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Introduction

0.1. Fundamental notions in fractile graphic analysis. In one of
his lecture notes given in Japan 1958, November, P. C. MAHALANOBIS [1]
stated his idea on fractile graphical analysis, where the notions of fractile
group, fractile graphs, error area and separation play the fundamental roles.
Since these notes have not been published and their circulation seems to be
limited, we shall beginn with a quotation of the original enunciations by P.
C. MAHALANOBIS {1], 2.1~5.1,

(a) Fractile groups. “Suppose each sub-sample consists of # elemen-
tary units, each unit being a pair of values of the two variates x and jy.
Consider the first sub-sample of, say, # sample-units. Rank them in order
of ascending values of x. It is now possible to divide the # units into g
groups (1,2,..,4,..., g), each of equal number, say #'; so that n—=g#u’. These
may be called fractile groups.” (MAHALANOBIS [1], 2.1~2.2)

(b) PFractile graphs, G(1) and G (2). “Next calculate the mean
value (or median) of #’ values of y in each group to give in the first sub-
sample the values yi, y5,..., y, corresponding to the serial number of the
groups 1,2,..., 4,..., g. Take g equi-distant points (1,2,..., ¢,..., &) on
the x-axis to represent the g groups; and plot the corresponding values of
Vi Y5 ..., ¥s. Finally, draw straight lines to join each pair of adjoining po-
ints ¥/ and y:; 3 and ¥;;..., ¥, and ¥/;..., ¥,_; and y,. This connected
chain of lines will be called the fractile graph G(1). Now consider the se-
cond sub-sample. It is possible to go through a similar process of ranking
the sample units in order of ascending values of x; dividing them after ran-
king into g groups each of equal number #’; calculating the values of y/!,
y)s...,y,; and drawing a second fractile graph G(2). We can then have
two sub-sample graphs G (1) and G(2), which have equal statistical validity.”
(MAHALANOBIS [1], 3. ~3.3)

(¢) Fractile graph G(1,2). “It is also possible to mix together the
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Sampling distributions of statistics associated with a fractile graphic method 11

two sub-samples to form a combined sample, and rank the sample units
again; divide into g groups of equal number (2#') ; calculate the new values
of ¥, ¥ ...,9,; and draw the fractile graph G(1, 2) for the two sub-samples
taken together, that is, for the combined sample.” (MAHALANOBIS [1], 3.4).

(d) Error areas. “ It is possible to measure on paper the area
bounded by the two sub-sample fractile graphs G (1) and G (2). We shall
(semi-intuitively) call this area a(1,2) as the “error” to be associated with
the combined fractile graph G(1,2).” (MAHALANOBIS [1], 4.1).

(e) Separation, “It is further possible to consider a second popul-
ation from which a pair of interpenetrating sub-samples are drawn, and a
second set of fractile graphs, say G'(1), G’(2) and G’(1, 2) are constructed
in exactly the same way. The area bounded by G’(1) and G'(2) would give
the second error area a@’(1,2) to be associated with the second pooled graph
G’'(1,2).” (MAHALANOBIS [1], 5.1~5.2)

0.2. The needs of sampling theories for fractile graphic analysis.
The fractile graph analysis has a lot of practical applications to statistical
analysis of data, as has been shown by various examples of P. C. MAHALANO-
BIs [1]~[2].

“It is also rich of flexibilities because of minor restrictions on the mutual
relation between x and y.” (MAHALANOBIS [1], 7.1~7.3) Before claiming
a powful or statistical tool as a substitute or even an improved alternative
for current statistical analysis, it is, however, required to establish some
exact observations on sampling distributions of statistics associated with the
notions (@)~ (e). Otherwise, testings of hypothesis and estimation theorems
could not be developed in the standard of the current inference theories.
There remain theorefore several fundamental observations still unestabished.

0.3. The Surmises by Mahalanobis. P. C. MAHALANOBIS [1] gave a
number of semi-intuitive surmises some of which are experimentally studied.
Among others he gave the following ones:

(1) “The area a(l,2) which has been called the error associated with
G(1,2) would decrease statistically in proportion to #'~* with increasing
size of the sample #’ of each group (when g is constant) ; and would increase
in proportion to g, (when #’ is kept constant) ; as a first approximation.”
(MAHALANOBIS [1], 6.2)

(2°) “The combined fractile graph G(l, 2) would tend statistically to lie
more and more within the area a(1,2) with increasing values of #’ (with
g constant).” (MAHALANOBIS [1], 6.3)

(3) “The number of points of intersection of G(1) and G(2) would
tend statistically to be distributed like changes in “runs” of heads and tails
in g throws of an unbiassed coin. ” (MAHALANOBIs [1], 6.4)

(4) “The error to be associated with the ‘ Separation”, S(1, 2), to
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be called, say, E can be found in the usual way from the two error areas,
a(1,2) and a'(1, 2), associated respectively with the two combined fractile
graphs, G(1,2) and G'(1, 2), representing respectively the two populations
from which the two pairs of sub-samples are drawn. That is, it is possible
to take E=/[a*(1,2)+a"*(1,2)]. ” (MAHALANOBIS [1], 6.5)

(57 “To test the significance of the observed separation, it is possible
to use the criterion S*/E*® which would tend to be distributed, as a first
approximation, like Chi-square.” (MAHALANOBIS [1], 6.6)

0.4. Summary of the present paper. This paper concerns with
the more fundamental aspects of sampling distributions associated with statist-
ics of fractile graphic analysis rather than with the Mahalanobis surmises.
Let us start with a random sample { (x;, )} (=1,2,...,n) of size # from
a bivariate population. Let {x.,{ be the order statistics defined by {x;} (¢
=1,2,...,n) such that x,, <xe <...<x, which is a rearrangement of
n values %, %;, ..., %, in the ascending order. Each y, associated with x; in
our random sample will be denoted by y, when x; is corresponding to x,
in the rearrangement. Let us divide the set {y.,,} (j=1,2,...,%) into g
subsets G; (1=1,2,..., g) where each G, consists of {¥ui120} (B=1,2,...,
n;), such that Ny=0, N,_,=n{+n+ ... +n_, (1=1,2,...8) with #|+n}+...
+mn,=n, and let us define

(1.02) Y = Oy + Vv v+ oon F V0 ) /0 ((=1,2,..., ).

We are mainly (not exclusively) concerned with the case when )=/
...=n=n" and gn'=n.)

Let us consider the case whenn=n}= ... =n/=n and gn'==. In virtue
of the statistics {y, | we can define the area S which corresponds to the
error area in the terminology of MAHALANOBIS [1]. The area S is the sum
of (g—1) areas {S,} (k=1,2,...,g—1) where each S, is defined with res-
pect to the four points (1.11). This definition can be generalised to the
separation in the sense of MAHALANOBIS, as we will show in § 1.

The integrals (3.21) and (3.22) are directly associated with the evalua-
tions of E{S.}{ under our particular situations appealing to the asymptotic
normality.

The results in §1 are concerned with the exact representations of (1°)
the simultaneous distribution functions of some of the statistics {y.},(27)
the distribution function of (Yguy+ ... +¥w )/ (B=h), (3) EiSi, 4) E
1Si SiEt, (5) EfSH SE Sii, (6 E {Si SE Si Sii, where /,>>1 and 1<k,
<k, << ky <<k, < g, and hence (7°) E{S'} (I=1,2,3,4).

In §2 the asymptotic form of the multivariate probability density fun-
ction of (¥ > ys---» Y@ ) i discussed on the basis of the Assumptions
I and II. The Assumption I refers to the expression of the simultaneous
probability density functions in the form of (1.32), and will yield us normal
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approximations to the multivariate probability density functions. The Assum-
ption II is introduced so as to be able for us to appeal to the well-known
Theorem of MOSTELLER [1]} concerning the limiting simulataneous distribu-
tion of order statistics. Here the asymptotic normality is established in
Theorem 2.1 for the simultaneous probability distribution of the statistics
Vierys Yoy « - - » Yamy) @S 7' tends to infinity. In view of the results given in
Theorem 2.1 and in § 1.8, the evaluations of the integrals enunciated in the
right-hand sides of (1)~ (15") in § 1.8 such as those given in (1.521)~ (1.524)
are reduced to those associated with the multivariate normal populations,
provided that we are interested with a fairly large or moderately large #'.
In §3.1 we start with a general procedure to evaluate the integrals of the
type (3.01) associated with an z-dimentional multivariate normal distribu-
tion. In § 3.2 the procedure is applied to the two-dimensional case, that is,
n—=2.

The results given in § 3.2 can directly serve to give asymptotic evalua-
tions of the first two moments of the area S, thatis, £{S'} (I=1,2) under
the assumption of asymptotic normality. The general procedure of evaluat-
ing the integral of the type (3.01) can also serve to calculate the asymptotic
values of the third and the fourth moments E{S'} (/=3,4). In view of
tremendous numbers of various types of the integrals in the right-hand sides
of (1.47) and (1.48), however, the problem is remaining unsolved in this
paper how to evaluate the sums of them, although their summands can be
shown to have certain rather complicated asymptotic values.

In the consequence the surmises by MAHALANOBIS [1] are not claimed
to have been solved in any definite way in this paper, but it is hoped that
our formulation and allied analysis will serve to make an approach to them.
Numerical aspects are shown in § 4 to give certain constants such as varian-
ces, covariances and correlation coefficients associated with the multivariate
normal distribution derived from a graphical fractile analysis when the
sample size is 20.

It is also to be noted that K. TAKEUCHI [1] discussed the surmises by
MAHALANOBIS on the basis of regression model which is different from the
formulation of the present paper, but had reached the results which are
essentially the same with ours given in (3.461) ~ (3.462).

§ 1. The statistics {y.} and {S,} defined for a bivariate distribu-
tion (X, Y) with respect to the order statistics of X.

1.1. Let {(x,5)} ({1=1,2,...,n) be a random sample of size » from
a bivariate population. Let {x,} be the order statistics defined by {x.} (2
=1,2,...,n) such that x4 <x, <...< %, which is a rearrangement of
n values %, %, ..., %, in the ascending order. Each y; associated with x; in
our random sample will be denoted by ¥, if x, is corresponding to x, in

the rearrangement. Consequently we shall have the rearrangement of our
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sample :

(1.01) (Xws Ya)s (X Ye)s o vevs (Eays Vo)

According to MAHALANOBIS [1], we may devide the set {y,}(=12,..,,
n) into g subsets G, (i=1,2,...,g) where each G, consists of { ¥ (vi_141y }
(k=1,2,...,n)), such that Ny=0, N,_,=n|+n+...+5n_, (i=12,..., g) with
n+m+...+n,=n, and let us define

(102) ?«i): (y(zvlhlﬂ))‘f‘ y((g\ri_ﬁ.g)"l" + y((yi))) /n;. (Z: 1; 2’ ey g)

In what follows simply for the sake of simplicity we are mainly (not
exclusively) concerned with the case when n{=n;— ... =n,=#" and gn'—n.

1.2. Let the probability density function of our bivariate population be
denoted by f(x,y), and let us denote the marginal probability dlstrlbutlon
density of X by

(1.03) fi@ =[x dy

and the conditional probability density by f,(y|x) by

(1.04) L1y 1x)=f(% ) /fi(%).
The probability distribution of X is then given by

(1.05) Fo(x) = f " i) dz= j "dx [ F(n ) dy.
We have consequently

(1.06) Priy<yuw <y+dy, x<xp<x-+dx}

:'(kil)?én—k)’! (Fi(x)* f(x,9) A—F(x))" *dxdy

(1.07) Pr{y<yup<<y+dy}

n!

= =Dt (| F@)fx3) Q=Fi@)) "~ dz)dy

and hence, for / >1,
(1.08) E{ yi}

2 1>'<n k)ff (Fi(%)) " f(x, y) (1—F,(x))**dx,

provided that the mements are assumed to exist.
1.3. The simultaneous probability density density function of two sta-
tistics v, and ¥, is now given by
(1.09) &g (¥s ¥;)dyidy;
=Pr.{y<yu<y:+ady, ¥,y <¥;+dy
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- n!
T E-DIG—i=DI(n—j)!
(A—=F(x))" f(x1, ) f(%s,3;) dx

fj£x1j;(F(XI))7~1(F(x2) —F (%))

for i<<j.
A product moment of ¥, and ¥, is now given by

(1.10) E{ym ym}; f J v yig (v, y)dydy,

provided that itis assumed to exist.

14. Now let us consider two random samples of the same size # from
a bivariate population, which we denote by { (x,v)} (¢=1,2,...,n) and
$(xl,z)t (1=1,2,...,n) respectively. According to the statistical procedure
defined in § 1.1, we can define (Juy, Yiys---s V) and (Zay, 2@s---s 2 )-

We are interested with the area S defined in the following way accor-
ding to MAHALANOBIS [1].

First of all let the % th subarea S, be defined with respect to the four
points:
(1.11) (Rd, Y 4y), ((R+1)d, yuun), (R, 24y), (R+1)d, Z4sy),
and then let us define S by
(1.12) S=8,+S;+ ... +S,..

Now let each S, be defined in the following way. There are two cases
to be distinguished with each other. Let us consider two straight lines

(1.131) D e )

(1.132) Y—Zgy =2l ~Fo > 20 (x pd).

Let the abscissa of the point where the two straight lines meet with
each other be denoted by x;.,... For our purpose the case (1°): x,,.<<kd
or X.+1>(R+1)d, and the case (2°) : kd<<x,,..<<(k+1)d, must be distingu-
ished with each other.

The case (1°): This case will happen under the following two mutually
exclusive cases

A, 5’((19) = 20 5’((k+1)) = é((k+1))

At Yoy < Zay Yasn < Za+y

and S, is defined by

(115) Sk: d( E)((k) "é(k)) + [§(k+l)_z§k+1)‘ )/2

The case (2°): This case will happen under the following two mutually
exclusive cases:

(L.14)
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Bi: Yuy=zZw Yoty << 2wy
B;: j"((k)) < z{(k)) ’ V+1) = 21y s
and S; is given by

(1.16)

1 B d [y(u)) — Z((k) "+ Y +1) 2((k+1))E
(1.17) S,= . \
2 Yy — 2w+ Vasn— Zary

Let the simultaneous probability density function of y,, and 4.y be
denoted by p.(u,v), that is,

(1.18) P {u << ygy <th+du, v<Yu4n<v+dvi=p, (#,v) dudv.
Let us define

119 EiSH =" [T SipGu e b 2en) drdzdBendzi

:<%>L fﬁfm}("—U)Jr(v—V)>'pk(u,v)p..c<U, V) dudvdUdV

+ g f j (U~w)+ (V=2))! pu(,v)Pu(U, V) dudvdUdV
d (= U)+ (v—V)?
" 7 f fm,) @—U) +(V—-2) )Ph(u v) p (U, V)dudvdUdV

(U =Ty ‘
J f(Bz) (U Mu) + (v— V)) pk(u-v)pk(U,V)dudl)dUdV

EIZ(AJ +1,(A,) +1,(B,) +1,(B,), say,

provided it does exist, where the domains ® (A4,) and ® (B, (1=1,2) are
defined as follows:

(1.201) DA, : w=U, v=>V
(1.202) D(A,) : U=u, Vo
(1.203) DB,): u=U, Vo
(1.204) D(B,): U=u, v=V.
Let us put
(1.21) 2000 = [ [ st u y o) bl Dddy.
Then we have, in view of (1.19),
(1.22) L(A) :(%)l fmfw(u+v)lp§"" (4,v) dudp
0 0
(1.23) (49 =( d fmjw(u+v)‘p,‘t"” (—u, —v) dudv
J o 0

T
(1.24) 1.B)=(4) ff uj*;:j 4D (1, — ) dudy
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(1.25) I, (Bz):(%f j/m r (“:*lz) @ (—u,v) dudo.

1.5. Let us now calculate the probability density funotion of y,. Let
us denote by E},,, and EY, . the events defined by

(1.261) E? o t<<Xpsy<<t,+dt, t,<Xpsn<t,+dty ...,
boon<<Xgy<<tpon+dbi s

Ely: Y1V <Y1 +aY1, YoV + dy.,
Viern<Vwy < Vi-nt Y

respectively. The probability density element for the simultaneous

occurrence of E%,,, and EY,, is given by

(1.27) Pr. {Efun [ Etunt

:il"g(;:%:kw)' (F )" A—F (b))

(1.262)

o e ey

k—nh
'f(tly yl)f(t2) J’z), oo ey f(tk—h’ yk—h) 21;11: dtLdyi .

Consequently we have

(1.28) Priy<yoint+Yasnt oo + Va0 <y+dy, ESP}

[ &
Ty F ) A= Futed) =0 £t at,

[ ” . {f(yl EDfe te) oo fWen | bon)dy Y LAY,

y<yityetety,_, <y+dy
where the integral in the righthand side can be written by convolution
(1'29) -fll* fm* L * ftk—-h (y)dy,

where f,=f(y|t).
Fininally we have

(1.50) Pr_{y<3ﬂﬂﬁ,t3@];§%j—ﬁi,m < y+ dy}

_ nl(k—h)
" hl(B—h)! (n—Fk)!

' ”S (Fi(t))" A=F, ()™

“e0 <1< g < wth—h< oo
fu* fu* . X fo_, ((B—R)y)dt,...dt_,

For h—=(i—1)#', k=in', (1.30) gives us the probability distribution ele-
ment ¥, that is,

(1.31) Pr. {y<<yu <u-+dul=h,(u)du
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n! n'du

(=D (=B

[ @ anerea—raneTi £

Lot <t <Ly Lo

fll* fl‘_)* L * tn’ (n’u) dtl s e dtnr.
Similarly we have

(1.32) PT.§ u<§(k) U+ du, v<§(,;+11)<2)+ du} Epk (u, 1)) dudv

. nl n'du n'dv
T ((k=Du)In'lnl ((g—k-1)n")!

[ [ e a-Fume 1w

—'=°'<!1<lz<-~<12‘,,’<°°
ftx* ftz* o * fm’ (n,u)
fori Fni oo ® fo, (wWV)dtdty dbs,.

1.6. We shall now enter into the discussion of the separation in the
sense of MAHALANOBIS [1]. Let us consider two bivariate populations ], and
II. from each of which let us draw independently a random sample of the
same size n. Let us denote these two samples from II; and II. by §{ (%, ¥}
(:=1,2,...,nm) and {(x,2)} (:=1,2,...,n) respectively.

We can define the area S just as in (1.12) for which the expressions
(1.15) and (1.17) hold true under their respective conditions. ~Now let us
define

(1.331) Priy <y uw <y+dyi=h.(y)dy

(1.332) Pr.\z<zy, <z+dzi=h.(2)dz

(1.341) Priu<yuy <w+du, v<yuy<<v+dvi=p, . (u, v)dudv
(1.342) Pr.U<zu <U+ AU,V <zgny<<V+dVi=p.,(U, V) dudyv,

in order to distinguish the (possible) difference of the two populations I,
and IT..
Let us put

)

(1.35) PP (u,v) = Jw ‘ Di(x+u, y+0) poi(x, y)dxdy.

Then the argument sililar to that devoloped in § 1.5 gives us
(1.36) E{SH=I"(A)+ I8 (Ay) + I8 (By) + 112 (By),
where

(1.37) L(”)(Al):(%)l r Jw(u+1))l PO (u,v) dudv
Jo 0
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(1.38) I69(A)) r(g) ]'“ r(u+v)’p,§"2)(—u, —v) dudy
(1.39) 100By=(4) | Jm(“uif) &0 (, —v)dudy
(1.49) o8y =(4) J: [:(”;—j_—z) 0D (g, v)dudo,

provided that these integrals are assumed to exist.

1.7. Let us consider two populations [J; and IJ. introduced in §

19

1.6.

The purpose of this paragraph is to decompose the first four moments of
the statistic S defined in (1.12) into the sums of some fundamental integrals.

For the sake of convenience let us introduce the notations:

(1.41) E {Sit = (k)

(1.42) E {Sii St = (ki'AE)

(1.43) E {Si SkSiat = (k' ki* k)
(1.44) E {Sp Sk S Sty = (ki by ki ByY),

where /,>1 and 1<k, <<k,<<k;<<k,<g.
In virtue of these notations we have

(145) E{S|=SIE|S.| =5} (®)
(1 46) Egsnzgmszi +2§E;sksk+lg +2”;3§F;Egsksj;
“S) 25 GG+ ) +25 S (k)
147y EiSY=5](#) +3 5 (B (k+ D) +35 (R(k+ 1))
+358 ) 135 5] ()

+6izj(k(k+ 1) (k+2)) +6§}§+(3k(k+1)j)

+6515 (BG+D) + 655 5 kin)
(1.48) E%S*i:izji(k‘) +4j§]:(k3 (E+1)) +4§(k(k+ 1%

-2 g—38 g~1
+121§=}1(k2 (B+1)%) +43 §+(2k3j)
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+ 455 @+ 1255 )

k=1 =k+2 —1j=4+42

+12 (kz(k'l—l)(k—rZ))leE (R(R+1)2(Rk+2))

F125] (kG D) R4 + 125 S (R (R D)

g—4 qg-1 g—4 g1
+1233 55 (R(R+1D)%) + 123 5 (R(k+1)7%)
k J=k+ k=1, =k
g—4 g—1 c—4 g—1
+122}Z}+(k F(F+ 1)) +12 ; kRj*(j+1))
k=1 j=k k=1 j=k+2
g—4 g—1 . -5 g3 —1
+12 ki(G+1)%) + 12> (B*jh)
k=1 j=k+2 k=1j=k+2 h=j+2
g—5 g-38 g-1 a-5¢9-8 ¢g-—1
+12>7 7 ST (kPR + 12 >1 (kjh®)
k=1 j=k+2 h=j+2 k=1 j=k+2 h=j+2

+24.:g: (B(k+1) (B+2) (B+3)) +24}§ §+Sk(k+1) (B+2)7)

9—59-2 0—6 g~3 g-1

+243 53 (k(k+1)j(G+1)) +24 >i(k(k+1)jh)
k=1 j=k+3 k=1 j=k+8 h=j+2
g—5 0—38 g—6g—-4 g-1

+243] jZ::k( JU+D G+2) + 2435 >, (kj(7+1)h)
g—6 g—4 a— -7 g— g-3 g—

+24k=l J=k+2 Ef.kjh (h+ 1)) + 2 LE: gk 2‘: :E kjhf)

The mean values given in the right-hand side of (1.45)~ (1.48) can be
classified into the following types:

(1) (&) (2) (B (k+1)") (3) (B (=k+2)
@) (B k1) (R +2)") (5) (R*(h+1)%5")

6) (B'*(j+1)") (7) (% jh)

(&) (B (k+1)=(k+2)2(k+3)4) (9) (B(B+1)=(k+2)15%)
(10) (B G+D*G+2)") (1) (B (R+1) %G+ 1)")

(12) (B (R+1)"") (13) (R"j°G+1)"h")

(14 (k%R (B 1)) (15) (R nf"),

where we assume j>k+2, h>>j+2 and f>h+2.
1.8. In order to evaluate the mean values given in § 1.7, let us introduce
various notations which will be convenient in dealing with them. Let us
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define for each population T, (¢/=1,2) the probability deunsity element
(1.49) Pr. {2, Yusny <dXy, %Yy <Ko+ d%s, . .., %Yoy <X, +dx, i

Ep(;) <-7Ig1 -Zz e -Z::) dx1 dx2 ...dx,,

€1 Ko ...

and then define, for 0<<wu,, #,, ..., %, < oo,

(1.50) p(12)<21u1 5kzu2 ... 6,Luh>

1 2 LR

= {"“ ® o [oo p(n <x1+1u1 x2+22t2...xn+huh>
- . kl kﬂ PP kh

—o0 2

5 (X1 Xy ... X,
p@ <k1 Bl k) dx.dx,...dx,,
where each §; can take either 1 or —1.

By the decomposition given in § 1.7, it is now sufficient to evaluate the
integrals of the types given in (1°)~(15°) in §1.7.

Let us write for the sake of convenience the summation over all the
possible combinations of the values 0,,6,,..., 8, by (8,3,...6,) and let us
denote du,du,... du,=d"u. Then we have

(13) E%SH.—_E j"" j S’ Ab(l?‘)< 1%y kz“a) d*u

(8182) 0

e Ou, Oqu u
20 E bi‘ iq — J [S“ SIQ (12) 141 2¢v2 33 d3
() ISe Stat=33 | L] S Sk 2 (PR s fT%)

(615283) J o

o hQlay T quere a2 (012 Oz, 53743 4y 4
(3) EgSA SJ%‘&%J)J():-JOSICSJP (k k'T’l ] J+l) d

o 1 © 1 l 62 5
(@) E{SiStSil @,ZBJ js StuSte 223" g4 iy py) d'u

. R 0,1, O,y OyUy O, Uy
nQle i3 HQle i3 12) 1] 2 3 44
&) EiSs S"*‘SJ’Ts§5>jo"Ls"S*+‘Sf PO R Rl T )

[ SuS=Ss, p12)(61u1 [Py 53”3 54“4 sUs ) d*u
J

(6%) E{S, St J+152J , B k+1 j jrljt+2

(81+85)

7o QL Qlay . R a2, 012, Oy, 63”3 O,uy Osu u 554
) Egsksjsh;(_(S;__%L,,LsksjSnp R T O ) doa

(&) E | SiS2.S:Si s}

_ " - 0 Qla 23 4 1)5%161{2 63” 5“4 u ;
7 '%‘Iﬂsb) .L 50 - Jo SESE 1SS is P (kl k"'lk—l-ékil—?;ks—ri;) d°u
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@) E{SiSt.St.Sy)

[ R 3 Uy O,y Oglty O, 05Uy Oglt
:(azl} 56){ L - L SiSEaSiLSy P (kl 1kv12k1321;+43 5J ]if)d"u

(10 E$SiS2Sh, Sk,

=" o (0,06, Oty 04Uy 0,0, O.0; Oglhe)
—— 25 l2 i3 L.4 (12) 1y w2 3 4 4 55 6 6 6
#052186)‘[ . L SiSj SpnShe P (k k+1 7 j+1 ]+2]—|—3) a’u

(A1) E{SiSi.SpSid

= 0,1, O,u; 05Uy 0,0, Osths Oglh
— 1 Qle I3 (N (12) 1 202 33 4.4 . 55 .6 6 6
ﬁgm { " LS’CS“‘SJ' i b ( R+1k+2 j j+1 ]+2> d°u

(12)  E{SiSE.,SeSis

f oo

- 0,2, Oq18, Ogtes 040, O5tts Oglby 04U,
— nQla 13 Qs , (12) 1#1 Y2 2 33 4' 4 . 55 i3] 7 7
”E!.snj "LS"S“‘S"S“ p (k R+1k+2 7 j+1 h h+1) d'u

(13)  E}SiS:Si,, Sk

G ” N L. pun 018y Ogtty Ostty O,uy Ostty gty Oy, 7
%i.s,)J {sks SiSi-p ("1 gal Oults Sutis Doty Oeta Ditr)

(14)  E{SeSpSeSiian}
_ A oncuanan OUy Osty Oyhy 84ty Osthy gt 048,
=33, [T stpSSi e pen (s O 2 s et ) g,
(15)  E{SiSySpSys

= = 0,2 0,0y 03Uy O 0y Oty Oglly O.U
_ 1 QlQlaQls, 410 ( V1tty Oglby O3lty 048y U5l Oglle
75%0‘ j_,josks]shsf P e P T T )

The comblications happen from the fact that

Sk:ul“l'ug When 6,_62,\/0

(1.51) PRy
_ Wiy _
T when 8,0,<<0

and similarly for S,, S, and S..
This fact makes it necessary to subdivide each of the classes (1°)~ (15°)
into subclasses according to the sign change of the sequences (9,9,), (8,6,8;),
.., and (8,9,...0).
For instance we have
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(1.521) H ( SeSt 2 (5 pL1k) 4

LS00

‘ (0 +u)" (U + 1) pe )(Zlk—tlle kﬁsz) d*u

LI
J

” 10 Qlz (12 —u
LS St p( 524 p10y) d'u

0

us-+us

“(u—ku) <u2+u3) 25 piT ki) d'u

|
(1522) I;
|
|

a2 st (3 1 )

foo oo [oo u1+u§ i . U, —u _
(" s peo(te s 9 v

1717 cncu U, u, —u
asw ([ s e ) a

b “ 1 u3+u4 <)/u1 U u 4
I, [ (0 2) (0 +u4> 2 B T ) 4

o

and similarly for other summands given above.

§2., The asymptotic form of the multivariate probability density
functi()n Of (ﬁ((kli’ 37((“)), ceey S’((’fh)))

2.1. In order to derive the asymptotic form of the probability density
function p(%,, #,,...,%,) and p"2(u,, u,,...,u,) we shall appeal to the two
asymptotic properties valid under their respective conditions. For the sake
of convenience we use

Definition 2.1. Let { X, X,,..., X} and{ X", X{,..., X (n=1,2,...)
be a sequence of k-dimensional multivariate stochastic variables, and let it
be assumed that for any assigned set of %2 real numbers (#,,%,, -, %,)

1) Pr. {X"<u,, X{"Zu,, ..., X0 <u,

ul
EF}L(”i’”Z’ . -)uk) = [

J —oo

J' . J Fitote ... £ dtdt,...dt

—oo

(201) () Pr. {X,<wu, Xo,<u,, ..., X<,

EF(ulyub‘--’uk): [ ’ . { kf(tl,tg,...,tn)dtldtg...dtn
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(30) lim frz (ub Uyy oo s uk) - f (M1, Uy o ooy uk)-

Then the probability density function is said to be asymptotically con-

vergent in probability law to the probability density function f(#%,%,,...,%,)
and is denoted by

()
(2'02) fn (uly uzv “ o0y uk) ;f(uly u25 e uk)-

2.2. The first asymptotic property is concerned with the asymptotic
convergence in law of the probability density function f..* f.,* ... fo,(n'u) to
the normal probability density. Indeed we shall make

Assumption I. For each assigned value of (¢, %, ...,%s) We have
(2.03) fu* fu* £, (')
p 1 _ 0 (U— (#s+p0,07'E))"
:,/27[0‘5 (1—,02)72' €xp 265(1_02) ’
where
(2.04') z:(t1+t2+ “ee +t,,)/n'.

The practical uses of this assumption are not only concerned with
large 7/, but also with moderate size of #', as may be expected from the

central limit theorem.
Example 2.1. Let us consider the bivariate normal population or popula-

tions of the type
1

(2.05) f(x’y):ZEGIUZ(l—-,O2)”2 exp{— @1},
where
(2.06) Qzﬁ@‘ Y gm0t | o)y

Then the marginal probability density function of x and the conditional
probability density function of y for an assigned x are given by

o1 _ (E=nD®
(2.07) fi(x) = amet exp{ Zofl
S S _—n—(poy/afx—p)®
(2.08) f(rx) o= ) exp{ 202(1=p?) } )

Consequently we have, in view of (1.08),

(2.09) E{ ¥}

—co

= (/T;‘I)T’Z(!};i’kﬁ r Fi@) 7 fi(®) A=Fi(#x)"( J:y‘f(y (%) dy)dx
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g
~ ] F@) @ A=Fu)
~ g . o
e |G m) o (1= ) e de
v 2n ) -w 0y

n!

CEIC k)vJ (Fu(2)* " fu(®) A=Fy(x))""

k=0

1
33 G (e 0 E(x— 1)) ot (1= )2 B fe,
1
where E,{<"} are equal to zero for odd positive integers %, while for even
positive integers 2 we have

(2.01) E {=135......(h=1),
and El % Tn§ :1.
The transformation = (x—u,) /0, yields us therefore

CI) Bl = o @) e A-0@)

13 Culuat post) " ob(1— )" Ev 21}t

h=0

where we have put

(2.121) o (f) _715; s
(2.122) o) = j o (%) du.

The special case when #,—0 may be worth while for us to mention.
Indeed we have then

2

l — ni2
(2.13) E 1yt =oto'S G (L) BB Lo,

where we have put

(2.14) B Xt =gyt | (@) o) -0 ().

The similar argument gives us that, for i<<j, in view of (1.09),
(215)  E{ywmys!
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(1_1)1(1_:1'_1)'(,1 ])7{ dxl{ (F ()71 () (Fr(x2) —F o (x,)y !

fi(x,) A=F (%)) 7 dx,

Sf iz dy, j Yy f (252) dys

G )'(]_,:,_ Di(n- JH ""Ig (F1 ()" fi (%) (Fy (%) — Fy (£)7
f1(x) 1 =F((x,))"dx,

| p .
?:E) 1Co (2 + Po‘j(xt—ﬂl)l*”"g(l-‘ﬂz)w E |}

33 Cy (a2 (Ha= 1) " 008 (1= p*) P E |
9= 1

In particular for x,=0, we have
(2.16) E{ywyint

1 h.+r;
_Oz+m l+m§§ zcn m ( pp ) ElthgE TU}EgXéi)’L :’;)_ ;;
where
(2.17) E{ XXt
n! g ) i-1 d
= G=DIG=i-Dim—jt ) (PE)) et dh

|7 @y~ 0w)y e -0ty e,

Our results (2.10) and (2.16) show us that E{y,} and E {y{,y%,t can
be written in term of the constants associated with the order statistics
defined for the standard normal population which have been fully discussed
by various authors.

We have also

(2'18) fn* flz* e fL’n (n’u)

a
1 (u‘(/lz‘*‘l)a_z(f_ﬂl))z
= _ exp% —_ . 5 1 }
V' 2zn’ o2 (1— p?) 2103 (1— p?).
Consequently we have

(2.19) Pr. jiu<ypy<<u+du} = h,(u)du
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_ . madu
T ((R=D)n)nW((g—k)n)!

ST ] @enerra-ewne e

<l <2< <Ly <o

n'\e nu/z(u:(‘/f}-;—pgzz))
H(Znoré(l_——bAgjvz/iz— ¢ < g, (I—p*)"72 >dt1 ...dt,,
and similarly
(2.20) Pr. | u<5’m<u +du, 1)<y((k+l))<v+ dv % =p, (u’ 11) dudv

, n! du

= (R=DnYWIN((g— k=1 n')!

] eeyeraewne ot e

—co< 1 <tg< <20 <o

e,
%

nn/z w(U— (py+ p0st,))
(2ma3(1—p%))"* ¢ ( a,(1— p?) 7 )dtx ...dty

Uil (0 —(py+ po,ty))
*(z;gﬂrli‘;é)i)wm ¢( o, (I=p)r > dt,s ... dty,

where we have put
(2.21) =ttt ... +8)/0 5 beyy=(bwsi+ ... 1) /7.

Turning back to our general situation, let us consider the means of #’
successive order statistics

(2.22) X = (Xg-w+n T X T oo v + L) /0
for k=1,2,..., g—1. Let us denote by
ty 6 ...
2.23 rol g 2 h
(2.23) (e 2
the simultaneous probability density function of the statistics (X s - - »
E(kn)) ’ that iS,

Pr. {1, <Zun<<t,-+dt, t,Xuy<tyt+dty ..., }xXpny<tn+dt,}
—_ t tZ ... h
=7 "'(k H kh> dt, dt, ...dt,

for any set of & real numbers (¢,,%,,...,%,), where 1<<k,<<k,<<--- <<k, <g—1.
Now it is to be noted that under our Assumption 1 we have

(2.24)

Pr Yoyt Aty Uy <Yy thy - dth, . . Uy Yyt Al

(2.25) - e . e !
=~ ”@,ﬁ—gnm H Jngo(;(ly_(l(u;—;)ﬁz t)))
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ol ) dhts.

2.3. The second asymptotic property is to appeal to the asymptotic
normality of the order statistic. In what follows let us make the following

Assumption II. The probability density function f,(x) is differentiable
in the closure of its carrier ¢(f;) and f/(x)==0 in the interior of c(f,).

Under our Assumption II we can appeal to the theorem due to F.
MOSTELLER [1].

Theorem 1. (F. MOSTELLER) Let m be any assinged positive integers
and let {4} (7=1,2,...,m) by any assigned set of m fractional numbers
0<<A,<<2;<<<<4,<<l. and let the 4;-quantile of the population be denoted by
Ty 2.6,

(2.26) F}ﬁg:zJif¢wdt:& (i=1,2,...,m).

Let n,=[nd;]+1, i=1, 2,,...,m, where [x] denotes the largest integer
not greater than x.

Then as 7 tends infinity the simultaneous probability distribution of the
m order statistics (X(.) X --->Xmy) tends to a k-dimensional normal dist-
ribution with the means (zy, 7, ..., 7,) and the variance-covariance m xm
matrix (4,(1—=24;)/nf (<) f(z)) (4,j=1,2,...,m).

Let us apply this theorem to the approximation of the integral (2.25).
Let us consider the set of fractional numbers {24, {{)} and ig®)} (k=1,
2,...,g—1;i=1,2,...,#n) such that

(2.27) W= ((k—1)n' ~rz)/n
(2.28) F (=) = et fl(t)dt A
(2:29) £l = 1,8,

The direct application of Mosteller’s theorem gives us for any assigned
h, 0<<h<<g—1

Lemma 2.2, As 7' tends to infinity the #A-dimensional multivariate
statistic (Xw)» Xy - - - » Xamy) 1S asymptotically distributed in the Z-dimentional
normal distribution with the 4-dimensional mean vector (., My, . . ., M)

(2] .
and the % x k variance-covariance matrix< (k’;'—,k“) /\n (p,a=12,....,k) such
that

RO P S S
nl

(2.30) m(kl)z

G(kp,'cq) 1 o W I(r”) (1 A(n))

(2.31) n :

’

n'® i=1j=1 ng‘”’ (n)
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Let us write for the sake of convenience
(2.321) O, = O
(2.322) Py = Ot/ Tk )0

2.4. The combination of Lemma 2.1 and 2.2 gives us

Theorem 2.1, Under a situation where both Assumptions I and II hold
true, the simultaneous probability density function of (Puys Vikeys -« Yerp)
is asymptotically convergent in probability law, as #’ tends to infinity, to the

h-variate normal distribution with the mean vector (§uy, Egrays - - - » 5(@”))) and
the % x k variance-covariance matrix (ou, .« 3 %ay up) (Hi=1,2,. ., k) such
that
(2.33) Eopy = 1y — PM, O
2 ‘/02
(2.34) U(?k))zg((k,k))—z—aé(’lnf*—i‘ o° OZI.-)) (k=1~5)
: k

(2.35) O k)= 0" Oty 10y (ky==k; ;5 Ry, By=1~5)
(2.36) iy = —— L1k (ky, ky—1~5),

Ok1)  Oks)

where % is subject to the same condition to Lemma 2.2, 0<<h<g—1.
Proof: In virtue of Assumption I, we have the asymptotic probability

density function given by the right-hand side of (2.25). Now let us write

(2,37) Yaep= Hs+p0s% ey + 1 "0y (1= p* )2 Zx,

(¢1=1,2,...,h). Then (2.25) gives us that (1°) the A-dimensional variate

(Ziyy Zigs =+ o5 ) is asymptotically convergent in probability law to the A-di-

mensional normal variate with the mean vector (0,0, ...,0) and the variance-
covariance matrix which reduces to the unit-matrix, and that (2°) (24, Zip
..»2:,) 1s asymptotically independent to the variate (xu,, Xy, ..., x“‘,))
Consequently we have, as #' tends to infinity,
(2.38) E\} yy = Mot pOMy,
(2.39) 0%} Ypey § = p* 0f 0* {x(,,) n'“loi(1—p*)o*{Z
(2.40) Cov. { Ve J-’«ch))} =~ Cov. %p"zx(ki)’ pozx(kj)i.
Now the application of Lemma 2.2 gives us
(2.41) 6 {Pup} 2 03(0%0%,+ (1— %)) /0
(2.42) Cov.} ¥y Yapy = p* a3 Pk Ok Ot

as we were to prove.

Theorem 2.2, Let [T, and I]. be two bivariate populations from which
two random samples {(x;, 3:)} (¢=1.2,---,2%) and § (2}, 2)} (i=1,2,..., ”n)
are drawn independently. Let { (x4, ¥) ! and {(x{), 2u)} be defined as in
§1.6, and then let (Yeuys Yuss - - > Yeiny) @nd (Zgeys Zgasys -+ - - » Ziny) be defined as
in § 1.6 respectively for each of these two samples. Let the Assumptions
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I and II be satisfied with their respective values of 3z, 0, 91, 92 OG,upr Oy
for each of these two populations, which are denoted by #{’, p®, af”, m,(j;,
ol o . a&)p), with i=1 for [, and with i=2 for []..

Then the simultaneous probability density function of (¥un — 2w Yan
— Zgups -+ o0 Vi) — k) 1S asymptotically convergent in probability law, as »’
tend tends to infinity, to the k-variate normal distribution with the mean
vector (B, Ogs - - -5 Ox,y) and the £ xh variance-covariance matrix (o(g}c;j;.j )))
such that

(2:43) Ouy= (14" — p(”mf}c)z)aél)) — (P — p@’mEi’iw?’
(2.44) cé};ﬁ.ﬂ = oé,{.;?kj)) + o«(,%;?kj),

where

(2.45) 0= 00 0y o) o)

(2.46) U&-Z’g):p(z)z pE‘?Z_.@.)UE% U(ggj)

(i,j:l,Z, fee 1g—‘1)-
Proof : Immediate from Theorem 2.1 and (1.50).

$3.  The evaluation of the fundamental integrals

3.1. In view of Theorem 2.2, and the results given in § 1.8, the evalu-
ations of the integrals are reduced to those associated with the multivariate
normal populations under the Assumptions I and II, provided that we are
interested at least with a fairly large or moderately large »'. It is the
purpose of this paragraph to enunciate a general procedure to evaluate the
integrals of the type:

I S
(3.01) I(F3gt et a)
A s e~
:*(zn)n'/f lo .0-.. , E(LJL(ui’ %)) exp{ D) hlﬂdui’
where we have put
(3.02) L (2, %y4,) =2+ Uy, when 7,0
= (U + U)W+ Ugs), when j,=1
(3.03) Q:”zl A, (- (- £)
i=1 j=1
(3.04) A=A,/

with a positive definite quadratic form @, and non-negative integers /; (i=
0,1,2,...,n).
First let us write

(3.05) Q— 2 g A, —2;;?1 g (AuE)thy + ggA £.C,

Then the change of the order of the integration and the infinite summa-
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tion gives us

(3.06) p(fileees b Gk )

1/2 o [ oo n—1
Tlgl?iTn/'z Jo J J uﬁ"{:l'llei (”i,uzﬂ)liubueXpJ] - 3 ')'dul ...du,

(3.07) 3, E_”zl A, & (i=1,2,...,m)
2

(3.08) =33 A, uu,
=1 j=1

Since ¢ is a positive definite quadratic form, the Jacobi transformation
reduces ¢ to its normal form. Indeed let us define

i All A12 e Al,i—l Al,k (22112’ ---7”)
(3.09) D — i Ay Agp e Az A } (k:i,i+1:---,n)
. k= 1
[ everonrcionneserensenss seesernes
i
% Au Ai?. """ Al,i—l Ai,k |

and then let us introce the new system of the variables (z,, 2., ...,2,) such
that

vV Diy |

(3.10) 2= Jpots jut 3 b u} (G=1,2,..., n).

This yields us

(3.11) =3 z
(3.12) du, du, ...du,=D;? dz,...dz,=|A|"" dz, .. .dz,.

The inverse transformation of the transformation #=(%,,%,,...,%,) into
z2=1(2,, Z3,...,2,) is readily seen to be of the form

M:

(3.13) U, = Ci, x 2k (i:]., 2, ceay n),

=
I

i

with a certain non-singular triangular matrix (C,.).
Now the polar coordinate (#,0,,0,,...,0,_,) is defined by
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(3.14) 2y = r(:I__Ii sin 0)cos f,=r¢:(8) (i=1,2,...,n—1),
where 0<0,<2z (i=1,2,..., n—2), 0<0,_,<<z, 0,=0. This yields us
(3.15) Ly (4, thisr) = récg?}(ﬁsin 8,) cos 0,=790 (6)
(3.16) L, (u,u.)
(; C. J(Hsmﬁ Ycos 0)2 + (E CmJ(H sin 6,)cos gj)
- g Cé?}(il sin 0,,) cos 0,
=7 &Y (), B .

where we have put
(3.17) =Ci, CO=CiitCiix (F=i+1).

We have also

(318) IT kt_rk1+k2+ “+kn ]-I (2 C“ (H sin 6p) cos )u

i=1 i=1 j=u

=phithetetin (g bk, R

The use of (3.11)~(3.18) in the right-hand side of (3.06) yields us, after
integration with respect to » over the domain 0<7<Ccc, that

(3.19) I<§i ]’: j Gl )
L 1 251 1,/2—1
—expl-o 254,66 T,
i=1j T

n—

1/2 k lfl— Ek+n
(2vra)k 2 \
0 Gt )T )

.7157/5— JJJ ﬁ(g}? (0))H§R(0; kl’k2>---,kn)
' i=

H sin "'/ 0’H dao,,

Jj=1

where the domain of integration ® in (0,,0,,...,0,,) is defined as the do-
main satisfying the follwing inequalities simultaneously :

(3.20) S1Cis (n_ sin0,) cos 620 (i=1,2,...,%).
k=t i=

The integrand in the right-hand side of (3.19) is a rational function of
sin 0, and cos 6, (=1,2,...,n—1), and therefore can be evaluated by the
combination of elementary integrations, although there remain a lot of com-
plexity in their individual cases.

3.2. Let us apply our procedure to the evaluations of the special cases
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of (3.01) when n=2. For the convenience let us write

(3.21) I €,8) =M, (6,8,; o3 0% p)
= ZnaToz(llﬁ—pZTW i: ’: (u-+v) lexp-g —% } dudy
(3.22) I(1EL,E) =N, (£,6,; 003 0)
< prmii e ||t e |- G |

where
R R e e

g 2 e o)

a=mal e =0 o) ~a=ma (oo e)
Framl 6 2 e )

Our method is based upon the expansions to the effect that

(3.24) M, (¢,,&;; df, 03, 0)

:exp{—mi—Kﬂ(—i;— p%fz + ig >}

o (et (e

) o, o, g, o
k1= ke=0 F(k1+1)F(k2+ 1)(1_p2)k!+k2
N S w(a u-+0.0) Ut v ex {_,‘L}dudv
2r(1—p®)2 [, Jo ot : p» 2 ’
and
(3.25) Nl (‘51’ 52; 0?’ Og’ p)

=exp =g (o —2ogor )

Ty T 4p
oy gy 0O, o5

(Cr=est) (r=ei)”

.g——}')%io I'(ky+1)T (ky+1) (1—pt)fitee

oo o

33
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1 r T (W O ke
grassn |, |, (eluro) wo"exe{= -} dudn

where we have put

(3.26) 4 5’2(11—2;2) (=2 p uv+1°).

But we have

(3.27) ~2~m£ PO r j: (0.0 +0,0) uF V" exp {——[21—]} dudv
=3} .C, o} oi
*275(—1%7)‘/2 J: J:u’“*" vttt exp {——g—} dudv
and
s |, |, Conto ) o esw] = fauar
(3.28) —37,C, 0% o3

h=0
o uk) +2h vkz-&-?(l*h)

Jo (ou+ o,0)"

1 (=<
B mor j“ exp{—f%}dudv.

In the consequence we have to evaluate the integrals in the right hand
sides of (3.27). For this purpose let us make use of the polar coordinate
(7,0) defined by

(3.29) rcosﬁﬂr 1 = (#+v), 7Ssin 0_%(u—0).

72 (1+0) 2(1-»p)
This transformation yields us

41__f e ki4h pyketl—h hiil
(330) gy JO Jou v exp{ 2(1-

r (k iR AHI+2 >

%) (uZ—Zpquf—vE)}dudv

2 k1+h ko+l=N ke+l~h—n
- T 20 20 (=D in+12Cn* to41-2Ca
m= =l

. (l+ p)m+"/2 (1_‘0) (k1+ke+l—(m+n))/2 Im(m+n’ k1+k2+l__”‘_n>’

where I,(p,q) and ® means
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@

(3.31) Lip,q) = { cos® 6 sin *6 do

0

(3.32) w= sin)/ T’g o

Now concerning the right-hand side of (3.28), we should rather prefer
to take p instead of p in view of (1.39) and (1.40) and let us make use of
the polar coordinate (7,0) defined by

1 . 1
3.33 rcosl=——" —— (u—v), rSinl =——————(u+v)
( ) 17 2(1+p) ( ) vV'2 (1—p) (
and the auxiliary angle ¢, defined by
@A) (9,—0y) "
(3.34‘) Sin gol —= 2(0%_*_0% — 2,00'10'2)1/2_’ Og_golé 2 .
This device of change of variables gives us now
1 [“ﬂ“ﬁ’? | _# 0+ 2pup
(3.35) z1=oty |, | Gt oyt P S oy faudy
R+ Ry +1+2
r(=")

T 2% (04 ol— 200,0,)"*

k1+2h ke+2(1—R)

wten Ce kg +2(1—h) Cn( -1 ) fa

m=0 n=

(l+p)m+rz/2 (1—,0) (Itl+k2+21—(m+71))/2.]w(m+n’ k1 +k2+21—m—n; l, 901)y
where J(p,q; I, ») means

** cos? 6 sin0
(3.36) Jo(0,q; 1,9) = |, Sin'(0+e) de.

The integrals (3.31) and (3.36) can be evaluated by elementary proce-
dures.

The special case when &,=¢,=0 which corresponds to the null hypothesis
that the two populations have the same population means is worth while
to be mentioned here.

In view of (3.24) and (3.30) we have

(3.37) M,(0,0; o3, 0% o)

1+2
" <72A) holene I—h—
= —— > Gy} o} > > (=D * 2Cn 1-nC,

T h=0 m=0 n=0
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A+p)™ (L—p) =02 [ (mtn, I—(m+n)).

In particular we have

(338)  My(0,0; ot o) = sin |/ 17

1/2 7 91/2 . 1/2
(339)  M.(0,0; o}, 0% p) = éj)f’/ “g"uil_ﬁ)_%WU 20" (6,0

(B40)  M,(0,0; oo 0) == | (5402 (1+0) L(2,0)

#2(t=e) (1= L(L,1)
t(o=0)* (1-0) L0, 2)},

where

-1
(3.411) 1,(2,0) = 7<51n l/ 1";7‘04_ ¥é,(1_pz)1/2>

(3412) L, 1):1;’1

(3.413) w(o 2) —_— (Sln J‘ 2’0 _ (1 —_ ;02)1/2).

Similarly, in view of (3.25) and (3.35), we have
(3.42) N,(0,0; of, a3, — p)

I+2

r (T4
_ﬁvh(rz_l___ >
2% (oi+0f—2p0,05) im0

2n ~2(l—h
Cy, 0F o3P

¢h 2(l-h)

Eo 2)z,Cm z(z—n)cu (_1)"(1+/0)m/2 (1*‘:0)(%—(1“'”))/2

m=) n=|

« Jo(m, 21— (m+n) ; 1, 9).
In particular we have

(343)  N(0,0; ool —p) = - (5-—sin |/ 1“’)

(3.44) N(@©,0; of, 0%, —p)

1
= (ot o= 2am L DI (1) 2,03 g

+ (1hp)]m(072; 1) 501)
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$2 (i) (1= (1,15 1,90 |
(3'45) N (0 0 UI’ 2) _p)

(1—=p)®

~ 27 (0i+ 03— 2po,0 2)[ E C<1+Z> ]w(m’4 m; 2,0

+ 2 oio} E E :Cp+ .Co(—1)" <}+Z)(m+n){2] (m+nd—m—n; 2,9,

m=0 n=

+at31 G (152) (=D Lo d-ns 2,00 ),

where J,(p,q; 1, ¢.) ($,9=0,1,2,3,4; =1, 2,4) can be evaluated by ele-
mentary calculations.
Specially when ¢i=o0%, we have

(3461) M1 (0; 0 > 02, 02’ p) - (32;)01226

N 1+p 2+11 14 1/2
(3462)  N,(0,0; 0% 0% —p)= 2,:1/2((1 5y 108" 1ip, 2P )

L _2 l"‘P gy . ! 150 (1——,02)1/2
(3463)  M.(0,0; o% a, p) = “= 2% (sin 1/~2_+T_>

2

(3464 Na(0,03 0%, 0% 0) = (7 oo (1469 (1= p*)”

-1

—p(2+p) (n—ZSin 1/1

L\D‘—{-
ks
~—

§4. Numerical evaluations of variances, covariances, eorrelation-
coefficients of the multivariate normal distribution associated with a
graphical fractile analysis.

Let us consider the special case when the size of a sample is 19. Let
2=0.05~0.950 [0.05]. To each of these values of 2, let us defined ¥ and
2 by

(4.01) %27 e "ldt=2, = 0.05
y T J-w

(4.02) 1 —e "M = gz, |
V' 2m

The auxiliary table of the 19x19 matrix (4, (1—4;)/z2) (i,7=1,2,...,



38 Tosio Kitacawa

19) is calculated. Our fractile analysis is here concerned with the following
three groupings.

Example 4.1. Let us consider the case »n, = n,=nj—=n;—=4 and »n.=3.
For this grouping the modification of (2.27) is involved because the sizes
of subgroups are not equal, and we shall define
(4.031) A= (A(k—1)+1i)/n (k=1~4; i=1~4)

(4.032) W= (16+17)/n (k=5,i=1,2,3)
and the corresponding x{'? and z{? according to (4.01) and (4.02) respecti-
vely. Let us then calculate

e 209(1— 1)

(4.04) Seire= >0 3|

20 20
=1 j=1 2%z

for A, k,=1,2,3,4.
According to (2.31), we calculate

1 Sk ke
O (kko) = Tg ° (mi ~)1/7<k1,k2:1’\’5)’

(4.05)

and hence of, = 04 and pus (B=1, 2, 3, 4, 5) according to (2.321)~
(2.322).

Then we proceed to define ofy, 04y and pu sy for ol = 0.1~0.9 [0.1]
according to (2.34)~(2.36), where we use now the normalised value of o?
=1. This example is called as the Case I.

Example 4.2, The Case II treats with the grouping when #;=4 and
n,=3 (i=2~6).

Example 4.3. The Case III treats with the grouping when #/=n}=;
=5 and n;=4.

For each of these two Cases II and III we can calculate o4, 1, Ogirins
6%y ek aNd ok Similarly as in the Case I

Table 1, (1)~ (3) give the values of 0, and py,.4, for the Cases I,
II and III respectively Table 2 gives the values of oy, as functions of o
for these Cases, and Table 3 those of oy k-
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Table 1, (1).

o (k1,k2) (upper) and Pxy,ke) (lower)

for the Case L.

4 4 4 4 3
(€H) i' (2) (©)) ©)) (5
/1 0.44921 0.24381 0.15284 0.10503 0.06223
@ 1.00000 0.64902 0.41957 0.27318 0.14813
402 0.31416 0.22998 0.15803 0.09364
@ 1.00000 0.75493 0.49154 0.26654
403 0.29540 0.23218 0.13757
©)) 1.00000 0.74473 0.40383
0.32903 0.23181
44 1.00000 0.64474
0.39289
3(5) 1.00000
Table 1, (2). O k1, k) (upper) and pk1,ks) (lower)
for the Case II.
4 3 3 3 3 3
(€)) 2 €)) ©)) (5 (6)
41y | 044921 | 022461 | 015379 011425 | 0.08664 | 0.06223
1.00000 | 067121 | 047897 = 035310 | 0.25156 | 0.14813
32) 0.24929 | 019099 = 014189 | 010760 | 0.07729
1.00000 | 079849 = 058865 | 0.41938 | 0.24695
33) 022949 | 018734 | 014207 | 0.10204
1.00000 | 0.81004 | 057711 | 0.33983
34 ; 0.23306 | 0.19482 | 0.13993
) | 100000 | 078530 | 0.46243
|
! 0.26406 | 0.21540
35 i 1.00000 | 0.66874
\ 0.39289
3(6) ‘ 1.00000
Table 1, (3). 9 (k1,k2) (upper) and P,k (lower)
for the Case III.
5 5 I 5 4
) ®» | ® ()
sc1) 0.49877 0.26818 | 0.16052 0.09082
1.00000 062854 | 0.41564 0.19187
52) 0.36500 0.26259 0.14858
1.00000 0.79484 0.36692
0.29902 0.25752
53 100000 0.70265
48 0.44921

1.00000

39
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Table 2, (1). (k) for the Case I.
4 4 3
IP' ’[ a1 ( a((2)) a((3) c((4) a((5)
0.1 i 0.50199 0.50064 0.50045 0.50079 0.57787
0.2 ! 0.50791 0.50256 0.50181 0.50315 0.57941
0.3 1 0.51762 |  0.50574 0.50407 | 0.50706 0.58197
04 | 0.53092 i 0.51016 050721 | 051249 0.58554
0.5 J‘ 0.54754 w 0.51579 0.51122 0.51938 |  0.59010
0.6 ‘ 0.56720 l 0.52259 0.51608 0.52769 0.59563
07 | 058959 | 0.53051 0.52177 0.53733 0.60209
08 | 0.61441 0.53950 0.52826 0.54825 0.60947
0.9 0.64137 0.54951 0,53551 0.56037 0.61772
Table 2, (2). a()) for the Case II.
o 4 3o 3 3 |3 ) 3
) a2 | G((3)) 7((4) | a((5) | 7((6))
0.1 0.50199 0.57662 " 0.57645 0.57648 0.57675 0.57787
0.2 0.50791 0.57443 0.57374 0.57387 0.57495 0.57941
0.3 0.51762 0.57076 0.56920 0.56948 0.57193 0.58197
04 0.53092 056558 0.56278 0.56328 0.56767 0.58554
0.5 0.54754 0.55886 0.55441 0.55522 0.56215 0.59010
0.6 0.56720 0.55052 0.54401 0.54519 0.55533 0.59563
0.7 0.58959 0.54051 0.53146 i 0.53310 0.54717 0.60209
0.8 0.61441 0.52872 0.51660 0.51881 0.53759 0.60947
0.9 0.64137 0.51503 0.49922 0.50211 0.52652 0.61772
Table 2, (3). a((k)) for the Case IIL
o ‘ E 5 { 5 ‘ 4
| 1) o2 9((3) T
0.1 0.20299 0.20165 0.20099 0.25199
0.2 0.21195 0.20660 0.20396 0.25797
0.3 0.22689 0.21485 0.20891 0.26793
04 | 0.24780 0.22640 0.21584 0.28187
0.5 [ 0.27469 0.24125 0.22476 i 0.29980
06 | 0.30756 0.25940 0.23565 0.32172
0.7 } 0.34640 ‘ 0.28085 0.24852 0.34761
08 ! 0.39122 0.30560 ! 0.26338 0.37749
0.9 ; 0.44201 0.33365 | 0.28021 0.41136




Table 3. pi, ) = -

(i) 9N
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(i%)) for the Cases I, II and IIL

1, 2 1. 3)
o S ——
I ‘| I } 11 1 1 111
0.1 000970 | 0.00776 = 0.01326 | 0.00608 ‘ 0.00531 = 0.00795
0.2 003821 | 003079 = 005126 | 002399 | 002111 ' 0.03088
0.3 008382 | 006842 010932 = 005272 | 004698  0.06635
0.4 014403 | 011968 018116 | 009081 | 008235  0.11105
05 021583 | 018351 | 026044 0.13650 & 012665  0.16150
0.6 0.29612 | 025895 | 034181 | 018797 | 017942 = 0.21465
0.7 038196 | 034536 | 042131 | 024345 = 024049  0.26807
0.8 0.47075 | 044252 | 049639 | 030138  0.31009 | 032004
0.9 0.56034 | 055077 | 056366 & 0.36045 | 0.38904 } 0.36944
a, 4 1, 5)
o f——
I 1 oI 1 ! 0 I
0.1 000418 | 000395 | 000402 | 0.00215 | 0.00299
0.2 0.01644 | 0.01568 | 001554 | 000846 & 0.01187 —
03 0.03601 | 003488 | 003315 001859 | 0.02634 —
0.4 006176 | 0.06113 | 005498 @ 003203 | 0.04600 —
0.5 0.09233 | 009395 | 007912 | 004815  0,07037 —
0.6 012633 | 013301 | 010394 | 006631 | 009902 —
0.7 016244 | 017811 | 012825 | 008590 A 0.13160 —
0.8 019955 | 022939 | 015125 | 010636 | 0.16788 _
0.9 023670 028736 | 017252 | 012723 0.20782 —
(1, 6) 2, 3)
\pl e
1 1l } I I ‘ 11 Il 11
| | ! o
01 — 000215 , — 000918 = 000575 | 0.01304
0.2 — 000846 | — 003648 002318 | 0.05117
0.3 — 001859 | — . 008119 005201 | 0.11155
0.4 — 003203 | — 014220 = 009600 | 019006
05 — 0.04815 ] — | 021804 015410 | 028192
0.6 — 0.06631 | — | 030698 = 022957 | 0.38235
0.7 — 008590 |  — 040711 = 032578 | 0.48703
0.8 — 010636 | — 051645 044751 | 059237
09 — 012723 |  — | 083303 060167 | 069563
| ‘
2 4 (2 5)
o e
I L I { nom
0.1 0.00630 | 0.00427 | 0.00659 @ 0.00324 | 0.00324 —
0.2 0.02500 | 001722 | 0.02574  0.01286 | 001303 —
0.3 0.05546 | 003929 | 0.05573 & 0.02863 | 0.02967 —
0.4 0.09671 | 007126 | 0.09410 | 005016 | 005362 |  —
0.5 0.14748 0.11432 0.13811 0.07691 0.08562 {
0.6 020631 | 017018 | 0.18515 ' 010830 | 012670 |  —
07 0.27165 = 0.24128 | 0.23300 | 014365 | 017827
0.8 034195 = 033105 | 027996 018227 | 0.24228 —
0.9 041570 | 044442 | 032484 = 022345 | 0.32140 =

41



42 Tosio Kitagawa

Table 3. P )= U(‘:;)% (i%j) for the Cases I, II and IIL

(2, 6) ‘ (3, 4)
4 e I e ; ) -
| I nooou 1 o | o
0.1 — 0.00232 — | 000926 000564  0.01144
0.2 — 0.00929 — | 003678 = 002276 | 0.04491
03 — 0.02094 — | 008175 : 005201  0.09796
0.4 — 0.03734 - 014291 © 0.09455  0.16705
05 — 0.05859 — 0.21861 = 0.15215 | 0.24802
0.6 — | 008485 — 0.30692 = 0.22739 | 0.33671
0.7 — | 011637 — 0.40579 © 0.32399 | 0.42932
0.8 — | 015350 — 0.51307 | 0.44735 | 0.52270
09 — | 019677 — . 062670 | 060537 | 061440
‘ |
(3, 5) @, 6)
|P‘ [
1] ’ 111 I \ It [ 11
0.1 000476 | 000427 | — 0.00306 —
0.2 0.01893 | 001723 | — - 001228 |  —
0.3 004221 | 003928 |  — — 002772 | —
0.4 007412 | 007115 | — — 0.04955 |  —
0.5 011401 | 0.11396 — — 007798 |  —
06 016112 | 0.16929 — — 011337 | —
0.7 021458 | 023939 |~ — — 0.15626 —
0.8 0.27348 | 032739 |  — — 0.20742 —
0.9 0.33687 | 0.43780 i — — 0.26803 —
(4, 5 l (4, 6) (5, 6)
el ‘ - T
| I I | 1o mr | I 1 11 \ 11
01 | 060801 | 0.00586 | — | — | 0.00420 | — | — | 0.00646 | —
02 | 003181 | 002362 | — | — | 001683 | — | — | 00258 | —
03 | 007070 | 005383 | — | — | 00380 | — . — | 005824 —
04 | 012360 | 009748 | — | — | 006788 | — | — | 010368 | —
05 | 018909 | 015604 | — | — | 010677 | — = — | 016233 | —
06 | 026551 | 023164 | — | — | 015513 | — ' — | 023443 | —
07 | 035110 | 032726 | — | — | 021362 | — . — | 0.32037
08 | 044400 | 044704 | — | — | 028323 | — | — | 042075 | —
0.9 | 054245 | 059689 | — | — | 0.36544 — | 053644
\ ;
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