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§ 1. Introduction. 

   In many actual cases of statistical inferences used in biometrical and 

pharmaceutical researches, it may of ten happen that we have to appeal to 
a successive process of testing various hypotheses and of estimations of 

parameters. 
   In view of our practical uses of statistical inferences, the unwary seems 

to be left with the impression that some statistical analysis stated in current 
text-books are, in short, more concerned with inferences by a single use of 
sample mean or by that of sample variance than with inferences in which 
sample mean, sample variance and previous informations are used in coopera-
tion with each other. No statistician, who is conformed with the effective-
ness of statistical inference, can be allowed to obsure such an obstacle in 

physical and biological sciences. These situations were pointed out by Kita-
gawa [1] in the Introduction of his first paper on successive process of sta-
tistical inferences. 

   In most of practical circumstances it seems us to be essentially needed 

that we should make some inferences on the validity test of observations and 
some uses of previous informations, before we may appeal to the standard 

procedures of testing hypothesis or of estimations. General aspects of our 
statistical procedures in such cases will take some f orm of pooling data. 

   It is our standpoint that the formulation of these procedures can be 

given in a form of successive process of statistical inference, in which (i) 
our model is " not completely specified " in the sense of Bozivich-Bancrof t-
Hartley [1] and (ii) the previous information is to be taken into our con-
sideration, under certain conditions discussed in Kitagawa [2]. 

   The object of this paper is to f ormulate, in the light of successive pro-
cess of statistical inf erences, several important statistical procedures being 

used in practical situations and to discuss with some merits of these pro-
cedures from our view-point. Section 2 is concerned with inferences about 
the population mean, while Section 3 with those about the population vari-

ance. 
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   In conclusion the author wishes his hearty thanks to Prof. T. Kitaga-

wa for his kind suggestions and encouragement.

 2. Inferences about population means 

   2.1. Type 1 
   Let us consider the situation where we are provided with two samples 

0„ and 0,, . The first sample 0„ will give us some information which is 
rather general and stable, while the second sample 0„2will yield us another 
information which is rather special and unstable, but which is more intimately 
connected with we want to infer. Let us assume that 0„, : (x11, x12, •-•, x1.1) 

gives us an estimate xl for the population mean pi, where i, is distributed 
in N (p1, 02/n1), and let 0„: (x21, x22, x2„) be another random sample 
from another population N (p2, a2). These two normal populations are kno-
wn to have the same population variance, whose value a2 is however un-
known to us, but they have not necessarily the same population mean. Un-
der this situation the following statistical procedure is very of ten used by 
practical statistician : if s!, the sample variance defined by 0„2, is larger than 
a prescribed constant C, the sample mean X2 obtained from 0„2will not be 
so reliable as to be used alone without any regards to the stable informa-
tion x„ and hence we may and we shall define the pooled estimate (n1X1+ 
)2,42) (ni+n,), while otherwise, that is, if s2 is equal to or smaller than 
the constant C, the sample mean x2 will be worth while to be used alone 
with no regards to the stable information xi. 

   The needs for such statistical procedure will occur when any increase 
of sample size n2 is strictly prohibited or impossible and hence there is no 
way but we decide whether our information due to 0„2can be accepted or 
should be wholly abandoned. 

   Our statistical procedure is now formulated by defing a statistic x in 
the following way : 

            (a) x = (22,X,+n,X2)/(ni±n2), if s,.> C, 

       (b) x = x2,if s<C, 

where C is a prescribed non-negative constant. 
   Theorem 1.1. The distribution function of x is given by 

                   c(n,+n,)u— (nitti+n2P2))   (1.1) Pr.x<u=0                                 n
,+n, a 

                                '(u 
                         +n,  •— Pr. j),}1-, 

                                                         a where we put
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                1 
                           /no—                               (2)2-1 x2   (1.2) Pr.;Di;= 1 .12e 2dz,  2r-2) 

and 

  (1.3) 0 (u) = 1  1. exp — t2Idt,        27C2) 

while D1 is the domain defined in the sample space (x21, x22, x2,2) by 
the relation 4>C and D2 is the complementary set of D1 in the sample 
space. 
   Proof : This is easily shown from the fact that 4 and (xi, i2) are 

independently distributed. Indeed we have 

                   )nixin2i2 -u,  (1.4) Pr.-i-<u= prDii-+Pr.X2<u,D2},                     tni 

with Pr. D2 =1—Pr. {D1. 
   Theorem 1.2 The mean value E [X} and the mean square error M.S.E. 

41 of the estimate x are given respectively 

  (1.5) El =u2~  2(p1—p2) • Pr.#D1#                   n+in2 

and 

     a220           nia21 .  (1.6) M .S .E .1 x2=±-Pr. 1Dd21) 2n2) 

                                                                                                                                              • 

           n2(ni+n2)20                                                             nin2 ) - 

   Proof : (1.1) gives us directly (1.5), and (1.6) can be derived from 

                         2 

                a
nniii1+2P2)21.(02                                               n2+14)•Pr. D2•  (1.7).Ei2=1,2,+,+(n,+n2 

   2.2. Type 2: (The inference of population mean after one-sided 
      t-test) 

   Let 0„ 1 : (x11. x12, •-•, x1,1) be a random sample of n1 from a normal 
population N a2) , and let On, : (x21, x22, •••, x2„2) be another random sample 
of n2 drawn from another normal population N(p2, 02). These two normal 

populations are known to have the same population variance a2, whose value 
is however unknown to us. The distinction between two population means 
may be regarded as hypothetical and we are in the situation of an incom-

pletely specified model in the sense of Bozivich-Bancroft-Hartley [1]. 
   We are now concerned with the rule of the statistical procedure for-
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mulated in the following  way  : 

    (i) Let X, and s be the sample mean and the sample variance defined 
by On, (i=1, 2). 

   (ii) Let the statistic t be defined by 
                     1'21/2 

              t_i( 1 4_1(niA+n2s22                         )                                 nin2 /\n, + n2— 2/ ) 

   (iii) Let us define the statistic x in the following way : 

        (a) .X=i2, if t < 

        (b) +n2x2)/(ni+n2), if 2<t<A, 

       (c) if t> A, 

where the switching constants A and A are prescribed constants. 
   There are two important practical problems (1°) and (2°) to which our 

present statistical procedure can be applied with certain respective different 
interpretation. 

   (1°) The first problem is concerned with an estimation of maximum 
value of Pi and u2. The simplest estimate which can be verified by the 
theory of statistical decision function is known to be max (xi, x2), as shown 
in Bahadur [1]. Our inference procedure, however, adopts a modified estimate 
in order to aim at the improvement of the precision of an estimate of com-
mon population mean under the situation iti=112. 

   (2°) The second problem is based upon assumption that /21>/i2. For 
instance this assumption may be quite reasonable when the second popula-
tion is concernd with the observations on a control, while the first one with 
a manifestly more reinforced drug than the control, which involves gi>/22• 
Under this situation where the assumption ill>112 hold true, an information 
which is given by two sample means, xi and i2, when xi happens to be 
significantly smaller than X2 can be admitted under the hypothesis that tti= P2 
with the interpretation that On, is giving exceptionally small sample mean 
Xi. Therefore we may and we shall in this case reject the information gi-
ving by On,. 

   Theorem 2.1. The distribution function of x is given by 

  (2.1) Pr.-.x<u# 
                                          ni+n2 

                 e-V V  2-2e (le—/121/n,n2-1/n_i_P)dp dV        1/27rJF( 2ni+n2-2)\an2     T�X 

                                                                2 ni+n2              1  ((ni+n2)u—  (noi+n2P2))FV 2-2e-v 
                                          dp dV         1/27ral ni+n2r(ni+n2-2)e 

                      X<T<A2
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                                                       fl I -I-n2  

          +I.e-V2 2eI—Piv/n,+n2+1/1-22P)dpdV, 
  /9a                I‘-'7r7'�A(ni+n2-2  

                      2 where we put 

  (2.2)/ n nP2- — Pi)/ 2        T -.=-=(1/  2—-+ pV            Vn1+n2 a1 ni+n2-2 • 

   Proof : The proof can be done along the same line as that to Theorem 
1.1. explained in details in Kitagawa [2]. 

   Theorem 2. 2. The mean value Erx} and the mean square error M .S.E. 
   of estimate z are given by 

  (2.3)(gi —P2)          E4}= pi—{n1Pr4J01+n2(1—Pr4D2#)} 
                          ni+n2 

                                                 a                           +•V-1-ID„L^(P)-1//n2,(P)} ,                                  ni+n2n2 

            _n,pi+n2g2+(t`1—tt2)in2pr. D2nipr. Do  (2.4)              n,+ n2ni+n2} 

                                 — /- --)12-1-1-2(P)—nil-D o(P)#                                 n in2(ni+ n2) 

and 

           o22 

  (2.5) M.S.E.#i= +/D2(P2) +-111-1-1Do (P2)1-+—Pr.1D2##                 ni+n2ni+ n12ni2n2 

             (n2021-122))2+Pr.11)0}.{Pi+n2tti+nitt2H„_Lnitti+n2/121.                                                                                                                         /-42        n
r-En2ni-En2ni+n2 

where we put 

 (2.6)IDti fPf(P,V)dpdV, (j=1, 2), 
                                           D, 

                          V 

                     1                                                                               111-1-2112_2e 

' 

                                  ' 

 (2.7).f(p, = _e 2                            V 27rr(71+n2-2\' 
                    \ 2 

(2.8)<2                   IT, (i=0), 
                    T>A , (i=2), 

and
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 (2.9)Pr. q:), j f(p, V)dpdV. 
                                             Di 

   Proof : The mean value E ro--c is given by 

                                                co 

 (2.10) E = (n1I1+n2m2  aq  )e 2 'V 2                       .ni+n2ni+n2)r(n,+n2-2)dpdV 

                                         2 

                                                                _p2-1-52+n29 

                p a(qi/n2p)+ piire2                                             dpdV 

                                    D2 
                .n,+n2\V/)27,"(n,+ n2  

                                        2 

                    I) I6• 
              +/12+  —(q-1-1/?bpAe"9dpdVidq, 

                    ^ni+n2 n2 27ET  ' n2     1)02 

and the variance (2.5) is obtained from a following relation, 

                     (-2  (2.11)0 + (not+ n2p2)21            Er:/c2n
,+n2ni+n2Pr.L13,+un+ I                                                         i+n2I"•Pr. 

                                 02                  +{n n2+p,`,"1- Pr .+02n1190(P2) +D,(P2)}                                        n1+1221;12 

        +2a /n,/no                              Loo(P)—-                                nID2(P)}           ni+ n2 n2, 

   Corollary 2.1. Specially when pi— tt2, x is an unbiassed estimate of 
tt,,but its mean square error is greater than a2/ (ni+ n2) and less than 02 /n,. 

   Corollary 2.2. Moreover if we put 2=— A, the results (2.1), (2.3) and 

(2.5) consist with the Theroem 1 in Kitagawa [1]. 
   Corollary 2.3. Specially when ni>n2, the bias of EU} becomes small 

and the mean square error becomes approximately equal to a2/ (n1 + n2). 
Otherwise, when n2>n1, Epc is approximately equal to it2, and the mean 
square error may become 6,21D2(P2)/n, nearly.

   2.3. Type 3: (The case with "known " population variances in 
     Type 2) 

   Let On, : (x11, x12. •••, x1„,) be
// random sample of n1 from a normal population N Cabai), and let On,:x2i,x22, •••, x2.2) be a random sample of n2 

from another normal population N(p2, aD. The values of these two popula-

tion variances are known to us, but the populations have not necessarily the 
same nonulation mean and variance.
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   The rule of the statistical procedure is now specialized in the following 
 way  : 

   (i) Let x, be the sample mean defined from 0,i, 

/ 

                                            (ii)Let the statistic d be defined byd=(x,—X2)1/+-622 

 . 

                                                       n, n2 

   (iii) Let us define the statistic x in the following way : 
        (a) ii=x„ if d<2, 

        b) (721X1+ n2X 2) / (ni+ n2) , if 2<d<A, 

      (c) if d>A, 

where the switching constants A and 2 are prescribed constants. 
   We are now giving some observations on the mean and the variance of 

the statistic X with their detailed proofs, because the Type 3 is simpler case 
and suited for numerical considerations. 

   Theorem 3.1. The distribution function of x is given by 

                                        2+ P-2— Pi Y 
(3.1) Pr.IX<I11-1 n2 - (Y + P2)0  cc e—dy             2

7ra 21—pi 

                                          u-nilLt+ nV.,2                                    ±                                                /12Pi(ni±n2)(al—aD 
       ni+n,n,iti+ n2P2c (nia21+ n24)      -+-–-    ---- 

     V27c1/ nA+ n24yn1÷n2                                                          1 — 

                     2 +112— Ili(n1+ n2)(61– 0!))y\(ni-l-n2)2Y2  
            —c (nia+n262)x e2(nicri:2-1-n2,22)                                             dy 

          V 1—1 

                            A+P2muty          ni     +-(y+1,11)j1-0                             }e dy 
    I/27r a-1/ 1 — ,022‘ 

where c, P1, P2 and p3 are defined by (3.4), (3.6) and (3.8). 

   Proof : Let us put 

(3.1)Pr.3X<u}=Pr..X2<u,D,1Xi+ n2x=<u,D,Pr.x1<n,D2 
                                             ni+n, 

where D0, D1 and D2 are the domains in the sample space (x11,-- x21, 

  x2,2) defined by the above relations (a), (b) and (c) respectively. Then 
we have 

                     u X 

            1—1F(X-51) 2 (3.3) Pr.x2<u,Dojexp E2 (1_La2r 
                         —2,o1jX— 1) (Y-52)(1'22) 211dXdY, 

                                                                             ay



8Chooichiro ASANO

where we put 

    XXi x2v.4'Pi P2        —
c 9-A.—2_ c9 '2 --P2 

                          / 02 a2 
(3.4)(c_v1 ±2 

                        ni  n2 

       Pi =    02  

   We have also 

(3.5) Pr.+ n2x2 <u,}                 nid-n2 

         1   

                     jexp[  (X—21)22p3(X 1)(71----3)      27raxari/i_pg2(1—La°Aar 

                 + (T6253) 2111X} dT, 

                                                             T where we put 

       n1i1+n2X2 + n2/t2 2 n  n2e, 
                                                   --„" 

       nl -n2n + n2(n1+ n2) 

(3.6) 
            2 2                        a

l — a2           P
3 -=           c^nicii+ n24 

   Furthermore we have 

(3.7) Pr.i71<u,D2 

                                     u 

            1-1 exp[ r  (X —2e1) 22,02(x---e1) (z—54)  
    47taXa2/1-42(1-4)aa x6 

                     -0. A 

                     (Z 6254) 11 dX1. dZ, 
where we put 

                                     02 

     Z=x154=Thal=1 , 
                                 ni 

(3.8) 
                   01 

     P2 = r •             CV
n1 

   (3.1) is now easily obtained from the changes of the order of integra-
tions in each of the right-hand sides of (3.3), (3.5) and (3.7), as we were
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to prove. 
   Theorem 3.2. The mean value and the mean square error  E#(.t  — 

#02 of the estimate x are given by 

(3.9) Pi+ (112—P1){n1n2 Ji(y°)+.10(y°)} +J0(y1) 4.1i(yi)—J2(Y1),                          +n2 

and 

                            62 (3.10) M.S.E.n:+ (122— PO'.1.10(y°) + (ni+nZ n2)2Ji(y°)1- 

            +2(112— Pi) -1.10(311)n,n+2n2L(Y1)} +.10(Y2)+.1; (Y2) —LW), 
where we put 

                                     P2—P1 ,y 

     1(2±         jo(„)____V,n2yio c1.7                                                  e2cr22 dy,           V^2
70.2V1-- pi 

                              A+#2 —(ni+ n2)  (4-4)          n ,+n2c(n1a1+ n24) Y     LCV')
27r,/ nia-i+n2olf_1/ 1— pi 

(3.11)/2+112-111 (n1+ n2) (4-4)  
                 — c(nA+ n24) 1.e-2(2:70n41:22) dy, 

                            ^ 1— 

                          /A + /22/21 
     J2 (vi) n1  yiC Ce2crI2                                              dy,         ' 

I/ 27ra \^1— 

for i =0,1, 2. 
   Proof : The mean value (3.9) is evident, and the mean square error 

is obtained by 

(3.12) E# i2+(teiit1)./o(f) +(121111+n2/12)2/11-Ji(y°) +2/221900 
    nini+n2 

             +2 nhul+n2122 L(J1) —21L112(Y1) + Jo (Y2) +.11(y2)—.12(Y2). 
                   ni+ n2 

   Corollary 3.1. Specially when a i=a2=a, the values of Eli; and M.S.E. 
 x are shown as follows : 

(3.13) Eli- (1,2 Ito [n2 n2  {0 (Ait2-1-11)0(2+ P2- 11I.±To(?)]           ni+ n2 cc I 

             +.10(yi)—J2(Y1), 

and
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               ( (3.14) n,-+,0 (A-pa"'c/1)(1)(2,+-c'111) 
                             22 co           + (P2- -121)2[Jo(Yn                          °)+(ni+122)21(A+112—iti)+ P2 —P1\  c c}1 

            +2(12- Pi) -1.10(Y1)—n,n2n2.12(Y1) +.10(Y2)—.12(Y2). 
   Corollary 3.2. Specially  when 111=/12, x is an unbiased estimate of 
tli and M.S.E.4 becomes as follows : 

(3.15) M.S.E.{x= nii + 0(y2) + L(Y2) — 2(Y2) 

and in case when 61=a2=a9 

                             2 (3.16) M .S .E .pc# =(1n,±(A) —60(2)ni2 +L(Y2) —J2(Y2).                                          +n2 

   Corollary 3.3. Specially when a=c4=a2 and ni>n, the bias of the 
estimate of x becomes small and the mean square error becomes G2/(n1+n2) 
approximately. Otherwise, when n2> n1, the estimate of X becomes P2 
approximately.

   2.4. Type 4: (The inference of mean value after a preliminary 
      test of variance) 

   Let 0„ i: (x11, x12, xlni) be a random sample of n1 from a normal 
population N(tti, a) and let (42 (x21, x22, ••• x2„2) be another random 
sample of n2 from another normal population N(p2, 01). An equality of two 

population means is not necessarily assumed. However, if we can consider 
the values of these population means to be common, each of two sample 
means x, and x2, can be used as an estimate of the common popuation mean 

P(=itti=i12), and further at the same time the pooled sample mean x12 is 
also an estimate of ii with the variance 02 3 X12 (n164+ n2a2) (ni+ n2) 2, which 
is greater than oi/n1 when 62 / (4<(2n,--1- nOni-'. This implies that the pooled 
sample mean XI, does not necessarily have a smaller variance than that of 
x1. 
   Our rule of inference procedure of ii1 is formulated in the following 
way : 

   (i) Let X, and s2 be the sample mean and the sample unbiased vari-
ance defined from On, , (i = 1, 2) . 

   (ii) Let the statistic F be defined by F=4/4.
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   (iii) Let us define the statistic x in the f ollowing way : 
        (a) x =x„ if O<F<2, 

        (b) x= (n41+ n2x2) (ni+ n2), if 2<F <A, 
      (c) if F>A, 

where the switching constants A and 2 are prescribed constants. 
   There are two important practical problems (1°) and (2°) to which our 

present statistical inference procedure can be applied with their respective 
interpretation. 

   (1°) The first problem is concerned with the case when an equality of 
two population means can be assumed. Although the weighted mean (n1x1 
+n2x2)/(ni + n2) is an unbiassed estimate of the common mean, our statisti-
cal practice based upon our common sense or upon our intuition will suggest 
us rather to reject a sample with significantly larger sample variances com-
pared with the other one, and pool two sample means when two sample 
variances are not significantly different. In some biometrical and pharma-
ceutical researches, such a consideration concerning variances may be needed 
because of data containing a large fluctuation due to the individual subjects . 

   (2°) The second problem is concerned with an estimation of minimum 
value of ,i1 and ,u2 under the situation that population mean in consideration 
is a monotone increasing g(a2) of its population variance a2. The function 
g(-) may or may not be known to us. It is therefore our intention for 
appealing to the statistical procedure of the Type 4 that a more reliable 
estimate of the common value tic= /12 can be obtained for the case of equal 
variance 0-,.= a2 by pooling two sample means xl and x2. 

   Theorem 4.1. The distribution function of x is given by 

                n(zi— Po)0).11 —(sb                    -2—-1)4_0((ni±n2)u—(nitti+n2P2)) (4.1) Pr.li<u}=0(- 
           a2e°2'2nA+n2a2 

                                                                                                                             ,-                   (1-(0102)_I (0102)1_/ ni(u— PI))(01Cb2 
                                       tl°                      \22/'2\ 2'4_ 0                          2/3 \a1922,21\ 

                                                                                                                                    9 where we put 

(4.2) /o(c51c52)/B(1°12g52 )—10— 1      2'22' 22',2n, 

         00=02/(0i/1+02), 02=02/ (01A+ 02), 

and B(0112,02/2) and Be(01/2, 02/2) denote a complete and an incomplete 
beta-function respectively. 

   Proof : This result is evident, because F and i are independent of each 
other. 
   Theorem 4.2. The mean value Eli} and the mean square error El (X 

 121)2} are given by
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(4.3)+11n2: 
and 

(4.4) E/11)2=01— /12)2±q'r4+n24cr'2_n,(ni+2n) Cal/12) 21.                             n2(ni+ n2)2 n2(ni+n2) 2 

          (c5, cp2) ial nia1+n24n2(tt1—tt2)2'!4(0i 02)           .^ 2' 2/In ' (nr-En2)2 (ni+n2)2.\ 2' 2/ , 

where /12= (nail+ n2/12)/(ni + n2)• 
   Proof : The mean (4.3) is evident and M. S. E. is obtained from 

that 

(4.5) El X2 = ±(cP, 
                   n2 

          ±(n(niai++nn2)1+td,2) 160(C5,0,)(;:1+ 121)(0., 
   Corollary 4.1. Specially when P1=-P2, x is an unbiassed estimate of 

Pi and M.S.E.X1 becomes as follows: 

(4.6)(nlaT+"•q).1 (°1c52)-(121—n144-n24f                n2 (nri-n2)2 n2 2'2 ni (ni+ n2)22'2/• 

   Corollary 4.2. Moreover if we put A = 0, Elx1 and M.S.E. 4j are 
given by 

(4.7) .E.i------Iti2+11121 +1;i2n2-102(,) 

and 

(4.8) M.S.E.IxP2)2 +n1(4+n24                 (n i+n2)2(ni+n)2 

                 + (07 n1a7+ n201_,CP1— /22) 2 )L201\                      (nid-n2)2 (ni+n2)2 /k 2 ' 2/ . 

   Corollary 4.3. Specially the inference procedure defined by always 

Pooling shows us thatand M.S.E.4=14(1'1t12)2+nla'-+ n261                                           (n-1 n 2) 2(ni+n2)2 
while that defined by never-pooling, that is, 2=A, shows us that EIX1-=- 

                                                    ,202 

P2 +1—P2)/0(01/2, 02/2) andCal —P2)2±/0.                                                n2ni n2021 MU 2 )2)
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     C51 C52 

       2) , where  0-00-02. 

§ 3. Inference about population variances 

    3.1. Type 5: (The inference of a parameter after a preliminary 

      test of analysis of variance) 

    Let us consider an ordinary inference in case of a randomized block 
design as a fundamental example of analysis of variance test. Let xv be a 
random sample drawn from N(0..+0,.+0.;,o2), (i=1, 2,•1 and j =1, 2, •-, 
m), where O. and 0.2 denote a treatment effect and a block effect respecti-
vely, and where we put Et0,.=E,O.;= 0. Then the treatment effects are 
tested by the ratio F0, that is, 

                 Qi  /  Q3  (5.1)F°= (1-1)/ (1-1)(m-1) ' 

where Qi =7752, (Xi. - .X..)2 and Q3 =EE 2. The ratio Fo is 
distributed in the central F-distribution with the pair 1 -1, (1-1 ) (m-1) # 
of the degrees of freedom under the null hypothesis ei=0 for all i, and in 
the non-central F-distribution with the same pair of degree of freedom 
and with the parameter of the non-centricity parameter                                                      = WEL° i2./20-2 under 
an alternative hypothesis. 

   We are now concerned with the statistical inference procedure of the 
parameter E 0,2,./(1 -1) 62 defined in the following way : 

                                                                i 

   (i) Let F0 be a statistic defined by F0=-Q3                                    (1Q1)(1 -1)(m-1) • 

   (ii) Let us introduce the estimate 62 of 62 defined in the following 
way : 

        (a) 62=x-, if F o<A, 

       (b) 61=(Q1 Q31) / m(1-1), if Fo> A,                      m - 

where the switching A and the estimate K are certain prescribed non-negative 

constants. 
   There are two important practical problems (1°) and (2°) to which our 

present statistical inference procedure can be applied with their respective 
interpretation. 

   (1°) The first problem is concerned with an estimation of a under the 
situation when the assumption Gq>0 is ascertained by an existence-proof on 

some physical grounds. Now let a non-significance of the F-test be infered
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 from experiments, which might lead us to the conclusion to the effect 67---0. 
This is contradictory to our general and stable information to the effect that 
unless any additional and reliable data giving reasonable estimate of d2 are 
given, az should be better to be taken as equal to a certain non-negative 
constant K. Now we have obtained the data which is contradictory to our 
general assumption aNO. Furthermore let it be prohibited or impossible to 
make further additional observations. Then our statistical procedure may 
be at least one of the possible approaches for estimating the constant (4. 

   (2) The special case when K = 0 may be worth while to mention, 
because, even in the case when no positive constant K can be assumed in 
the sense enunciated in (1°), it may be natural (or operationally granted) 
at least for certain practical circumstances to assume that an estimate of 
a, should not be negative. These considerations will hold valid, particularly 
for the case when any additional of size of sample is prohibited or impo-
ssible. 
   Theorem 5.1. The distribution function of a7 is given by

                               r2y22- (5.2) Pr.3au=1 —ie.AT2I[1",(1)21+i,Vo2)1                   i=0 Z.Li (262)11(1d-i).Fri) 

                vi2,2+1u2+ 2               • I.u2 (u2 — 1)exp .(— u,20.2(11,2v21))duidu21, 

                          J where IT (2 +i,v22) is defined as same as (4.2), and 

(5.3) Z.= V2/ (1)1A + 1)2) 2=E (1— 1-) 

        vl=1-1, v2=(1-1)(m-1). 

   Proof : Let us put 

(5.4) Pr.3i'4<u—Pr.3K,Do)-1-Pr.1(Q,Q3In)/n2(1-1),DNIf
where D(,,, is the domain defined in the sample space by the above relation 

(a) and D(,)) is complement set of Do) in the sample space. Now Pr. 
   D(a) is a value of the definite integral ranging from zero to A 

concerning probability density function of the non-central F-distribution 

with the non-centricity parameter 2 and the pair of the degrees of freedom 

 (1-1), (1-1)(m-1) The second term of the right side of (5.4) is 
calculated in the following way. Indeed the joint distribution of Q1 and 

Q3 is
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(5.5) C,Q3; Q12-"exp21(Q3 +( 21)F dQ, dQ„ 

where 

(5.6) C,-=  

             (202)rrC21 

Now let usputu,=Q,—
1)Q3 and                                u2 —V2Q1/1)1Q3 and let us transform Q        2, 

and Q2 to u1 and u2. The Jacobian is given by 

(5.7)IJ = 2/ i(u2-1)2 . 

Consequently the right side of (5.2) is obtained. 
   Theorem 5.2. The mean value E a2 t, the square mean El (6D2 and 

the mean square error M.S.E."(IN are given by 

                                 2a2 e-A2'r(liv2+i +1)  (5.8)Eli4= K A,2'1-7(1)21+i,v22+E                           (vi+ v2) i! (  
21)2)r ( 2+            

• [B()21 +i +1 — B (t),(21 + i + 1,))-1%-tB(21+i,1) 
           - /34,,(1)21+i, 2+ a (A>1), 

                                         202„9e-A2Irri+21)2+i +1) 
(5.9)e-A 1-.,23\        .+z  - 

            x=0/!2(v+v),=0r
1 2+\                                         l'r,Dk2 

          • [B(2+i +—2B ,41)-i+i+ 1,1)22)B121+ i,ii2+ 1) 

            —2B ci>„ (1!2J + i ,1)22 + 1) + B,5, (121 + + 1) + /3v(12-1 + i + 1,1g, 

                                               (A<1), 

                                              9 2 e-A2jr(1)1+1)2+i+2) 
(5.10) E(111+i712\+(26")2                        2'2(vi+                                  r (122) ri) 

            2)2 {Br21+ +—B0,(7121+ i + 2,1)22)B (1)21 + i ++ 1)
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 —134),(+i+1,22+1)1H-1)-41B(i  +2)1-1, 
                                            (A>1), 

              e-x/Itc
2i.+2(2a2)e-A2i (v1+2 +i +2)                 ir 

5.11) =K2-11—E+2E                      (vi+112)r (?)i) 

        •[1)2BC-1+i+2-1-2i),r+i+11)--+1)+q-B(+ii-+2)-2-         2'2 ,B2'2v22'2) 
        —2{1)2.B4,„(1+i+2,',P-21),B4,„(1+i+1,-y+1)+12B4,4-v21+i,v22+2)1 

       +v2/34,(21±i+2,)-21),B,f/(1+i+1,22+1)+ ITi21 3+ i+2)1, 
                                              (A<1), 

and 

(5.12) M.S.E.a7i,E{(a! -Et 6''!)2 }— E{ ('4 202A  )2 }                vlV1+112 

                  4a224a2                =E01}— EPN +222 
                              11+1)2011+1)2) 

where we put 

(5.13)r=v2/()2+v1A), v1=-1-1, v2= (1-1)(m —1) , 
                            C6"= V1/0)1+ VD* 

   Proof : The mean value and the mean square value concerning to 

(Q1—:(23) are obtained in the following way : 

                      )v221)1+110 (5.14) EJQI—vi(23,Dod-22(2a2)r  -+1 +1)     v2V1\2 

                                                                            2,-1-i--/ 

                         • u2(1421)du2 , (A>1) , 

                        lV2y2+1+1                                         ti2 

. 

                                                    co VI                                                                                                                                  -1-/-1 

(5.15)EC,r-2.2+2+1) (2a2)r (vi +2112+i+1)u22 (u2-1) du2 
                                               (u2+1,2 

                                                        vi)
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                  (1u
22+1-1(1—u2)du

2              +                       ,,2,  (A<1), 

              (t€2 2                                  Vi 

and 

                                             2 vi+1,2 
                     \2m`+v2 (5.16) E 1 (Qi — -(232D(b)—EC()(262)ir12  

   1)2' 

                                                                               vt 

                              

. .1 U2 +2 )2                                       Tdu2 , (A>1) ,                                                                                          1
22""                                                                         +1+2                                    A (u2                                                 111) 

   v2vt 
                           2                                                                              2 +i-1                           v—L:,1--1'2-1-1+2

/1)1 + 112u2 21) 2 (5.17)=-: 11)(2a2)r2+ i +uq4 .du2- 1 (1z2 +2—+£+2 
                                                                                  1,1                                               1 —+/-1                                        u22 2u22du21-,(A<1).                                         A(u2 +111124.'4.2 

   Corollary 5.1. Specially, when K=0 and A=1 (this case may be adopted 
very often in our routine), EON and El OD 2 becomes simple. 

   Indeed we have 

                         e--x2'Fr11)2+i+1),_,„      2(722  
    =,            (vi +)i!r(,)2)r( -14+B('21+ iq) (5.18) El 

                        2 /2 

         —B,_4,„(21+i + 1,)---v12++ i,?+, 
and 

                      e-A2ir (v1+v2i +2) 
(5.19) El01)2=(2a2) 22E  -L 

                       2' [vB(n+i+ 211 
             (v1-1-212)if-g)r (n+22'2 

               22 

            +2,2)l iB (21+ i +1, 22+1)-+1,112-2 +1)15
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                 iv2+2)—BL-2+2)l          mv
21i2-1-'2'4'2'2. 

   Corollary 5.2. Let us consider in particular an inference procedure 

which is defined by  A=0. This corresponds to the case when we use always 

an estimate (Q1 —11j Q3)(111+112) for the non-centricity parameter 2822/ 
                          2 (111+112)• 

   We have then the following expectation, 

             2a2 [2Ee—Aili F(vi+v2+i+1) 

       2  

                                           2 v2 (5.20)El"a7 +2)2);^rr2)rri+i) 
             "22 

           -134,„(y)++1 )H, 
and further El (67)2 is given by (5.13) as the special case when 0'=0. 

   From Corollary 5. 2, we can observe that our technique of ordinary 
estimation of the non-centricity parameter after the analysis of variance 
has certain bias. 

   Corollary 5.3. When we adopt an inference procedure defined by 
Corollary 5.2., the probability that we obtain "minus" a! is given by 

                        e-'21 111 (5.21)1 — E.„ (-2+'2)            2!-1•

   3.2. Type 6: (The inference of variance after a preliminary 
      F-test) 

   Let 0„ ,: (x11, x12, xlni) be a random sample of n1 from a normal 
population N(PI, di), and let (x21, x22, ••• x2),2) be another random 
sample of n2 drawn from another normal population N(112, 622) . The values 
of these two variances, cq and 4, are unknown to us and the distinction 
between these two values 61 and (I may be regarded as hypothetical, and 
we are in the situation of having an incompletely specified model in the 
sense defined in Type 2. 

   Our rule of the statistical procedure is formulated in the following 
way : 

   (i) Let 4 be sample unbiassed variance mutually independently defined 
by s,=E (x),—X,.)/p; with vi(=n, —1) degrees of freedom, (j= 1, 2). 

   (ii) Let the statistic Fo be defined by Fo=4/4. 
   (iii) Let us define the statistic 82 in the following way, 

         (a) 62 = 4, if Fo<2,
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        (b)  62= (v1s;24- 2s!) / (v1+v2), if 2<Fo<A, 
        (c) sf, if F0>A, 

where 2 and A are the non-negative prescribed constants. 
   There are two important practical problems (1°) and (2°) to which our 

present statistical procedure can be applied with certain respective different 
interpretation. 

   (1°) The first problem is concerned with an estimation of the minimum 
value of 4 and 4. The current estimate based upon our intuition would 
be min (4, s2). This should not exclude, however, any other estimate which 
may be more natural and more effective under our situation of incompletely 
specified model. Indeed the distinction between 01 and 0.2 is hypothetical in 
our present situation, and we may and we shall appeal to the pooled esti-
mate of the common value of the population variances in order to aim at 
the improvement of the precision of our estimate, when the hypothesis Ho 

   (4 can not be rejected. 

   (2') The second problem arises under the situation when we have a 
proof based on physical grounds which can secure us to assume 01<4. For 
instance, the first population is concerned with a test-mixture on which 
observations are more carefully done than those on a control corresponding 
to the first population, and we can assume (4<Ot The procedure (a) implies 
the rejection of the statistic 4 which is contradictory to our assumption 

   Theorem 6.1. The distribution function of 62 is given by 

   uu A 

(6.1) Pr. Ia'2<w=1u2)v
i+v2gi (ui, u3)duidu3 + 

    0 00 x 

                          2t A 

                  g2 ("1, U2)"1"2 (Ulf                                                   U3) dui du3, 
      - 0 X0 A 

where we put 

                          111'21v2I22                       111±',2 (v1(91,2.d1+1/2 
                                        2—12                  2a-a"/                      (6.2) gi(uU3 (V2111)2    „=--2u3 exp                                                2 •2f 

             c2)2                          11)11)2)         rr(20102 
                        vl v2 

                                 1,1 +12                                                                  1 v1+
2`,2             2CI02       g2 (U19 U2) =2/41 u2 exp 12u2(21)1+1)0}                 r(vor()2\ 

           ^2)2)Giu,02 

   Proof : The joint distribution of si and s2 is given and we put u1= 
s,2;14, u2=s22 and u3 =s2, and then we transform (4, sp of the joint distribu-
tion to (u1, u2) and (u„u,), where the Jacobian is given by
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                  a  (s`i, s22.)i 742 a (s`i, s!) _— 
                    (ni,u2)u21a (u„143)'"3. 

    Now the right side of (6.1) can be obtained easily. 

    Theorem 6.2. The mean value E{ii2 and the mean square error M.S.E. 

 02; are given by 

(6.3) E'621=affl— /4,1+ 1)1 +a`22I0(-,+ 1)+1:1+a21,2{ 4C22+1),vl 
               —IB2)+1)} v,v+2aV2(' 22 +1)—+1)} ' 

and 

(6.4) M.S.E.1 62 —El (62-61)2 } 

     + —2k—+ 2)} +(1+1722)/0 C21,1)22+2) 
     v1 GO+ 2 )14(1)2,it+2) /0 C2212,v+2)1 + 24(1+2 ) 

   (11--H12)2v(2•14-/12)112 

        1)Y± 2)— I4'2)} ±21)12)2 26M{Ie(1+1)—1-e(1-)21± 1'1)22 ± 1) 
                      (V1+ 1)2)22 

  —24PoCit:i2+1)—c4/4)21,v22+1)+ 1                              ,)+2,22v1+1)IC-!v1+1)}                                                       2' 

      1124  
   2,1+v2 14(21, 2 + 1) ie 1)}] 

where we put 

                              v22i,22 (6
.5)oiA  0= 611122                      , c41),+ 61v2A 'al)1+ 41)22 

   Proof : The mean value and the mean square error are calculated by 

(6.6) E‘ 62 =.Eu21 D(a) s + E{v1U: -4112742 D(b)}E/43D(c), 
                                -1 

and 

(6.7) E{(62— af) 2 } =El (u2 —2 D('L)} + E{Cluv3+,7)1)2u2\ 2D(b) 
                       -E-E(tta—aD2 D(,) , 

where D(a) :ui� .2, D(b): 2<u1<A and D(c): u,>A.
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   With regard to the mean square  EluD, Eicfl and Etc,u3}, we can 
obtain the following results in a general domain B<ui<A, 

(6.8) Eid#01(1+-2T22){1422, -21+ 2)-4 (22,2)21+ 2)1 , 

(6.9) = 01(1+ 21) { c, (-1)21-, -vi+ 2)— 4(21,1-)-22+2)} 

and 

(6.10) aM. {1 ± 1, +1)— 41)21 + 1, 22+1)} 

where we put 

               v24241),,AB (6
.11)                      " = v 2aA ' g = 14-1- v2o1B 

Then, in our problem, we may displace a and g for O and 0, that is, 

(6.12)D(a): a=0, fi=0 
                          Do): a= 8, g=e 
                         D(): a=1, fi=8. 

Consequently (6.3) and (6.4) are obtained. 
   Corollary 6.1. Specially, an inference procedure defined by the "never 

pooling", that is, 2=0 and A=0 shows us that Eta2= 61. MSE.15M=.- 
2      An inference procedure defined by the "always Pooling" , that is, 

2 = 0 and A = 00, shows us that E 62 I = (v1a1+1)24)/(1)1+112), 
and 

(6.13) M.S.E.{/62+1)2a2)2±2(1)16'1+1)261)2Gq1)1(4+ v262.+                  vi(1)1+112)2vi+1)2 

Corollary 6.2. Specially when 2=0, Era2 and M.S.E.ity2 I become 

(6.14) E = (4{1 vi±v2v2i-e)(1)22,1)21+1)}+vi+v2v2av®(2,2+1), 
and 

               1  
                           1)2)2 (6.15) M.S.E.62 =(v1+11110)1+2)4(1)2%1121+ 2)6f + v2(1)2+ 2).11.(,2+2)01 

         +21) 26162I4 +1,1-- +1)1 +  ±') I) 2{4 Io(?, 1)21-1- — 41".(vi,?+1)}
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        72\    +.reC-22, 

These results coincide with the Bancroft's ones [1]. 

g

 4. Further discussion and conclusion 

   The application of statistical procedures in which we have both a vali-

dity check of observations and a consideration of our previous informations 

before making any use of current statistical inferences are very often and 

even customarily used in our routine of statistical analysis. These reflect 

our practical situations where our models are not completely specified. The 

present paper is concerned with successive processes of statistical inferences 
to be used in these situations which may happen in biological and pharma-

ceutical sciences as well as in physical sciences. 

   The paper discusses with six fundamental types of these statistical 

procedures. Our main work is to formulate accurately our statistical pro-

cedures and then to evaluate the mean value and the mean square error of 

each of our statistics defined by these statistical procedures. The numerical 

aspects are quite important for any practical applications of our statistical 

procedures. The author of the present paper is now preparing the use of 

our magnetic drum data-processing in Shionogi Pharmaceutical Company for 

the calculations of numerical tables associated to statistical procedures dis-

cussed in this paper. 

   The remaining problems are concerned with the choices of two switching 

constants 2 and A. We are not certain at this moment whether or not the 

values of 2 and A can be duly determined merely from the view-point of 

minimizing the mean square error, which depend upon the values of 2 and 

A. Furthermore we are not certain whether or not any application of 

minimax strategy may be successful approach in determining the choices 

of and A. The essential difficulties arise in the situations where our 

models are incompletely specified in view of our previous informations. There 

are many different situations for which incompletely specified models can 

be introduced with different implications. The choice of 2 and A are deeply 

connected with the design of screening experiments in the sense of G. E. P. 

Box. It. is hoped that our formulations of several fundamental statistical 

procedures and allied calculations of the moments of our statistics will 

serve for further studies. 

    KYUSHU UNIVERSITY and SHIONOGI PHARMACEUTICAL CO.
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