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 § 1.Summary and Introduction. The theory of statistical controls was 
first discussed by T. Kitagawa [1], [2], as contained in successive processes. 
In a previous paper [3], the author studied this theory in detail by defining 
the linear controlled stochastic process (1. c. s. p.) for the discrete parameter 
case. A 1. c. s. p. is the stochastic process which is  transformed from an 
original stochastic process by the linear control. Some concrete types of 
discrete parameter 1. c. s. p. and the fluctuation of the control system error 
were given in [3]. In the analogy to the discrete parameter 1. c. s. p., we 
shall consider the continuous parameter 1. c. s. p. in this paper. The defini-
tion and covariance function of continuous parameter 1. c. s. p. are given in 

§ 2 and § 3 respectively. In § 4 the mean square errors of continuous linear 
control system are considered. Some examples are given in § 5 to illustrate 
the structure and practical applications of continuous parameter 1. c. s. p.. It 
is to be noted that throughout this paper we are concerned with the Loêve's 
second order random functions, and hence that in what follows the word 
" stochastic process " always implies such a second order random function .

   § 2. Definition of continuous parameter 1. c. s. p.. Let x (t), — 00 <t< + 
00} be a stochastic process and let us denote its mean and covariance f un-
ctions by mx(t) and rx(t, s) respectively. In the correspondence to the ve-
ctor (51, 52, ) and control matrix C defined in a previous paper [3], let 
us consider the two functions 5(0 and C(u,v). We assume that the func-
tion 5(0 is continuous in a<t<+ co and the function C(u, v) is bounded 
and measurable in a<u, v<T for any T. In order to state the definition of 
continuous parameter 1. c. s. p. we need the following 

   Lemma 2. 1. If rx(s, t) is continuous in a<s, t<+ 00 then to each 
stochastic process I x (t),-00<t<+ CO there exists the stochastic process 
y(t), a<t<+ 00 satisfying the equation 

(2.1)y (t) =x (t) + du C (u, v) le (v) y (v) dv, 
               a a 

                             43
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and y(t) is given by 

(2.2)  y(t) = x (t) + K (t , u) 5(u) — x (u) } du, 

with 

              K(s, t) -1)k-' g(') (s, 1), 
                                              k=1 

(2.3)g") (s, t) = g (s, t) C (u, t) du, 

                                                                                                                                                 . 

             g(") (s, t) Ig(n-1) (s, u) g (u, t) du,(n>2) 
                                   .t 

where the integral with respect to v in (2.1) implies the limit in the 
quadratic mean. 

   Proof. First we shall show the absolute convergence of K(s, t) 
on each finite rectangle (a, T) x (a, T) for any assigned T. Let us put 

max 1 C (u, v)1= M, then it is evident by the induction , en) (s, t) <Mls —t;2"' 

((2n-1)!), (n=1, 2, ... ), hence 

  ^ni ,T—a/ 
(2.4) ,K(s, t) <E le° (s, t) <1/M e 

                                                k=1 

which implies the absolute convergence of K(s, t). The substitution of 
y(t) defined by (2.2) into (2.1) shows directly the equation (2.1). 

   Now we define the continuous parameter 1. c. s. p.. 
   Definition 2.1. To each stochastic process #x(t),—<t<+ CO a sto-

chastic process y(t),a<t<+ C° satisfying the following equation (2.5) 
is called the continuous parameter 1. c. s. p. obtained from x(t), — CO <t 
<+ 

                                           t (2.5) y(t) x (t) + J. du I C (u, v) (v) — y (v) } dv. 
              a a 

   The integral with respect to v implies the limit in the quadratic mean 
and a denotes the starting time point of control. The uniquness of this solu-
tion is shown in the following 

   Theorem 2.1. Let 3y(t), a<t<+ CO be a continuous parameter 1. c. 
s. p. obtained from x(t), — co<t<+ x . If mean functions mx(t), my(t) 
and covariance functions rx(s,t), ry(s,t) are continuous in a<t‹+ 00 and 
a<s, t<+00 respectively, then Iy(t), a<t<+ CO is uniquely determined 
by the equation (2.5). 

   Proof. Let y1 (t) and y2 (t) be any two solutions of (2.5) which have the 
continuous mean and covariance functions. Let us put y1 (t) — y2 (t) z(t)
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Then in view of (2.5) we have 

 ,t 

(2.6) z  (t) =IduIC (u, v) {--z(v)dv, 
                  a) a 

so that 

(2.7) 1E/ z (t)l< (v) g (t , v)Idv_< 1,/ max 1E;z(v)g•—,                                         -
a<r<1' 
                                     a 

where the last expression tends to zero as n tends to infinity. Since we 
may take n as large as we please, we can conclude E{z(t) =0. From (2.6) 
the covariance function of z(t), say r z(s, t), satisfy the following equation 

              s J., 
(2.8) rz(s, t) rz(u,v)g(s,u)g(t,v) du dv. 

                    a a 

Since ry,(t, s) (i =1, 2) are continuous in both variables then rz(t, s) is con- 
tinous in both variables. Hence 

(2.9) rz(t,^)1<max ,-,(u,v)1114.2 T—a-T—s. 

By the same way to mean function (2.7) we see rz(t, s) =0 on (a, T) x 
(a, T) for any finite T. Thus uniqueness was proved under the given assu-
mptions. 

   § 3. Covariance function of continuous parameter 1. c. s. p.. Direct 
calculation gives us 

   Theorem 3.1. The covariance function of continuous parameter 1. c. s. p. 
y (t), a<t<+ co} is given by 

(3.1) ry (t , s) =r x(t, s) — K (t ,u)rx(u, s) du — R-(s, v)r z(v, t)dv + 
    aa 

               jK (t , u)du R(s,v)rx(u,v) dv.      aa 

   Theorem 3.2. Let x(t), — co < t< + co } be weakly stationary stochastic 
Process and let K(s,t)=K(s—t) belong to L1(0, co). If we put a= — co 
in the definition 2.1 then 1. c. s. p. —co<t<+ co is weakly station-
ary and its covariance function is given by 

(3.2)ry(h) = 1—k(A) ,2 d.F.(2), 

                                 0 where 

(3.3) e'" K(h)dh,
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and F,(2) is spectral distribution function of 1x(t), — cc<t‹+ 
   Proof. This theorem is reduced from the expression 

(3.4)y (t) = x (t) + K(z) (t — z) — x (t — z) dz. 

                                       0 Our particular interest will be of ten concerned with the case where x (t) 
is weakly stationary and control time t —a is sufficiently large. For this case 
we can caluculate the stationary part of ry(s,t) by the Theorem 3.2. 

    § 4. Mean square error of continuous control sysytem. Under some 
situations our main error of control system can be expressed by the expecta-
tion of square sum of manipulated values which is called mean square error 

of our control system. Since manipulated value is given by it duuC;(u, v) x 

                                        

• a a 

x (v) —y(v)#dv, the mean square error E#S(t) is defined by               tSiv , 
(4.1)E#S(t)#=Edu C(u, v) (5 (v) — y (v)) dv ds#. 

                a - aa 

   Theorem 4.1. W e have 

(4.2) E#S(t)# I Ih(a, s) 2 ds + ds g (s, u) du c g(s,v)r,(v,u) dv, 

       

• a.a • a a 

where 

               h(a,^)= #5 (v) — mx(v)#K(s,v)dv. 

                                             a 

   In particular when #y(t),a<t‹+ co # is weakly stationary, that is, 

                                           +-

(4.3)r,(v,u) ev-")A dF,(2), 

then 

(4.4) EIS(t)# = # h(a, s) + G ( s , a, 2)!2c1F,(2)} ds, 

                                     a where we have put 

(4.5)G(s, a, /1) = g(s,v)e""clv. 

                                                             a 

   Proof. In expression (4.1) if “v) — y(v) is replaced by e(v) — my (v) 
— y(v)—my(v)# then we have 

(4.6) E[f ds f g (s, v) dv g (s, u) (v) — my (v)) — (y (v) my (v)) x 
      a a• a 

           x (e (u) —My(u)) — (y (u) —m,(u)) # du ].
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Taking the expectation under integral sign we obtain 

 

t  js 
(4.7)E 3S (t) = j (e (v) — my (v)) g (s, v) dv 112 ds 

               aa 

                  + J.t  s                      ds g(s,u) dujg (s, v)ry(v,u) dv. 
          a- aa 

The integral with respect to v of the first term on the right hand side is 
written 

(4.8) (v) — my (v) g (s, v) dv = 
                  ^a 

        = g (s, v)K (v, u) (mz(u) —5(u)) du — (mx(v) —5(v))dv. 
   aa 

   On the other hand, from (2.3) we obtain 

(4.9) K(s,u)=g(s,u) — K(v,u)g(s,v) dv, 

                                                    

• a 

hence (4.8) reduces to 

(4.10) e(v) —my (v) g (s, v)dv = K (s, u) 3 e (u) — m, (u) 1 du 

  

- aa 

                                 = h (a, s) , 

which proves (4.2). (4.4) is easily obtained by the substitution of (4.3) into 

(4.2). 
   In Theorem 4.1 h (a, s) is the functional of the diffefence between e (v) 

and my (v)hence the first term of right hand side of (4.2) is the total 
weighting sum of the difference e (v) — my(v) over the interval (a, t) . The-

ref ore if our control system is constructed so as to satisfy the condition 

 (v) =my(v) , v>a, then the first term of right hand side of (4.2) vanishes. 
Consequently E 3S (01 is considered as the measure of our control system 
error. Since the condition of unbiasedness 5 (v) = m 5 (v) , v>a, is equivalent 

to 

(4.11)mx(u) — 5 (u) K (u, v) mz(v) — 5 (v) dv, u>a 

                                                a to each mx(u) — 5 (u) we must decide the K (u, v) satisfying the integral eq-
uation (4.11) and minimizing E3S(t) for any fixed t. 

   § 5. Examples of continuous parameter 1. c. s. p.'s. In this § we give 
some types of C (u, v) and the corresponding continuous parameter 1. c. s. p.'s
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1y (t), 0<t< + 00 } obtained from the weakly stationary stochastic process 
  (t), — 00 <t<+ 00 3 . We denote the stationary part of ry (s, t) by Fy (s, t). 

   [A]. General exponential type. We take C(u, t) = dje0(u-t) + 6 (u, t)], where 
 (u, t) =0 for u<t, (u, t) =1 for u>t, and g is any real or complex number. 

Then g (s, t) =e°(s—e) and K(s, t) =0--1)('-`) so that 

(5.1)y (t) = x (t) ± 3e(u) (u) — x (u) 3du. 

                                   

. 0 

From Theorem 3.2 "iy(h) becomes 

                                  g2 ±22 (5
.2)i-y(h) =el"0 _1)2+2 dF,(2) 

where we have assumed that g is real and Q<1. Accordingly the mean 
square error corresponding to i-y(h) is given by 

                      t it 

(5.3)E(t) =j(e (v) — mx(v))0-1)(s-1)dv12+ 
                               0 .1 0 

          +r- efii,s;208 2 dF x(2) ds. 
   [B]. Power type. We take C (u, t) = a (u — t)k where a>0 and k is non-

negative integer. Then g (s, t) = a + 1 (s — t) k+1 and K(s, t) = ( — 1)"--' x 

X 

     (a•kl)" (st)n(k+2) -1. For example we take k=0, then K(s, t) = 
  22(k +2) — 

= 1/a sin 1/a (s— t) and 

(5.4) y(t) = x (t) + 1,7-a sin 1/-ci (t —u)e (u) — x (u) 

                                       0 Using Theorem 3.1 

(5.5)ry(h) = e'" A' —aa2+4a dF x(2) .                                   22)2 

In this case the mean square error corresponding to "iy(h) is given by 

                                t (5.6) E (t) = (5(0 —mx(v))1/a (s— v) + 
                                      0.0 

              r—1 —i2s — ei"24—a2+4,x                                          dFx(2)ds. 
                a(a A2)2
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