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§1. Summary. Let us consider a %2 dimensional response surface of
the second degree involving ,..C. unknown parameters 8, 81, **+» Bus Bizs ***»
Bi—1xs Bi1» ***5 Br-1x-1 and By, such that

k k
(1.01) P (X1, Xzy oy X)) = Bo + Z} Bix; + % Biyx.%; + gl Bux,

where x,, %x,, ---, %, and x, are fixed variates.

The observed values y, at the point x,= (%, X., '+, %) are assumed
to be
(1' 02) ya:§0(x1a, Kooy *** s xlca) +6a’

where ¢, (e =1, 2, .-, N) are the error terms distributed independently in
the normal distribution N(0, ¢?) with a common unknown variance o2.
(1.01) can also be expressed as

(1.03) O(Xy1y Koy oy %) =71 + le Bix, + g} Biy%i%;+ 1221 ﬂit(xi2 - %5,

where we have put in reference with (1.01)

d 3
(1.04) N0 = fo + gl} Bz,
and
(1. 05) Pz% é xl.

The design matrix D,,, consists of the %2 factors and the N experimental
points such that

(xu Xog +0 Xig |
iz Ko 0 Xz |

(1.06) Dy .= ’

}
\ Xy Koy -+ Xy /

Our problem is to compare the estimate of ¢(x,, x,, ---, x,) obtained by
the two stage sequential design with the one obtained by the one stage
115
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designs, under the %2 dimensional model (1.02) of the second degree. By the
two stage sequential design we mean the following procedure. First we make
2" experiments with the design matrix Dsx, , and decide whether or not we
should carry out further experiments on the basis of the outcome of the
experiment in the first step. If we decide to make further experiments, we
make (2k+1) additional experiments with the design matrix Dgeygey, in
total. In this paper we shall consider the procedure in the case when Dg ,
is an orthogonal design matrix of two levels and Dy 241+ 1S an orthogonal
design matrix called as the composite type introduced by G. E. P. Box and
K. B. Wilson [3].

Sequential approaches have been advocated by G. E. P. Box and J. S.
Hunter [2] in their response surface analysis, and the object of this paper is
to give one of the possible formulations to sequential approach by which
to yield an experimenter a basis of a criterion to decide how far sequential
approach may be useful. Consequently our paper has the same purpose as
T. Kitagawa [6], but, under our special cases and our procedure different from
those formulated by him, the results are obtained which are more suited for
numerical analysis than the general results given by T. Kitagawa [6].

In conclusion the auther wishes her hearty thanks to Prof. T. Kitagawa
for his kind encouragement.

§ 2. Least square results.  The least square estimates 5, 8", ---, b{",
b, -+, b2, of the unknown parameters 7o, 8y, ***» Be» Bizs ***» Br—ir TESpPEC-
tively obtained by the experiments with the design matrix Dy, ; are given
by the following

ok
(2.01) b = 21 >3 Vs
a=1
(2.02) b‘.”ti%x A<i<k)
. 2 - 21-: =~ L'aya =¥ =
and
(2.03) b = ; ST XX Ye A1<i<i<h),
a=1
where
K 1 2 .
2. 04) %oy == By ’{“Z}l .Bu? Ezi xii-

Since Dy, is an orthogonal design matrix, the unbiased estimates ",

O, B, B, e, 8P, and bY,, can be easily seen to be normally in-
dependently destributed with the common variance o°/2%
After making the experiments of the second step, the unbiased estimates
of all the .,.C. unknown parameters are available which are given by
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1 2F42k+1
- (12)_“ B o
(2.05) = 2k +1 Eya,
1 2k 42k 41 .
(2.06) b — o 2 Fule 1<i<hk),
(2.07) by? == b’ A<Li<j<k)
and
(2.08) pv . LTGS2 e 1<i<k
. B “ ia T ya ( =Z —_ ) »
where
(2.09) 2r2:2§{(2’“+2k+1)3~2§’},
(2.10) B=2°A-C)}+20@"-C)*+ Qr-1)C?,
(2.11) C=2"+2r/(2" +2k+1)
and
1 2K 426+1
a2y _ = 2
(2'12) E(b ) 770_.30'*“2 B“Z’C—I—Zk%l uzzl xza'

As the design matrix Dy s, 1S orthogonal, these unbiased estimates
are all normally independently distributed. In this case, however, they do
have not a common variance. The variances of 5", ! “2’4, 67} and {53}
are given by {0°/ (2" + 2k + 1)1, 16°/(2" + 27"}, {6°/2"°} and {o°/B} respectively.

§3. Two stage procedure. First we define our statistical procedure.
(1) Make experiments involving 2° observations {y.} («=1, 2, ---, 2%) ac-
cording to the design matrix Dy, ;.

(2) Calculate the statistic /' which is defined by
28 1 p®
y S
3.01 Fr=——5—,
(3.01) . e

where by°, {b{"} and {b{)} are the estimates of 7., {8;} and {4,] given by
(2.01), (2.02) and (2.03) respectively and

(3.02) = (.= 80— 33 60w~ 3] 0w,
(3.03) v =2~ (B +k+2)/2

and

(3.04) w=kk—1)/2.

Since 0%, is independent to 55°,{ b} and {6P}, F’ is distributed accord-
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ing to the non-central F-distribution with the pair of the degrees of free-
dom (u,v) and the non-centricity parameter

(3.05) A=2°31 B)/24%.
i<J ‘
Now let a be an assigned level of significance, such that 0 < «a << 1.
(3): If F' turns out to be significantly large, that is,
(3.06) F'ZFi(a),

which is the a-point of the F-distribution with the pair of the degrees of
freedom (g, v), calculate

k '
(3.07) P1(%1, Koy o, ) = b+ 0 bV % + 3 b %,
i=1 i<y
as the estimate of ¢(x,, x5, -, X4).
(3), In the contary case, that is, when
(3.08) F'<F:(a),

we make experiments of the second step according to the design matrix
D: 1, given by

T 0 .................. 0 Y
-7 O ccirereiieiaiieas 0
0 7 0 ceveenneneas 0
i 0 —7 0 oo ivnenne 0
(3.09) Dyvie=| | .
3 0 coiriiiiiiiiiia, 0 T
S WO 0 —r
L0 0 cereenennnne 0 0
where 7 is given by (2.09). And then calculate
(3 10) gaz(xl’ Xgy *try xk)

k k [
(12 (12) (12) (12) 2 2
=b§ )+z} b LY b;; xix,-+i2:I bi” (%7 —xi0) ,
= (] =

for the estimate of ¢(x,, x., -*-, X:).

We are proposing this estimate after the following motive. If the sum
of squares of the interaction terms turns out to be significantly large com-
pared with the error term, the model of the response surface which takes
the first three terms of (1.03) into account would be a valid approximation
to the true response surface, and we may be satisfied by the estimate of
the response surface obtained from the experiments which yield us the esti-
mates under the assumption that the fourth term in (1.03) is equal to zero.
On the other hand, if it does not turn out to be significantly large compared
with the error term, it will not be a valid approximation unless we do not
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take the fourth term in (1.03) into account. To avail the estimate which
satisfies such requirements we need to make further experiments. In short
we are dealing with the statistical procedure applied to an incompletely
specified model, that is, estimation after preliminary test of significance
formulated and developed by several authers such as T. A. Bancroft[1],
T. Kitagawa [4] and A. E. Paul [7].

34. Main results. It is evident that &(«,, ---, x,) is not generally an
unbiased estimate of ¢(x;, --, x;). To see the nature of our estimate dis-
cussed in §3, we may therefore appeal to the mean square error

(4.01) E{ ¢ (X1, oy %) — @ (X1, -0 %)

for each assigned point x= (x,, --, %) in the k-dimensional space. It will
be, however, interesting to consider the norm defined by

@o2)  Eff[otm e m) —otn o zofdn, - dn,
D
where ® is the domain in our consideration in the k-dimensional euclidian
space.
As our problem is to discuss the merits of estimate obtained through
the two stage design, we need, in addition to the norm of ¢(x,, -, %i), to
calculate the estimate &,(xi, -, %), @:(x, ==, %) of ¢(x,, ---, %) obtained

by the one stage designs Dy, and Dy 541, respectively. The norm depends
on the domain of integration ® and there is a good deal of freedom in the
selection of ®. It appears, however, to be most appropriate to take ® as

%-dimensional cube which is defined by ®y: 3 x2<R.
i=1
Hence we need to calculate

(4. 03) NZk - E{]’ jgpl(xl’ T x"') - gD(xla ety xk) izdxl dx"} ’
(4.04)  Noeyzrr = J j G2 (Fy, oy 2) — @ (%1, o, H) [y o dxk}
and

(4.05) N2k+(1 P)(k+1) ﬁE 4( J §5(x1; vy X)) — @ (Xy, oy, i) lzdx1 dxkl'
El [ "lﬂol(xn ey Xe) — @Ky, o0y Xi) izdx1 dxt_j'

+ Pr{L{E {J i‘soz(xl, ',xk)—q)(xl,~--,xk)!2dx,---dxk},

where L is an event F'>F'(a), L’ is its complement and
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oo

(4.06) p:Pr.;Lg:{ g.,(F:2)dF

J j"f:(a)

where g, ,(F: %) is the probability density of the non-central F-distribution
with the pair of the degrees of freedom (x, »v) and the non-centricity para-
meter 4, where g, v, 2 and % are given by (3.03), (3.04) and (3.05),

(4.07) h="Fr@/(1+ 2 Fi ).
We have put

__Bw(m, n)
(4.08) Im, m) =g 7,
where

1)

(4. 09) Bh(m,n):Jtm_l(l—t)"—ldt, mn<<0, O0<h<l1.

0

Theorem 1. We have

(4.10) Ny a-pyeesn = P Noe + (1 — P) Nz
where o
@I Na=- 1112(%;17:3) [ 1[5 v 2) (% 1) s R(E +2) %zk
s REESD L +%2 > 4
AG (G )R 2) - Sl 8]
(4.12) Nssaerr = 2%—;> % +2(5 +Vorsarr
+K '\% +2) ’; 2 fzf" R (kza—’D 2l

+ g {CZ(§+2)(—§—+ 1> —RC(¥§—+ 2) + RZ%”

and B, C and p are given by (2.10), (2.11) and (4.06).
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Proof. Let us note that we have the following formula
m+n+k ﬁ} 7L—}—_1
e () r (')
2" mirn+k _\

r ( R,

(4.13) J Jx;"xjndxl v dx, =
Dy

for my,n>—1 and 1<4,7 <k (i==j).
It follows, in view of §2, that ", 15"}, {6’} and o}, are mutually
independent and the variances of ", {b{’{ and {5{} are equal to the com-

mon value ¢°/2°. Hence in view of §2 and (4.13), the first term of the
right hand side of (4.05) may be written

(4.14) Pr.%L}EL” - j)@l(xl, &) — ¢, x) [dx - di

oG ) ()
2

2 k-2
g ()

T (k) PriLiE{3) 0f -8 .
2 )
On the other hand, it follows that &, {6{®}, {b{”} and {b{”} are

mutually independent in virtue of §2. Furthermore we have, in view of
(2.15), (4.16), (4.17) and (4.18), &2, {5{™}, {6} and {b'} are independ-

N , ok +2k+1 }
ent to of,. Since b” and > y, are independent to d%,,
a=2%+1
2k 42k +1
(4.15) 2 = (2’“ B + y.) [ @ +2k+1)

a=2¥41

is independent to &7,. Similarily we have that

(12) A ) 2+2’f‘+1 " .
(4.16) b 200+ ST xy ) (ZF 27y (A<Zi<hk),
a=2¢+1
(4.17) b =0 (1<i<ji<k)
and
ok .
1) P S,
LG LS -y agi<h)

a=2%+1

are independent to &p.
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Now the second term of the right hand side of (4.05) may be written

@19 PRl B [ [16aris 1) = 0y oy 20 [, o af
Dr

~(1-p) 'Rgng oz[<£+2)(~k+1> —

2’”F<§ 3) * 2 2 2" +2k+1
k 1 &
+R(7 )52’“+2r2

g ()
— PriL B {5857 - 5%}
2r(3+3)

Here we have, in view of (4.17) and the variances of {5{)} are given by ¢°/2",
(4.20) rALIE SO0 — 65) + PriL| Ex{3 00" - 6,)°)

~E {_Z(bg;) — 5.7

i<y
_k(E-1) o
- 2 2¢ -

Consequently (4 10) follows frorn (4.14), (4.15) and (4.20), as has to be
proved.

§5. Numerical results. In case R—=1 and £=3,4,5,6, we have that

the norms of our estimates (4.10), (4.11), (4.12) divided by the population
variance are given by the following

(5.01) N ,00898{18409 0.5 z 8%/0° + 5.50

(5.03) Néa:0.0157{0.9219 +05 z B2/* + 11.50

() #uto) |
(5. 02) N’4ﬁ00257{1 3438 + 0.5 z §/0 + 8.25(3] ﬂ,b/o)z} k—4,
(2 sure) |
(5. 04) 3%00040{06055+05 > Fi/o"+16.25 (3 8u/o) |

k=6
(5.05) se16+1 = 0.0898 x 3.1192 = 0.2801 k=3
(5.06) Nzt = 0.0257 x 3.5888 = 0.0922 k=4
(5.07) N34 =0.0157 x 3.6691 = 0.0576 k=5
(5.08)  Nispip4r=0.0040 x 4.4678 = 0.0179 k=6
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and

(5.09) N =DpNi+ (1— P) Nivyoenr»
where we put

(5.10) Nie= Ny/o",

(5.11) Niepoes = Natgnen /o

and

(5.12) for = Nitsaomensn/0” .

Numerical tabulation of the values N, Niss1, Niw, Was carried out

assuming

(5.13) By = B* 1<i<j<k
and
(5.14) it — rx 1_§_i§ky
for a=0.05, 0,25, ¢°/8* =50(50)200 and

BE* 2 B* 2
19 )

=1(1)5 and r'=1 (1) 5. For the numerical tabulation of p defined by
(4.06), we made use of the incomplete beta-function by K. Pearson [8] and
Tables of the Poisson distribution by T. Kitagawa [5].

KyusHu UNIVERSITY
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Table 1. Values of N2y, N*k(s) and N'ex+2x+1 when o2/3* = 50,

T 1 [T T T N ‘
a'z(Nor;x;) T ° ! s ‘{ ? ' ! 2 ‘ 3 } 4 J; 5 i

Naw | 0.6236 | 05320 | 0.4404 | 03488 | 02572 02114 01961 | 0.885 | 0.1839 |
N"'50.25) 0.3721 | 0.3476 | 03231 | 0.2985 | 0.2740 0.2617 | 0.2576 ]_ 0.2556 | 0.2543 |
N*50.09 0.2872 | 0.2853 | 0.2834 | 0.2815 | 0.2796 | 0.2787 | 0.2784 | 0.2782 | 0.2781 |
N'2346+1 0.2801
N'ss 0.3789 | 0.3100 | 0.2412 | 01723 | 0.1034 | 0.0690 | 0.0575 | 0.0518 & 0.0483
N 4025 0.1940 | 0.1695  0.1451 | 0.1206 | 0.0962 | 0.0840 0.0799 ' 0.0779 | 6.0766

N 0.1162 | 01104 | 01047 | 0.0989 | 0.0932 | 0.0903 | 0.0893 | 0.0889 | 00886
N'otyg+1 | 0.0922

_ N» 0.4598 | 0.3787 | 0.2877 | 0.1966 | 0.1055 | 0.0800 | 0.0448 | 00372 | 0.0827
N"'500.25) 02987 | 0.2454 | 0.1922 | 0.1389 | 0.0856 | 0.0590 | 0.0501 0.0457 | 0.0430
N"'50.05) 0.1466 | 01270 | 01073 | 0.0876 | 0.0680 | 0.0581 | 0.0548 | 0.0532 | 0.0522
N'25410+1 0.0576
N's 02232 | 01791 01349 | 0.0907 | 0.0466 | 00245 | 0.0171 | 0.0135 | 0.0113
N"'s0.25) 0.2068 | 0.1662 | 0.1255 | 0.0849 | 0.0443 | 0.0240 | 0.0172 | 0.0138 | 0.0118
N"'s00.05) 0.1528 | 0.1238 | 0.0948 | 0.0657  0.0367 ' 0.0222 | 0.0174 | 0.0150 | 0.0135
N'ogt12+1 0.0179 B

Table 2. Values of N'2t, N¥k() and N'ek42c+1 when o2/8%2=100.
\\ r “ 1 1] 1 ‘ 1 1
a‘Z(Norm\)\\\! 5 4 5 2 L 2 [ 3 4 5

_ N's | 0.3946 | 0.3488 | 03030 | 0.2572 | 02114 = 0.1885 | 0.1808 | 0.1770 | 0.1747

_ Ny 03097 | 02079 0.2860 | 02742 | 02623 | 02564 | 0.2544 = 0.2534 | 0.2529
N"0.0m 02824 | 02815 | 02806 | 0.2797 | 0.2787 | 0.2783 | 0.2781 | 0.2781 | 0.2780
N'ssieer | 0.2801 ~
N'os 0.2067 0.17231 0.1378 | 0.1034 | 0.0690 | 0.0518 | 0.0460 | 0.0431 | 0.0414
N¥o.2 | 01269 | 01165 01060 | 0.0956 | 0.0852 | 0.0800 | 0.0782 | 0.0774 | 0.0768
N"io0n | 0.0998 | 0.0975 | 0.0952 = 0.0930 | 0.0907 | 0.0896 | 0.0892 | 0.0890 | 0.0889

_ Notyg41 0.0922 S
N's 0.2421 | 01966 01511  0.1055 | 0.0600 | 0.0372 | 0.0206 | 0.0259 | 0.0236
N | 01364 | 01169 | 00975 | 0.0781 | 0.0586 0.0489 | 0.0457 | 0.0441 = 0.0431
N¥'50.05) 0.0801 | 0.0746 0.0690 | 0.0634 | 0.0579 | 0.0551 | 0.0542 | 0.0537 | 0.0535
N’'2511041 : 0.0576
N 01128 0.0907 | 00687 = 0.0466 | 0.0245 0.0135 | 0.0098 | 0.0079 | 0.0068
Nsom | 0.0858 | 00694 | 00538 | 00382 00226 | 00148 00122 00109 | 00101
N"s0.05) 0.0489 | 0.0417 | 0.0345 | 0.0273 | 0.0200 | 0.0164 | 0.0152  0.0146 | 0.0143

N'ob112+1

0.0179
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Table 3. Values of N'gk, N*() and N'sk+2x41 when o2/8%2=150.

125

el 5 s s | e 1 > |3 | T ;
_eWNorm) ™~ | = ‘ ‘ Al

N3 0.3182 | 0.2877 0.2572 | 0.2266 | 0.1961 | 0.1808 | 0.1758  0.1732  0.1713

N"30.25 | 0.2899 | 0.2820 | 0.2742 | 0.2664 | 0.2586 | 0.2547 | 0.2534 | 0.2527 | 0.2523

N"50.05) 0.2809 | 0.2802 | 0.2797 | 0.2791 | 0.2785 | 0.2781 | 0.2781 . 0.2780 | 0.2780

N'g346+1 0.2801

N'as 0.1493 | 0.1264 | 0.1034 | 0.0805 | 0.0575 | 0.0460 0.0422 | 0.0403 | 0.0391

N 210,25 0.1085 | 01020 | 0.0954 | 0.0889 | 0.0823 00791 0.078011 0.0774' 0.0771

N* 240,05 0.0957 | 0.0943 | 0.0920 | 0.0915 | 0.0901 | 0.0894 | 0.0892 | 0.0891 | 0.0890
 N'atys+1 0.0922 o

N'ss 0.1662 | 0.1359 | 0.1055 | 0.0752 | 0.0448 | 0.0296 | 0.0246 \ 0.0221 | 0.0205

N¥'350.25 0.0978 | 0.0866 | 0.0753 | 0.0641 | 0.0529 | 0.0473 | 0.0454 | 0.0445 | 0.0439

N"'50.05) 0.0680 | 0.0651 | 0.0622 | 0.0593 | 0.0564 | 0.0549 | 0.0545 | 0.0542 | 0.0541

N'g54+10+1 0.0576

N's5 00760 0.0613f 0.0466 | 0.0319 | 0.0171 | 0.0098 ' 0.0073 | 0.0061 | 0.0054
N2 | 0.0515 | 0.0430  0.0345 0.0260 | 0.0175 | 6,0132 | 0.0118 | 0.0111 | 0.0106

N"500.05 0.0303 | 0.0272 | 0.0240 | 0.0209 | 0.0177 | 0.0161 | 0.0156 | 0.0154 | 0.0152

N'sbr1241 0.0179

Table 4. Values of N2k, N*y(o) and N'z2k42¢41 when o2/8%2= 200,

Ty “: | BT 1 1
| J_Z(Nor};\)\\ 5 4 3 2 1 > | 3 . :

N'» | 0.2801 | 0.2572 | 0.2343 | 0.2114 | 0.1885 | 0.1770 | 0.1732 | 0.1713 | 0.1702

N30.25) 0.2801 | 02743 | 0.2685 | 0.2627 0.2568 | 0.2539 | 0.2530 | 0.2525 | 0.2522
N0 0.2801 | 0.2797 | 0.2792 | 0.2788 | 0.2783 | 0.2781 | 0.2780 | 0.2780 0.2780

N'2346+1 0.2801
| N'gt 0.1206 | 0.1034 | 0.0862 | 0.0690 | 0.0518 | 0.0431 | 0.0403 | 0.0388 | 0.0380
L NYu0.) 0.1001 | 0.0953 | 0.0906 | 0.0858 | 0.0811 | 0.0787 | 0.0779 | 0.0775 | 0.0773
| N¥so0s | 0.0939 | 00920 | 0.0019 0.0909 | 0.0899 | 0.0894 | 0.0892 | 0.0891 | 0.0891
‘ . N'styseyr | 0.0922 ]
. N'» 0.1283 | 01055 | 0.0828 | 0.0600 | 0.0372 | 0.0259 | 0.0221  0.0202 | ~0.0190
| N0z | 00816 | 0.0739 | 0.0662 | 0.0584 | 0.0507 | 00468 | 0.0455 0.0449 | 0.0445
| N"s@.05 0.0634 | 0.0616 | 0.0597 | 0.0578 | 0.0559 | 0.0550 | 0.0547 00545 | 0.0544
,‘  N'ssi1041 0.0576 -
? N's6 | 0.0576 | 0.0466 | 0.0355 | 0.0245 0.013§_} 0.0079 | 0.0061  0.0052 | 0.0046
_ NYS0.2) 4‘ 0.0377 | 0.0322 | 0.0267 | 0.0212 0.0157:}_70.0129 0.0120 | 0.0115 | 0.0113
 N"s@o» | 00243 | 0.0225 | 0.0208 | 00190 | 0.0172 | 0.0163 | 0.0160 0.0158 | 0.0157
| N'$pza | 00179
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Editorial : This paper is the last publication by Miss Michie Shirafuji
who has died on February 6, 1959 in Fukuoka.



