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Introduction

   0.1. Fundamental notions in fractile graphic analysis. In one of 
his lecture notes given in Japan 1958, November, P. C. MAHALANOBIS [1] 
stated his idea on fractile graphical analysis, where the notions of fractile 
group, fractile graphs, error area and separation play the fundamental roles. 
Since these notes have not been published and their circulation seems to be 
limited, we shall beginn with a quotation of the original enunciations by P. 
C. MAHALANOBIS [1],  2.1-5.1. 

    (a) Fractile groups. " Suppose each sub-sample consists of n elemen-
tary units, each unit being a pair of values of the two variates x and y. 
Consider the first sub-sample of, say, n sample-units. Rank them in order 
of ascending values of x. It is now possible to divide the n units into g 
groups (1, 2, . . , i, . . . , g), each of equal number, say n'; so that n= gn' . These 
may be called fractile groups. " (MAHALANOBIS [1], 2.1-2.2) 

   (b) Fractile graphs, G(1) and G (2). " Next calculate the mean 
value (or median) of n' values of y in each group to give in the first sub-
sample the values y;, , y; corresponding to the serial number of the 
groups 1, 2, ... , i, . . . , g. Take g equi-distant points (1, 2, ... , i, . , g) on 
the x-axis to represent the g groups ; and plot the corresponding values of 

  .Y2, • • • y;'. Finally, draw straight lines to join each pair of adjoining po-
ints y; and yL ;andY;;...,and .Y;;, y;_iandy;•This connected 
chain of lines will be called the fractile graph G(1). Now consider the se-
cond sub-sample. It is possible to go through a similar process of ranking 
the sample units in order of ascending values of x ; dividing them of ter ran-
king into g groups each of equal number n' ; calculating the values of y;', 

     , y;' ; and drawing a second fractile graph G (2) . We can then have 
two sub-sample graphs G (1) and G (2) , which have equal statistical validity." 
(MAHALANOBIS [1], 3. --3.3) 

   (c) Fractile graph G (1, 2). " It is also possible to mix together the 
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two sub-samples to form a combined sample, and rank the sample units 
 again  ; divide into g groups of equal number (2n') ; calculate the new values 

of yl, Y21 • • • yg ; and draw the fractile graph G(1, 2) for the two sub-samples 
taken together, that is, for the combined sample. " (MAHALANOBIS [1], 3.4). 

   (d) Error areas. " It is possible to measure on paper the area 
bounded by the two sub-sample fractile graphs G (1) and G (2). We shall 

(semi-intuitively) call this area a(1, 2) as the "error " to be associated with 
the combined fractile graph G(1, 2). " (MAHALANOBIS [1], 4.1). 

   (e) Separation. " It is further possible to consider a second popul-
ation from which a pair of interpenetrating sub-samples are drawn, and a 
second set of fractile graphs, say G'(1), G'(2) and G'(1, 2) are constructed 
in exactly the same way. The area bounded by G' (1) and G'(2) would give 
the second error area a' (1, 2) to be associated with the second pooled graph 
G'(1, 2). " (MAHALANOBIS [1], 5.1-5.2)

   0.2. The needs of sampling theories for fractile graphic analysis. 
The fractile graph analysis has a lot of practical applications to statistical 
analysis of data, as has been shown by various examples of P. C. MAHALANO-
BIS [1]—[2]. 

   " It is also rich of flexibilities because of minor restrictions on the mutual 

relation between x and y." (MAHALANOBIS [1], 7.1,7.3) Before claiming 
a powful or statistical tool as a substitute or even an improved alternative 

for current statistical analysis, it is, however, required to establish some 
exact observations on sampling distributions of statistics associated with the 
notions (a), (e). Otherwise, testings of hypothesis and estimation theorems 
could not be developed in the standard of the current inference theories. 
There remain theoref ore several fundamental observations still unestabished.

   0.3. The Surmises by Mahalanobis. P. C. MAHALANOBIS [1] gave a 
number of semi-intuitive surmises some of which are experimentally studied. 
Among others he gave the following ones : 

   (1°) " The area a(1, 2) which has been called the error associated with 
G(1,2) would decrease statistically in proportion to n'-"2 with increasing 
size of the sample n' of each group (when g is constant) ; and would increase 
in proportion to g, (when n' is kept constant) ; as a first approximation." 

(MAHALANOBIS [1], 6.2) 
   (2°) " The combined fractile graph G(1, 2) would tend statistically to lie 

more and more within the area a(1, 2) with increasing values of n' (with 

g constant). " (MAHALANOBIS [1], 6.3) 
   (3°) " The number of points of intersection of G(1) and G(2) would 

tend statistically to be distributed like changes in " runs " of heads and tails 
in g throws of an unbiassed coin. " (MAHALANOBIS [1], 6.4) 

   (4°) " The error to be associated with the " Separation ", S(1, 2), to
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be called, say, E can be found in the usual way from the two error areas, 
a(1, 2) and  a'(1, 2), associated respectively with the two combined fractile 

graphs, G(1, 2) and G'(1, 2), representing respectively the two populations 
from which the two pairs of sub-samples are drawn. That is, it is possible 

to take Eml[a2(1, 2) ±a'2(1,2)]. " (MAHALANOBIS [1], 6.5) 

    (5°) " To test the significance of the observed separation, it is possible 
to use the criterion S2/E2 which would tend to be distributed, as a first 
approximation, like Chi-square. " (MAHALANOBIS [1], 6.6) 

    0.4. Summary of the present paper. This paper concerns with 
the more fundamental aspects of sampling distributions associated with statist-
ics of fractile graphic analysis rather than with the Mahalanobis surmises. 
Let us start with a random sample y,)} (1=1, 2, . , n) of size n from 
a bivariate population. Let 3pc(i) I be the order statistics defined by xi} (i 
=1, 2, ... , n) such that x(i) < x(2) < < xo) which is a rearrangement of 
n values x1, x2, . , x„ in the ascending order. Each yj associated with x, in 
our random sample will be denoted by yco when x, is corresponding to X(1) 
in the rearrangement. Let us divide the set 070), 3 (j=1,2,... , n) into g 
subsets G, (1=1,2, , g) where each G, consists of Y07-1+k)) (k=1, 2, , 
n;), such that No=0, Ni_i=nf+n+ + (i=1, 2, ... g) with n;+n ,+... 
+n'o=n, and let us define 

    (1.02) Yo» — (YE-Vi_1+1) YCVi_1+2)) yuvi3 (i=1, 2, . • • , g) • 

   We are mainly (not exclusively) concerned with the case when nf=k; 
     =n' and n.) 

   Let us consider the case when n1=122= =n,'=n and In virtue 
of the statistics #y((,))} we can define the area S which corresponds to the 
error area in the terminology of MAHALANOBIS [1]. The area S is the sum 
of (g — 1) areas # (k= 1, 2, ... g— 1) where each .3, is defined with res-

pect to the four points (1.11). This definition can be generalised to the 
separation in the sense of MAHALANOBIS, as we will show in § 1. 

   The integrals (3.21) and (3.22) are directly associated with the evalua-
tions of EIS,' 3 under our particular situations appealing to the asymptotic 
normality. 
   The results in § 1 are concerned with the exact representations of (1°) 
the simultaneous distribution functions of some of the statistics 07(od , (2°) 
the distribution function of (yo+u + + yo))/(k—h), (3') E#S ,#, (4°) E 
#541, '(5°) -EkSTI ,Sa, (6°) E S3 Sit Sklk where /2_>=1 and 1<k1 
<k2 < k2 <k,< g, and hence (7°) E#S1} (1=1, 2, 3, 4). 

   In § 2 the asymptotic form of the multivariate probability density fun-
ction of (17            (0,1)) 9.3" ((k•2) 9 • • • 9 Vat)) ) is discussed on the basis of the Assumptions 
I and II. The Assumption I refers to the expression of the simultaneous 

probability density functions in the form of (1.32), and will yield us normal
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approximations to the multivariate probability density functions. The Assum-

ption II is introduced so as to be able for us to appeal to the well-known 
Theorem of MOSTELLER [1] concerning the limiting simulataneous distribu-
tion of order statistics. Here the asymptotic normality is established in 

 Theorem 2.1 for the simultaneous probability distribution of the statistics 

(3Kko, Yoco, • • • , Yt(kh3) as n' tends to infinity. In view of the results given in 
Theorem 2.1 and in § 1.8, the evaluations of the integrals enunciated in the 

right-hand sides of (1°) (15°) in § 1.8 such as those given in (1.521)-41.524) 
are reduced to those associated with the multivariate normal populations, 

provided that we are interested with a fairly large or moderately large n'. 
In § 3.1 we start with a general procedure to evaluate the integrals of the 
type (3.01) associated with an n-dimentional multivariate normal distribu-
tion. In § 3.2 the procedure is applied to the two-dimensional case, that is, 
n=2. 
   The results given in § 3.2 can directly serve to give asymptotic evalua-
tions of the first two moments of the area S, that is, E (1=1,2) under 
the assumption of asymptotic normality. The general procedure of evaluat-
ing the integral of the type (3.01) can also serve to calculate the asymptotic 
values of the third and the fourth moments EIS' (1=3,4). In view of 

tremendous numbers of various types of the integrals in the right-hand sides 
of (1.47) and (1.48), however, the problem is remaining unsolved in this 

paper how to evaluate the sums of them, although their summands can be 
shown to have certain rather complicated asymptotic values. 

   In the consequence the surmises by MAHALANOBIS [1] are not claimed 
to have been solved in any definite way in this paper, but it is hoped that 
our formulation and allied analysis will serve to make an approach to them. 
Numerical aspects are shown in § 4 to give certain constants such as varian-
ces, covariances and correlation coefficients associated with the multivariate 
normal distribution derived from a graphical fractile analysis when the 
sample size is 20. 

   It is also to be noted that K. TAKEUCHI [1] discussed the surmises by 
MAHALANOBIS on the basis of regression model which is different from the 
formulation of the present paper, but had reached the results which are 
essentially the same with ours given in (3.461) (3.462).

   § 1. The statistics 3/(,)) s and S„# defined for a bivariate distribu-
tion (X, Y) with respect to the order statistics of X. 

   1.1. Let (x1, y1) (i =1, 2, ... , n) be a random sample of size n from 
a bivariate population. Let x(i) be the order statistics defined by 3 x,} (i 
=1, 2, ... , n) such that x(i) < x(2) < < x (0 which is a rearrangement of 

n values xi, x2, , xn in the ascending order. Each y, associated with xi in 

our random sample will be denoted by y(0) if is corresponding to x(1) in 
the rearrangement. Consequently we shall have the rearrangement of our
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sample : 

    (1.01) (x(i), Y((1)), (xp), 37C2))) , • • • • , (x(n), Yon))) • 

   According to MAHALANOBIS [1], we may devide the set # y(,) (j =1, 2,..., 
n) into g subsets G, (i =1, 2, . . . , g) where each G, consists of y (1V1-1-Fk)) 
(k=1, 2, . , 14), such that No=0, .1^1,_1=ni+r4+ . . .+n:_, (i = 1, 2, . . . , g) with 
n;+ 1,4+ . . .+ 22=n, and let us define 

    (1.02) .Y(0— (YT-Vi _1+0 ± + + AlVi))/r4. (i =1, 2, . . . , g) 

   In what follows simply for the sake of simplicity we are mainly (not 
exclusively) concerned with the case when 72;=n= . . . =24—n' and gn' =n. 

   1.2. Let the probability density function of our bivariate population be 
denoted by f(x, y), and let us denote the marginal probability distribution 
density of X by 

  (1.03)fi(x)= f(x, y) dy 

and the conditional probability density by f1(y x) by 

  (1.04) x) =f(x, y)/fi(x). 

   The probability distribution of X is then given by 

   (1.05) F1(x) = f .fi(x) dx= fx dx f f(x, y)dy. 
   We have consequently 

   (1.06) Pr.y<y(k)‹y + dy, x<x(io<x+dx 

               !            = (k _1)! (n_ k)! (Fi(x)) k-- f(x, y) (1—F1 (x))'dxdy 

   (1.07) Pr.ly<ym<y+ dy 

         n! -           = (k 1)/ (n_k)! (Foo (x) 30 (1 — Fi (z))' dx)dy 
   and hence, for 1 > 1, 

    (1.08) E..17tk) 

                                    c-            ,dy 
(k_i)/n(n_k)/)_(F1(x))k-1 f(x, Y) — Fi (x))'t-kdx, 

provided that the mements are assumed to exist. 
   1.3. The simultaneous probability density density function of two sta-

tistics y(i) and yo) is now given by 

   (1.09) g (y„ y,)dy,dy, 

                 Yi<Y(i)<Yi+ Yj<Y(( <XI+ dY
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          (i —1)!(j ——                n!                     1}!(n-j)!JI'dooxi:(F (xi))/'(F (x2) — F(xi))' 
 (1—F(x2))n--)  f(xi,Y,) f(x2, Y,) dx 

for i<j. 

   A product moment of yco and yo) is now given by 

(1.10) E Yit»F = fyivyqg(yy.)dydy. 
                    _co0..7if.739 

provided that it is assumed to exist. 
   1.4. Now let us consider two random samples of the same size n from 

a bivariate population, which we denote by (i = 1, 2, , n) and 

 (x,;, (i=1, 2, ... , n) respectively. According to the statistical procedure 
defined in § 1.1, we can define (y(0 y«2„ , ... , Yo„) and (2(11 9 Za) • z«O 

   We are interested with the area S defined in the following way accor-
ding to MAHALANOBIS [1]. 

   First of all let the k th subarea .3, be defined with respect to the four 

points : 

(1.11) (kd, ) ((k+ 1)d, Kk-1-1)) (k(19 Z(4)) (k+ 1)d, ZKk-1-1))) 

and then let us define S by 

(1.12)S =Si+ S2+ ... +Sg_i. 
   Now let each Sk be defined in the following way. There are two cases 

to be distinguished with each other. Let us consider two straight lines 

(1.131)y— y«k» =Y(k+1) Y((k))                                  (x—kd) 

(1.132)zk+1Z(k)                  y—z(k)= d(x—kd). 

   Let the abscissa of the point where the two straight lines meet with 
each other be denoted by Xle,k-1-1. For our purpose the case (1°) : xk,A+1<kd 
or Xk,k+1> (k+l)d, and the case (2°) : kd<xk ,k+1<(k+ 1) d, must be distingu-
ished with each other. 

   The case (1°) : This case will happen under the following two mutually 

exclusive cases 

                  Al :37(41Za) Ya-1-1)> Z0+1) 
(1.14)                     A

2 : .31(k)) < Z k(k+1) < Z(k+1) 

and Sk is defined by 

(1.15)              Sk = d(!Yck) —zI                                     + _ (k+1)— Za+1)) ) /2 

   The case (2°) : This case will happen under the following two mutually 

exclusive cases :
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( 1 .16)                  {B1:Y KA)ZO))YK4-I-1))< Za+1))                     B2Y((k)) <  Zk(k))YCk-F1))> Z(4+1)) 

and Sk is given by 

                                                          • 

               dIyKA) —zon,2 + ly,(A +1,z,k+1,12  (1.17) Sk=                 21 — za, lyKk+1)) Z((1,-1-13 

   Let the simultaneous probability density function of 37-al and y(ck+1) be 
denoted by Pk(u,v), that is, 

(1.18) P u < «id <u + du, v<y,k+1,<v+ (u,v) dudv. 

   Let us define 

(1.19) E f- I- s'kp,(-5,„ v )b(zz)dvd7dvdz                               k-k+1,-k+1 

             )1 fj(di)((u—U) (v—V))1 pk(u,v)pk(U,V)dudvdUdV 
         + (2 )1 f zf (A2)((U —u) + (V —v))1 Pk(u,v)P,(U,V)dudvdUdV 
        d2 )1ff                   (Bi)(((uu—Uu);++((vv—Vv);\                                      )1Pk(U9 V) pk(u,V)dudvdUdV 

         +(d2)lf.f(B2)/(uU--u))2 ++((vv--V)2)                                       Pk(u.v)p,(U,V)dudvdUdV 

        ---=11(A,)+ L(A2) + 1-,(13,) +L(B2), say, 

provided it does exist, where the domains (At) and ,T) (B1) (i=1, 2) are 
defined as follows: 

(1.201) (A1) : u>U , v>V 

(1.202)Z(A2) : U>u, V>v 

(1.203)Z(B1): u>U, V>v 

(1.204)Z(B2) : U>u, v>V. 

   Let us put 

(1.21) 14e1'1)(u, p„(x+u, y+ V) Pk(x,y)dxdy. 

   Then we have, in view of (1.19), 

(1.22) .1-1(A1) d2 )1 f:j.:(u+v)IPV) (u,v) dudv 

(1.23) 11(A2)---( do )1 ref(u+v)1(—u, —v) dudv 
                          00 

(1.24) 1-1(B1) =(d2 )1 fo(Ut: ++ vV2Y (u,—v) dudv
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(1.25)  I, (B2)(142+V(1,1)             )2\'u+v2 ) 
                     00p(-u, v) dudv. 

   1.5. Let us now calculate the probability density funotion of y . Let 
us denote by and E„ ,c) the events defined by 

(1.261) ET„ i<X (h+o<t 1+ dt t2<X(71-1-2)<1.2 dt29 • • • 9 
                           tk_h<X (A)‹t dt,c__„ 

(1.262) : Y1<Y((h-1-1)) <Y1+ dy1, Y2<Y((,I+2))<Y2 dY29 • • • 9 

                           Y k-h<Y ((k) <Y k-h+ dY k-h 

respectively. The probability density element for the simultaneous 
occurrence of Ef„ ," and E('„,k) is given by 
(1.27) Pr. Ef„,k) .E(,, 

                 n!                       (F 
i(ti))h(                              h! (n— k)!1—F(tk-h))' 

                                                                              k-h 

             •J(t1 ,yi)f(t2, .Y2),f(t,h, yk_h) II dt 4)7 
                                                                                   i=1 

   Consequently we have 

(1.28) Pr. y<yo+13+Y((h+2) + • • • ± Y ((k)) <y + dy, E,(irk); 

            n!               — 
n! (n— k)! (F i(ti))h (1— F i(tk_h))n-kli+1(t I) dt,                                                                                   i=h 

                  1 • • if (Yi tOf(Y2 t2) • • • f k-k1 t k-h) d 4)12 • • • dY k-h, 
                           Y<Y1+Y2+...+u k_h<Y+dY 

where the integral in the righthand side can be written by convolution 

(1.29)fti* ft2* • • • * (Y)dY, 

where f f (y ti) . 
   Fininally we have 

(1.0)P                     r*S< + Y0+2)4-• • • +Y (k)                    kh< y+dy} 
             n!  (k— h)  

          h!(k— h)1(n—k)! 

            • ..1 (F i(t Or (1— F i(tic-h))—k 
                                  -.0<11<l2< -tir-h<0.0 

                fti* ft,* ...*ftk-h((k— h) Y) dt dtk_h 

   For h= (i —1)n' , k= in' , (1.30) gives us the probability distribution ele-
ment y ((0, that is, 

(1.31) Pr. y‹.3,-Ek3<u+ du;—hk(u)du
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                       n! n'du 

              ((k —1) n') !n'! ((g — k) n')! 

              ...1(F i(t1))('"(1—Fl(th,))(u-k)"'Il 11(0 
                 ftt* ft2* • • • * tnr (n'u) dt, 

   Similarly we have 

(L32) <u+ du, v<Y «,.+13<v du Pk (u,v)dudv 

                  n! n'du n'dv  
              ((k — 1) n')! OW! ((g— k —1)n')! 

             1. .1(F1(t1))(-1)1e(1—F1(t2,1))(----1)-21i fi(tt)                                                                                           i=1 
                             .0<ti<t2<•••<t2 ,'<co 

                   f,* * ft, (Wu) 

                        ft,„4-1* ftn,+2* • • • * ft2„ (ilv)dtidt2 dt2ni. 

   1.6. We shall now enter into the discussion of the separation in the 
sense of MAHALANOBIS [1]. Let us consider two bivariate populations IL and 
112 from each of which let us draw independently a. random sample of the 
same size n. Let us denote these two samples from IL and 112 by 3 (xj, yt) 
(i =1, 2, . , n) and 3 (x;, z i) (i =1, 2, ... , n) respectively. 

   We can define the area S just as in (1.12) for which the expressions 
(1.15) and (1.17) hold true under their respective conditions. Now let us 
define 

(1.331)Pr.y <y(,) <y+ 
(1.332)Pr. .1 z <zoo dz---=--h2,„(z)dz 

(1.341)Pr .1 u<Y((k) <u + du, v<y(k+i),<v + v)dudv 

(1.342)Pr.lU<z((k) <U + dU,V <z(k-Fo<17 + dV P2,k , V) dUdV, 

in order to distinguish the (possible) difference of the two populations Hi 
and E2. 

   Let us put 

(1.35)PV2)(u, = j- Pi,k(X + V) P2,k(x, y)dxdy. 
   Then the argument sililar tothatdevolopedin § 1.5 gives us 

(1.36)El.3;c}---.P12) (A i) +P1'2) (A2) +//(1•2)(B1) +1T2) (B2) 

where 

                                          1 (1.37)-1/(1'2) (A=do )(u+p,v) (u,dudv 
                  Li0 0



Sampling distributions of statistics associated with a fractile graphic method 19

(1.38)  -TP  '2)  (A2) = 2 )1(u+dudv 
                                0 0 

(1.3(:)) I(1,2) (B1)=(d,)11±v0 0 14 + V)Ki2)(u, -0dudv 
(1.40)09co(,,2           P1'2) (B2) =(d)if  )pp.2)(—u, v)dudv,                2 .0u+v 

provided that these integrals are assumed to exist. 
   1.7. Let us consider two populations lli and 112 introduced in § 1.6. 

The purpose of this paragraph is to decompose the first four moments of 
the statistic S defined in (1.12) into the sums of some fundamental integrals. 
For the sake of convenience let us introduce the notations: 

(1.41) E (k1) 

(1.42) E (kilo 

(1.43) E Ski Sk2Sk3 (kp ka 143) 

(1.44) E Ski Stk22 Ski SL: = (141 k22 k33 k44), 

where l,>1 and 1<k1<k2<k3<k4<g. 
   In virtue of these notations we have 

            g-10-1 

(1.45) -=-E(k) 
            k=1k=1 

           9-1g-29-3 9-1 

(1.46) ES2HEES,2,#+2EE#S,Sk+ii +2E E ElSkSA 
              k=1k=1k=1 ,;=1c F2 

           g-1g-29-3 9-1 

            =E (k2) + 2E (k(k+1)) +2E E (kj) 
              k=1k=1k=1 j=k-1-2 

         g-1g-2g-2 

(1.47) EIS3 —E (k3) +3E (k2(k+1)) +3E(k(k+1)2) 
         k=1k=1k=1 

                       g-3 (7-1g--3 g-1 

             3EE (k2./) + 3E E (kj2) 

                                               k 

                     k=1j=k+2=1 j=k+2 

         0-3g-40-1 

            +6E(k(k+1)(k+2)) +6EE (k(k+1)j) 
          k=1k=1)=k+3 

               g-4g-29-5 9-3 g-1 

           +6EE (kj(j+1)) + 6E E E (k j h) 
                      k=1;=k-1-2k=1 j=k+2 11=J+2 

      g-1g-2 

(1.48) E S4 = E(k4) +4(k3 (k+1)) +4E(k(k+1)i) 
         k=1k=1k=1 

            g-20-3U-1 

             +12E(k2 (k+1)2) E (k3j) 
              k=1k=1 j=k+2
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                  2-3 2-10-3v-1 

            ± 4E (k i3) 12E11 (k2:2) 
                            h=1,=k-I-2k=1.1=-1-2 

      a-3g-3 

            .+12Y1(k2(k+1)(k+2)) +12E (k(k+1)2(k+2)) 
      k=1k=1 

         0-30-4 y-1 

            ±12E (k(k +1) (k +2)2) +12E E (k2 (k + 1) j) 
          k=1A=1 9=k+3 

             g-4 q-1q-4 0-1 

            ±12E E (k(k + 1)2j) + 12E (
,k(k+1)j2)          k=1 j=k+3+ 

              g-4 g-1g-4 g-1 

            +12E E (k2j(j+ 1)) +12E E (kj2(j+ 1)) 
                  k=1 )=k+2k=1 j=k-1-2 

               q-4 q-1q-5 q-3 q-1 

            +12E (kj(j+ 1)2) + 12E E E (k2 jh) 
                    +2k=1 j=k+2 h=j+2 

                   0-5 g-3 q-19-5 g-3 9-1 

            + 12E E E (k j2 h) + 12E E E (k jh2) 
                             k=1 j=k-1-2 h=j+2k=1 j=k+2 h=3-1-2 

       (7-40-50-1 

            +24 (k (k +1) (k +2) (k +3)) + 24 E (k(k+ 1) (k+ 2) j) 
          k=1k=1 )-=k-1-4 

             g-5 g-2q-6 g-3 g-1 

           +24E E(k(k+1)j(j+1)) +24E E E (k(k+ 1) j/2) 
                   k=1 j=k+3k=1 2=4-1-3 It= j+2 

             0-5 a-3g-6 g-4 q-1 

           +24E E(kj(j+ 1) (j+ 2)) + 24E E E (k j(j +1)h) 
                  k=1 j=k+2k=1 j=k-1-2 h=)+2 

                 0-6 g-4 a-20-7 0-5 0-3 g-1 

            24E E E(kjh(h+ 1)) +24E E E E (kjhf). 
                           k=1.7-k-F2 h=j-1-2k=1 j=k+2 It= )+2 =h+2 

   The mean values given in the right-hand side of (1.45)--(1.48) can be 
classified into the following types: 

    (1) (k:1)(2°) (k" (k+ 1)12)(30) (kiij/2)(i> 2) 

    (4°) (k (k + ( k + 2)13)(5°) (k" (k + 1)'2 13) 
    (6°) (k"j12(j+ 1)13)(7°) (k j h) 

    (8°) (kil(k+1)12 (k+ 2)13(k+ 3)14) (9°) (k" (k +1)'2 (k +2)13 j14) 
    (10°) (k1j'2(j+ 1)13(j+ 2)10 (k,1 (k 1)/2i13(i+1)14) 

   (12°) (k" (k +1)12 Pe)(13°) (k" j12 ( j +1)13e) 

    (14°) (kil j12h13 (h +1)14)(15°) (k" ji2h13f 

where we assume j>k+2, h>j+2 and f>h+2. 
   1.8. In order to evaluate the mean values given in § 1.7, let us introduce 

various notations which will be convenient in dealing with them. Let us
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  define for each population  (i  =1, 2) the probability density element 

   (1.49) Pr. .x1<.)7(A-4.1) <dx1, x2<Y«k2)) <x2+ dx2, . • ., xh,<3«ko<xh,+dxh;11, , 

                        x
k2••••••k) 

  and then define, for 0<u1, u2, , uh < 00, 

  (1.50) p(12)(11711 6k2U2•kUh) 

              r•p(,) (x1+yi x2+2u2...x,„+„tth\            k1 k2 ) 

                  p(2)Ckl.e22 Xkhj dx,dx2 ...dxh, 
  where each ö i can take either 1 or -1. 

     By the decomposition given in § 1.7, it is now sufficient to evaluate the 
  integrals of the types given in (1°)---(15°) in § 1.7. 

     Let us write for the sake of convenience the summation over all the 

  possible combinations of the values al, 62, • • • by (6,62 • • • and let us 
  denote duidu2 du,----d"u. Then we have 

                              u1;
e2±                                  u21)d2u  (1°)j*-p(12) 

                       (8162) 0 0 

 (2°)E S S:41= E ros;SOikuOu5u                                     te2+1 p(12)k2+k+3d°u 
                              (618283) o0 

  (3°) E,Sik'--7854)...10-k")Y                                Qiic./2.,„(12)(k51/41 52u2 63/:13(.+134114),44,„                                k+1 j3 

                                               ul5u53u54u44
u   (4°)El SI,S1,;2+1,311421 =E.. S                           jlkiSL2-1-1 S,42 p(12) (1223)                                       skk+1k+2k+3 o 0 

  (5°)E S sLis2+1,31.,3 f= r..a5uauauau                                        p(12)(k1ulk +232. k+234j4j+535.) d5u                              Op. 65)00 

  (63)E Sk1Sj2S,+1=E ..S;,.1si2sj.+1 pc(5ttia2u2o3u3641(465715)d5„                                  12)kik+1jj+1 j+2) 
                           (81-80 0 0 

  (7°) E/ Si,1S.;2S/h 1 = pESik1S;2si:                                              (12)1111521425311354u485U5                                                   d                                         6u6U6 
                (81...56)00\I?k+1jj+1hh+16 

   ( 8°) ES,1.371c2-4-1ST-i- 2S ;1-F 3 

     =E k5 +314 k6 4+1/1 k°5_754) d5u                     (81••80 .000
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(9°) EISMiS1k3+2S11} 

        E-8rS;ciSc2+1,S;c3+2Sj. h(12)(k131k+lk+                                            1152u2a3u36,u4a5u56116),./62, 
    (81(3)o 002k+3 jj+1 

(10°) E>S,IciSyS,;3+1S1.42 

                 rs,,1,(12)52u2631,13541(65u5,u6;deu         (81...s.) 0.•0„ Sy+,s1j+-lek+1jj+1 j+2j+3) 

(11°) E.ST.S1,2+,S1j3S1j4+1 

                        -     f 

       =S1k1S;c2,1S;3S.;4,• p(12)(11111 62112 63113 64114 65115 66116)A64,      01-86)00k+lk+2 j j+1 j+2"" 

(12°) EiS.S'(k+i)S.;3.Sk} 

              r
c4/3 V14• p(12)2u 5uuauau 6uA       —kh ,•(kk+.21.k3+j44j6/16hi)(4,7U 

(13°) 

        =>-.]ka 2u 2 63U3 64114 55115 66116 6417),47 
      01-87) 0.• 0k+1 j j+1 j+2 h h +1— 

(14°) EIS,S2SkS4,,..,_„i 

                j-S/iSti2ssioi+i).p02)(olu, a2u2.3013 a4u4 55u5 d6u6 57u7}d7 0„        1.-37) 0•0k^k k+1 j j+1 h h+1h+2I 

(15°) ESikiSli2S;i3S./t4 

      =E .rkkk+1 j j+1 h h+1 f fa2u24/43 a.,u4 O5u5 56146 57u768118),18   (81-6s)0+1,A,                                                                                                            u. 

   The comblications happen from the fact that 

              S k=-Ui + U2when 6162>0 

(1.51)iti+ 
                          when (3162<0 

                        tti+u2

and similarly for Si, Sh and Sf. 
   This fact makes it necessary to subdivide each of the classes (1°) (15°) 

into subclasses according to the sign change of the sequences (6162), (616263), 

  , and (5152 68) • 
   For instance we have



Sampling distributions of statistics associated with a fractile graphic method 23

(1.521)  r° r rsikisiz+,1P,(12)(k1 U2k+23) d3u 

      

,  0 . 0 ,0k+l 

         = 1-1-r(u1+112)11(u2+ u3)12 p(12) (u1U2 U3 ) d3u 
       .0.00kk+1 k+2- 

(1.522)        j 0jo Jo 

              0Sik1S12+1 P(12) (14k1—k+1121ku+32) d3u       ps--(14+14\ iiitt,i±t4                                \i21,02)(it„ —U2 U3)A3, 
        .,00kUl +U2 )412 +U3i1'k k+1 k+2) — 

(1.523) Lfo10Sik1S11`411)(12)(11k1k-+telk-+14) d3u 
          1- 1- I- (u'i+uhli              JOJO JO\U1 + 142I(112 + 143)12P(12)(Uk1k+1k+2) d'u 

(1.524) '‘'° - - - '111212UU2—U—U            ; 0 Jo/0JOk                   SShP()(i34) d4u 
                        kk+1hh+1 

       ,i11(u±ur(u3+ui 
                                   kk k+1 h h+1—                 .0JoJoJo12\u23+u4 )12P(12)(U 1 U2 —u3 — U4)'14" 

and similarly for other summands given above.

   § 2. The asymptotic form of the multivariate probability density 
function of (v                   SICR21, • • • YKkh)) 

   2.1. In order to derive the asymptotic form of the probability density 
function p(u„u2,...,uk) and p(22)(u1,112,...,u,) we shall appeal to the two 
asymptotic properties valid under their respective conditions. For the sake 
of convenience we use 

    Definition 2.1. Let 1X1, X2, . • Xk and Xf"),X"), , X,(,n)# (n=1, 2, 
be a sequence of k-dimensional muItivariate stochastic variables, and let it 
be assumed that for any assigned set of k real numbers (u1,u2,--,uk) 

        (1°) Pr. 1X1 ")<u1, Xn)<u„...,X,")<ukl 

                   Jul fu2 fuk             F, (U1, U2, • • • 9 Uk)fn(ti, t2,, tk) dtidt2...dtk 
                                                      •• 

              — — 

(2.01) (2°) Pr. Xi<ui, X2<n2, . •• , Xk<uk 

               r• •2juk             L---7.-.F(tti, U2, • • •Uk)(t1, t2, • • •tn) dtIdt2 • • • dt,i           L_
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         (3°) lim f„ (u1, U2, • • •uk) = f (u1,1(2, • • • 140 • 
                                n-400 

   Then the probability density function is said to be asymptotically con-
vergent in probability law to the probability density function f (u1, u2, • • • , uk) 
and is denoted by 

                                              (n') 
(2.02)f„(up u2, , ~f (u1, 712, • • uk). 

   2.2. The first asymptotic property is concerned with the asymptotic 
convergence in law of the probability density function fti* ft2* • .. ftw(fu) to 
the normal probability density. Indeed we shall make 

    Assumption I. For each assigned value of (t1, t2, 2, • • • , tit') we have 

(2.03)fti* ft2* fi„(u'u) 

            (n!)1n' (u — (p2+ pa , 01t))2 
                                                         /27r4(1— p2)exp—                                     24(1 — p2) 

where 

(2.04)t=(t1+t2+ + 

   The practical uses of this assumption are not only concerned with 
large n', but also with moderate size of n', as may be expected from the 
central limit theorem. 

   Example 2.1. Let us consider the bivariate normal population or popula-
tions of the type 

(2.05)               f (x' -Y) 2ra ia2(1— p2)1/ 2 exPI 

where 

          Q. 2(1 —p) 
                 1 2((x-#1)2 2p (x,a- i)(Y-112) + (3,- -112)2) (2.06)2• 

               0"1alC2 

   Then the marginal probability density function of x and the conditional 

probability density function of y for an assigned x are given by 

(2.07)f1 (x) =  expl—(x—tt1)2t. 
             iz 27ra;.2(4) 

          f(y'x) 27rol(11—p2) exp(YP2— (P c2/a1)\x—Iti))21. (2.08)                                        2(4(1 — p2) 

   Consequently we have, in view of (1.08), 

(2.09)E 

            n!      =(k_ 1)(n_ k)! L(F, (x))k-1 fi(x)(1-F1(x))n-k( Ylf (Y X) dy) dx
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            n!                                 f
1(x) 11" 

 

1    if- (t+p(X —tt1)a2(1— p2) 1/2  r)  /e—Ts/2 dr 
      / 27-ra, 

           n!L
(k — 1)! (n — k)!(F1 (X))kf(X) (i-Fi (X))" " 

          -E /C, (P2 +P (X 1-11))1-h°I(1— P2)"2Eirh 
     k=0al 

where E1 rh are equal to zero for odd positive integers h, while for even 

positive integers h we have 

(2.01)Ei -ch =1.3.5  (h — 1), 

and E el =1. 
   The transformation t= (x---tti)/al yields us therefore 

(2.11) ELyt(,) (k —1)! (n — k)! j_03(°(t))k-1“t) (1- °' (t) )n—k 
                /Ch012 ± Pa201-4(4(1- p2r/2EiTh)1.                                          dt , 

                     h=0 

where we have put 

                       1  

                                              7c 
(2.121)c9(t)=)/2  e-"12 

(2.122) = j (u) du . 
   The special case when p2=0 may be worth while for us to mention. 

Indeed we have then 

(2.13) E )7(1(k) =GqP1E1Ch(- f2 )1'12E1T4E 1 cr4)h,               h=oP 

where we have put 

(2.14) E)(k -1)n!(n — k)!!                                   _03(0 (t))k - 1 ts (t) (1 — (t))11-kdt. 

The similar argument gives us that, for i<j, in view of (1.09), 

(2.15) E .Y1(i»Y7(7.1,)
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             n!    = (i_i)!(i_I)(n_j)! dx1j xi(F1(x„r1f(x1)(F1(x2)—F1(11 
                                      fi (x2) (1—F1(x2))--' dx 2 

         • LYLI. (Yi x1) dy1 flYT f (Y2*2) dy2 
             n! 

                      j)t.(F 1(x1))'-fi(xi)(F 1(x2) —F1(x1)Y-4-1 

                                                                                                                                                                           . 

                                    f1 (x2) (1 — F (x2))n-jdx2 

             • E iCh(tt2 +p7!.(xi -Thair-hG'2i(1 — p2r27-4 
       h=001 

              -E.Cg 012 + pa-- (x2 — iti2)m'62( — P2)612E1 • 
        11=001 

   In particular for /12=0, we have 

(2.16) E y 

    =Empi+m 
                        1—,o2)"2-ri1gEhX0)g   ot iNE0iCp20I, 

where 

(2.17) E Xs(i)X1) 

    n!  
                              co(t) dt     (i —1)1(j — i —1)!(n— j)!" 

                  •(0(t))1-1ts(0(t2)_0(.),_i_1„4,0(t2) (1 —I(t2))n-idt2 . 
                                           ti

   Our results (2.10) and (2.16) show us that E ybdl and E Y&,3'i713) can 
be written in term of the constants associated with the order statistics 
defined for the standard normal population which have been fully discussed 
by various authors. 

   We have also 

(2.18) 111* ft,* • • • ft,n (n' u) 

                1 (u— (P2 + pal — Pi ) )21            —
1/27E72'4(1— p2) exp- —                                  2n'4(1—p2).r • 

   Consequently we have 

(2.19) Pr. lu<y (0<u + du lik(u) du
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          n! du  

 ((k  —1)n')!n'!((g  —  k)n'  )! 

               j" (0 (k-ln1 ___ (tm) ) (ti)                                                                                          z=1 
              -0<t1Gt2<...<t

ie<0. 

                  n"/2(  n'l/2 (24(112+p621)))dtdt„,, 
              (270;(1— p2) )1"C°a2132) "2 

and similarly 

(2.20) Pr. 3 u<Y (k)<u + du, v<y(k+1]<v + dv v) dudv 

         n! du  

          ((k— n')!ON ((g — k —1) n')! 

         . (0(t1))(k-1)n' (1-0c9(ti) 
                                                                                       i=1 

                      --00<ti<t2<-<1271/ <00 

             '"2n'(u —(112+2 

                                                         , 

        (27,Gal—p2))1/20. 2(i_pct 1)))dt,dt                                       p2)1/2 

             n"/2 n' (v —(112+ pc 21 ))                          2-dtdt            (27r4(1—p2) ) 1/29)(0.2p2 )1/2dtn+1 • • •2r,/, 
where we have put 

(2.21) tk (ti + t2+ ... t„,) /n' ; (tn,+1+ • . t2r„) /n'• 

   Turning back to our general situation, let us consider the means of n' 
successive order statistics 

(2.22) X(k)=- (x((k-1)7V+1) X((k-1),e-1-2) + • • • ± 

for k= 1, 2, ... g —1. Let us denote by 

                     (ttt\ (2.23)k
2 

the simultaneous probability density function of the statistics (x(ki),x(k,),.., 
x(kh)), that is, 

         Pr. 31. i<i(ko<t 1+ dt 1, t (7,2)‹t 2 + dt 2, , t n,<X (kho<t h+ dth} 

(2.24) (t1t2t s)                          dt1 dt 2 ...dt,             n'k
ik2kh 

for any set of h real numbers lt                                 ,1,t2, • • • th )1 where 1<k1<k2‹.-.<14<g — 1. 
   Now it is to be noted that under our Assumption I we have 

         Pr. lu 1<.f (ko<u 1+ du 1, u2< .3" ao<242+ du2, • • • ,uh<Yao<u,+ duh# 

(2.25)(n')11,h/2 1-Ihi,(71'1/2(tt—(p2+pc2ti))) 
             (2701(1—P2)Y/2a2(i_p2)1,2
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                   rn,(t,to...t„)dtdtdt                         ki k-2kh12 • • •h• 
   2.3. The second asymptotic property is to appeal to the asymptotic 

normality of the order statistic. In what  follows let us make the following 
   Assumption II. The probability density function f, (x) is differentiable 

in the closure of its carrier c(fi) and fax)-H---0 in the interior of c(fi). 
   Under our Assumption II we can appeal to the theorem due to F. 

MOSTELLER [1]. 
   Theorem 1. (F. MOSTELLER) Let m be any assinged positive integers 

and let 2i # (i=1, 2, ... , m) by any assigned set of in fractional numbers 
0<711<22<<2ni<1. and let the acquantile of the population be denoted by 
-co i.e., 

                                      Ti 

(2.26)Fi(ri) f,(t)dt=2, (i=1, 2, ... m). 

   Let n,=[n21]+ 1, i= 1, 2„ , m, where [x] denotes the largest integer 
not greater than x. 

   Then as n tends infinity the simultaneous probability distribution of the 
m order statistics (x(n1), x(no, , xci,o) tends to a k-dimensional normal dist-
ribution with the means (r1, 71, 72/ • • • 7.173 and the variance-covariance mxm 
matrix (a, (1-2)/nf,(7 I) f(r„)) (i,j= 1, 2, ,m) 

   Let us apply this theorem to the approximation of the integral (2.25). 
Let us consider the set of fractional numbers 43# , 2z-17,111 and g,(,';1# (k=1, 
2, , g-1; i =1, 2, ... , n') such that 

(2.27) ((k—l)n'+i)/n, 

                                                  7(n) 

(2.28)F1(z-11:1) f1(t)dt=2;,r3 

(2.29)ekn1 
   The direct application of Mosteller's theorem gives us for any assigned 
11, 0<h<g-1 

   Lemma 2. 2. As n' tends to infinity the h-dimensional multivariate 
statistic (x(ki), x(ko, • . . , x(kh)) is asymptotically distributed in the h-dimentional 
normal distribution with the h-dimensional mean vector (m                                                                    ,--(ki), m(k2), • • • ,m(kh)) 

and the h x h variance-covariance matrix (a (kMkg)  
 n'(p, q= 1, 2,, h) such 

that 

                                                 n 

                               r()ro)0                                             k
i.1Ici,2• • •7(kph, (2.30)ni(kd=n' 

                       1n,21p"), (1— 2,(,:;?,)                             (1c 

(2.31)=                    n'til2 ,„=„ nen) •e").                                                                               -

p,2kq,1
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   Let us write  for the sake of convenience 

(2.321) (kp,k p) 0(k) 

(2.322)P ecify — (kv,k4)/6(ki)a(kg)• 
   2.4. The combination of Lemma 2.1 and 2.2 gives us 

   Theorem 2.1. Under a situation where both Assumptions I and II hold 
true, the simultaneous probability density function of (v                                                                            Y((k2)), • • • • Y((lch))) i
s asymptotically convergent in probability law, as n' tends to infinity, to the 

h-variate normal distribution with the mean vector                                                                      KW, C1c21, • • • , ((ki„))) and 
the h x h variance-covariance matrix (                                       Kk 1k j) aad a((k.,1) (i, j =1, 2, . . . , h) such 
th at 

(2.33) Ek0 /12 PM(k) 62 

                                              n2 

(2.34) ab,»-=-6«k,k»--±P2 02(k) 

(2.35)ai,k21= P2 a (ki,102)(kf+ki; k1, k2=1.-5) 

                               a(ki ,k2)  
(2.36)Pai,k2)(k1, k2= 

                         G((ki) ((k2)) 

where h is subject to the same condition to Lemma 2.2, 0<h<g —1. 
   Proof : In virtue of Assumption I, we have the asymptotic probability 

density function given by the right-hand side of (2.25). Now let us write 

(2,37)Y((ki))— /12+ Pa2i(icd+ n'ti2(52 (1— p2 )1/2 zic, 
(i = 1, 2, ... h). Then (2.25) gives us that (1©) the h-dimensional variate 
(zkl, zk„ , zkn) is asymptotically convergent in probability law to the h-di-
mensional normal variate with the mean vector (0, 0, , 0) and the variance-
covariance matrix which reduces to the unit-matrix, and that (2°) (Zki, 429 

  , Z A ) is asymptotically independent to the variate (x (k1), x(k2), . • • , x(y). 
Consequently we have, as n' tends to infinity, 

(2.38)112+2mk, 

(2.39) 02Li;Kki),,,p2a2(ki)nrp2),2{z 

(2.40) Coy.ya,„ y((ki) "••-•_' Coy. pa2i(kdf Pa (k )) • 

   Now the application of Lemma 2.2 gives us 

(2.41) a2 y- p2 0(k ± (1_ p2) )/n, 

(2.42) Coy.iv                      ((led:37                             ,((k))p2 62 P(kii,-.1)0(kd 0(k)) 
as we were to prove. 

   Theorem 2.2. Let IL and IL be two bivariate populations from which 

two random samples I (x2, yi) ( i =1. 2, • -•, n) and (x', zi) (i= 1, 2, ... n) 
are drawn independently. Let (x(,), yco) } and { z(o) # be defined as in 

§ 1.6, and then let (V                       0,09 .37(k09 • • • , -iV/t)) and (za,),, z(ko, • • • , z«kh)) be defined as 
in § 1.6 respectively for each of these two samples . Let the Assumptions
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I and II be satisfied with their respective values of a.0                                                                          .29.al, G2, P (k g), G(kp) 

for each of these two populations, which are denoted by ii,C1), al'), 74), 
GT) kg), p), with i=1 for 111 and with i=2 for IL. 

   Then the simultaneous probability density function of (5,((,,) —z(10):, ((k2)) 
  Z . • , ((k h)) Z (kid) is asymptotically convergent in probability law, as n' 

tend tends to infinity, to the k-variate normal distribution with the mean 
vector(6«ko,5«ko,Ouch»)and thehxhvariance-covariance matrix((41,2,1,1) 
such that 

(2.43) (1,0= (1(1) p (1)))01) tt?) p (2)74)002) 

(2.44),(1,2) (1)2_j_,(2)2                        ((lc,,kj)((k,,k j)-1-((k,,k j),,, 

where 

(2.45)(1)2,(1)2(1),(1)„.(1)                       (1c,,k j)=PP ck(k2)u(Itj) 

(2.46)(2)2,(2)2,(2),(2)                      a((ki ,k
.2)=PP(k „, kj)u (k) (k j) 

(i, j= 1, 2, . , g— 1) . 

   Proof : Immediate from 'Theorem 2.1 and (1.50). 

   § 3. The evaluation of the fundamental integrals 

   3.1. In view of Theorem 2.2, and the results given in § 1.8, the evalu-

ations of the integrals are reduced to those associated with the multivariate 
normal populations under the Assumptions I and II, provided that we are 
interested at least with a fairly large or moderately large n'. It is the 

purpose of this paragraph to enunciate a general procedure to evaluate the 
integrals of the type : 

(3.01) I /,12 . • • Li E1,e,)                  3112in_i" •* 

                       1/2                                                                         9z-1 

           2A(LJ,(u„ui+i))4exP—9 11             ()n/2  0 o 

where we have put 

(3.02) Lii(u1,u1+1)----u1+ui+1,when j,=0 
                      (u7+u7+1)/(ui+Ut+1),when j,=1 

                n n 

(3.03) E 21.1,(141—e1)(11;--i) 
                                   2=1=1 

(3.04) 

with a positive definite quadratic form Q, and non-negative integers 1, (1 = 
0, 1, 2, . . . , n). 

   First let us write 
       n nn n 

(3.05) Q= E EA„uitt; —2EEEE At,ei• 
               2=1•1=1 j=1i=1j=1 

   Then the change of the order of the integration and the infinite summa-
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tion gives us 

           (112 .1-i (3.06)1-1 '2•• • 

      , 

                   1  n  n  =exp1—EA11 e, 
                                           =1.j=i 

                co 00 0o nn 4/1       •EEI6  
               ki=0k2=0kT                   n=0(k,+i) 

           Ali/2 f- f-
         (27 0JJ 

                            u,„L(ui,u1+1)"u'Lf‘explq2} dui . . . dun, 

where we have put 

(3.07) bi =A11 e;(i =1, 2, . , n) 
                          j=1 

               n n 

(3.08) q—= E E A1, u, u,. 
                              1=1 j=1 

   Since q is a positive definite quadratic form, the Jacobi transformation 
reduces q to its normal form. Indeed let us define 

                        Aii Al2 • • A1,1_1 Ai,k(i = 1, 2, ... , n) 

                         A21 A22 •••A2 ,1-1 A2,k(k= i,i + 1, . . . , n) (3
.09)Di,k= 

                         A11 A22  A1,1_1 Ai ,k 

and then let us introce the new system of the variables (z1, , zn) such 
that 

(3.10)z1= iD„-ZitD,k              2+(i= I, 2,, n). 
                                                                   k=1-1-1 

This yields us 

(3.11) q E z, 
                               i=1 

(3.12) dui du2 dzi .dz„=A1-"2 dzi dz„. 
   The inverse transformation of the transformation u—(u1iu2, . ,u,,) into 

z= (z1, z2, , zn) is readily seen to be of the form 

(3.13) = E C1, k Zk(i = 1, 2, . . . , n), 
                               k=1 

with a certain non-singular triangular matrix (Cik)• 
   Now the polar coordinate (r, 01f 02, , On_i) is defined by
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(3.14)  z„ = r ( 11 sin ei)cos 0 (0) (i = 1, 2, . , n— 
                                       j=1 

where 0<01<27 (i=1, 2, ..., n-2), 0<0 „_,<7, 0 . This yields us 
                                                           j-1 

(3.15) L0 (u„ = rECI°3( II sin 0,) cos Of-L---rVV (0) 
                                                           p=1 

(3.16) L,(u„u,,) 
   nj-1i=1 

        (ECI, j( Ilsin Bp) cos0+Ci+i,j(11 sin 0p) cos 0 j)2 
      = r '—j=1 P=13=i+1P=1                   ni-1 

                    E CP);( ff sin 0p) cos 0 
                     k=jp=1 

      r (0), 

where we have put 

(3.17) Q),„=Ci,k+ C,,,,k(k>i + 1). 

   We have also 
                    nnj-1 

(3.18)Ti+kmft(ECt;(risin) cos 0 „)" 
       i=11=1 j=tp=1 

                                     rki+k2+-1-kn                                 ; kl, k2 , k.). 

   The use of (3.11)—(3.18) in the right-hand side of (3.06) yields us, after 
integration with respect to r over the domain 0<r<00, that 

(3.19) I (ll 12 • • • in-1 el e2 en ) 
                        71 32 • • • in-1 

                                                                                  n-1 

           ( 1  —2 E li/2— 1            =exp— EE5„5,1- •1=1  
                                                                 7rn/2                                              i=1 j=1  , 

                                   n-1 n 

                     (ft (2"OE1 t+ Eki+nkir,=1^ 
                    ki=0 k2=0 kn-02=1 (ki+ 1)2 

            1  

                                                              • 

                     (2w)n/2                      j( 5i) (0) ). hi ; ki, k2, , kn) 
            n-2n-1 

                    • IIsin"-1—j0j ITd0 „ 
             j_=11=1 

where the domain of integration in (01, 0 2, . . . , 0,t_1) is defined as the do-
main satisfying the follwing inequalities simultaneously : 

                                          k-1 

(3.20) E-C,,k (11 sin 0)) cos 0k>0(i =1, 2, . . . , n). 
            k=ij=1 

   The integrand in the right-hand side of (3.19) is a rational function of 

sin ei and cos 0j (j =1, 2, ... , n—.1), and therefore can be evaluated by the 
combination of elementary integrations, although there remain a lot of com-

plexity in their individual cases. 
   3.2. Let us apply our procedure to the evaluations of the special cases
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of (3.01) when n=2. For the convenience let us write 

(3.21) I  ; 51,52) mi (e1,e2; Gqv 62, p) 

                    21L6162(11_p2),,2j010                                   0(u+v)'exp-12 }dudv 
(3.22) 1(o, 51, 52) -= N1 (5k, 52 ; of, Q2, p) 

                    1 co09"2„2                 27raia2(1—P2)1/2 .10J. (-11+1exp  dudv, 
where 

(3.23) 2Q1(1—P2)1  (u— So2(tiei) (v-52)  +  (v—(152)2          2 
                 1622                                                                              2 

             1  ( _2p 51 52 +             — 
2 (1-402) \ai6202 

              u
2 ( p 52V  ( 52 p  51                 (1—,0),1 Gi02 (1—P2)(12\ 02 ai 

                     4-          1u2                    2puv v2                                        + 02 )           2 (1—p2)261 622 

   Our method is based upon the expansions to the effect that 

(3.24)Ml (51, 52 p) 

            = expl 1  (_20 51 522 4_)1.                 2(1 —P2)0 02•(31 
                   e

Gri0 
                    i52( 052 _p Gei  )k2               •

k2=0 r( k± 1)(k2 ± 1) ( 1—p2) ki+k2 

                           (61+ aV) ltiki Vk2 exp{-1—} dudv,               27r(1—p2)1/20 02 

and 

(3.25) N1 (el, 52 ; CIL o12% p) 

                 1  (ei 25, 524_e )1.          exp2 (1
p2)P02J) 

               (  51 P52 yi (  52p )1'2 
            ci622 at               .fri
=oti=0 r (k1+1)r(k2+1)(1—p2) ki+k2
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                         I- I-(a2U2ak2\iukivk2exp{_ qdudv, 

       1  

             •
27ra-402)1/2.10 Jo 61u+ 62v 12 

where we have put 

(3.26)22 (11                          ,02)(u2-2 p UV +1)2) . 

           — 

   But we have 

(3.27)               1 03CO                                           q2dudv               27r (1—p2)1/21„(61u±G201 141" Vk2 exp 
        =EaL-71 

                          h=o 

            27r (1  ovk2+1—h exp2dudv                    —p2)1/2Jjt   
and 

            1  F(4u2+41)2)1Ukle2eX13-1— qdudv 
       27(1— P2) 00+ 62v2 

(3.28) =E ,C, 61h (7r-h) 
                            71=0 

                        109rvk2-1-2(1—h)._                                         q •d               2
7E(1— p2)1/2 .0(aitt+a2v)1 exP—2-uV. 

   In the consequence we have to evaluate the integrals in the right hand 
sides of (3.27). For this purpose let us make use of the polar coordinate 

(r, 0) defined by 

(3.29) r cos 0 = 1 (u + v) , r sin 0=1_(u — v) . 
              )//2 (1+p)V-2 (1—p) 

   This transformation yields us 

          11                                          (u2 —2 puv + v2) }dudv (3.30)           27rp2) 1/2JoJouki-Fhvit2                                     hexp— 
                                  2 (1—p) 

        (k+k2+1+2)                          2  ki+h k2+1=11,                           EE( -1) ki+hCm • k2+1—hCn 
                                             in=0 n=0 

             

• (1+ p) m+ n/2 (1_ p)(ki+k2-1-/--(in-l-n))/2 /w(m+n, hi k2+ 

where /„,(P,q) and co means
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(3.31)  cos')  0  sin  g  0  de 
                                                            .0 

(3.32) w= sin-11/ 1+ P                   2• 

   Now concerning the right-hand side of (3.28), we should rather prefer 
to take p instead of p in view of (1.39) and (1.40) and let us make use of 
the polar coordinate (r, 0) defined by 

(3.33)r cos 0=  - 1_ (u —v),r sin 0 = 1 (u+v) 
             1/' 2(1+P)^2 (1—p) 

and the auxiliary angle 'p1 defined by 

            sin co,=(2(1+19)1/2 (al—(12) (3.34), 0<coi<                     2(0.;2+ 02'2Pa la2r- 2  
   This device of change of variables gives us now 

                   1 '001741c1+2h712+2(1–h) u2v2+2puv  (3.35)dudv               27 (1 —p2) 1/2 .)0 . 0 (criua2v)exp                                         2 (1 — p) 

                ik1d-k2+1+2)      12  
               =21/2
7(ai+all— 2Pa la 2)1/2 

                          k1 t2h k2-1-2(1–h) 

                     E ECm•Ic2-1-2(1–h)Cn(—1)k9.--n 
                      nt=0 n=0 

             (1+ p) m+ n/2 ( 1 _p) -1421-21– (m+n))/2 k1+k2+21—m—n; coi), 

where j(p,q; 1,0 means 

3.r/2 cosP 0 sing() (36)j,,,(p,q;--IdO.                            sin/0+ 
co) 

   The integrals (3.31) and (3.36) can be evaluated by elementary proce-

dures. 
   The special case when S 1= 52 = 0 which corresponds to the null hypothesis 
that the two populations have the same population means is worth while 
to be mentioned here. 

   In view of (3.24) and (3.30) we have 

(3.37) M1(0, 0 ; ai, a2, p) 

            r (l+2'          \ 
2 I 1h I–h 

                           iChei ariEE (-1)/-h-n 
                 h=07n=0 n=u
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            (1+ On" (1— p)(l- (7" ")) ir 2 + n, 1 — (m + n)) • 

   In particular we have 

                          1—1/1+,0  (3.38) M0 (0, 0 ;p) =
Jrsin1/                          V2 

(3.39) M1(0, 0 ; 01,02,P) = (2)"2±                                   p01+02( 1p)1/2 (21/2(101/2) (02)                                                (270 1/2 

(3.40) M2(0, 0; CrL (11 P)   (al + G2) 2 (1 p) /.(2, 0) 

                         + 2(4-4) (1— P2)1/2 I,0(1, 1) 

                        + (al a2)2 (1—P) L(0, 2)}, 
where 

                                      1 (3.411)./w(2, 0) = 21(sin1%12 P + 2 (1— P2)112) 

(3.412) ./..(1, 1) = 1+2 P 

(3.413)„(0, 2)=                   (sin1       ./V1 +2 P — 21 (1 P2)1/2) 
   Similarly, in view of (3.25) and (3.35), we have 

(3.42) N1(0, 0 ; aT, a2, — p) 

            (l+2+22)  
            2z127c(4+ 01_ 2,00 la2)//2hE0iC h02(1—h) 

                 lh 2(1— h) 

            E E 2/z Cm, m 2(1— h)C ( —1)n (1+ P)m/ 2 (1 --P)(2'—(ni+n))/2 
                     Jn=0 

                          

• J „,(m, 21— (m + n) ; 1, go) . 

   In particular we have 

(3.43) N(0, 0 ;(4,p) = -7,1( sin-117/1 +2P2 

(3.44) N(0, 0 ; ai, d22, to) 

    1  
          23,270,2(4+ — 2 0 a 0.2)1/2[(°7 GE,) 1(1P) L(2, ° ; 19C°1) 

                        + (1 — p)L(0,2; 1, yoi)
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                        +2  (,4—  aD  (1—  ,02)112  L(1,1; 1, 7' 1)] 
(3.45) N2 (0, 0 ; ai, a;.2), p) 

                (1—2          — 2n(J,"02paia2) ['rnio 4 C.(11+Ppr2L(M, 4 M ; 2,T1) 
                  2 2         +2a',>E,Cm• ,C„(-1)"(1±Ppr+n):To(m+n, 4 —m — n ; 2,c1)0 n=0 

          a!±,C„(,±PY/2(-1)"./.(n,4—n; 2,401)), 
         11-0— p 

where jw(p,q; 1, c 0i) (P,q= 0, 1, 2, 3, 4 ; 1=1, 2, 4) can be evaluated by ele-
mentary calculations. 

   Specially when 6i= ot we have 

(3.461) M1(0,0; a2, G2, p) =(1+ p)                            (27)1/2a 

(3.462) N1(0, 0;a2, 02,to) =  27,a1/2( (11 +pP)1/ 2 logV 2/±i'+//1—P —21/2p) 

(3.463) M2(0, 0 ; a2, a2, p) =?(1+ P) a 2 (sinY1+2 P (1—p2)1/2 ) 

                                       2 (3.464) N2(0, 0 ; 0., co, p) P)7r                               (1(( 1+ p±p2) (1..p2)112 

                       —p(2+p)(7-2sinV1+2P) .

   § 4. Numerical evaluations of variances, covariances, eorrelation-
coefficients of the multivariate normal distribution associated with a 

graphical fractile analysis. 

   Let us consider the special case when the size of a sample is 19. Let 
2=0.05-,-0.950 [0.05]. To each of these values of 2, let us defined x and 

zi by 

           1 xi (4
.01)—=0.05, 

      I/- 

(4.02)1 e-x2i/2 zi 
              1/ 27 

   The auxiliary table of the 19 x 19 matrix (;t, (1— ki) /z,zi) (i, j=1, 2, ... ,
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19) is calculated. Our fractile analysis is here concerned with the following 

three groupings. 
   Example 4.1. Let us consider the case n; = 14= y4= n,;= 4 and /2=3. 

For this grouping the modification of (2.27) is involved because the sizes 
of subgroups are not equal, and we shall define 

(4.031) MT= (4(k-1) +i)/n (k= 1-4 ; i = 1-4) 

(4.032) A0)--- (16+ i) / n(k=5, i = 1, 2, 3) 

and the corresponding xt,9,) and 41,?) according to (4.01) and (4.02) respecti-
vely. Let us then calculate 

                     nki n,k2 21,119(1112) (4.04) S             ki,k2
1=1j=142,014220)i 

for ki, k2= 1, 2, 3, 4. 
   According to (2.31), we calculate 

                                           k (4.05)(kik2)               -1(KSZ 1/2 ( ki,k2 = 1-5), 

and hence G(k) cr(k,„) and D                        , (ki,k2) (k 1, 2, 3, 4, 5) according to (2.321), 
(2.322). 
   Then we proceed to define F                                          Vc),((ki,k2)) and                                              (ki,k2) for pl = 0.1,-0.9 [0.1] 
according to (2.34),(2.36), where we use now the normalised value of 
=1. This example is called as the Case I. 

   Example 4.2. The Case II treats with the grouping when n;=4 and 
n=3 (i=2-.-6). 

   Example 4.3. The Case III treats with the grouping when n.;=n=n 
=5 and K=4. 

   For each of these two Cases II and III we can calculate P (ki,k2), 
6 /c), 641,k2) and D               (ki,k2) similarly as in the Case I. 

   Table 1, (1),(3) give the values of (IQ ,k 2) and nk2,for the Cases I, 
II and III respectively Table 2 gives the values of 6((k)) as functions of I pl 
for these Cases, and Table 3 those of D                                                              .Kki,k21'
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       Table 1, (1).  a  (ki,k2) (upper) and P(ki,k2) (lower) 

                       for the Case I. 

  44443 
    (1)I (2)(3)(4)(5) 

       0.44921 0.24381 0.15284 0.10503 0.06223 4(1)
1.00000 0.64902 0.41957 0.27318 0.14813 

4(2)0.31416 0.22998 0.15803 0.09364                  1.00000 0.75493 0.49154 0.26654 

4(3)0.29540 0.23218 0.13757                             1.00000 0.74473 0.40383 

4(4)0.32903 0.23181                                        1.00000 0.64474 

3(5)0.39289                                                    1.00000 

       Table 1, (2). er(ki,k2) (upper) and P(ki,k2) (lower) 

                      for the Case II. 

  433333 
    (1) (2) (3) (4) (5)(6) 

4(1)0.44921 0.22461 0.15379 0.11425 0.08664 0.06223       1.00000 0.67121 0.47897 0.35310 0.25156 I 0.14813 

3(2)0.24929 0.19099 0 14189 0.10760 0.07729                1.00000 0.79849 0.58865 0.41938 0.24695 

3(3)0.22949 0 18734 0.14207 0.10204                         1.00000 0.81004 0.57711 0.33983 
                                 0.23306 0.19482 0.13993 3(4) 
                                 1.00000 0.78530 j 0.46243 
                                           0.26406 0.21540 3(5) 
                                          1.00000 0.66874 

3(6)0.39289                                                     1.00000 

    

. 
- 

       Table 1, (3). a(ki ,k2) (upper) and P(ki,k2) (lower) 

                      for the Case III. 

 5554 
    (1)(2)j (3)(4) 

       0.498770.268180.160520.09082 5(1) 
       1.000000.628540.415640.19187 

5(2)0.365000.262590.14858                   1
.000000.794840.36692 

5(3)0.299020.25752                                 1
.000000.70265 

4(4)0.44921                                                  1
.00000
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             Table 2, (1). 0((k)) for the Case I. 

      ( 

IPI44443      dui»am»0.(0»a«4» C((5)) 

0.10.501990.500640.500450.500790.57787 
0.2 j 0.507910.502560.501810.503150.57941 

0.30.517620.505740.504070.507060.58197 

0.40.530920.510160.507210.512490.58554 

0.50.547540.515790.511220.519380.59010 
0.60.567200.522590.516080.52769 I 0.59563 

0.70.589590.530510.521770.537330.60209 

0.80.614410.539500.528260.548250.60947 

0.9 j 0.641370.549510,535510.56037 , 0.61772 

            Table 2, (2). o((c)) for the Case II. 

  433333 1() 
       a((1))C((2)) 6((3))C((4))  C((5))C((6)) 

0.1 0.50199 0.57662 0.57645 0.57648 0.57675 0.57787 
0.2 0.50791 0.57443 0.57374 0.57387 0.57495 0.57941 

0.3 0.51762 0.57076 0.56920 0.56948 0.57193 0.58197 

0.4 0.53092 0 56558 0.56278 0.56328 0.56767 0.58554 

0.5 0.54754 0.55886 0.55441 1 0.55522 0.56215 0.59010 
0.6 0.56720 I 0.55052 0.54401 0.54519 0.55533 0 .59563 
0.7 0.58959 I 0.54051 0.53146 0.53310 0.54717 0.60209 
0.8 0.61441 0.52872 0.51660 0.51881 0.53759 0.60947 

0.9 0.64137 0.51503 0.49922 0.50211 0.52652 0.61772 

            Table 2, (3). o((k)) for the Case III. 

 5554 IP
,a((1»C((2))d((3))C«1» 

0.10.202990.201650.200990 .25199 
0.20.211950.206600.203960.25797 

0.30.226890.214850.208910.26793 
0.40.247800.226400.215840 .28187 
0.50.274690.241250.224760.29980 
0.60.307560.259400.235650.32172 

0.70.346400.280850.248520.34761 

0.80.391220.30560 '0.263380.37749 
0.9 i0.442010.333650.28021  0.41136
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 Table 3. p ((i, .1)) =  6  ((I '1)) (i j) for the Cases I, II and III.                   c
((0) d ((0)) 

      (1, 2)(1, 3) 
IP1  

I   IIIIIIIIIIIIII 

                                     1                                                  

, 

0.1 0.00970 0.00776 0.01326 0.00608 0.00531 0.00795 
0.2 0.03821 0.03079 0.05126 0.02399 0.02111 0.03088 
0.3 0.08382 0.06842 0.10932 0.05272 0.04698 0.06635 
0.4 0.14403 0.11968 0.18116 0.09081 0.08235 0.11105 
0.5 0.21583 0.183510.26044 0.136500.12665 0.16150                 1 
0.6 0.29612 0.25895, 0.34181 0.18797 0.17942 0.21465 
0.7 0.38196 0.34536 ' 0.42131 0.24345 0,24049 0.26807 
0.8 0.47075 0.44252 I 0.49639 0.30138 0.31009 0.32004 
0.9 0.56034 0.55077 0.56566 I 0.36045 0.38904 I 

I0.36944 

                       (1, 4)(1, 5) 
IP    I IIIII I II I III 

0.1 0.00418 0.00395 0.00402 0.00215 0.00299 
 - 0.2 0.01644 0.01568 0.01554 0.00846 0.01187 -

0.3 0.03601 0.03488 0.03315 0.01859 0.02634 -
0.4 0.06176 0.06113 I 0.05498 0.03203 0.04600 

 - 0.5 0.09233 0.09395 0.07912 0.04815 0.07037 
 - 0.6 0.12633 0.13301 0.10394 0.06631 0.09902 -

0.7 0.16244 0.17811 0.12825 0.08590 0.13160 -
0.8 0.19955 0.22939 0.15125 0.10636 0.16788 

 - 0.9 0.23670 0.28736 0.17252 0.12723 0.20782 - 

      (1, 6)(2, 3) 

    III 1 III I IIIIII    I
1  

0.1-0.00215-0.00918 0.00575 0.01304 
0.2-0.00846-0.03648 0.02318 0.05117 
0.3-0.01859- , 0.08119 0.05291 0.11155 
0.4-0.03203-  0.14220 0.09600 0.19006 

                - 0.5-0.04815I                                  0.21804 0.15410 0.28192 
0.6-0.06631- , 0.30698 0.22957 0.38235 
0.7-0.08590 , -0.40711 0 32578 0.48703 
0.8-0.10636 1 - I 0.51645 0.44751 0.59237 
0.9-0.12723 1 - 1 0.63303 0.60167 0.69563 

       (2, 4)I(2, 5) 
IPI 1    IIIIIII i IIIII 

0.1 0.00630 0.00427 0.00659 I 0.00324 0.00324 -
0.2 0.02500 0.01722 0.02574 0.01286 0.01303 

 - 0.3 0.05546 0.03929 0.05573 1 0.02863 0.02967 
 - 0.4 0.09671 1 0.07126 I 0.09410 0.05016 0.05362 

0.5 0.14748 1 0.11432 I 0.13811 0.07691 0.08562 
 - 0.6 0.20631 1 0.17018 I 0.18515 0.10830 0.12670 -

0.7 0.27165 I 0.24128 I 0.23300 0.14365 0.17827 
 - 0.8 0.34195 I 0.33105 I 0.27996  0.18227 0.24228 
 - 0.9 0.41570 1 0.44442 i 0.32484 I 0.22345 0.32140 

Ii
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      Table 3. P((i,:))=-d((i' ')) (i.*j) for the Cases I, II and III.                        C
((Z)) 6M) 

       (2, 6)(3, 4) 
IP 

    I II IIII 1 II III 

 0.10.00232 -0.00926 0.00564 0.01144 
  0.2- 0.00929 -0.03678 0.02276 0.04491 
  0.3- 0.02094 - 0.08175 0.05201 0.09796 
  0.4- 0.03734 -0.14291 0.09455 0.16705 
  0.5- 0.05859 -0.21861 0.15215 0.24802 
 0.6- 0.084850.30692 0.22739 0.33671 
 0.7- 0.116370.40579 0.32399 0.42932 
 0.80.15350 -0.51307 0.44735 0.52270 

  0.9- j0.19677 -0.62670 0.60537 0.61440 

       (3, 5)(3, 6) 
 IPI1 

    11 IIIIIIIIIII 

 0.1 0 00476 0.00427 -0.00306 -
 0.2 0.01893 0.017230.01228 -
 0.3 0.04221 0.03928 --0.02772 -
 0.4 0.07412 0.07115 -0.04955 -
 0.5 0.11401 0.11396 --0.07798 -
 0.6 0.16112 0.16929 --0.11337 -
 0.7 0.21458 0.23939 --0.15626 -
 0.8 0.27348 0.32739 --0.20742 -
 0.9 0.33687 0.43780 --0.26803 - 

      (4, 5)I(4, 6)(5, 6) 
IPI     I IIIII II i II III I II III 

0.1 0.00801 0.00586 - - 0.00420 - - 0.00646 -
0.2 0.03181 0.02362 - - 0.01683 - - 0.02586 -
0.3 0.07070 0.05383 - - 0.03800 - - 0.05824 -
0.4 0.12360 0.09748 - - 0.06788 - j - 0.10368 -
0.5 0.18909 0.15604 - - 0.10677 - - 0.16233 -
0.6 0.26551 0.23164 - - 0.15513 - - 0.23443 -
0.7 0.35110 0.32726 i - - 0.21362 1 - - 0.32037 - 
0.8 0.44400 0.44704--0.28323- -0.42075- 
0.9 0.54245 0.59689 - - 0.36544 I - - 0.53644 -
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