
constants 2 and 4. We are not certain at this moment whether or not the
values of 1 and 4 can be duly determined merely from the view-point of
minimizing the mean square error, which depend upon the values of 2 and
A. Furthermore we are not certain whether or not any application of
minimax strategy may be successful approach in determining the choices
of 1 and 4. The essential difficulties arise in the situations where our
models are incompletely specified in view of our previous informations. There
are many different situations for which incompletely specified models can
be introduced with different implications. The choice of 2 and 4 are deeply
connected with the design of screening experiments in the sense of G.E.P.
Box. It-is hoped that our formulations of several fundamental statistical
procedures and allied calculations of the moments of our statistics will
serve for further studies.

KyusHu UNIVERSITY and SHIONOGI PHARMACEUTICAL CoO.
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