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§ 0. Introduction. The object of this paper is to discuss some aspects
of sequential approaches associated with linear regression analysis under
a formulation for which the estimation after preliminary test or tests of
significance will play a fundamental réle. The statistical procedures in which
one or several preliminary tests of significance are involved before a final
statistical decision such as test of significance or estimation will be applied
have been discussed by various authors such as Bancroft[l], Kitagawa [1]
~ [4], Bennett [1], Paull [1], Siotani[l], Bozivich, Bancroft and Hartley [1],
and Huntsberger [1].

These procedures can naturally be applied to linear regression analysis.
In § 1 we shall discuss biased estimation of linear regression coefficients under
an incompletely specified model in the terminology used in Bezivich, Bancroft
and Hartley [1], and then in § 2 estimations after preliminary test of signifi-
cance are treated for the two and three stage cases. In § 3 and § 4 sequential
designs of experiments in two and three stages are formulated respectively
under specified statistical procedures in which test or tests of significance
will decide whether we should perform further experiments in order to obtain
more data for a better fit as linear regression or we should stop our experi-
ments and give our estimation of linear regression on the basis of our data
already obtained. In Theorems 1 and 2 the mean square error of our esti-
mated regression function ¢(x) to the true regression function ¢ (x) is given
for each assigned value of the independent argument x = (%, X., ---, %:),
and then the overall distance function is defined over a given domain D of
the k-dimensional space by means of given weight function w(x) and their
expectation is considered.

Now the latter part of this paper is mainly concerned with the appli-
cations of general results obtained in the former to response surface analysis
developed by Box and his collegues in a series of papers such as Box-
Wilson [1], Box [1] ~[3], Box-Hunter [1]~]2]. Sequential approaches in some
sense have been advocated in their approaches to response surface analysis.
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Successive Process of Statistical Inferences 81

Indeed Box-Hunter |2] gives five requirements (a)~(e) to experimental
designs of order d which are desirable in their context. In particular two
requirements (b) and (e) are intimately connected with our purpose of the
present paper, because they say:

(b) It should allow a check to be made on the representational accuracy
of the assumed polynomial.

(e) It should form a nucleus from which a statisfactory design of
order d + 1 can be built in case the assumed degree of polynomial proves
inadequate.

However they did not give a formulation of statistical procedures to be
applied to such sequential approaches. It is our view point that some formu-
lation of statistical procedures can be done under certain situation and it
will be of use for an experimenter by giving him the effects of his statistical
procedures in term of the mean square errors and of the distance functions
and also by giving him the possibility of getting an objective criterium to
decide among possible sequences of designs of experiments.

§ 5 gives three examples of § 2 with respect to response surface analysis
such as rotatable designs of the order two and three in the sense of Box-
Hunter |2] in the two dimensions. § 6 gives one example of §3 in connection
with the rotatable design of the order two in response surface analysis, while

§ 7 treats with that of §4 in connection with the rotatable design of the order
" three. These examples are concerned with the designs proposed (probably
first) by Gardiner, Grandage and Hader [1] and discussed in Box-Hunter [2].
In §8 an example of three stage sequential design associated with response
surface analysis in the two dimensions is discussed. Numerical aspects which
are quite important in discussing the merits and the demerits of statistical
procedures formulated in this paper are not given here, but in §9 some
general remarks are given for the method of the evaluations of the proba-
bilities and the mean values associated with the estimations after preliminary
tests of significance.

In conclusion the author wishes to express his indebtness in preparing
this paper to the talks with Prof. S. Wilks and Dr. G. Box which he could
enjoy while he was in Princeton University from 1957 December to 1958
April by the Rockefeller Foundation grant.

§ 1. Biased estimation of linear regression coefficients under an in-
completely specified model. Let us consider a linear regression model
involving ¢ unknown parameters 8, 8;, -+, 8,1 and 3, such that

(1- 01) §0q(x1, Xay vy xq) :g .Bixi’

where %, %,, ---, x,., and %, are fixed variates.
Let D be a ¢ x N design matrix such that
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X1 X2 X
(1.02) D=|x: Xoo Koz

xla x2m xqw

X1 Zx2 Xqv

The observed value y, at the point %, = (%, Xzs, =, X5) iS assumed
to be
q

(1.03) Vo= Bi%iy+ €as

i=1

where {e,} (=1, 2, -, N) are assumed to be distributed independently in
the normal distribution N (0, ¢*) with a common unknown variance o¢°.

We are now interested with the situation of an experimenter for whom
the model (1.01) is not completely specified and who may assume under his
own grounds a response function of the form

(1- 04) §0p(x1, Xay oy xq) - gl Bixi

with a certain number p of unknown parameters B,, 8., ---, 8,-1 and 8,
where p <<gq.

Under this situation he may think it better to have the least square
estimates of f,, 8, -+, B,-1 and B, under his assumption B, = Bp4e= -+ =,
=0. It is the purpose of this paragraph to discuss the biased estimations
of the parameters and that of the response function to be derived under
such situation.

The current procedure of the least square estimations will give him
the normal equations

(1.05) é{ aiij:Bi’ (Z:l, 2""9 p)
j=
where
¥
(1' 06) a”:agl XiaXja s (Z,J: 1’ 2’ T P)
(1.07) Bi=3) fuse. (=12, 0).

It is to be noted that {a,} could be defined not only for 7,7=1,2, -, p
but also for 7,7=1,2, --, q.

Let the rank of the p » p matrix (a;;) (4, j=1, 2, -, p) be equal to p,
and let its p x p inverse matrix be denoted by (cf}) = (@) .

Let us put

(1'08) ew Eyw_ (b1x1m+b2x2z+ ot +bpxpw) (lgaéN)
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p
(1.09) Ay, EZE cg)aﬁc (G(=1,2,-,p; p+1<k<Lq)

(L10) Aw=%u—33 Paur. GP+1<k<g; 1<a<N)

i=1 j=1

(1.11)  H,=3) A (1<a<N)
k=p+1
L12) L =3 %H (1<i<q)

L18)  w =3 tee (A<i<0).

Then the fundamental aspects of the biased estimations under the present
situation can be enunciated in

Lemma 1. (1°) We have

(1.14) b=t 3 Budat+ 3] @3 Px)  A<i<p)
k=p+1 a=1 J=1
' (1.15) > 6= (Hat '~ 3 3 6 (u+ L) (0, + L)

‘ e
+2>1 2 ¢ LiLJ-

i=1 j=1

() N —Sv. SV YL, LYs™" is distributed according to the non-
central chi-square distribution with the (N — p) degrees of freedem and
the non-centricity parameter

(1.16) 2= H. /27
a=1

Specially when B, =Bpsz= - =B,=0, then Sla_,e./o" is distributed
according to the central chi-square distribution with the (N— p) degrees
of freedom.

Proof. Ad (1°): (1.14) follows from (1.05) in view of (1.09). In-
deed we have

L) Y 2 ‘
(1. 17) b4:2 Ci_] BJZZ C” (E x_,w (2 ﬂkxka'l‘5@>)
J=1 Jj=1 a=1 k=1
2, (L S
=) Cj <E By + > xjw5w>
=i k=1 a=1
q Py
=B+ ) Brdiu+ 20 €f 2 Xjnta -
k=p-+1 J=1 a=1

Now we have, in view of (1.10),
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(1' 18) ew:ym_é bixtm

zé Bikiuy + €0 — z Zi (Bt 3 2 Bl

P

»
(1)
— 21 X Z E Xiptp

=1 =1

~

p P

"‘E ﬂkAkw+2( - > Zi Ci_; xiaxjﬁ)eg,

k=p+1 i=1 j=

which, in view of (1.11), (1.12) and (1.13), gives us (1.15), as we were
to prove.

Ad (2°): The remaining part of our Lemma 1 can be proved by the
transformation of the quadratic form

(1 19) Q= 2 E 0(1)514’142 E c§;)(7ii+L)(ﬂJ+LJ) (Ci=n+ L),

into the sum of squares. Indeed the classical method due to Jacobi's trans-
formation yields us, in our particular case, that

2 2 2

(1. 20) Q= T)Z‘— + DTZDZ ot bp_l,fflﬂ,

with

(1.21) Zi=D. i+ Dy, lie+ -+ + Dy, ¢,

(1. 22) Cov.(Z, Z) =0  (i=<j)

(1. 23) Var.(Z,)) =o*D, ;Dy_,. i,

where
¢ty ¢ty O cn |
cs) cx Y S 6553

(1. 24) D=
C:nl 1 051)1 2 CEX)I i1 CS‘)I n ‘
¢ c? e |

for 1<i<<h<p.
Consequently we have, in view of (1.20), (1.12) and (1.13),

Il

(1. 25) Zi(Dl_l,i_lDi,i)_llz (Dt 1,i— lDt 1) i 2 Dl Jx)w (H + 6,,)

HM< M=

di,(H,+¢,),
where

(1. 26) di,= (Dt—l't—lDl.i)~”2 jéi Di.:‘xjw
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and
(1.27) S dh=1, 3 duda=0 (i><))
a=1 a=1
in virtue of (1.24) and (1.26).
We can apply the same transformation to the last term in the right-
hand side of (1.15). We have finally

=S H+ ) = 33, du(Ha+ ) )’

IlMe

(1. 28) S

a=1
2

+ é(gl dthw> s

i=l1

which completes the proof of Lemma 1.

3 2. Estimations after preliminary test of significance. Under the
situation of the incompletely specified model enunciated in § 1, the experi-
menter may appeal to the estimation procedure after preliminary test of
significance. It is the purpose of this paragraph to formulate some of his
possible procedures on two fundamental cases.

In addition to the assumption made in § 1, let #; be an unbiassed estimate
of the variance o¢® such that vui/c® is distributed in the chi-square distribu-
tion with the v degrees of freedom, and let #) and ¢, ¢, -+, ¢y be mutually
independent. This assumption can be satisfied in various important cases.
For instance, (i) #. may be obtained by another independent experiment,
or (ii) for each assigned %, = (Xix» Xous ** , xqw) there may be m replications
of indpendent experiments giving us »¢, &, -, y¥° (=1, 2, ---, N) and
hence

=0+ ¥+ - 9 /m
2 E(y(h)—yu)”/(m—l)N, v=(m-1)N.

(1] Two stage case. Let us define our statistical procedure in the fol-
lowing way.

(1) Test the hypothesis H,(p;q): By1=PFBpe=++=5,=0 at an as-
signed level of significance «a, by appealing to the F-test where

(2.01) F=3(s— 5 005.) (N = p)ai.

(2), If the F-test is non-significant (4,), that is, F <Fy"(a,), which
is the «,-point of the F-distribution with the pair of the degrees of freedom
(N — p,v), we give the estimates

{mz O (=12, )
0

2.02
(2.02) G=p+1 -, q).
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(2°). If the F-test is significant (R,), that is F > F;, ”"(a,), we give the
estimates

(2.03) b, = bf) (i =12, -, q) ,

where {6} are the solutions of the normal equations

(2. 04) S a,b?=B, (=12 -,q)),
i=1

with

(2' 05) ;= él XiaXja (l, j: ]-a 2, -, 4)

(2. 06) Bi=3 %uy. (i=1,2,q).

a=1

By means of our estimates {4;} (i =1, 2, ---, q) let us define the estimate
of the response function by

(2. 07) ¢(x) :b1x1+b2x2+ oo +quq

for each assigned point x = (x,, %,, ---, x,), which is equal to

(2.08) $(x) =0 %, + 0P x5 + - + 0Pz,
under the circumstance (A4,) and to
(2.09) () =bx, + b %, + - + 5P,

under the circumstance (R,) respectively.

It is evident that ¢(x) does not generally give an unbiassed estimate of
¢,(x) for each assigned x. Consequently for each assigned x we shall be
interested with the mean square error defined by

@10)  E{p@ —a®t =3 5 E{t.—8) i~ 5)} 5.5,
i=1 j=1
Furthermore it may be interesting to consider the norm such as
(2.1 E1Qi=E{| [p() - e[ w(x) dr, - dx
D

where w(x) =w(x,, %, ---, %,) is an assigned weight-function and ® is the
domain in our consideration in the g-dimensional euclidian space.

(2] Three stage case. Let us consider the situation when the true
response function is given by

r

(2.12) @, (%) =] Bixi.

=1

Let us suppose an experimenter for whom the model is not completely
specified and who may assume other response functions such as ¢,(x) or
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¢,(x), where p and g (1< p<<q<r) are chosen by him on his own grounds.
Let us define our statistical procedure in the following way.

(I') Test the hypothesis Hy,(p;7): Bps1=Fpse= - =8,=0 at an as-
signed level of significance «, by appealing to the F-test where F is defined
as in (2.01).

(2°); If the F-test is non-significant (A,), proceed similarly as in (2°),
in the two stage case.

(2), If the F-test is significant (R,), then let us define {5} (i==1, 2,

-+, q) as in (2°), in the two stage case.

Test the hypothesis Hy(q; 7): By41=2PBp2= --- =8,=0 at an assigned
level of significance «, by appealing to the F-test where F is defined by
R q 2 R
(2.13) F=3(5-3] 6%5.) [ (V- q)u.

&= =1

(3°): If the F-test is non-significant (4,), that is, F < F} “(a,), where
a, is an assigned level of significance, then we give the estimates

(2.14) { b, = b? (=12 -,q)
b:=0 (E=q+1,--,7).

(3): If the F-test is significant (R,), that is, FF > F) *(«a;), then we
give the estimates

(2. 15) bt:bf» (i::l’ 21 ttty r) ’

where {5} are the solutions of the normal equations

(2.16) Stab® =B, (=127
with

(2.17) ay=3 tuta (=12 ,7)
(2.18) | Bi=35uy.  (=12-,7).

Under this procedure, let us define an estimate of the response func-
tion by

(2.19) o(x) =b,x, + b, %, + -+ +b,%,,
which is equal to
Pp(x) =b" x4+ - + b %, (under (4)))
(2.20) o(x) =bPx, + - +bPx, (under (R,A,))
(%) =bPx, + - +b®x,  (under (R,R,))

respectively. We shall be interested with
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2.21) E{j¢ () — on®)7}

for each assigned x - (x,, %, *--, x,), and also with

(2.22) EiQ| EE{L o) ~ 0. 10(x) d, - x|
with a certain weight function w(x) = w (%, x., -, X,).

We are not giving here the evaluations of the quantities (2.10), (2.11),
(2.21) and (2.22), because they can be readily seen from the corresponding
evaluations to be given in the following two paragraphs in connection with
the sequential designs in which two or three stage designs of experiments
can be performed in order to have better fitting for response function by
appealing to estimations after preliminary test (or tests) of significance.

§3. Two stage sequential design. Let us consider the two stage
sequential design defined in the following way under the incompletely speci-
fied linear regression model in the sense enunciated in § 1.

(1) (i) Make the first experiment involving N, observations {y,} («
=1,2, ---, N,) according to the p x N, design matrix D"’ defined by

/ (1) (1)

! X4 eos xpl
(3.01) DO = £ .. g0
(1) 1)
xlm xpm

(1) (1) |

| xlNl xp;‘\’l )

(ii) Let an estimate b{" of B, be given by
(3.02) PO =31 B (i=1,2, ., ),
j=1

where (¢?) is the inverse matrix of the p x p matrix (ai}) (5,7=1,2, -, p)
with

(3.031) af) =3 5Px2  (G,i=1,2 )
and v
(3.032) B(“:g %0y, (G=1,2 -, p).

(iii) Let #2 be an unbiassed estimate of the variance o* such that vu}/o*
is distributed in the chi-square distribution with the v degrees of freedom,
and let # and (e, ¢, -+, ey €,) be mutually independent.

(iv) Test the hypothesis H,(q; p) : Bp+1=Bpsz= - =B, =0 at an as-
signed level of significance «, by appealing to the F-test where
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(3.04) F=3\(r.—% t°x.) N -p)u.

(2°), If the F-test is non-significant (A4,), that is, F < F,""(«a,), then
we stop the experimentation, and we give the estimates

{ bi - bil) (i:]) 2! R p)
bt::o (l:p'}‘l’p-*’zy,q)-

(2), If the F-test is significant (R,), that is, FF > F,"™ (a,), we proceed
in the following way.

(i) Make the second experiment involving (N,— N,) further observa-
tions {y,} (8 =N,+1, N, +2, ---, N,) according to the g x N, design matrix
D® defined by

(3.05)

/ (2) () @) () (2)

‘( X1 X2y o Xp Xp+11 vt Xar
(3.06) D® = : : : o
(2) @) 2) (63 )
‘] Xin; Xan, N, Xptriy, 0 Xgw, ,
‘ @ L@ o)) @ @ |
U Xy, Xew, 0 Xpy, Xprine 0 Xgn, /

where we assume that
(3'07) xgi):xitlt) (2219 2’ "'rp; a::[y 2’ ctty Nl) ’

and that & (k=p+1, ---,q; a=1,2,---, N,) are assigned through the first
experiment.
(ii) Let an estimate of A, be given by

(3.08) b =3 @B (i=1,2,-,q),
Jj=1

where (c7) is the inverse matrix of the ¢ x ¢ matrix (ai) (i,i=1,2, -, @)

and

A M Ny .
(3.091) aﬁ»i":wgl xEL’xfi’:a_g e (G=1,2,-,p; k=p+1,-,q).

Ny
(3.092) af =3 x4 X5g (5,7=1,2,-,9).
3.10)  BP =31 205 G=12-,4).

Let us now define
(3.11) b=0b? (i=1,2-,q).

Under this procedure, let us define an estimate of the response function
for each assigned x = (x,, %, -+, x,) by
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(3.12) (x)=bx, +b,x,+ - + byx,,
similarly as in (2.07).

Let us put
(3.13) A(‘) E (.(1) (12) (z'=1, 2, -, p; k=p+1, o q)
(3' 14) ALO) (B’ 17, Q) Ekz Bkdg) = Agl) (Z = 1: 21 Ty p)

=p+1

(3.15) GR=3 P&l (=12, p; a=12 -, N)
(3. 16) 1(1) _Z Gf«? €a (Z = ]-’ 2, R p)
(3'17) 52):2 cg)xﬁ’) (l’__l’ 2’ PN/ 0:1’ 2; Tty NZ)
(3' 18) (1(,2) EE Gi(92)59 (i:l, 2’ Sty q) .

Lemma 2. We have
™) E, {(bi— B8:) (b;— B)) }

( 4285 b, ) 4B Dy @) + " (1<i, i< P)

(3.19) — 4785 b, ) 8, 1<i<p<i<a)
8.8, Pp+1ZL4,j<q) .

(20) Erq%( _ﬁz) (b *19 )izEng <">€J-)§

(3.20) = Jg z G GREnr, feate} + ay_;“Gi?,’ G

Proof. Let us note first that (i) under the condition (A4,)
(bz - ﬂt) (bj - BJ)

(3.21) O =8O —8) (G i=12,p)
:t—(bﬁ"—ﬂi)ﬂj (G=1,2, -, p1j=p+1, -, q)
B:iB; G, j=p+1,-,9)
and (ii) that under the condition (R;)
(3.22) (bi— B (b, B)) = (b — 8 (5 — 8,)

for 1<14,7<p.
Let us now notice that (b°, b5°, ---, b”) is independent of the statistic
N,

(3.23) S (3= 3 805,)

a=1
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because it is orthogonal to the linear subspace spanned by the set of p
linear forms

My
(3. 24') E xg)ey (i: 1: 2; T p) .

=
Ad (1°): In view of (3.21) we have, for 1<i,j<p,
(3.251)  EL {4 —8) (B —8)1 =E{ (" — 8) (" - 8,)}
=485 0, 0) 4°(8; D, @) + ¢ 0?
and, for 1<i<p<k<q,
(3. 252) E (0 —B) B =E{ (0" — 8} 8,= 4" (8; p, @) 85,

which gives us (3.19). The case p+1<14, j<gq is trivial.
Ad (2°) : We have

(3.261) P — z(z D) e =
0=
A Ny .
(3.262) PP = (3] 6Ret 3 606 (S) COert 3} Gar).
y=N,+1 B=1 6=N;+1
But we have, for 1<a, <N, N, +1<r, 6 <N,,
(3.27) Erleacot=EgfesiEle}=0
(3.28) E;leycot=Eg {e,} Efeg} =0 (r=<0)
(3.29) Eri&t=E{é}=0d"

because ¢, and (N, +1<7, 6 <N,) are independent of the statistic F
which is defined by the function off{e,} (1<a<<N,).
Consequently we have

Eet (b‘z’ — 8 (0 — B}
(3.30) _sh sy GOGOE,,! emeﬁuz GRGR S,
a=1 g=1

as we were to prove.

Theorem 1. Under the two stage sequential design enunciated in this
paragraph, we have :

(1) The mean square error of the estimate ¢(x) at each assigned
point x = (X, X3, -+, X,)

E{l$(®) — o(2)P}
(3.31) :Pr.%Ali[E Z(A“’(ﬂ 0, @) 4P (835, @) + €% %2,

i=1 j=1

—23 3 40 b @) Briw,+ ) S BB

=1 j=p+ i=p+1 j=p+1

+PriR[3 3S 3 GEGREuicussi+ 3 GG} x,3, ]

i=1 j=1la=1p= Y=Np+1
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(2°) The norm

(3.32) EgQ;:H E{@(x)—go(x)‘iz}w(x)dxl...dxq.

4D

§4. Three stage sequential design. Let us consider the situation when
the true response function is given by

(4.01) e (%)= g Bix: .

Let us suppose an experimenter for whom the model is not completely
specified and who may assume other response functions such as ¢,(x) defined
in (1.04) or ¢,(x) defined in (1.02), where p and ¢ (1<p<<q-Ir) are
chosen by him. Under this situation he may appeal to the three stage
sequential design defined in the following way.

(1°) Let us proceed the steps (1°) (i) ~ (iv) similarly as those cor-
responding to (1°) (1)~ (iv) of §3.

(2), Let us proceed similarly as in (2°), in §3, except that

4.02) o (B0 G=12p)
' “’{o G=p+1,-,7).

(2); Let us proceed the steps (2°), (i)~ (ii) similarly as those cor-
responding to in (2°), (i)~ (ii) of §3.

(iii) Let # and (ey, ey, -+, ex,15 €x,) be mutually independent.

(iv) Test the hypothesis H,(p, 7) : Bys1=Bgrz= - =B,=0 at an as-
signed level of significance «, by appealing to the F-test where

Ny q o
(4.03) F=3y—3 bg”x,.,) (N.— ).
a=1 j=1

(3°), If the F-test is non-significant (4,), that is, F < F; “(a,), which
is the «a,-point of the F-distribution with the pair of the degrees of freedom
(N.—q,v), then we stop the experimentation, and we give the estimates

(bgz) (111’ 2: yQ)
4.04 b, —
(4.04) 10 (G=q+1,,7).

(3°), If the F-test is significant (R,), that is, F > F,* %(a,), we proceed
in the following way.

(i) Make the third experiment involving N; — N, further observations
(9,0 (v =N, +1, N, +2, ---, N;) according to the design matrix D® defined
by
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(3)
Xn

2,
(4. 05) D® -

3)
Xix,

3)
X1y,

3
where we assume that
(4. 06) x = a0 = %

(4.07) x = x%

3) )
Xaf 0 Xy

(3) @

KXoy, ' Xyy, oo

(3) ®)

Koy, 0 Xpx, o
3) 3

xg e X))
20, e 0,
20 g0
50 e 20

Xan, Xpy,

=12 -,p; a=1,2,--, N)
(Z:p+17 g 0—*1; 2’ "':Nz)

3

3

93

and that x{ (k=g¢+1,--,7; 6=1,2, .-, N,) are obtained without any ad-

ditional experiments.

(ii) Let the estimate of 8, (=1, 2, ---, ) be given by

(izla 2’ Ty r) ’

where (¢i?) is the inverse matrix of the » x » matrix (a®) (4,7=1,2, -, 7)

(4.08) bP =37 ¢ BY
=1
and
3 B @) D
(4.091) ay = 3 Xig X5 »
o Ny 2 Nq
(4.092) a5 =31 2555 =3} 20 2
Ny
(4.093) B =33 %03, -
Let us define
(4.10) b =b{

(=12 -,7r).

Under this procedure, let us define the estimated response function by

¢(x) as in (2.22).

In addition to the quantities similarly defined as in § 3, let us define

(t=1,2,-,q; k=q+1, e, 7)

(Z:]., 2, s g H:]-r 2’ Tty Nz)

(4.11) 12 =3 ¢fa

(4.12) 4085 0,7) =33 pu 4

413)  GP=3

(4.14) 2 EE G? e (i=1,2, -

» Q)

G=1,2,0q)
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(4.15) 53)_2 Px®  G=12-,7;¢v=12-, Ny,

where the 7 x 7 matrix (¢?) is the inverse matrix of the 7 x » matrix (af}).

Lemma 3. We have

1) E.{(bi—B) (b —58)}
A(l)(lg p1 r) A(l)(ﬁl p’ 7') + C(l) (for l,]: 19 2’ “tty p)
(4.16) =1 —4(8; p,7) B, (1<i<p; p+1<57<7)
.B'iﬂj (isj:p+1"":r)-
(20) Er?lAQ% (bi_ﬂi) (b]'_ﬂj)i

42854, 7) 4P (B q, 7) + 4P (85 a, 1) Ep {4
+ 498 . NE P+ Eq(¢PGP) (1<4, i<

4.17) = , \ .

— (4P (B, 7) +ER} CPY) B, (1I<i<q+1<j<7)

B:B; @+1<Z4,;<r).
3) Eg gz} (bi—By) (b;— B}
(4.18) :Eglﬂggd‘” o
:é 3 Z 2 G(s)GS)EmR?{Ee%%

i=1 j=1 60=1 =1

for i,j=1,2

Proof : This is quite similar to that of Lemma 2.

Theorem 2. Under the three stage sequential design enunciated in
this paragraph, we have:

(1) the mean square error of the estimate $(x) at each assigned point
X = (xl’ Xoy **» xr)

E{o(x) —o )%

(4.19)  =Pr. éAli[IEI Z(A“’(ﬂ, 2, )48 b, 1) + 0‘” N % x;
—2 :g j=r+ (l)(ﬂy b, 7)Bixix;+ _ii 1_2“/9 ﬂszxj]

+Pr R A3 300 (85 0,7 4735 0,7)
+42(8; 4, 1) Er i
+4P(B; q,7) Ex {24+ En {CO 7))
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—23) U985 0, 7) + Enl)) 5,

=1 j=gq+1

+ zr: illg;ﬂjxixj]

i=q+1 j=q+
+ Pr. {R, R} 12:: é: Emm{(z(a)ca(s)ixaxj-
gy

(2) The norm

{ E{lo(x) —o(®)|} w(x) dx, --- dx, .

YD

(4.20) EiQ) =j

§ 5. Estimations after preliminary test of significance in the models
associated with the rotatable designs in the two dimensions. We are
giving here three examples of § 2 with reference to response surface analysis.

(1] The rotatable design of the order two in the two dimensions.
Let us consider a model of response surface of the second degree in the
two dimensions defined by

(5.01) 6(x) =B+ B1x, + %, + ﬂnx% + ﬂzzxg + 812X %5

Let us consider an experimenter for whom the model is not completely
specified and who may assume a response surface of the first degree, i.e.,

(5.02) P3(%) =Bo+ B1%, + B % .

Under this situation let us assume that he has N observations
(5.03) Vo= Bo + B1X1s + By Xou -+ 11X + oz oy + BroXiaXog + €4 »

where {¢,{ are subject to the same conditions defined in § 1.

Let us consider the transformations of the fixed variables and the un-
known parameters (8,, 8y, --, B1:) into {xi} (1=1,2,---,6) and (8., B85, -,
Bé) respectively by

(5- 04) Xoa = x;w ’ Xiw = xéz ) Koo = xém
x?w = x;l ’ xgz = xgas ’ XiaXoy = xéz ’
and
(505) ﬂo :ﬂ;, ﬁl :ﬁéy ﬂz =.3§
ﬂu:ﬂi, 522::/9.’;’ 312:/%-
The transformations reduce our formulation into a special case of that
defined in §1. We are now concerned with the design matrix D associated

with a rotatable design of the order two in the sense of Box-Hunter [1]
for which
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/ N 0 0 aN aN 0
) aN 0 0 0 0
0 0 aN 0 0 0 |
5. 06 L) = »
( ) @) aN 0 0 33,4&'N 22N 0 :
aN 0 0 4,a@’N 34,aN 0
v 0 0 0 0 0 1,a’N|

The choices of (5.01) and (5.02) correspond to ¢ =6 and p =3 respec-
tively. In the consequence we can give various constants enunciated in
Lemma 1 as follows.

~au 6o @]’ (N 0 0) [0 0
(5.07) () = @y @» au!| ={0 aN 0| =] 0 ﬁ 0
i‘\_ag1 s a,,s,l L0 0 aN \\ 0 0 %
(5.081)  Aw=sl—3) g Pt = ¥ —a
(5.082) Ah:x;w—; > € 05X = X2 —
(5.083) Amﬁ:xgm—g1 33;1 €57 Ao Xjy = Ko Xe
(5.09) H, = ;E BrAra
= B11 (Xia — @) + Bzo (X2a— @) + Brz FraXou
(5.101) L, =3 H.3la=3] H,=0
(5.102) L, :é H, =3} Hotu=0
(5.103) L, ~z Hoz =3 Hix=0
A1) 7 =3 wtl=3] w
(5.112) 7, :ai::] eaxém—é aZin
(5.113) 71, =3 ckia=3] cum
(5.12) 3 &= .+~ 3 3 ¢,
S 6 ) - NS )
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N
(5.13) X Ho=a'N{(32,—1)(Fu+Fo) + 1A+ 21 —1) Bubual
Where 21 :N/an.
[2] The rotatable design of the order three in the two demensions

(1). Let us consider a model of response surface of the third degree in the
two dimensions defined by

(5.14) @10(X) = Bo+ B %, + B X, + 51135? + /92255? + B2 X1 X,
+ ﬁlnx?f + ﬁuzxz;xz + ﬂ122x1x§ + ﬂzzzxg .

Let us consider an experimenter for whom the model is not completely
specified and who may assume a response surface of the first degree, i.e.
¢3(x) enunciated in (5.02). Let us consider the additional transformations
to those difined in (5.04) and (5.05) such that
(5- 15) xiw = x’;w ’ xith - xé,; ’ xlmxg-:c = x!;w ’ xgw = xiuw ’

(5- 16) 3111:ﬂ§y ﬂnzzﬂéa ﬁlzzzﬂéy 522226{0-

We are now concerned with the design matrix D associated with a rotata-
ble design of the order three in the sense of Box-Hunter [1] for which

N 0 0 aN aN 0 0 0 0 0

5.17) | 0 aN 0 0 0 0 32N 0 2ae°N O
0o 0 N 0 0 0 0 A&eN 0 34aN
aN 0 0 32a°N 2,a*N 0 0 0 0 0
(a,) = aN 0 0  2a®N 33,a*N 0 0 0 0 0
’ 0 0 0 0 0 2e&°N 0 0 0 0
0 32N 0 0 0 0 15,e°N 0 32N 0
0 0 2aN 0 0 0 0 3%a*N 0 346N
0 2,a°N 0 0 0 0 34N 0 32,68°N 0
{0 0 32a°N 0 0 0 0 32,6°N 0 152,4®°N
We have
Q. Gy Qs i ‘;7 0 0 ]
(5.181) (€)= @ @y G = 0 ;}N 0 |
«' 1|
3 Gy Gy 0 0 aN ‘ ]
(5.182) A== 31 3] P aunl,

i=1 j=1
Qi Ay

— at W ’ as, 4
= Xpw — <Nx1m + dTszw + &N-&im) .
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and hence

(5.191) A, =2.—a

(5.192) Ay =x3,—a

(5.193)  Ag = Xiuos

(5.194) A, =% —32ax,

(5.195)  Asy = XigXew — 4,8 %,

(5.196)  Agp =F1uX5— 210%

(5.197)  Aw.=2%5—34,a%xz

(5.20) H, =B(%1.— @) + Bz (%3, — @) + B12¥1a%2a

+ /9111(-'”?:: —34a%x,,) + ﬁnz(x?axza — 218 %:4)

4 B2z (xlctx;w —1a%,) + ﬂ222(xgm —34,a%.,)
and

(5.211) L, =§Nj1 Hox\,=> H,—=0
a= a=1

(5.212) L, =‘§:1 Hox=3 H,%,=0
a= a=1

(5.213) L, =ﬁ:l Hzx;,:% H, %, =0.

Hence the relation similar to (5.12) holds

2 ¥
- ‘% (E‘ emxm)

2

- ﬁ(é Eax2a> ’

a=1

(.22) 3 A=SHor e - (3 <)

a=1

and
N
(5.23) El H,=a"N{@B2—1) (i + %) +2 (A — 1) Byy Bz + A, B}
+a*N{3 (52, —32)) (Biu + Bi)
+ (34— 'ﬁ) (19?12 + 19?22)
+ 6 ('12 - X?) (ﬂlll + /9122 + ﬁ222ﬂ112) } -
[3] The rotatable design of the order three in the two dimensions
(2). Under the hypothesis of (5.14)~ (5.17), let us consider an experimenter

for whom the model is not completely specified and who may assume a re-
sponse surface of the second degree, i.e., ¢s(x) enunciated in (5.01).
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We have in this case

(N 0 0 aN aN 0o ¢
0 aN O 0 0 0 }
0 0 aN 0 0 0
5.24 My — |
©.2h () aN 0 0 31@N 2@N 0
} aN 0 0 xa°N 34N 0 |
L0 0 0 0 0 2a°N)
( 24, 0 -1 -1 0
(24, —1N 2(24,—1aN 2(22,—1)aN
1
0 aN O 0 0 0
0 0 aiN 0 0 0
- 1 . 31,—1 1-1, .
3(2h—T)aN 0 41,(2%,—1)a*N 42, (24— 1)a*N
1 1-4, 3%,—1 0
m 0 0 42,(22,—1)a*N 41,(22,—1)a*N
1
| L
\ 0 0 0 0 0 7a’N
Consequently we have
6 6
(5.251) A =% — 2 2} 658K = x1s — 311,
= =
6 6
(5. 252) Aw =% — 3 3] €7 B3 % = Xy Xy — A1 A X24
6 6
(5. 253) Ag, :xém—g ]=Zl cs)ajgx;a:xlaxgz_ Alaxla
6 6
(5. 254) Axo,z:x;ou—g_l} j;l cﬁ;)ajxox,;u:xgm —32,a%:,
10
(5. 26) Ho=3] §jA

=B (x?w_ 321%1,) + Biys (xlgaxza — 1@ %2,)
+ Bize (xlwxgm — 21a%1,)

+ Bazs (x§¢ —32,6%,,)
and hence

(5. 271) L, :ﬁ} Hox,,=> H,=0
a= a=1

N N
(5.272) L,= ZE H,x}, = Z}l H,x,,=0
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(5.273) L,= Z H,x;, = Z H, %, =0
(5.274) L,= Z H,,x;m=2 H,x,=0
(5.275) L= Z H,x!, = 2 H,x:,=0
(5.276) LG—Z H,x;, = Z} H,%,%:,=0.

Therefore we have

N N 6 6
(5- 28) 21 eiIZ}(Ha + fa)z—?i 2 Cc; 771771
a= a= — J_
The Jacobi transformation enunciated in § 1 can be applied to the second
term in the right-hand side of (5.27), which gives us

22 —1

(5.291) D, Dui=Du= gy “iran

S @n-DN

D1,2=D1,3:D1,s:0.
22,
(5.292) D,,= @24, —1)aN®’ D,s=D;y=D;5=D;s=0
22,
(5. 293) D, = 21, _Da Na; Da,4:D3,5:D3,6:O
3 -1

(5. 294) D4,4 — Dl, D4’5 - O

4(22,—1)a"'N*’ ST422,—1)a'N*’

1
T4, @1~ D a N

1
(5.296)  Dos= 43050, —1) & N°

and consequently

(5. 295) 1)5Y D5,6 - 0

(5.30D) 7%; - PTlii § b ((2112}1) N~ (zfaj 1?%; N)
(5. 302) ’l/sz,jbz,z - a““lN”2 azil St ta

(5. 303) = D%IE = a,,%vl,z é 6

(5. 304) L/D§:D4 . 2(61, )];/2 N a: & (31, — x2,)

(5. 305) Z 1

I/D;_;D5 s (3%, )1/2 Nl,’2 E 3 xza
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5. 306)  Zs 1 &
© ‘/VDSIDZG-Zi’VzaN”Z 24 EaFiadoe -

It follows that

(1) i 2 6
ZC C = + = 4o 4 —
i=1 j=1 AR Dlvlh1 D1’1D2_2 D5,5D6,6

(5.31)

and that six statistics {z;} (/=1, 2, ---, 6) are independently distributed in the
normal distribution N(0, o%).
We have also

(5.32) > H!=a' N[3(52;— 319 (Bl + flw)
+ (B2 — A7) (Bl + Bix)

+ 6 (22 - 112) (ﬂllllngZ + ﬂ222ﬁ112)] .

§6. Example of two stage sequential design associated with response
surface analysis in the two dimensions. The object of this paragraph
is to give an example of § 3 in connection with the rotatable design of the
order two in response surface analysis. Let us consider an experimenter
whose situation is the one described in §5[1]. Let us assume here that he
will appeal to fwo stage sequential design in which

(I") The first stage design consists of 4 points on a square of radius
oy With 2 points in the center (0, 0).

(2) The second stage design consists of 4 points on a square of radius
o1, rotated =/4 from the square in (1°), with 2 points in the center (0, 0),
in addition to the 6 points of the first stage design.

Consequently for instance the design matrix of the first stage design
may be given by

f/ 1 0 0
| 1 0 0
(6.01) pr— o 0 ,
1 0 01
‘i 1 —-p, O |
\ 1 0 —p J

while that of the second stage design is given by
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1 0 0 0 0
1 0 0 0 0
1 01 0 oL 0
1 0 01 0 .012
1 — 0 0 o
@ 1 0 — 0y 0 o
6.0z D7=1 0 0 0 0
1 0 0 0 0
1 pl/l/*zﬁ Pl/l'/‘g oi/2 0i'/2
1 —o V2 oV 2 piE/2 01/2
1 - P1/1/§ - 01/1/7 0i*/2 P12/2
o1 01/V 2 —o V2 pt/2 0f/2
For the first design we have
6 0 0 202 20 0
0 2p° O 0 0 0
0 0 2p° O 0 0
603 @ Zef 0 0 Geb et 0
\
21012 0 0 %‘,014 _3—1014 0 ‘
4
o 0 0 0 0 "7‘ J
for i,7=1,2,3,4,5,6.
This is a special case of (5.06) when
(6.032) Ni=6, a’=0/3, °=3/4.
For the second design we have
12 0 0 4p2 4pf 0
0 4p? 0 0 0 0 |
0 0 4pr O 0 0
(6.041) (@) = ; 4op 0 0 3 o 0 ’,
? 4p? 0 0 o 30, 0
0 0 0 0 0 p

A

which is also a special case of (5.06) when
(6.042) N,=12, a®=,1/3,

Since we have

i® =3/4.

O O OO O o o <o

pi’/2
— 0.%/2

1012/2
- .012/2 /
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-1 [ 1
6 0 0 T e 0 0
6.05 (=0 200 0 = 0 L o]
‘ 20,
1
2 ! —_—
0 0 2p/ ) { 0 0 2p12

it follows that, for 1=1,2, 3; k=4,5,6,

(6.06) (4 = (¢ (@)

,,1 2 2 P f ) ,0127 A
;0 0:%1m10 LS
1 | |
= 0 0\ 0 0 0l=l0 0o 0
2,01
1

and consequently that
2
49(85 3, 6) = BL4Q + 514D + B4 = (B + Bzs)

(6.07) £°(853,6) = B4 + f 48 + By df) =0
£7(83 3, 6) = Bidy + By 43 + B diy = 0.

Furthermore we have

1 1 1 1 1 1

G = P+ B + P =+
st (1 1 1 1 X1a
(6.08) G = xR + e 2" + ¢ 25 = 52" = %
20, 20,

1 1 1 1 Xoa
G2 = P + e+ i = Lot = 2,

and hence
1 6
&:gaﬁzgga
(6.09) P= Z Gy e, = 2 Z‘. X1a€,
01 a=1
P = 2 GPe, = 2 KXo €, .
1 a=1

Now the application of (5.24) for the particular matrix (6.041) associ-
ated with the rotatable design of the order two, we shall have
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(6. 10) (i) = (@)™
1 ‘*1, _L_ )
4 0 0 - 4/012 4,012 0
1
0 4-,012 0 0 0 0
1
~ 0 0 4—01 0 0 0
- 1 5 1
g Y gt g O
1 1 5
4012 0 0 8—;7? 8;1‘ 0
0 0 0 0 0 L‘
\ 01
and consequently it follow that
(2) 2 Cfi)xjo = i - 4% (xio + xga)
A .
1
Qﬁ) = Z Céi)xSa = 22X
j=1 L1
6
P =3 @
Jj=1 01
(6.11) { 6 1 1
& = P €l %= — 42T 8 ot (5% + 5)
=1 P1
@ _ < 1
59 = > Cs, Xg=— 5 8 4(x19+5x23)
=1 01
6 1
ﬁ) =>) Céi’ XK= "i%19 %2
=1 P
and that
/ 12 1z 1 .
(P =3 GRe= 2(1 — (X + xgo)) &g
[ o=1 = 01
i 12 1 12
ek => 653)59—1*2 Z X19€o
1 =1 o1 =1
12 )
| :92 §3)50—4 2 Z X2 €
J =1 1 =1
(6.12) \; o L e 1 1 . .
‘ n =9=1 Gy o= "Z E 50+""4 2(595194"9529)59
i 12 1 =
| ;2) = Gg?es: 4 g+ 5 8 i E(xfo + 5x§3) €p
| =1 6=1 01 #=1
1 2
éz) = 22 Gég)fo = l; 12 X19X29€g »
g=1 01 6=1
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$7. Example of three stage sequential design associated with response
surface analysis in the two dimensions. Let us consider an experimenter
for whom the model is not completely specified as those enunciated in §5
[2] and [3] and who will appeal to the three stage sequential design in which

(I") The first stage design is the same with the one enunciated in § 6,
(1.

(2°) The second stage design is the same with the one enunciated in
§6, (2.

(3°) The third stage design consists of 8 points distributed in successive
equiangular distance on a circle of radius p, =2"%p,/3"%, in addition to the
second stage design.

In this case we have a sequence of design matrices D°, D® and D®,
and the corresponding sequence of matrices (ai)), (a) and (&), which
are of the types 3 x 3, 6 x 6 and 10 x 10 respectively. Since each stage design
is an expansion of the former ones and each of the values x%, 4%, for 2, 1>0
can be available through the values of x,, and x,,, we can form the enlarged
matrices (a;"), (a5®) and (a}®)=(a®) of the type 10 x 10 in

A Ny M
1 1 1 2 2 3 (3,
(7.10) at® =3 w20 =3 w000 =3 %P x
@ _ a0 2 e
’ 14
7. 02) aly” = X Xig =] Xig Xjp
=1 =1
@ D ® B
(7.03) ay” = q§_}1 Xig Xjg =ay, ,

for 7,7=1,2,3, ---, 10. This means that

(7.041) aP=a  (1=1,2,3; j=4,5,6)
(7.042) aP=at" (1=1,2,3; j=4,5,6,7,8,9, 10)
(7.043) a’ =ar® (1=1,2,3,4,56; j=1,28,9; 10),

in connection with the notations defined in § 3.
In the consequence we have

(7.05) (4% = (c?) (a%®

00 ‘zpl 2000 0 0 0 0 |
1 ! 3 ¢
=0 ;55 0 0 0 0 Spt0 2o o |

‘i 20; H Zp 2
| 111 01 3
00 52/ 0 0 0 0 0 Got
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[ P1 Py
{f 3 3 0 0 0 0 0
— é_ 2 Oy
._( 0O 0 O 40 0 n 0o |,
L 0 0 0 0 £ o i»pf
and hence
[ ) o r 4D ﬂf
i 45 (ﬂ; 3, 10) EE B di :I (ﬁu + Bss)
(7.06) J 4°(8; 3, 10) Ego BLas) =" 1 (Sﬂmwm)

|
J W Lo P
( 4;° (8 3, 10) Eg Brdy = 4 (B112 + 3 Basz) -
Furthermore (7.05) gives us

[ 2 ,02

(AP =2 -3y O 4D =

= 3

‘ . ]

AD =P -3 P A=

3
1 2 2 1
Q=P 3 AP 40 = e

i 3 3
. ! Q 2] 1 2
(7 07) ) A7a) = x;i » E Xig @ A§7) :xla - :fﬁn X1a
1 2, 3 2) 4(1 2 /012
A( ) = xéi) ,( ) Afs) = X1 Xox — '4"x2a
=1
|
‘ 2
L 2 72) 4L Pr
l ga)_' xmg) E ()A()——xlnxza 7 X e

| & 4

i=

3

1 2 2. 3 2

[ {o: !xi’.((’a) E i )Aglo =X« — Zpl Xox s
which yields us

(7.08) HO =31 pLAY

k=4

=fu <xix - %1'2) + Bag <x§a - %f) + B12 X1a X

1012

3
+ Bin (‘x::a — Zpl2x1u) + Biis (x?axZM - Z‘xza)

3

of 3
+ Bien (xhxzzh - ixla) + Base <x2a - zp12x21> .
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[
(7.09) LO=3 HO% =0
a=1
(1) 8 1) .7
2 = El Ha x2a = 0

6
L= HPx,=0

a=1

and

6 504 .
(7.10) SWHD) ="¢t (B + B + % 8t

10_18 2, of 2
+ 8 (ﬂlll—ﬂmz) +§(ﬂ222—5112) .

These quantities given in (7.05)-(7.10) are concerned with the steps
given in §4. (1). The following ones are then associated with the steps
given in §4 (2°)-(3°).

We have
(7.11) 42y = () (@)
1 1 1
EER R T
0 4512 0 0 0 0
o o L o o0 o
. 4912
o 1 5 1
o 00 g gy O
1 : 1 5
0 0 =7, 0
4p, 8,014 8014
0 0 0 0 0 %
o1 |
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{ 0 0
3
[ 1.012 0
[0 *‘Z
=
j 0 0
|
l
|0 0
|
i 0 0
and hence
/ 428, 6,10) =
! (")
(7.12) | 4785 6,10) =
[ 4P(8; 6, 10) =
We have
6 6
( 9 =% -> >
| i=1 j=1
@ 6 6
Ay = %5 — § Z]]
(7.13) . e
Aéﬁ’ =Xy — >,
i=1 j=1
[ 6
: gfu); = X9 — E E
which vyields us
(7.14) P = z BLAY

Tosio KiTagawa

0 0
0 3
0 0
0 0
0 0

(z=14,5,6)
2
4‘(3:3111 + ﬂ122)

4 (ﬁllE + 33222) .

9 (23) 1(3) _ 3

FaPxD = 2, — 4 P %
@) (23) ..r(3) 1 2

Cij g Xy :xwxze 4‘,01 KXoy
(2) (23) r(3) __ 1 2

Ci;’ Qg Xy = x19x2o 4 P11 Xy
(2) ,(28) .r(8) __ 3 2

Cij B0 Xig = ng - “4_‘01 Xaj s

= B111 <x139 - 'Z*plzxw) + Bire (xlgxzs - %plzx%)

2
+ Biae (xwxza

(/ (9) 12
J L=
=1
12
@)
=3
|

(2) @)
Xip = 2 H;

@) 7
g X

- '1‘10125\719> + Base (xge - % .012-7529)

4
=0

2
:(;2—1 H((;)xlgwo



(7.15)

We have
(7.16)
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. 12 . 12 .
LY =3} H x5=3 H %9 =0
=1 =1
12 12
@ . 2 _ @ .2 __
o =>) Hy 2= Hy” %7y==0
=1 =1
12 12
2) @ (2) o
Lé)=‘§ a)xs’;ngl Ha)xze:()

12

12
@) (2) _ (2)
L7 =3 Hy" x5 = Hy” %1525 =0

=1 6=1

Furthermore the relation

(7.17)

gives us that

(7.18)

and hence that

(7.19)

6
Gie - 2 Cg)xf)) (l = 1: 2) Tty 6)
J=1

) 1 1 (2)2 (2)2
=— - (a1 +x
19 4 4‘012 ( 10 20 )
@ 1
29) = 2x$)
141
® _ 1 @
4 l2 3
2 -1 1 2 2
o = 4ot g 4 (5xis” + 5"
Pi 01
—1 1
@ __ (@2 + Sxégﬁ)

=S+ 5 (&
58 4012 p14 16

(2) 1 (2) ,.(2)

12
(@) 1 @) .2
6 = 1> % )

19 X29 € o
P1 6=1

1 > 6 \
SHHEY =5 (Buis = Buan)* + (s — B} -

6 — 4 Xig X29 »

01
o_ 1 & (1 1 e o >

= — (X + X £

1 4 = 4‘,012< 16 28 ) ‘]

1
@
2 ) = e xg)fs

4-p1 =1

1
2
P 3 A

4p1 6=1
1] 1 =
@) ()2 @)2
= - Sl o+ 4 200Xy + X )€
4 4[0!2 - 9 8p14 0=l( 19 20 ) (]
® 1 12 1 12 o2 02
5 :_—4‘—2 E] &t 5 3 E (xfo) +5x§9))69
O1 6=1 P11 6=1
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Let us now proceed to the design D®. The inverse matrix (c7) of

the matrix (&) in (5.17) is given by

(7.20)  (c)

& 0 0 g g O 0 0 0 0
0 %/ O O 0 0 &k 0 &k 0
0 0 & O O 0 O %k O k|
g 0 0 g &g O 0 0 0 0 |
igz 0 0 & & 0 0 0 0 0
0 0 0 0 0 A O O O o
0 k., O 0 0 0 &k O k 0 |
0O 0 k& 0 0 0 0 k 0 &
0 k. O O 0 0 k 0 bk 0 |
0 o k 0 0 0 0 A O R
where
22, -1
£&:= 2L —DN’ 572021 -1)aN
31, —1 1—2
(7.21) g3:421(2111~1)agN’ g4:411(211—11)a2N
1
h=m,
and
po_ 3k 1
‘7 32,—22° aN
B —A 1
'T24,—-22) &N
po 3=WE 1
(7.22) ’1 *712(82,—-22%) &'N
‘k: 31212-717:1*'?1_
fT 4381, -22Y a@'N
b 532 1
*T4B2,—22") &N

For our present example we have

(7.23) aN, =3 23, = p 28,' cosz<&r~k> + 05 ZE} cos’ (27rk + (2)
=1 k=1 8 k=1 8

8 8
=o'y Tl =40+ ),
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which gives us, since N= N, =20, o =2,°/3,

111

2 2 2
(7 24) a= ﬂpl,ﬂ?.) P
: 20 3°
Now the relation
2 il 4
(7.25) 34 a N3:¢—1 Xig»
gives us similarly
2 o
pP1\* 4 13
(7. 26) 311(5‘) $20=3 (o' + o) = S0t
and hence
(7.27) 2, =13/20.
Furthermore the relation
3 3 6 S 2, 2
(7.28) 15%;a Na:(gl xl(p:é (o1 +02) 5
gives us similarly
(7.29) =7/24.
We have
/ 1n
[ ~® @ r®) O
jG1¢ :j=lc _;&// —gl"‘gz(xh,, Txo,,)
i 3 10 3) 3 (3) , 3 3) 3
| Géw) = 24 Céj Lp) =k xl:p) + kzxi; +kox X1y x( )2
: 10
G =3¢ ¢ x5 = Ry xl) + kyxl2xl) + By al?
1 10
| 4 @) (3 (32 3?2
i G = 2 €)X = g + &3Xy + 4%z
| ® _ 2 ® 2/ @2 (32
Goy =23 €/ %l = 8o+ Buny) + G Xy
(7.30) .
L~ OPNIO) ®) @
G =3} )50 = hal
‘ <
10
3 3 3 3) 3 3 (€
G =3 ) = kol + kx4 Ry x® 207
J=
! 10
3 3 3 3 3)2 (3 3)3
G = 5 x50 = Ry xSy + ks 2l 2 + by x
‘ =
10
G® :21 %P = oy x® 1 R, xff},) + k20 o2
=
|
! 10
2
Gl =) 50 = Rx + kxl) ke x P,
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and hence we can write explicitly

(7.31) (9= 6D, (i=1,2,,10).
¢=1

§8. The evaluations of the probabilities of the events and the mean
values of the stochastic variables associated with the estimations after
preliminary test of significance. In view of Theorems 1 and 2 and vari-
ous examples discussed in § 5~7, our next task is to evaluate the probabilities
such as Pr.{A,}, Pr.{R,}, Pr.iR;A,} and Pr.{R,;R,} and the mean values
of the types Er{-{, Eg 4l -} and Eg g} 1. Although there do not seem
to exist any theoretical difficulties for this task under our formulation, some
systematic approach may be profitable for the command of technical difficulties
associated with the complexities of integrals. In this paragraph the uses of
orthogonal vectors in connection with the rotatable design in the two dimen-
sions will be enunciated as one of the possible approaches to our goal, whose
systematic development is however postponed to another occasion.

Let us consider the construction of the right-hand side of (5.12). Let
us define a system of indepenpent normalised stochastic variables:

/ 1 X
=N 2?3 e,

a=1

1 N
L=@N)": 3] e,
| _1 N
XHE (aN) 2 21 eaxza

(8.01) -
| Xs= (411(12 N)_—i Z €a (xir—xzcx)

a=1

N

’ 1.
=@ =D Y (1o Gl )

1 N
, ZGE(xﬂlzN) DI NN 79 75
\ a=1

which have the properties -

(/ (1) ngbi:o (i:1,2,3,"‘,6)

(@) E{x'i=4 (i=1,23,,6)

| (&) Efnzi=0  (+j; 4,j=1,2-,6)
\ (&) Each g, is normally distributed.

(8.02)

Now let us define
/ _1 N
=N 2 Z;(Hm%a) =1

i 1 N
' xh=(aN)2 %(Hﬁrea)xu:xz
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| 1 N

‘ Zﬁ;E(aN) 2 gl(‘Ha—"—Ea)x?a:Z(i
(8.03) : o
= (42,a*N)™¢ Z{(H«Jrea) (x, — x5.)

| LY 1.,
A= (@A =D R+ (15 @+ )
= (L@ N) TR S(H, + €,) e
\ a=1
In view of (5.12) we have
N N o 6 Y
(8.04) S el = ((H, +e) — 3 xF)
] ,2 3 9
+ 2 xn —Z b7
6 9
= (1, o)~ 3 al) 3 A
= e(l) + e(z) ’ say,

which shows that (1°) ¢f,,/¢° and (/0" are independently distributed in the

non-central chi-square distributions with their respective (N —6) and 3 de-

grees of freedom, (2°) e, €%y, 1:' + zo -+ z: and %, are mutually independent.
Consequently we have

(8.05) Pr.{A}=P J{g V(N =yl <F ()
= Pr. { 2v-ny/ (N — p) 1, < FJ7P ()},

where x((v_p /0" denotes the stochastic variable distributed in the non-central
chi-square distribution with the (IV— p) degrees of freedom.
In order to evaluate the mean value such as

(8.06) Ezq} zq} le le Ggi)GJ(‘?Enlieaegi
i=1 j=1 a=1 B=Il
q q ;N
=31 31 £, {(3] 60)(3 R a)}

in (3.31), let us write out
(8.07) TGP =3 Suxh  (G=1,2 -4,
a=1 h=1

by means of the system {x.{ (A=1, 2, ---, N|) with the deterministic coefhi-
cients {S;,}. In the consequence it suffices us now to evaluate

(8'08) Engl;f} (h:I: 2’ ttty Nl)

(8-09) ERI{Z;LZZI} (h=%:l, h’j:]-’ 2’ T Nl) ’

where the condition k; is defined by
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\ e 7L SR VA
8. 10 ZNI Ny—1 ~ 1-8 .
( ) (N1—4)u,,2 =F," " (ay)
Since we have
Y S SN2 T A
(8.10) wai=(575") + (57)

and (z;+x)/v' 2 and (z,—x))/v 2 are independently distributed in the
normal distribution N (0, 1), our task is reduced to evaluate (8.07), for which
no theretical difficulties exist.

When more than one preliminary tests should be applied, the evaluations
of the probabilies Pr.{R;A,} and Pr. {R,R.} and of the mean values E ,,} -}
and E. |-} can be treated in the similar way in its principle by appealing
to the orthogonal system of vectors, that is, the mutually independent
stochastic variables each of which is distributed in the normal distribution
N(0, ¢%.
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