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  § 0. Introduction. The object of this paper is to discuss some aspects 
of sequential approaches associated with linear regression analysis under 
a formulation for which the estimation after preliminary test or tests of 
significance will play a  fundamental role. The statistical procedures in which 

one or several preliminary tests of significance are involved before a final 
statistical decision such as test of significance or estimation will be applied 
have been discussed by various authors such as Bancrof t [1], Kitagawa [1] 

  [4], Bennett [1], Paull [1], Siotani [1], Bozivich, Bancrof t and Hartley [lb 
and Huntsberger [1]. 

   These procedures can naturally be applied to linear regression analysis. 
In § 1 we shall discuss biased estimation of linear regression coefficients under 
an incompletely specified model in the terminology used in Bezivich, Bancroft 
and Hartley [1], and then in § 2 estimations after preliminary test of signifi-
cance are treated for the two and three stage cases. In § 3 and § 4 sequential 
designs of experiments in two and three stages are formulated respectively 
under specified statistical procedures in which test or tests of significance 
will decide whether we should perform further experiments in order to obtain 
more data for a better fit as linear regression or we should stop our experi-
ments and give our estimation of linear regression on the basis of our data 
already obtained. In Theorems 1 and 2 the mean square error of our esti-
mated regression function (x) to the true regression function co (x) is given 
for each assigned value of the independent argument x = (x1, x2, • , XA-) 
and then the overall distance function is defined over a given domain of 
the k-dimensional space by means of given weight function w(x) and their 
expectation is considered. 

   Now the latter part of this paper is mainly concerned with the appli-
cations of general results obtained in the former to response surface analysis 
developed by Box and his collegues in a series of papers such as Box-
Wilson [1], Box [1] [3], Box-Hunter [1] — ]2] . Sequential approaches in some 
sense have been advocated in their approaches to response surface analysis. 

                                 80
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Indeed Box-Hunter  ]2] gives five requirements (a) (e) to experimental 
designs of order d which are desirable in their context. In particular two 
requirements (b) and (e) are intimately connected with our purpose of the 
present paper, because they say : 

   (b) It should allow a check to be made on the representational accuracy 
of the assumed polynomial. 

   (e) It should form a nucleus from which a statisf actory design of 
order d + 1 can be built in case the assumed degree of polynomial proves 
inadequate. 
   However they did not give a formulation of statistical procedures to be 
applied to such sequential approaches. It is our view point that some formu-
lation of statistical procedures can be done under certain situation and it 
will be of use for an experimenter by giving him the effects of his statistical 
procedures in term of the mean square errors and of the distance functions 
and also by giving him the possibility of getting an objective criterium to 
decide among possible sequences of designs of experiments. 

   § 5 gives three examples of § 2 with respect to response surf ace analysis 
such as rotatable designs of the order two and three in the sense of Box-
Hunter [2] in the two dimensions. § 6 gives one example of § 3 in connection 
with the rotatable design of the order two in response surf ace analysis, while 
§ 7 treats with that of § 4 in connection with the rotatable design of the order 
three. These examples are concerned with the designs proposed (probably 
first) by Gardiner, Grandage and Hader [1] and discussed in Box-Hunter [2]. 
In § 8 an example of three stage sequential design associated with response 
surface analysis in the two dimensions is discussed. Numerical aspects which 
are quite important in discussing the merits and the demerits of statistical 
procedures formulated in this paper are not given here, but in § 9 some 
general remarks are given for the method of the evaluations of the proba-
bilities and the mean values associated with the estimations after preliminary 
tests of significance. 

   In conclusion the author wishes to express his indebtness in preparing 
this paper to the talks with Prof. S. Wilks and Dr. G. Box which he could 
enjoy while he was in Princeton University f rom 1957 December to 1958 
April by the Rockefeller Foundation grant. 

  § 1. Biased estimation of linear regression coefficients under an in-
completely specified model. Let us consider a linear regression model 
involving q unknown parameters 33                                   .1,,2, •••, /9,-1 and g, such that 

(1.01)Coq (X1 9 x2, • • Xq) fi,x,, 

where x1, x2, •-• , xg_i and x, are fixed variates. 
   Let D be a q x N design matrix such that
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 X11 X21• • •Xqi 

(1.02)D = X12 X22• • •                                                          Xq2 

                                                                                                                                         • 

                    Xice X2co • Xqc, 

                   X1N ZN2• •Xqy 

   The observed value y„ at the point x6, = •-• ,,cqc,) is assumed 
to be 

(1.03)yes=± RtiXia ± ea 9 
                                                        i=i 

where ea (a = 1, 2, , N) are assumed to be distributed independently in 
the normal distribution N(0, a2) with a common unknown variance a2. 

   We are now interested with the situation of an experimenter for whom 
the model (1.01) is not completely specified and who may assume under his 
own grounds a response function of the form

• (1 .04)C°I) (X19 x2, • 9 Xq) = fli 

with a certain number p of unknown parameters 33                                                                1 92 P • • /9p-1 and flp, 
where p <q. 

   Under this situation he may think it better to have the least square 
estimates of B              . 1 i. 2 9 ..• gp-1 and pp under his assumption 131)+1= flp+2 = • • • = fig 
= 0. It is the purpose of this paragraph to discuss the biased estimations 
of the parameters and that of the response function to be derived under 
such situation. 

   The current procedure of the least square estimations will give him 

the normal equations 

(1. 05)j ai,bi B, 9(i = 1, 2, ••• , p) 
                                                              j=-1 

where 

(1. 06) E xic,x;„ , (i, i 1, 2, ••• , p) 
                                                     a=1 

(1.07)Bi= E (i = 1, 2, • • • , p) 
                                                     a=1 

It is to be noted that ha,;# could be defined not only for i, j= 1, 2, •-•, p 
but also for i, j = 1, 2, • • • , q. 

   Let the rank of the p p matrix (a") (i, j= 1, 2, •-• , p) be equal to p, 
and let its p x p inverse matrix be denoted by (0= (au)-1. 
   Let us put 

(1.08) ec, (bix,„,+ b2x2„+ ••• + bpx„) (1 < a <N)
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(1.09) 4„ ci) (i = 1, 2, ••• , p p + 1 < k < q) 

(1. 10) Aka--=-Xk.—i e,) a„xi. (p + 1<k<q; 1 < a < N) 
                                 i=1 j=1 

(1.11) H„ (1<a<N) 
                      k=p+1 

(1. 12) L, E xi.H,, (1<i<q) 
                         a=1 

(1.13) ni E xiaea (1 < i<q) . 
                         a=1 

   Then the fundamental aspects of the biased estimations under the present 
situation can be enunciated in 

Lemma 1. (1°) We have 

(1. 14) b1 = Qi + igkAik eo,(i x ja) (1 C i< p) 
               k=p+1a=1J=I 

(1. 15) e2,,= 1±(H.+ 602 Oh+ Lo (77j+ 
        a=1 a=1i=1 j=1 

                                   Clij)LiLj 
                                                       i=1 j=1 

(2') (E2:-1 e2a Ef--1EP=1 cg) L,L) a-2 is distributed according to the non-
central chi-square distribution with the (N — p) degrees of freedem and 
the non-centricity parameter 

(1.16)2 = Ha /2a2 
                                cc=1 / 

   Specially when fip+1 = gp+2 = •'• = fig, 0, then EL e2,/ a2 is distributed 
according to the central chi-square distribution with the (N— p) degrees 
of freedom. 

   Proof. Ad (1°) : (1. 14) follows from (1.05) in view of (1.09). In-
deed we have 

(1. 17)b,= c2)Bi-=ic1ii)(E xj.(± fikx"+ E.)) 
            j=1j=1a=1k=1 

              ej)(±gka,k+ EE.) 
             ;=.1k=1a=1 

                 = fit + L flkAik+ L 4)± x,„ ea • 
                 k=p+1j=1a=1 

   Now we have, in view of (1. 10),



84Tosio KITAGAWA

 (1.  18)e‘x= 
                                          i=i 

                =iXic, + ea — Xi. (gigk 4ik) 
          i=1i=1k=p+1 

                            xia41)N  X ip 613 
                              1=1 9=113=1 

               =flkAk.+ E(ogc, —4,1)xiaxif,)E0 , 
               k=p+113=1i=1 j=1 

which, in view of (1. 11), (1. 12) and (1. 13), gives us (1. 15), as we were 
to prove. 

   Ad (2°) : The remaining part of our Lemma 1 can be proved by the 

transformation of the quadratic form 

(1. 19) ( cg) cg) (ni + Li) (77 + Li) , (C + Li) , 
            i.=1 j=-11=1 .;-=-1 

into the sum of squares. Indeed the classical method due to Jacobi's trans-
formation yields us, in our particular case, that 

           Z2,2                              Zf,  (1
.20)Q =—+   ++ DD                        D

i,ipi,ID2,2p-1, p-1p, p 
with 

(1.21)Z1= D,,,c, +•-• + 

(1.22)Cov.(Zi,Z,) = 0 (i  N   i) 

(1. 23)Var. (Z1) = G2 , 

where 

                          C11                 1)(1)                                                          ,(1)                                                             (1) 
             ,„(i),(1),(1)„(1)                 C21C22                                                     C2, i--1u2/b 

(1.24) Di, h — 

                  (1)(1),(1),(1)                     C
i-1, 1Ci—I, 2• • •1-1i-1, h 

                ,„(1),(1)(1)          C
21211,12•vi, 

for 1 < i < h < p. 
   Consequently we have, in view of (1.20), (1. 12) and (1. 13), 

(1. 25) Zi (Di_i,i-lpi,i) —112 = E (Di—i, i-1 Di, i) —112 Di,„x„„(110,+ e,) 
          a=1i=i 

                         E dia(I-1„+ ex) , 
                                             a=1 

where 

(1. 26)dic,= Di, j
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and 

(1.27)E 1 , E cl,adja,= 0 (i j) 
           a=1a=1 

in virtue of (1. 24) and (1. 26). 
   We can apply the same transformation to the last term in the right-

hand side of (1. 15). We have finally 

                                              N (1. 28)E ea = E (Ha + 602 — dic,(H.+ E.))2 
          a=1 a=1i=1 a=1 

             N 2 

           i(, 
                                                         i=1a=1 

which completes the proof of Lemma 1. 

   2. Estimations after preliminary test of significance. Under the 
situation of the incompletely specified model enunciated in § 1, the experi-
menter may appeal to the estimation procedure after preliminary test of 
significance. It is the purpose of this paragraph to formulate some of his 
possible procedures on two fundamental cases. 

   In addition to the assumption made in § 1, let te, be an unbiassed estimate 
of the variance a2 such that v ut/a2 is distributed in the chi-square distribu-
tion with the v degrees of freedom, and let u2, and E                                                          19E2, ••• EN be mutually 
independent. This assumption can be satisfied in various important cases. 
For instance, (i) ut may be obtained by another independent experiment, 
or (ii) for each assigned x.= (xi., ••• x0„), there may be m replications 
of indpendent experiments giving us yc,(1), yc,(2), ••• , y(c,m) (a = 1, 2, ••• , N) and 
hence 

                  Ya= (A" + Y(02) + + Y(an")11n 

                             N 

                 1,e,=E E(yV — yc,)2/(m— 1) N , v = (m — 1)N. 
                                      a=1 h=1 

   [1] Two stage case. Let us define our statistical procedure in the fol-
lowing way. 

    (1°) Test the hypothesis 110(P, q) : gp+1 = filp+2 = • • • = 0 at an as-
signed level of significance a1 by appealing to the F-test where 

                                                      2 (2.01)FE (Y—b(ii) X j,)(N — p). 
                  a=1J=1 

   (2°)1 If the F-test is non-significant (A1), that is, F <F,,A-P(cei), which 
is the al-point of the F-distribution with the pair of the degrees of freedom 
(N— p, v), we give the estimates 

                 b,=e) (i=1,2, p) 
(2.02)                    b, =0 (i= p + 1, -.• , q)
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   (2°)2 If the F-test is significant (R1), that is F> F;,v- (al), we give the 
estimates 

(2.03)bi =(i=1,2, •-• , q) , 

where b2) } are the solutions of the normal equations 

(2. 04) b.;2) = B, (i =1, 2, q) , 
                                                        2=1 

with 

(2.05)aij = E xiaxja (i, j= 1, 2, • • • , q) 
                                                      a=1 

(2. 06) E xicoy4 (i = 1, 2, • • • , q) 

   By means of our estimates ib,} (i = 1, 2, •-• , q) let us define the estimate 
of the response function by 

(2.07)c (x) = bi xi + b2x2+ + bgx, 

f or each assigned point x = (x1, x2, ••• , x,), which is equal to 

(2. 08) (x) = xi + x2 + ••• + bp("xj, 

under the circumstance (A1) and to 

(2. 09)Co (x) =b12)x, + g)x2 -I- • 1),(2) x, 

under the circumstance (R1) respectively. 
   It is evident that "c6(x) does not generally give an unbiassed estimate of 

co, (x) for each assigned x. Consequently for each assigned x we shall be 
interested with the mean square error defined by 

(2. 10) E Co (x) — yo,(x)121- =E {(b, —i3)(b, — 
                                        i=1j=1 

   Furthermore it may be interesting to consider the norm such as 

(2. 11) E "c'o(x) — yo,(x) 2 w(x) dx, ••• dx,} 
                              z where w(x)=----w(xi, x2, •••, x,) is an assigned weight-function and is the 

domain in our consideration in the q-dimensional euclidian space. 

   C2] Three stage case. Let us consider the situation when the true 
response function is given by 

(2. 12)59,(x) fl, xi 
                                                                        t=1 

   Let us suppose an experimenter f or whom the model is not completely 

specified and who may assume other response functions such as cop(x) or
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 9,(x), where p and q (1 < p < q < r) are chosen by him on his own grounds. 
Let us define our statistical procedure in the following way. 

   (1°) Test the hypothesis Ho (p ; r) : B                                                 . p+1 flp+2 = • • • = /3r = 0 at an as-
signed level of significance al by appealing to the F-test where F is defined 
as in (2. 01). 

    (211 If the F-test is non-significant (A1), proceed similarly as in (2°)1 
in the two stage case. 

   (2°) 2 If the F-test is significant (R1), then let us define (i = 1, 2, 
 ••• , q) as in (212 in the two stage case . 

   Test the hypothesis Ho (q ; r) : 8q+1 = gq+2= • • • = fir= 0 at an assigned 
level of significance a2 by appealing to the F-test where F is defined by 

                                                      2 (2.13) 

                                                 J 

                F =()I„—b(2) xJoI (N — q) u2, . 
               a=1 =1 

    (3°)1 If the F-test is non-significant (A2), that is, F _<F,'(a2), where 
a2 is an assigned level of significance, then we give the estimates 

(2. 14) bi= br (i 1, 2, • • • , q) 
                        1 bt = 0(i = q + 1, - , r) . 

   (3°)2 If the F-test is significant (R2), that is, F> (a2), then we 
give the estimates 

(2.15)bi = br (i =1, 2, •-•, r) , 

where b(,3) are the solutions of the normal equations 

(2.16)E b(!) = B, (i =1, 2, --- , r) 
                                                   i=1 

with 

(2. 17)au = E xiax„(i, 1, 2, • , r) 
                                                     a=1 

(2. 18)B, = E xiaya(i = 1, 2, , r) . 
                                                       a=1 

   Under this procedure, let us define an estimate of the response func-
tion by 

(2. 19)C9(x) = bixi+ b2 x2+ + brx„ 

which is equal to 

                    Co (x) = xi + •• • + 1,1) x, (under (A1)) 

(2. 20) (x) = b2)xi + • + b(,2) x, (under (R1A2)) 

                     (x) = + - • + b;.3) xr (under (RiR2)) 

respectively. We shall be interested with



88 Tosio KITAGAWA

(2. 21)E (x) — 40,(x)11- 
for each assigned x = (x1, x2, • , x1.), and also with 

(2.22) .E149 E •-• j(4‘0 (x) — cor(x)2w(x)dx,--- dx,} 
with a certain weight function w(x) =w (x1, x2, •-• x,.)• 

   We are not giving here the evaluations of the quantities (2. 10), (2. 11), 
(2.21) and (2.22), because they can be readily seen from the corresponding 
evaluations to be given in the following two paragraphs in connection with 
the sequential designs in which two or three stage designs of experiments 
can be performed in order to have better fitting for response function by 
appealing to estimations after preliminary test (or tests) of significance. 

 § 3. Two stage sequential design. Let us consider the two stage 
sequential design defined in the following way under the incompletely speci-
fied linear regression model in the sense enunciated in § 1. 

   (1°) (i) Make the first experiment involving N1 observations lyt, (a 
= 1, 2, •-• , N1) according to the p x N1 design matrix D(') defined by 

                          ( 4) •-• xp“," 

(3. 01) = x12)xp(12) 

                           ,(1),.(1)•                                                                                                ..vpa 

                                  ,(1)„,.(1)                                           • •sv
p / 

   (ii) Let an estimate e) of )5' be given by 

(3. 02) = cl",.)4(1) (i 1, 2, • • • , p) , 
                                                           j=1 

where (cg)) is the inverse matrix of the p x p matrix (4)) (i, j = 1, 2, ••• , p) 
with 

                                                     N, 

(3. 031) = E 4,)x(12 (i, j =1, 2, P) 
                                                        a=1 

and 

(3. 032) E xfa ya(j =1, 2, P) 
                                                        a=1 

   (iii) Let u2, be an unbiassed estimate of the variance a2 such that vu,2 /a2 
is distributed in the chi-square distribution with the v degrees of freedom, 
and let uv and (E1 62 / • • • / ENI-1 6Ar1) be mutually independent. 

    (iv) Test the hypothesis Ho (q ; p) : /32)+1 = I9p+2 = *** = fig= 0 at an as-
signed level of significance al by appealing to the F-test where
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 (3.  04)F = EN1 (y„ - x,„) (N,- . 
                        a=1 ,--=1 

   (2°), If the F-test is non-significant (A1), that is, F <F"„vi-P(ai), then 
we stop the experimentation, and we give the estimates 

                  bi=b11) (i 1, 2, ••• , p) (3
. 05)                  b

t= 0 (i = p +1, p + 2, • • • , q) . 

   (2°)2 If the F-test is significant (R1), that is, F>F;" (a,), we proceed 
in the following way. 

   (i) Make the second experiment involving (N2 - N1) further observa-
tions yol (0 = N1 + 1, N1 + 2, , N2) according to the q x N2 design matrix 
D(2) defined by 

            /(2)(2)(2)(2)(2) •XIIX21• • • XpiX p+ 11Xqi I 
(3.06) D(2) =• 

                                                                                                                                         • 

            (2)(2)(2)(2)(2)                       X
1 Ni X2`V1 ' ' X p1VX p+ I Ni• • •X q, 

               (2)(2)(2)(2)(2)                       X
i N2X2N2 • • • XpN2Xp+ 1 N2• • xgN2 ) 

where we assume that 

(3.07)42 = 41) (i = 1, 2, •-• a = 1, 2, , N1) 

and that 422 (k = p + 1, , q ; a = 1, 2, ••• , N1) are assigned through the first 
experiment. 

   (ii) Let an estimate of 9, be given by 

(3. 08)le = c)/3,(2) (i = 1, 2, ••• , q) , 

                                     I where (cT) is the inverse matrix of the q x q matrix (aT) (i, j = 1, 2, ••• , q) 
and 

         (11'1(1)Ni 
(3. 091) a,„2)=E)= E x2.)xk.(2) =1, 2, •• • , P ; P + 1, q) 

        a=1a=1 

             Ex(2)x(2) 
                       N2 

(3.092)teJO(i, 1, 2, q) 
                         0=1 

            (2)N2(2) 
(3.10) B,= E xyo(j = 1, 2, •-• , q) 
                         0=1 

   Let us now define 

(3.11)b,= (i 1, 2, •• • , q) . 

   Under this procedure, let us define an estimate of the response function 
for each assigned x =(x„ x2, ••• , x,) by
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 (3.  12)'C3(x) b1 x1 + b2 x2 ± • • • + bqx„ 

similarly as in (2. 07). 
   Let us put 

(3.13).,1c)cl;)a;;,2) (i1,2,•••,p,k=p+ 1,•••,q) 

(3.14) (g; p, q)=-• E flk4T —7= 4(1)(i 1, 2, ••• p) 
                                        k=p+1 

(3.15) c12 x,, (i = 1, 2, • • • , p; a = 1, 2, • , N1) 
                                 -1 

(3. 16)C11) E ec, (i = 1, 2, • • • , p) 

(3.17) cg) x;20) (i = 1, 2, • • • , q 0 = 1, 2, •- , N2) 
                              j=1 

                               N2 

          C (3.18)(2)(2)            i 60(i = 1, 2, • , q) 
                               0=1 

   Lemma 2. W e have 

(1°) EA, (b — fli) i3) 
             zi(i1) ; p, q) 4(1) (fi ; p, q) + e(i;) 62 

(3.19) — p, q) gj(1<i<p<j<q) 

                                  (P+1<i,j<q) 

(2') ER1 gi)(by— gy) =ERi d2) c;')# 
               N1 N1 ,2, ,2,                                            2 N2 (2)(2) 

(3. 20) = E EER1+ a E G2,G 
                   a=1 p=1 

for 1 j <q. 

   Proof. Let us note first that (i) under the condition (A1) 

       (b,— go (b.,— g) 

(3. 21) (/)(z') — gi) (b(y1) — .5)(i = 1, 2, • , p) 
         =(b,(')—gI37(i = 1, 2, p; j=p+ 1, •-, q) 

                             (i, j = p + 1, , q) 

and (ii) that under the condition (R1) 

(3. 22)(1 — .1) (b — = (1)2) — i) — i3) 

for i<i,j<p. 
   Let us now notice that (1)(11) b1), , b())) is independent of the statistic 

                                                                                             2 (3.23)E (37„ — b.(71) x j„), 
                      a=1 j=1
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because it is orthogonal to the linear subspace spanned by the set of p 

linear  forms 
                                                 Ni 

(3.24) X(,71)6), (i =1, 2, -•- , ,p) • 
                                                     y=i 

   Ad (1°) : In view of (3.21) we have, for 1<i, j <p, 

(3. 251) E (le — gi) (le - = E (le — i) (le — 13.1) 
                           4L1) (Q; p, q) 4(;) ; P, q) + 62 

and, for i<i<p<k<q, 

(3. 252) E Ail (b1) — gi) = E (le — g = AID (R ; p, q) , 

which gives us (3.19). The case p + 1 < i, j <q is trivial. 
   Ad (2°) : We have 

(3. 261) le— fl=cj2)x;21)60= C?) 
                                 0=1\j=1 

(3.262),N,N2          CC=(E G(tea22Eaf)e.y)(E G`,21g + E G(J28)60) . 
                a=1 y= N1+1(3=10=N1+1 

But we have, for 1 < a, 19 < N„ N1 + 1 <r, 0 <N„ 

(3. 27)ER1 ERE9}= ER1 Ea S E i E9 S = 0 

(3.28)ER,16,6,9} = ER1 €e.,E160 =0 (r 0) 

(3. 29) 

because 61 and e0 (N1 + 1 < r, 0 < N2) are independent of the statistic F 
which is defined by the function of le„ (1 < a < 

   Consequently we have 

             ER1 (bl" — fl I) (Y.,2) - i) 

(3.30)=EN1N1N2                     E G(i`,22 G120) 606 G;,) G(1y) 62 ,                               a=1 /3=1 

as we were to prove. 

   Theorem 1. Under the two stage sequential design enunciated in this 

paragraph, we have : 
   (1°) The mean square error of the estimate Co (x) at each assigned 

point x = (x1, x2, ••• xq) 
           Eso'(x) — 0 (x)I2 

(3.31) = Pr. A1}[± P(,11) (fl ;P, q) 41)63,p, q) + 41) a2) xix; 
                              1=1 j=1 

             M1)(Q ; p, q) fl ixix; + flAic 
        i=1 j=p+1i=p+1 j=p+1 

                                                                         N2       + Pr.R1}[EEEGI;)G(JO2)E1,eiledegEG;,) G,(2),)xixil            CEqNi             i=1 j=11Ea=17=N1+1
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 (2°) The norm 

(3. 32)EC2 E (x) — co (x) w (x) dx, • •• dxq . 

                            z 

 §4. Three stage sequential design. Let us consider the situation when 
the true response function is given by 

(4.01)4°, (X) L gixL. 
                                                                       z=1 

   Let us suppose an experimenter for whom the model is not completely 
specified and who may assume other response functions such as yop(x) defined 
in (1.04) or c oq(x) defined in (1.02), where p and q (1<p < q < r) are 
chosen by him. Under this situation he may appeal to the three stage 
sequential design defined in the following way. 

   (1°) Let us proceed the steps (r) (i) - (iv) similarly as those cor-
responding to (1°) (1) (iv) of § 3. 

   (2°), Let us proceed similarly as in (2°), in § 3, except that 

                        1)11) (i = 1,2, ••-, p) 
(4.02)b,0                              (i = p + 1, ••• , r) . 

   (2°) 2 Let us proceed the steps (2°)2 (ii) similarly as those cor-
responding to in (2°)2 (ii) of § 3. 

   (iii) Let u,2 and (                        \619E2 • • • 6N2-1 EN) be mutually independent. 
   (iv) Test the hypothesis Ho (p, r) :                                      . q+, q+2 = = Qr 0 at an as-

signed level of significance a2 by appealing to the F-test where 

     N22 

(4.03)     F(y„, — 1.(.12) x(N2— q) u2, . 
                   a=1j=1 

   (3') 1 lithe F-test is non-significant (A2) , that is, F <F1,v-(a2), which 
is the a2-point of the F-distribution with the pair of the degrees of freedom 
(N2 -- q, then we stop the experimentation, and we give the estimates 

                        le(i = 1,2, •-• 9 q) 
(4.04)b                                 (i q + 1, ••• , r) . 

   (3°) 2 If the F-test is significant (R2) , that is, F > F(a2) , we proceed 
in the following way. 

    (i) Make the third experiment involving N3 — N2 further observations 
 Y,P1 (lk = N2 + 1, N2 + 2, •-• , N3) according to the design matrix V' defined 

by



Successive Process of Statistical Inferences93

                       ( ,(3),..(3),(3)4,.(3),(3 ) 
                                    411421• • 'A,pl•• • •-4'ql. • •.4'rl 

       .•••• 

                             ,(3)4,.(3)4-(3),,,.(3)ty (3)                                     IVISI42 .,17-1“... .pAri".AWII"...5..yi 

 (4.  05) D") - :• 
                (3)(3)(3)(3)(3)                          X

E12X2N2 - • Xp v2 ••• XqN2 • ' ' X. N2 

                                                                                                    • 

          •.             •.                                                                                                                                                                 •                          •.                                                                                                                                                                                                • 

                                 ,.(3),,,.(3)A,.(3)•„v.(3),,,.(3)                                       A/1\3.4.'2N3 ....4,0'
3 ."..4,0-3“'.A.,1,3 

where we assume that 

(4. 06) x3) = xT = x112 (i = 1, 2, ••-, P ; a =1, 2, - , N1) 

(4. 07)(3)(2)              X40----XIM(i = p + 1, •-• , q ; 0 = 1, 2, --- , N2) 

and that .420) (k = q + 1, -- , r ; 0 = 1, 2, •-• , N2) are obtained without any ad-
ditional experiments. 

   (ii) Let the estimate of gi (i =1, 2, •••, r) be given by 

(4. 08)b13) = E 43) B(3)(i = 1, 2, • -• , r) , 
                                       y=1 

where (cr.))) is the inverse matrix of the r x r matrix (4)) (i, j = 1, 2, •••, r) 
and 

                                   3 (4. 091)a T=ilx f31 xT , 
                                   qi=1 

        N2N2 

(4. 092) a(2,3)             '- E x(28)x?,)=E x,(39)x,C30)(jk:1-q,+2,i,...:.q,;r) ,               0=1'0=1 

                              1V3 

(4. 093) B?) =Y' x") y.                       0=1(P 
   Let us define 

(4. 10)b, = b13)(i = 1, 2, ••• , r) . 

   Under this procedure, let us define the estimated response function by 
"
cb(x) as in (2.22). 

   In addition to the quantities similarly defined as in § 3, let us define 

(4.11) AT ---- ----± c(2) a(23)                              (i=1,2, •••, q; k = q + 1, ---, r) 
                            j=1 

                                                                      ,. 

(4.12) 4(2) (s , q, r) =E 19 k 4(12(i =1, 2, -- , q) 
                                        k=q+ 1 

(4.13)G02)=-----iC,,,2) x,(20)(i= 1,2,...,q;0 = 1,2,••-• ,N2) 
                                         .,=1 

                            N2 

(4.14) c2) ____ EGTco(i = 1, 2, • -- , q) 
                             8=1
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 (4.  15) ap3)----- E c2) x(.13( (i = 1, 2, •-• , r; ir =1, 2, •-• , N3) , 
                            j=i 

where the r x r matrix (c?;)) is the inverse matrix of the r x r matrix (4) . 

   Lemma 3. We have 

(1°) EA, (1)1— th) (bi — dgi) 

        il:i(iii:fi((fi:p 
               p:r)A(J

Q;(1 (fl ; p, r) + cg) 02 (for i, i =1, 2, ..., p)  { (4.16), —zr)fl(1<i<P; p+i<j<r) 

        thfl;(i, j= p+ 1, •••, r) . 

(2°) E,,1,,2l(b1— gi) (1); — , 3i) i 
           442) (9, q, r) LIT (R ; q, r) + ze (fi ; q, r) E,11 C(.,2)} 

(4.17) =+ 42)(R, q, r)E4Ril c12) + ERilc12)cT)(1 ‹ i, ; <q)          — (Jr (Q; q, r) + E Ri3 c2) ) fi j(1<i<q+1<j<r) 
     f9i9(q+1<i,j<r). 

(3°) E R, R2 (b, — fit) (b, — , g.1) 

(4.18) = E Ri R2 1 Cr CT ; 
            rr N2 N2 

         =E E E E G(:9) Op') E R 1 RI1606, 
                    i=1 j=1 11=1 y9=1 

for i, j= 1, 2, ••-, r. 

   Proof : This is quite similar to that of Lemma 2. 

   Theorem 2. Under the three stage sequential design enunciated in 
this paragraph, we have: 

   (1°) the mean square error of the estimate(x) at each assigned point 
x = (x1, x2, - • , xi.) 

     El Co(x) — co (x)12 

(4.19) =Pr. i A,} ri i(M1)(/3; p, r)il(;)(fl; p, r) +41)02) xi x i 
                                  1=1 j=1 

                                               7'r              Pr              — 2 E E dcoi(9; p,r) gjxixj+ E E #ifi,x,x] 
                 i=i i=p-1-11=p-1-1 j=P+1 

        + Pr.1 R1 A2i[i i (M2)0; q, r) d(i2)0; p, 7) 
                                   i=1,=1 

                        + Zir0 ; q,r)ERilC(.12) 

                     + zi.(,2) (#6 ; q, r) ERI cr + .ERi c?)c;2) 0
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                   Qr ,„,  —2 E E (et`)(fi ; q, r) +ER11C12)#)Qj 
                                    i=1 .7=4+1i 

                                             r         + ± E xj] 
                             1=q+1 j=q+1 

                                            r 

         + Pr. 1R1R2EEE R, R21d3)C23) x4 xi. 
                                     i=1 j=1 

   (2°) The norm 

(4.20)ElQt j EVc6(x) — q)(x)2w(x)dxi— dxr. 

 § 5. Estimations after preliminary test of significance in the models 
associated with the rotatable designs in the two dimensions. We are 

giving here three examples of § 2 with reference to response surface analysis. 

   [1] The rotatable design of the order two in the two dimensions. 
Let us consider a model of response surface of the second degree in the 

two dimensions defined by 

(5.01) 506(x) = flo + Rixi + fl2X2 R11X1 /322x2 fi12X1X2 • 

   Let us consider an experimenter for whom the model is not completely 

specified and who may assume a response surf ace of the first degree, i.e., 

(5. 02)C°3 (X) = Rip + Rixi+ ii2x2 • 

   Under this situation let us assume that he has N observations 

(5• 03)2020               ya= 130+ SiXia+ .82 X2coP 11 Xla + P22 X2ce + P12 XlaX2a + ea 

where e„ are subject to the same conditions defined in § 1. 
   Let us consider the transformations of the fixed variables and the un-

knoWn parameters (,8B                    09.lo "•° /912) into (i = 1, 2, --• , 6) and (al, flL 

#0 respectively by 

(5. 04)x0„ — Xlco X10 = XL ,X2z = 

                            2 

                   Xht=X22x=XLcXla X21=X6x 
and 

(5.05)flo = = Q2, fi2 = 

                      flu= ig; , /322 = , '312= X. 

   The transformations reduce our formulation into a special case of that 
defined in § 1. We are now concerned with the design matrix D associated 
with a rotatable design of the order two in the sense of Box-Hunter [1] 
for which
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 N 00aN aN 0 

       0 aN 0000 

       00aN 000 
(5. 06)(a1;)             aN 00 321a2N 21a2N 0 

             aN 00 zl1a2N 321a2N 0 

         0 0 0 0 0 A1a2N) 

   The choices of (5. 01) and (5. 02) correspond to q= 6 and p = 3 respec-
tively. In the consequence we can give various constants enunciated in 
Lemma 1 as follows. 

                                                 _1\_1 

       all a12 a13N 0 00 0 

                             n   (5.07) (61)) = a21 a22 a23 = 0 aN 0 =vaN0 . 

                                              1  

        a31 a32 a33 00 aN1 0 0                                               aN 

              3 3 „ 

(5.081) A4,,=x:.—Ec;21)ayix'io,=1.21,— a 
                                 2=1 j=1 

             3 3  

(5. 082)21.5x=E4' aj5x",„= xL— a 
                                 i=1 j=1 

                  3 3 

(5. 083) A,%6= E E 
                                 i=1 j=1 

                    6 

(5. 09) H. = E RLAka 
                           k=4 

               fill (X1a — a) + /322 (X22co — a) +'312 xi.x2. 
    NN 

(5. 101) L1 E 11-„x„= E 0 
        a=1a=1 

    NN 

(5. 102) L2 = E H„x;,.= E .11„xl.= 0 
        a=1a=1 

    NN 

(5. 103) L3 =E Hcx;%=E Hax2a= 0 
         a=1a=1 

     N A 

(5. 111)= E 6„xL =E Ec, 
         a=1a=1 

(5. 112)772 = E E.xL=E Ea Xla 
         a=1a=1 

              N 
(5. 113) 773 =EE,xL=E E aX2a 

         a=1a=1 

                         3 3 

(5.12) E e =E(Ha+ea)2—E ± 41) ni 77, 
     a=1 a=1i=1 j=1 

        ,,2,2                                                                \21 t..r 

                                                                               a=1aa 

         =E(H.+ 602(E ea) ,AT(E ea)EX2) 
     a=1a=1aw,m=1
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 (5.13) E 1-1,,2 = a2 N (321 — 1)(4-44)4-B4-2(1)B                                  ,..1••21.2•\2111.22                  et=i 

where 21= N/ 2ni. 

   [2] The rotatable design of the order three in the two demensions 
(1). Let us consider a model of response surface of the third degree in the 
two dimensions defined by 

(5.14) q)10 (x) /30 ± )81 X1 + )82 x2 + 811 X1 + /822 X22 ± /812 X1 X2 

                         +siiix3,+siux2ix2+gi22x,x+,3222x32. 

   Let us consider an experimenter for whom the model is not completely 
specified and who may assume a response surface of the first degree, i.e. 
c3 (x)enunciated in (5.02). Let us consider the additional transformations 
to those difined in (5.04) and (5.05) such that 

(5.15) xl.= x7a , xi. x2. = xBa , x lc, = x9a , x82.= x10. , 

(5.16) 1(9111 — J3 /112 — fi122 — 222 )10 • 

   We are now concerned with the design matrix D associated with a rotata-
ble design of the order three in the sense of Box-Hunter [1] for which 

   N 0 0 aN aN 0 0 0 0 0 

(5.17) 0 aN 0 0 0 0 321a2N 0 21a2N 0 
    0 0 aN 0 0 0 0 2,a2N 0 321a2N 

    aN 0 0 321a2N 21a2N 0 0 0 0 0 
    aN 0 0 21a2N 3,11a2N 0 0 0 0 0  (

aii)    0 0 0 
0 0 21a2N 0 0 0 0 

     0 321a2N 0 0 0 0 1522a3N 0 322a3N 0 

     0 0 2ia2N 0 0 0 0 322a3N 0 3212a3N 

     0 21a2N 0 0 0 0 3,12a3AT 0 322a3N 0 
     0 0 321a2N 0 0 0 0 322a3N 0 1522aW) 

We have 
                       -11 ,,,              (4,11a12 a13v 0 

(5.181) (c.) =' a21 a22 a23 = 0  0 . 

                                              1  

                                n 

         a31 a320 0 
                                                                     a,.7V 

                           33 

(5.182)A,.=E E 4,1) a, 4, 
                                                 i=1 j=1 

                     aika2,at, 
                  =X'k

co++—x'                      N'a Na3N3c°
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and hence 

 (5.  191) A4% = a 

(5. 192) A,. = x2, — a 

(5. 193) A6 = 

(5. 194) A, = x3,„ — 3 2,a xi. 

(5. 195) Ago =xia X2a al a x2. 

(5.196) A9a = xla x2a — 2 1 a xi. 

(5. 197) 2110.= x32. — 3 21 a x2. 

(5. 20) H. = — a) + )822(4a) + Q12 x1.x2. 

                         + /gin (X1, — 321aX1o) + /9112 (X1c4X2co — 21 a X20) 

                    + 21a + /3222 (X32a — 3 Ala x2.) 
and 

(5.211) L1 =E H.x;‘=E= 0 
         .=1.=1 

    NN 

(5.212) L2 = E H.xL,=E H„ = 0 

    NN 

(5. 213) L3 =E H2 = E H„ = 0 . 
            05=1co=r 

Hence the relation similar to (5. 12) holds 

                   1N\N\2 
(5. 22)Ee2c,=E(1-1+ 60-9—ea)2a N/6-x-) 

         a=1a=1 

           1 2 

                              a NA.z.71-4Eax2°) 
and 

(5.23) E 111= a2 N1(32,— 1) (i32„ + P222) + 2 (2 — 1) /11R22+ 21R212i 

            + a'M3 (522 - 32) (gin+R222) 

                 + (322 Ai) (R112 + 13122) 

                   + 6 (22 — 2) (j9 + t1122 + /322213112) 1 •

   [3] The rotatable design of the order three in the two dimensions 
(2). Under the hypothesis of (5. 14)—(5. 17), let us consider an experimenter 
for whom the model is not completely specified and who may assume a re-
sponse surface of the second degree, i.e., co ,(x) enunciated in (5.01).
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   We have in this case 

 N 0 0 aN aN 0  \-1 

         0 aN 0 0 0 0 

         0 0 aN 0 0 0 
(5. 24) (c.;)) = 

               aN 0 0 321a2N 21a2N 0 

               aN 0 0 21a2N 321a2N 0 

          0 0 0 0 0 21a2N 

   (  22,—1—1     0 00 

            (211-1)N2(221-1)aN 2(2,11-1) aN 
                  1  

    0 aN °00 0 

    0 0100 0 
                     aN 

        —132,— 11-2,    000 

           2(221-1)aN421(221 —1)a2N421(221—1)a2N 
             1—21 32,  —10-1 

           2(22,-1) aN0 0 421(221-1)a2N 421(221— 1)a2N 
                                             1  

    0 0 0 00                                                        2
,a2N) 

   Consequently we have 
                      6 6 

(5.251) A7. =x;.—EE c1,)a,xifd—32i axi. 
                                        i=1.1=1 

                      6 6 

(5. 252) E E 21ax2. 
                                               i=1 .1=1 

                    6 6 ( 

(5. 253) EECtj,aj9xja= xio,x2.— Ai axi. 
                                    t=1j=1 

                       6 6 

(5.254) A10„= EEej10xJo                                     a'=x2a—321ax2. 
           ?=1 j=1 

                           10 
(5. 26)H0,=E fl" 24..„ 

                               J=7 

                    111(x310— 3 Ai a xia) +(4x2. - 21ax2a) 

                                       +g122(XlaX22aAl axi.) 

                                  +/222(4. — 321 a x2d) 
and hence 

     NN 

(5.271)L1= E HaxL=E H,,= 0 
           a=1a=1 

     NN 

(5.272)L,= E .11„x2„=E H„x,„= 0 
           a=15=1
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 (5.273)L3 =E 11„.%3.=E 11„x2. 0 
           a=1a=1 

                               A 

(5.274)L4 = E 1-1„x'4= E 11.xi.= 0 

     AV 

(5.275)L5= E .1-1„x2x--- 0 
             at=1a=1 

                             V 

(5.276)L6= E lic(xL =E Ha xia x2c, = 0 . 
            a=1a=1 

Therefore we have 

        nN66 

(5.28)E e:= E (Ha + 6a) 2 — E E . 
            a=1a=1i=1 j=1 

   The Jacobi transformation enunciated in § 1 can be applied to the second 
term in the right-hand side of (5. 27), which gives us 

    22,— 1  (5
. 291) D1,1=(2 2

, — 1) N'D,',= Di'5=(2 21 — 1) a N' 

          D1, 2 = D1,3= D1,6 = 0 

                      2, (5
. 292) D2,2=(22

121) a N2D2"3 — D24= D2'5 — D2,6 — 0    —' 

                 2 2, (5
. 293) D,3= (2 2

,-1)a2D3N3 ''4 — D3— D36 — 0' 

    3—1               D
45=D= 0 (5. 294) D44 = 4(221—1) a4N4 '4(2 A,— 1)a4N4 '4'6 

      1  (5
. 295) D5,5= 42

, (22, —1)a6 N56=0 

(5. 296) D6, 6 = 4 22,(2 211)a8 N6 

and consequently 
             Z, (5

.301)1 N221  xi2a + x22                                                                   c,  

     /— E E                  V D
1,1                  ^ D,,, —1 (22, — 1) N (22, — 1) a NI 

      Z21N (5
. 302)                       D

2, 2=N"2aE=1Ea Xla 

                  1 N (5
.303)  —D

2, 22EEax..                           .-,33 all2.L V a=1 

     Z4A- (5
. 304) 

            t/D3, 3 D4, 4 2(6 201112a N1/26a(3xia — xL) 

      Z 51 V 
                                                           2 (5.305)Ea X2a 

             1/D4, 4 D5, 5 (321)a N1/12
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              1  
                            N (5. 306)7,,E2AT1/2 6a  Xla  X2a •                      1//DZ,5, 51--f6,6aiv'a=--1 

   It follows that 

        6 6ZlZ22  
(5. 31)E EeC,C++•-• + 7-,n                 L=1 3=1 Di,iD1,1 D2, 25,5I-16, 6 

and that six statistics z1 } (i=1, 2, •••, 6) are independently distributed in the 
normal distribution N(0, a2). 

   We have also 

(5. 32)E H:= a' N[3 (522 22 3212) (/9 + /922) 
                             .-1 

                      + (322 — 212) (gin + g122) 

                          + 6 (22 — 2,2) ($11119122 + /3222 1112) 1 • 

  § 6. Example of two stage sequential design associated with response 
surface analysis in the two dimensions. The object of this paragraph 
is to give an example of § 3 in connection with the rotatable design of the 
order two in response surface analysis. Let us consider an experimenter 
whose situation is the one described in § 5 [1]. Let us assume here that he 
will appeal to two stage sequential design in which 

   (1°) The first stage design consists of 4 points on a square of radius 
Pi with 2 points in the center (0, 0). 

   (2°) The second stage design consists of 4 points on a square of radius 
Pi, rotated 7r/4 from the square in (1°), with 2 points in the center (0, 0), 
in addition to the 6 points of the first stage design. 

   Consequently for instance the design matrix of the first stage design 
may be given by 

              1 0 0 

              1 0 0 

                 1 pi 0 
(6.01)D(1) = 

                1 0 pi 

                       1 — p, 0 

                      1 0 — p11 

while that of the second stage design is given by
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    1 0 0 0 0 0 

    10 00 0 0 

      1 p10 P1200 

      10Pt 0 P12 0 

           0 0       —p1p120 

      10 — Pi0P120 
(6.02) D(2) =100 00 0 

    10 0 0 0 0 

              1 P1/1/ 2 pi/J/ 2 P12/2 P12/2P12/2 

               1 — P1/11 P1/1/ 2 p12/2P? /2 — p12/2 

            1 — Pi/1/2 — P12/2 P12/2 p12/2 

            1P1/1/2 P12/2 p12/2 — /912/2 / 

   For the first design we have 

              6 0 0 2p12 2p12 0 

           0 2p12 0 0 0 0 

           0 0 2p12 0 0 0 

                        10 

(6.031) (an2,9,2 0 032piV 
                            1

23                  2 pi2 0 02Pi4Pi4 0 

                                                                       4 

          00000Pi                                       2 

for i, = 1, 2, 3, 4, 5, 6. 
   This is a special case of (5. 06) when 

(6.032)N1= 6 , a(1), , 41) 3/4 . 

   For the second design we have              
' 12 0 0 4p12 4p12 0 

           0 4,0120000 
           00 4p12 0 0 0 

(6.041) (an= 
               4 pi2 00 3 pi4 pi4 0 

              4p12 00Pi4 3/914 0 

         0 0 0 0 0 p , 

which is also a special case of (5.06) when 

(6.042) 12 , a(2) = /3 , 2(i2) = 3/4 . 

   Since we have
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                          1          6 0 0  -1

60 0 

 (6.05) (cT) = 0 2p12 0 = 012 0                            2p, 

                                  1              0 0 2
,012 , 0 0                                                  2

p,2 

it follows that, for i =1, 2, 3; k =4, 5, 6, 

(6. 06) (4)) (cn (a;k12)) 

  12 2                                    PiP0i                 0 0 2
p122p 2, 0,   633 

        01 2
p120 0 0 0 = 0 0 0 , 

                  1          0 0 

2P--20 0 00 0 0                              i, 

and consequently that 

              4(1)2               (R;3,6)=R:14(141)+ )61,d(i'6)+ R,C4161)=  (Rii+p22) 

(6.07) 4(1)(N 3, 6) = 8:4) + 5' 51) + 461) = 0 

           4)(fl 3, 6) = Ai,44) + 451) + 461) — 0 . 

   Furthermore we have 

              GL?—c(il)x;(„1)+c(121)x`c,'") + c(i3) x'(1)= 

                               6 (6. 08)G2aCL"xt)+c•21)xg"+ c2,13".x;")—124,")=xia2                             "2p
,2,01 

             GV")=x,(1) + (*1)24,(1)+ cg)x.;(1)=12x;(2)=x2a2                               a2
p," 2p1 

and hence 
          61 6 

             C1                       1)EGli)e                                    a— — E ea                  a=1 6a=1 

         61  
(6. 09)E G(2a1)02E xiea                     a=1Lpia=1 

                           1 6 
                     C31)GL1) ea — 2 E x2ea 

                 a=1a=.--1a 

   Now the application of (5.24) for the particular matrix (6.041) associ-

ated with the rotatable design of the order two, we shall have



104Tosio  KITAGAWA

(6.10)(cs,.72.) ) , (di j2.)) -I 

                      / 

    111                     0 0 ——1—-----0 
                 44p124,o, 

                    1                 0 

             4pi2 000 0 

                        1        0000 0 

                              4 pi2 

     151  

                                                                      4 

     —2000 
            4pi8,0,48,01 

    11                         — 
4p120 05                                     4 0                                    8p

i48pi 

         00 00014 
                                                            PI / 

and consequently it follow that 
               / (2                        —,(2)I 1 1 / _.

10+_29\              G19C 1) =,6(                      2.1)X.:=—:4,2-rA,2)                     .7..--1j8442 pi 
      61  

             Gr229)=EC22))x'.=2x18 
                    j=1-'`'4 pi 

                  G"^,)..,-6-1,).,.1                          33)=2__AG3.1:A/0=-----2 x29                 j=1.•4 pi 
(6. 11) 

                ) 

         611 ,,,                  G(42)=Ec,12.,)x'0=--2 +4'-)X22                                                10±X20)           j=14Pi 8P1 
       6211 2 

            Ia2)) =EcL),c,'0=—2+4 (xio + 5x223) 

        

1.1=1.4 pi8 pi 

               G63,---,6,(2)1                     li6)) =---2_iI,6 j xfjo= 4 XIO X29 
            J.=1Pi 

and that 

                / ,.(2)--i12ci(2)112                                                       ,9                  C1:=---2_,Liloco-,-----—AE(1 —12.X.1614-x2213)) ee              d=--I4 8=1 p1 
         12112 

                  c2) =Gg)ee2•.----/                                               2..1X10 Ce                  0=1—4 pi 8=1 

           (2)12e)1 12                 C
3= E Ga; ee ---=A2E X20 68 

                 61=1Lkpi0=1 

(6.12)            12 ,,112112 
         Cr= E GV ee= ——A 0                                E co +04E(5x210 + x2213) eo             0=140=1 p1 (0=1 

          12_1 121 12 2 
               C(52)=---EG59)5.9=——A60 +04E(xie + 5 x229) co                   e---4.40=1opi0=1 

          121 12 
              Cf) =EG.,(i9)e0 =–E X10 X29 E0 • 

                0.--1PI 0=1
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   7. Example of three stage sequential design associated with response 
surface analysis in the two dimensions. Let us consider an experimenter 

for whom the model is not completely specified as those enunciated in § 5 

[2] and [3] and who will appeal to the three stage sequential design in which 
   (1°) The first stage design is the same with the one enunciated in § 6, 

(1°) . 
   (2°) The second stage design is the same with the one enunciated in 

§ 6, (2°). 

   (3°) The third stage design consists of 8 points distributed in successive 
equiangular distance on a circle of radius p2 = 21/2A1/31'2, in addition to the 
second stage design. 

   In this case we have a sequence of design matrices D"), D(2) and Dm , 
and the corresponding sequence of matrices (4)), (a,(;)) and (43)), which 
are of the types 3 x 3, 6 x 6 and 10 x 10 respectively. Since each stage design 
is an expansion of the former ones and each of the values xtaxLc, for k, 1> 0 

can be available through the values of xic, and x2a, we can f orm the enlarged 

matrices (air), (ain and (ai*,(3)) of the type 10 x 10 in 

(7. 10)ar)=x1(1)x;fa(1).X.;(2)Xia(2)43)X .;,,(3)           a=1a=1a=1 

         Nt
(N2 (7. 02)4(2) = E2)= E x(3)1:")                                                               it)--ja            e

=ie=i 

                                   N3 

(7. 03)(3),f(3),(3)                t4;j=.4,10=at, 
                                  0=1 

for i, j = 1, 2, 3, • • • , 10. This means that 

(7. 041)2)*(1)            at;at,(i = 1, 2, 3 ; j = 4, 5, 6) 

(7. 042)03)*(1)            at;= at;(i = 1, 2, 3 ; j 4, 5, 6, 7, 8, 9, 10) 

(7. 043) ,,(23)*(2)            “ii=(i 1, 2, 3, 4, 5, 6 ; j = 7, 8, 9; 10), 

in connection with the notations defined in § 3. 
   In the consequence we have 

(7. 05) ( 41)) = (4)) (d.:)) 

                                                  ' 

           60 0 2,o12 2,012 0 0 0 0 0 

     1034                                                               PI       =-.d 00 0 0Pi 00 
                    2 pi2V             22 

           0 0 1210000P143  P14      2
,0122
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                   012 Pi  

       

( 3 30 0 0 0 0 

                     32012          0 0 0—el0  0 

                          4                                                 2 

            0 0 0 0010-4-pi 

                                                             2 

                       4 and hence 

                                                      2 

                                          10 

             ,41); 3,10)dr-)Pi(gg22)                           k311 
                                                   k=4 

                                                      2                                             10 

(7. 06)4,1)(19; 3, 10)E— (3)9111+ 13122)            E 4 

                                                      2 

                                          10 

               431) (fl ; 3, 10)EX,41,c)—4112+ 3 /9222) • 
                                                   k=4 

   Furthermore (7. 05) gives us 

      3,2 

                  AV—x'i(cr2)EX; ,(a2)M41)=X21—                            a3 

      3p2 
                 AT) =xL(2)Exia(2)51)42a.2 

                 i=104'3 

                      =xL(2)— ,x.L(r2)4(,61)= xiax2a 
                                                 i=1 

(7. 07)(i)                  A7c,=xL(2)—±2)xi!4g)=X31 —3 )012X1                                a4_ 
                                                 1=1 

    3 2 

               V)—xg,(,2)E4g)= 
                   i=1X21X2—X2                   —4 

                                                              2 

            32)01 

                 AZ)—E x:a()(1zii9=XlaX22a4xi' 
                                               i=1 

                                 f(2)A(1)832                  A(
i0l                   (,)=—2_1XL«"no=` 01X2a 

           i=1a4 

which yields us 

                              10 

(7. 08)H E Q 21",12 
                                  k=4 

                          A.,,,                    =fill(X21—"1 2)1922(2 02D                                        A'9,,P2 Xia X2a             -a3__3 

                     3
4_ _a          322 

                                                                 2 

                   ga111(X1—)19112(X la X2aX2a) 
       2122 

       43                g122(P                      XlaX2a•;4,P222(42a — 4
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 (7.09)L11)=-E H!')x'ia =0 
                                                        a=1 

                                        6 

                      /41) = H!')xL =0 
                                                    a=1 

                                          6 

                     LP=EH!')xL =0 
                                                        a=i 

and 

                     (7.10)E(141))2=C (fl2n++ Pi4/2 

                                  9 

      a=164412 

                                   6 

                P1100P16                   + 
                            8—P122/2 8 k19222 P112/2 • 

   These quantities given in (7.05)-(7 .10) are concerned with the steps 
given in § 4. (1°). The following ones are then associated with the steps 
given in § 4 (2°)-(3°). 

   We have 

(7. 11) (4T) = (cif)) (4:)) 

             

/ 1  
                        4 0 0——412  0                        412p,I                                                      p, 

           04p2 000 0 

                                           , 

          0 012 0 0 0                                4
p, 

     151  
      2 0 00            4p
18p,48p,4 

     11 5  
              20 0             4

p,8p14 8p14 0 

         0 0 0 0 0 14 
                                                          Pi 

        0 0 0 0 

              3P14 0 pi4 0 

              0 p14 0 3p14 

        0 0 0 0 

        0 0 0 0 

        0 0 0 0
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         ( 00 0 0 

               L 20 1,,20 
             4Pi4'1 

                                        2 

                                Pi                0—4— 0 4 Pi2 
         0 0 0 0 

         0 0 0 0 

          0 0 0 0 ) 

and hence 

               APO , 6, 10) = 0 (i = 1, 4, 5, 6) 

                                      p2 

(7.12)ziP(i9; 6, 10) =4+ g 1 2 2 ) 
                                      p 2 

                  42) (19 ; 6, 10) = —4-+ 3 g222) • 

   We have 
                     66(2)(23) 1(3)3              ,V9)x'70—EE(IAxiox19 -                                                                            I"X29 

         1=1 j=14 

. 

      661  
               A89)= X49E E CL2.)a(823) X it3) x19 x28 - 4 Pi-x29 

(7.13)1=1 j=1                             6 62
'„23,(3)                               2 1 2             Ag)=— E E cLa .`' 

                                                9 

                                       x39= xio X26IP1xi9          1=1 j=14 

                       4_,4-,(2),.(23)(3)32                  /412)9X;002_12..J(4.110A10-Pi -4,23 9 
         1=1 j=14 

which yields us 

(7.14)Hr10 13:, 
                                 k=7 

            332A,212\                    = /9111  (X10 - 4 PI41.9)+P 1 1 2(X13 X29 - 4 Pi X29) 
               21 0a3

-4                  + RI 2 2 (X10X29 p12,10)N222 (x20- 4 PI29) 
          1212 

                V/2) E 142)=E142)=0 
             0=10=1 

                     (2) = 12R;(92)1214xi92)0                    L2 
             0=10=1
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                     LP =H0(92)X30 =142)X20 = 0 
(7. 15)0=10=1 

        112 

                   L(42)E2IV) xf19EH;(12) x210=0 
              0=10=1 

         _1212 

            LrEEH(02)4_ 0 
              0=10=1 

           1212 

                      42)Ht(42)x(;(4 =ry(2)                          LsX19 A20— 0 • 
              9=10=1 

   We have 

                       126 

(7.16)E(Hr) 2 =P0                                            19122)2+ 0222 — 161112)2 S •       0=14 

   Furthermore the relation 

n6                      G,, =E cg (7. 1)x(.,02)(i = 1, 2, •-• , 6) 
                                                    j=1 

gives us that 

               GL2)— 1 12 (42)2+4)2) 
                  4 4p1 

                1  
               Gg)=x(2)                        4p12 

                1                    G
3A— x(2)                          4

/0122d (7.18) 
               GL2) — 1 1 ,c+(2)2                                          10A2,0 )                            4

1.28p 

                 1 
                GG59)) =-2 + 1 (x(92)2+ 54)2)                   4 pi8 

             1                    G
89)=(2)(2)                        ‘-169—4 x19x29                            PI 

and hence that 
         (

Cf2)1121                                I(2(\                      -4 e2-1=1(1—4,9,2'x10)2+ x2)229))6° 
                      112

x)                 C 2-4 
p1B=1                                     0=11060 

                   (2) 1 12 x(2) 

                       3 

                       4p1 e=i e° 
(7.19)                   121 12 

                 c,(12)4
p1260 +4E(5 x(12+x)2)                     4p,0=18p,0=192° 

               112112 
   S2A,,)2 

                        4 pi0÷.1ce8,014l.Ae29) CO 

                           1 12 
                c((12) = 4  E x(192) x g) 8 

                           Pi 0=1
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   Let us now proceed to the design 1)(2). The inverse matrix (4') of 
the matrix (4) in (5. 17) is given by 

(7. 20) (4,3)) 

      g1 0 0 g2 g2 0 0 0 0 0 
      0 k1 0 0 0 0 k2 0 k2 0 
      0 0 k1 0 0 0 0 k2 0 k2 

      g2 0 0 g3 g4 0 0 0 0 0 
      g2 0 0 g4 g3 0 0 0 0 0 
     0 0 0 0 0 h 0 0 0 0 
      0 k2 0 0 0 0 k3 0 k4 0 
      0 0 k2 0 0 0 0 k5 0 k4 
      0 k2 0 0 0 0 k4 0 k5 0 
      0 0 k2 0 0 0 0 k4 0 k3 

where 
      22,—1  

            g1=(22 1-1)N'2 (22, —1)aN 
         32,  (7

.21)g3=42
142,(22,—1)a2N'g4421 (22,— 1)a2N 

             1             h —                  2
,a2N' 

and 
                       322 1                            k

,=                         32 — 222 aN 

                 —A11  

                                                                                                                                      • 

                    k2=2 (3 2
2—222) ) a2N 

                 =k, 2124-11  (7
. 22)12 (322 — 22,) asN 

                        21241— 11             k
4 —2•3                       4 (3 2

2 — 22,) aN 

                          5 — 32,22;1 1                              k
5 —                          4 (32

2 — 22,2) (13 N• 

   For our present example we have 

         N38 22r982 (27C (7. 23)aNg=Extp=pi2Ecos(0k) +±cosk+ 0) 
       (p=1k=1k=1 

             22 8,22\           = P1+ P2+ P2)        22
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which gives us, since N =  N3  = 20, P22 = 2,021/3, 

(7. 24)a =4 (P12 + P22)P12               20 3 

   Now the relation 
                                                               N3 

(7.25)3 21a2 Na =E x4 9 

gives us similarly 

                                22 

(7. 26)321(11• 20 = 3 (pi4p:\= 
      3I I' 

and hence 

(7. 27)2, = 13/20 . 

   Furthermore the relation 

                                                  N3 

(7.28)1522a3N3 =Ex6i_2+,22)                                         21(11" 
                                                    ,P=1 

gives us similarly 

(7. 29)22= 7/24 . 

   We have 

                               10 

               a(3)= E c(23yx.,T)g11g2 (x(1.3c)2xt.C,3,22) 
                                    )=I 

                  (3)              G20EcT—x(13,2+ k 2 x(i3qr+ k 23) X<C334,)3 
                            10 

            Ggr= E=x,C23,?+ k2x3,22xg)+ k2x?)3 
                                  J=1 

                              0 

             G(44)= Ex„,(:)g2g3 xT2g4 xg),(3)2 
                                               .7=1 

                              10 

                   =E c .,)-x:((P3)=g2g4 X13c22+ g3X(23,2 
(7. 30)j=-1                               10 

               G( = EX .;((p3)=h x134),x:(7.3( 
                                      j=1 

                              10                  =Ec(7.3,).x",b3)=k2k 3 xg?'+ k 4 ,c3g,)xV) 
                                   j=1 

                            10 

            Ggr,= E                        (3)x",(1,3)=k 34,3)+ kx(134),2x?4), + k4 .x3()3 
                                  j=1 

             Gg4,3)q) x:43)=+x;31),,3+ k,x(132.C)2 
                                   j =1 

              G2)4'=Cl,3). X;,(P3)k243)+ k3x?,3+ kxT2 x2cp . 
                                 j =1
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and hence we can  write explicitly 

                                                  20 

(7. 31)C?) E G,(,,3)eo (i = 1, 2, ••• , 10) . 

   8. The evaluations of the probabilities of the events and the mean 
values of the stochastic variables associated with the estimations after 
preliminary test of significance. In view of Theorems 1 and 2 and vari-
ous examples discussed in § 5-7, our next task is to evaluate the probabilities 
such as Pr. A11, Pr. R1 }, Pr.1 R1 A2 1 and Pr. R1R21 and the mean values 
of the types E ',it • 1, ER1 A,{ • and ER1 Rj • • Although there do not seem 
to exist any theoretical difficulties for this task under our formulation, some 
systematic approach may be profitable for the command of technical difficulties 
associated with the complexities of integrals. In this paragraph the uses of 
orthogonal vectors in connection with the rotatable design in the two dimen-
sions will be enunciated as one of the possible approaches to our goal, whose 
systematic development is however postponed to another occasion. 

   Let us consider the construction of the right-hand side of (5. 12). Let 
us define a system of indepenpent normalised stochastic variables : 

                                1 

                  N- 2 E ea 
                                              a=1 

                             _ 1 N 

                x2=-=7-(aN) 2 E eaXia 

                         _1 N 

              X3 (aN)2 E Eax2, 

(8.01)a=1 
                (42,a2 N)                                             -2- ea k.-A'1a —X2a) 

                                                                                     cr-=-1 

            X5( (2 Al — 1) N)2E ea(1—(x2i+x22.)) 
                    a-i2aa 

                21 NN                                    11-=(21aN)1-E eaxi„x2a, 
                                                     a=1 

which have the properties : 

             (1) Ex,} =0 (i = 1, 2, 3, ••• , 6) 

(8.02)(2°) E x;2 = 02                                (i1, 2, 3, ••• , 6)              (3°) Ex
,x,1 =0 (i j =1, 2, ••• , 6) 

            (4°) Each x, is normally distributed. 

   Now let us define 

                    1 N 

                N-2 E (Ha + 5„) =x1 
                                               a=-1 

                      1 N 

            )((aE (Ha +a) Xia = X2 
                                            a=1
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1  N 

               (a N) 2  E (Ha + ea) x2a= x, 
                                                a=1 

(8.03)_ N 
            X,;=(4 21a2 N)2E(H. + a) (x1. — 

                                                   «=1 

                              1 N 

           x5 (2 21 — 1) N)i E (Ha + Ea) (1—j-a(x2i,r+x22")) 

         2 

                          1N 

            A(Ai a2N) 2 E (Ha + Ca) xi. •x2, • 
                                                   a=1 

In view of (5. 12) we have 

     N6 

(8. 04)E ea2 = (E (Ha + Ea) 2 E 
        a=lh=1 

                   ,32 

                    Ex;:—E Xj 
                            11=1.1=1 

        N6 26 

                 =CE(H. + 6a) —Ex;t2)+ E42 , 
              a=111=1h=4 

                      +2                       7=--e(2) , say, 

which shows that (1°) 4)/a2 and e(2)/ a 2 are independently distributed in the 
non-central chi-square distributions with their respective (N — 6) and 3 de-
grees of freedom, (2') e20), e2(2), x21 + x22 + x32                                     and 11,2 are mutually independent. 

   Consequently we have 

        J (8. 05)Pr. APr.E ea2 ,(N — p) u,2<(ce)-                          I—1 
                     = Pr. lx('20,--p))/(N— p) uv2 (a) 

where x(r2Gv_p))/a2 denotes the stochastic variable distributed in the non-central 
chi-square distribution with the (N— p) degrees of freedom. 

   In order to evaluate the mean value such as 
                     q q Ni(2)(2) 

(8.06)SRIEEEE GiaGioERi ea eg 
                                         j=1 a=1 f3=1 

               =                    ER-t(EGL2)e)(GC2)) 
                      z=1j=11s(3=1'1313         a=1 

in (3. 31), let us write out 

(8.07)i GT -= E Si,(i =1, 2, • • • , q) , 
                     a = 1h=1 

by means of the system (h = 1, 2, • • • , N1) with the deterministic coeffi-

cients Sui }. In the consequence it suffices us now to evaluate 

(8.08)ERl(h 1, 2, 

(8.09)ER1 x;,f/ (h÷1 ; h, j = 1, 2, . , N , 

where the condition k1 is defined by
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                    xpAr2, +++;‘,;2 (8. 10) 2>:F;11-3(a,)  (N
,  —  4)  u, 

                    — 

   Since we have 

(8. 11)+ z;\2 /ZtXC\2         Xh,=))                  2I/ 2 

and (x;, + /1/ 2 and (4 — /V 2 are independently distributed in the 
normal distribution N(0, 1), our task is reduced to evaluate (8.07), for which 
no theretical:difficulties exist. 

   When more than one preliminary tests should be applied, the evaluations 
of the probabilies Pr. IR, A2 and Pr. R1R21 and of the mean values ER1A21 • 
and E RiRj • can be treated in the similar way in its principle by appealing 
to the orthogonal system of vectors, that is, the mutually independent 
stochastic variables each of which is distributed in the normal distribution 
N(0, 02).
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