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  § 1. Summary. Let us consider a k dimensional response surface of 
theseconddegree involving k+2Ck unknown parameters 3Q1, 19 •••13k112, ••• 

fik-ik,fik-ik-1 and glz k such that 

(1.01) 60(x1, x2, •••, xk) = 9 0 Ethxi+E thix,xj+E 
                  L=1.i<ji=1 

where x1, x2, •-•, xk_i and xk are fixed variates. 
    The observed values ya at the point xa--- (xia, x2a, ••• xka) are assumed 

to be 

(1. 02)Y. Ca (Xi. X2a • • • Xka) + 6a 

where ea(a= 1, 2, •-•, N) are the error terms distributed independently in 
the normal distribution N(0, a2) with a common unknown variance a2. 

(1.01) can also be expressed as 

(1. 03) co (xi, x2, xk) = no + E gix,+E fii,x,x,+E Rii(Xi2 — Xi!) 9 
         i=1i=1 

where we have put in reference with (1.01) 

(1.04)no = fl 0 E 
                                                               i=i 

and 

                            21N (1. 05)xi.---- E                                     N 
a=1 

The design matrix D N, k consists of the k factors and the N experimental 
points such that 

                                       x11 X21 • • Xkl 

                                  X12 X22 • Xk2 
(1.06)DN,k= . 

                                                                                                                                                                   • 

                                                                                                                            • 

                                         X1N X2N • • • XkN 

   Our problem is to compare the estimate of co (x1, x2, ••., xk) obtained by 
the two stage sequential design with the one obtained by the one stage 
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designs, under the k dimensional model (1. 02) of the second degree. By the 
two stage sequential design we mean the following procedure. First we make 
2' experiments with the design matrix D21,, and decide whether or not we 
should carry out further experiments on the basis of the outcome of the 
experiment in the first step. If we decide to make further experiments, we 
make (2k + 1) additional experiments with the design matrix De+2„,,, in 
total. In this paper we shall consider the procedure in the case when D2k, k 
is an orthogonal design matrix of two levels and D2k+2k+1, k is an orthogonal 
design matrix called as the composite type introduced by G. E. P. Box and 
K. B. Wilson [3] . 

   Sequential approaches have been advocated by G. E. P. Box and J. S. 
Hunter [2] in their response surface analysis, and the object of this paper is 
to give one of the possible formulations to sequential approach by which 
to yield an experimenter a basis of a criterion to decide how far sequential 
approach may be useful. Consequently our paper has the same purpose as 
T. Kitagawa [6], but, under our special cases and our procedure different from 
those formulated by him, the results are obtained which are more suited for 
numerical analysis than the general results given by T. Kitagawa [6]. 

   In conclusion the auther wishes her hearty thanks to Prof. T. Kitagawa 
for his kind encouragement.

 § 2. Least square results. The least square estimates N," , b1°, • • • , , 
b(i.21),•••,b(k11, of the unknown parameters773                                                         .019 .i9k, )3129 •••1 13k—kk respec-
tively obtained by the experiments with the design matrix D2/,, are given 
by the following 

                                   2k 

(2. 01)b,;1)—1E y 
                         .-1' 

(2. 02)(I)12/c              b=E xi.Y. (1< i < k) 
                                             a=1 

and 

                      1 2k (2
.03)bC9 -E x.xy(1 < i <j < k)                 2..jaa 

where 

                            12k 2 (2
. 04)7101—igoEE xt. 

                    1=1 a=1 

   Since D2k,k is an orthogonal design matrix, the unbiased estimates Yol), 
1)i), ,1;e1)1)21),•,b!)2k-1 and b(,!')1, can be easily seen to be normally in-
dependently destributed with the common variance 02/2'. 

   After making the experiments of the second step, the unbiased estimates 
of all the „2C, unknown parameters are available which are given by
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                              1 e+21,-1-1 (2
.05)b,12) = k 

+ 2 k + 1 a=1 

                (12)y,                                         2k+2k +1 

(2. 06)2k+ 2 r2 E xia ya(1 < i < k) 

(2. 07) =(1<i<j<k) 

and 

                 2   (2.08)et2) =1—2k+2k+1(xic, — c,2) y a(1 < i < k) , 
                     B a-1 

where 
                      1k 

(2.09)2r2= 22 -(2k + 2k + — 22j , 
(2.10)B 21` (1 — C) 2 -I- 2 (r2 — C) 2 + (2k — 1) C2 , 

(2.11)C= (2' + 2r2)/(2k+ 2k+ 1) 

and 

                                           1 2k+2k+1 (2.12)E (br) =2702 = go +Egi•2k
+ 2k + 1—E1x.2. 

       E  

   As the design matrix D2k+2k-1-1, k is orthogonal, these unbiased estimates 

are all normally independently distributed. In this case, however, they do 

have not a common variance. The variances ofle), b(i'2),b222andbl;'``) 
are given by a21 (2k + 2 k + 1) 1, a2/ (2k + 2 r2) }, 62/2k and / B # respectively. 

 § 3. Two stage procedure. First we define our statistical procedure. 
(1°) Make experiments involving 2k observations jci (a = 1, 2, ••-, 2k) ac-
cording to the design matrix D2k,k 
(2°) Calculate the statistic F' which is defined by 

                 2k E b(if 
(3.01)F' —                     IL2k -41) 

where b(01), 1)1') and 1).,1) are the estimates of 77(4, fid and gu given by 
(2.01), (2.02) and (2.03) respectively and 

        1
k —1\k2E=1EKE (3. 02)(72Eya—e)—b.1)xia —Ebt')x,axia) , 

 2 (3.03)v = 2k — (k2+ k + 2)/2 

and 

(3.04)ict = k — 1)/2. 

   Since 621) is independent to and IC) F' is distributed accord-
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ing to the non-central F-distribution with the pair of the degrees of free-
dom 02, v) and the non-centricity parameter 

(3. 05)1, = 2k E 202 . 

   Now let a be an assigned level of significance, such that 0 < a < 1. 
(3°)1 If F' turns out to be significantly large, that is, 

(3. 06)F' Fv (a) , 

which is the a-point of the F-distribution with the pair of the degrees of 
freedom Cu, v) , calculate 

(3.07) 'c'01(x1, x2, xk) = + E b" xL + E le xi xi 
                        i=1i<j 

as the estimate of co (x1, x2, •••, xk)• 

(3') 2 In the contary case, that is, when 

(3.08)F' <F,' (a) , 

we make experiments of the second step according to the design matrix 
De+1,k given by 

        r 0 0 

        r 0 0 

        0 0 0 

           0 r 0 0 
(3. 09)D2k+1 k = 

                                                                                                                             • 

        0 0 

           0 0 — r 

            0 0 0 o) 
where r is given by (2. 09). And then calculate 

(3. 10) 7..b2 (X1 X2 • • • Xlc) 
     „k„ 

          br)EEc2)xixiE(x,2- x, 
          i=1i>,t=1 

for the estimate of co (x1, X2 9 —•9 Xk) • 
   We are proposing this estimate after the following motive. If the sum 

of squares of the interaction terms turns out to be significantly large com-

pared with the error term, the model of the response surf ace which takes 
the first three terms of (1. 03) into account would be a valid approximation 
to the true response surface, and we may be satisfied by the estimate of 
the response surface obtained from the experiments which yield us the esti-
mates under the assumption that the fourth term in (1. 03) is equal to zero. 
On the other hand, if it does not turn out to be significantly large compared 
with the error term, it will not be a valid approximation unless we do not
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take the fourth term in  (1.03) into account. To avail the estimate which 
satisfies such requirements we need to make further experiments. In short 
we are dealing with the statistical procedure applied to an incompletely 

specified model, that is, estimation after preliminary test of significance 
formulated and developed by several authers such as T. A. Bancrof t [1], 

T. Kitagawa [4] and A. E. Paul [7]. 

   4. Main results. It is evident that ?0(xl , • • •, x,) is not generally an 

unbiased estimate of 40 (xi, xk). To see the nature of our estimate dis-
cussed in § 3, we may therefore appeal to the mean square error 

(4.01)El'c&(xi, xk) — co (x1, xk)2 

for each assigned point x (x1, •••, xk) in the k-dimensional space. It will 
be, however, interesting to consider the norm defined by 

(4.02) E{ • 'c3 (xi , • •., xk) — so (x1, •-., xk)12dx1 • dx4 
                     z where Z is the domain in our consideration in the k-dimensional euclidian 

space. 
   As our problem is to discuss the merits of estimate obtained through 
the two stage design, we need, in addition to the norm of Co •-•, xk), to 
calculate the estimate'c91 (xi, -•-, xi) ,2 (X1 • • • xk) of C° (x1 .• • xk) obtained 
by the one stage designs De, and D2k+21c+1, k respectively. The norm depends 
on the domain of integration Z and there is a good deal of freedom in the 
selection of Z. It appears, however, to be most appropriate to take Z as 

k-dimensional cube which is defined by Z, : E xi2 < R. 
                                                                           E=1 

   Hence we need to calculate 

(4.03) N 2k = E xk) — so (x1, xk)12dxi dxki-
                               ZR 

(4. 04) N2k+2k-F1p.1 • • • f°2 (X1 • • • Xk) (x1 , • • , Xk) 2 dXi • dXkl. 
                                  R and 

(4. 05) N:;c+ (1- p)(2k+ =Elf„••• (XXk) — (x1Xk) 2 dXidXk} 
                               ZR 

         = Pr. IL} EL if...I"csoi (x1,—, xk) — (x1,xk)12dxi • • dx,} 
                                          ZR • 

            Pr..Le} E -tIcP2(X1Xk)(x1,Xic) dX1 • • • dxkl- 

where L is an event F' F (a) , Le is its complement and
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(4.06) = gp.,,(F: 2) dF 
                                    n(a) 

                   i l 

                   e   j11.  
                  i!2'2 )' 

where gp,,,(F: 2) is the probability density of the non-central F-distribution 
with the pair of the degrees of freedom (p, v) and the non-centricity para-
meter 2, where it, I), 2 and h are given by (3.03), (3. 04) and (3.05), 

(4.07)h=-1± 1,Fv (a)/(1+f, F: (a)) • 
We have put 

                               B h(m, n) (4.08)Ih(m, n)                               B(
m,n) 

where 

(4.09) Bn(m, n) = tm (1 — ii-1dt , m, n < 0 , 0 < h 1. 

                             0 

   Theorem 1. We have 

(4. 10)N24(1_p)(2k+0 = PN2k + (1 — p) N2k1-2k+1 

where 

                            k 

           R2H2 ro2qk_)(k1k- (4.11) N2i,=
2,r ( k-R2±z2 + 1) 2k + R(2+ 2)1A 

                                                                                --
2 

             2 

        + R2k (k 1)1R2 ± 
                232kf±2 ' 

       + I(1 .2-            +2)(+ 1) —I?(-}±2)+R421-(tfi")2] 
                                     k (4.12) N +2k-I-1R2 H 2 2r(k+2\(k2 4-1-\           G2A)2k.1-2k +1          24r(2+3) 

                             2k (k  — 1) 1          Rk+1 k+ R 
        22+ 2r224; 

           k 2 
               (--i--2)(±1)-RC(-k2-+2)-HR24N, 

and B, C and p are given by (2.10), (2.11) and (4.06).
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   Proof. Let us note that we have the following formula 

                              ni-En+k(m+1) ( n2I\        22  

 (4.  13)•••x:Thdxl•-• dx,(=R                                          21` 

                             Cm+ n + k1\                       Z1; 
                                 2 

for m, n> —1 and 1<i, j <k (i+j). 
   It follows, in view of § 2, that le, #b1), 11)T1 and '0'-1) are mutually 

independent and the variances of Nil), bl) # and 3g) } are equal to the COM-
mon value 02/2k. Hence in view of § 2 and (4. 13), the first term of the 
right hand side of (4. 05) may be written 

(4.14) Pr.L}EL joi(x„ xk) — (x1, dxkl-
                            ZR 

              k k 

     = PR211- [2((k+2\(k +1\ 1Rik2\1kt 
                  2\2 l2124-2 2k         2kr (k2+ 
    kk       4--- E fi2„(k+ 2) (—+ 1) — Rk + 2\R--2)g2\21 

                       4fJ 

       ir()riik2 
          R  2+22   Pr. IL ; EL 1E (e) — )30)2•k2'

I'2+ 3) 

   On the other hand, it follows that e'') , e2) I , 1 1) j12) and I le) } are 
mutually independent in virtue of § 2. Furthermore we have, in view of 
(2. 15), (4. 16), (4. 17) and (4. 18), e2), le) , I and I e42)} are independ- 

                                                                       2 ent to 6z1). Since b(C,1) and Eare independent to am, 
                                                  a=.2k+1 

                                                        2k1-2k-F1 

(4.15)bi(112(2k b(y)Ey a) (2k + 2k + 1) 
is independent to -6-2(1). Similarily we have that 

                                            2k-1-2k+1 

(4.16) e2) = (24 e) + E xjaya) ;;/(2k + 2 r2) (1 <i <k) , 
                                                           a=2k-i-1 

(4. 17) C2) = b) (1 < i < j < k) 

and 
                    1 2k+2k+1   1

) (4.1812) 18),=BE (x7, — x!•) ya 

                   1— c1 2k1-2k+1                  2kb(
01)+  E (ifa — x2.) Y. (1 << k)             BB

a=2' +1 

are independent to a'1).
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   Now the second term of the right hand side of (4.05) may be written 

(4. 19) Pr.Lc}E,,e.lf ••• .14‘02(xi,•-•,x0-40(x1,•••,x02dx1-•• dXkl. 
                   k k 

       = (1 - p)  R2 H2 --                    21(k +2(-k1.)1  
          krk3)_22+ 2k + 1 

            2/ 

     +R(k+2\ 1 k  
          2I 2 2' + 2 r2 

     + Bk -1C2(-k2- + 2) + 1) - R C (4. + 2) + R2 4d 
         k2+2-ir (-3-2)1-2 

  R 

                     Pr.LC}ELe (br - Rii)2} 
          k•          2k F+3) 

            2 Here we have, in view of (4. 17) and the variances of are given by a2/2k, 

(4. 20)Pr.LELE(C) - 19) 2 + Pr. { Lc EisiE (C2) - fit) 2) 
        =E (bT - flij) 2} 

          k(k- 1) 02  
            2 2k 

Consequently (4.10) follows from (4.14), (4.15) and (4.20), as has to be 
proved. 

 § 5. Numerical results. In case R= 1 and k= 3, 4, 5, 6, we have that 
the norms of our estimates (4. 10), (4. 11), (4. 12) divided by the population 
variance are given by the following 

(5. 01) N23= 0.0898 .11.8439 + 0.5 ± 4/02+ 5.50 (± Rida)21- k 3 , 
                                                              i=1 

                                                                 /4 (5. 02)1\1,C,= 0.0257.t1.3438 + 0.5'± 4/a2+ 8.25(E6)2k= 4 , 
                                                                                 i=1 

                                                                   5                                           (5. 03).1\75= 0.0157-10.9219 + 0.5+ 11.50 (Egida)2k = 5 ,                                            /a2 

                                                                                 i=i 

                                          (5. 04)M6= 0.0040 i0.6055 + 0.5 ± fi2zi /02 + 15.25 (Ej3,/ a)2 k= 6 , 
                                                                                       i=l 

(5. 05) N23+6+1 = 0.0898 x 3.1192 = 0.2801k= 3 , 

(5. 06) M1,8.1 = 0.0257 x 3.5888 = 0.0922k= 4 , 

(5. 07) 1\1+10+1 = 0.0157 x 3.6691 = 0.0576k= 5 , 

(5. 08) 1\i'6,12+1 0.0040 x 4.4678 = 0.0179k= 6
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and 

 (5.  09)Mia) p.1^Tk + (1 — p) Nk:-1-2k+1 
where we put 

(5. 10)Mk= N2k/62, 

(5. 11)N2k-F2k-I-1 = N242k+1/62 

and 

(5.12)N:(,a)=.NIc-F(1-P)(2k+1)/ 62 • 

   Numerical tabulation of the values Mk,k+2k+1, NP(:) was carried out 
assuming 

(5.13)9z, =/9* 1<i<j_<.k 

and 

(5.14)g, g** 1<i <k, 

for a= 0.05, 0,25, 62/R*2= 50(50)200 and 

(5. 15)r3*a* )2/()2 
= 1(1)5 and r-1=1 (1) 5 . For the numerical tabulation of p defined by 

(4.06), we made use of the incomplete beta-function by K. Pearson [8] and 
Tables of the Poisson distribution by T. Kitagawa [5].

KYUSHU UNIVERSITY



124Michie SHIRAFUJI

             Table 1. Values of N'2k,  N*"k(a) and AR2k-F2k-F1 when 02/8 *2 = 50. 
 ---

__ 

                             

1, \r1
_l.1i1            -_ ,   ---__54321- - , 

cr-2(Norm)------.234 I 5 

 N'230.6236 0.5320 0.4404 0.3488 0.2572  0.2114  0.1961 0.1885  li 0.1839 

   N* 3(0.25)  0.3721 0.3476 0.3231 0.2985 0.2740 0.2617 0.2576 0.2556 0.2543 

          „*,,.    /V3(0.05)  0.2872 0.2853 0.2834 j 0.2815 0.2796 0.2787 0.2784 0.2782 0.2781  
 N'23+6-1-1 li0.2801  

   N'24 0.3789 0.3100 0.2412 0.1723 0.1034 0.0690  0.0575 0.0518 0.0483  

   Nv4(0.25)  0.1940 0.1695  0.1451 0.1206 0.0962  0.0840 0.0799 j 0.0779 0.0766  
   Nv4(0.05) 1  0.1162 0.1104 0.1047 0.0989 0.0932 0.0903 0.0893 0.0889 0.0886  
   N'24+8+10.0922 

   N'250.4698 0.3787 0.2877 0.1966 0.1055 0.0600 0.0448 0.0372 0.0327  

   NV5(0.25) 0.2987 0.2454 0.1922 0.1389 0.0856  j  0.0590 3.0501  0.0457 0.0430  
   N*'5(0.05) 0.1466 0.1270 0 1073 0.0876 0.0680 0.0581 0.0548 0.0532 0.0522  
 N'25+10+1 0.0576  

   N'26 0.2232 0.1791 0.1349 0.0907 o.0466  0.0245 0.0171 0.0135 0.0113  
   NV6(0.25)  0.2068 0.1662 0.1255 0.0849  0.0443   0.0240  0.0172 0.0138 0.0118  
   N* '6(0.05)  0.1528 . 0.1238  , 0.0948 0.0657 0.0367 ' 0.0222 0.0174 0.0150 0.0135  

N'26+12+1 0.0179  

            Table 2. Values of N'2k, N*1k(0 and N'2k1-2k+1 when c2/8*2= 100. 
                                        - , ------------- __ r                  1 1 1 1    -----___ __54321 

a -2(Norm)-------_.2345 

   /Y'23 0.3946 0.3488 0.3030 0.2572  0.2114 0.1885 0.1808 0.1770 0.1747 

   NV3(0.25)  0.3097 0.2979 0.2860 0.2742  0.2623 0.2564   0.2544 0.2534 0.2529  
           :1    N' 3(0.05)  0.2824 0.2815 0.2806 0.2797 0.2787 0.2783 1 0.2781 0.2781 0.2780 

 N/23+6+1 0.2801  

    N'24I                0.2067 0.1723 0.1378 0.10340.0690 0.0518 10.0460  0.0431 0.0414 

   Nv4(0.25)  0.1269 0.1165 0.1060  _  0.0956  j  0.0852 0.0800  1  0.0782 0.0774 0.0768  
   NV4(0.05)0.0998 I 0.0975  0.0952 0.0930 0.0907 0.0896 1 0.0892 0.0890 i 0.0889  

 N'24-1-8-1-10.0922  

   N'z5 0.2421 0.1966 0.1511 0.1055 0.0600 0.0372  1  0.0296  0.0259 0.0236  

   N*'5(0 25)  0.1364 0.1169 0.0975 0.0781  j  0.0586 0.0489 0.0457  0.0441 0.0431 

   N*'5(0.05) 0.0801 0.0746 0.0690 0.0634 0.0579 0.0551 0.0542 0.0537 0.0535  

 N'25+10+1 0.0576  

   N'26 0.1128 0.0907 0.0687 0.0466 0.0245 0.0135 0.0098 0.0079 0.0068  

   NV6(0.25) 0.0858 0.0694  1  0.0538 0.0382 0.0226 0.0148 0.0122 0.0109 _% 0.0101  
    NV6(0.05) 0.0489 0.0417 0.0345 0.0273 0.0200 , 0.0164 0.0152  0.0146 0.0143  

    N'26+12+1 0.0179
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             Table 3. Values of  N'2k, N*'k(a) and N'2k+2k+1 when a2/19*2= 150. 

                      1 i 1 11      54321 
                 23 45   a-2(Norm)  

    N'23 0.3182  0.2877  0.2572  0.2266 0.1961 0.1808 0.1758 0.1732 0.1713  
    le 2(0. 25) 0.2899 0.2820 0.2742 0.2664 0.2586 0.2547 0.2534 0.2527 0.2523  
    N*'3(0 05) 0.2809 0.2802 0.2797 j 0.2791 0.2785 0.2781 0.2781 0.2780 0.2780  

  N'23+6+10.2801  

    N'24 0.1493 0.1264 0.1034 0.0805 0.0575  0.0460 0.0422 0.0403 0.0391  
          *'     N

24(0. 25)0.1085 0.1020 0.0954 0.0889 0.0823 0.0791 0.0780 0.0774 0.0771  

    N*24(0. 05) 0.0957 0.0943 0.0929 0.0915 0.0901  0.0894 0.0892 0.0891 0.0890  

   N'24+8+1 0.0922  

   N'25 0.1662 0.1359 0.1055 0.0752 0.0448 0.0296 0.0246 0.0221 0.0205  

    N*125(0.25) 0.0978 0.0866 0.0753 0.0641 0.0529 0.0473 0.0454 0.0445 0.0439  

   N* 25(0.05)  0.0680 0.0651 0.0622 0.0593 0.0564 0.0549 0.0545 j 0.0542 0.0541  
N'25+10+10.0576  

 N'26 0.0760 0.0613 0.0466  0.0319 0.0171 0.0098 0.0073 0.0061 0.0054 
    N*'6(0 .25) 0.0515  0.0430  0.0345 0.0260 0.0175 0,0132  f  0.0118 0.0111 0.0106  

    N*'6(0 05) 0.0303 0.0272 , 0.0240 0.0209 0.0177 0.0161 0.0156 0.0154 0.0152  

N'26+12+10.0179  

             Table 4. Values of N'2k, N*'“,,) and N'2k+2t-F1 when 2/ 0*2 = 200. 

 r1111 
     54321 

                 2 3 45 

   N'23  0.2801 0.2572 0.2343 0.2114 0.1885  j 0.1770 0.1732 0.1713 0.1702  

   N*'3 (O. 25) 0.2801 0.2743 0.2685 0.2627 0.2568 0.2539 0.2530  0.2525 0.2522  

   N*3(0. 05) 0.2801  0.2797 0.2792 0.2788 0.2783 I 0.2781 0.2780 0.2780 j 0.2780  
 N'23+e-fri0.2801  

   N'24 0.1206  j  0.1034 0.0862 0.0690 0.0518  0.0431 0.0403 0.0388 0.0380 , 
   NV24(0.25) 0.1001 0.0953 0.0906 0.0858 0.0811 0.0787 0.0779 0.0775 0.0773  

   N*121(0. 05) 0.0939 0.0929 0.0919 0.0909 0.0899 0.0894 0.0892 0.0891  0.0891  

 N'24+8+10.0922  

   N'25 0.1283 0.1055 0.0828 0.0600 0.0372 0.0259 0.0221  0.0202 0.0190  

   N*'25(0 .25) 0.0816  0.0739 0.0662 0.0584 0.0507 0 0468 0.0455 0.0449 0.0445 

   N* 25(0.05) 0.0634 0.0616 j 0.0597 0.0578 0.0559 0.0550 0.0547 0.0545 0.0544  

 N'25+10+10.0576  

   N'26 0.0576  0.0466 0.0355 0.0245 0.0135 0.0079 0.0061 0.0052 0.0046 

   N*'26(0. 25) 0.0377 0.0322 0.0267 0.0212 0.0157 0.0129 0.0120 0.0115 0.0113 

   N*26(0. 05) 0.0243 0.0225 0.0208 0.0190 i 0.0172 0.0163 0.0160 0.0158 0.0157  

   N'26+12+10.0179
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   Editorial : This paper is the last publication by Miss Michie Shirafuji 
who has died on February 6, 1959 in Fukuoka.


