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Chapter IV. Stochastic Prediction

§4.1. General principles. Let x,(t<T’) be a time series, that is
a realization of a stochastic process x(¢) (¢(¢T), on T’ T, and let y=—
¢s(x(-)) be a measurable (P) functional of x(¢) (¢ ST — T') which may
take values in Euclidian space E".

If the probability law of the x(#) process is perfectly known to us, the
prediction of the y by the observed sample function x,(¢ € 7') may be defined
by its conditional probability distribution given x,(t € 7).

Even when the probability law is not known, if the process is stationary
and ergodic and if the sample function #, is given on (— o, ¢,), it is well-
known that the mean value and the covariance function of the process are
almost surely known and we can get the linear least square prediction of
x(t,+s) (s>0) and that for a normal process the linear least square
prediction and its prediction error is nothing but the conditional mean value
and the conditional variance of the x (¢, +s) given x(¢) =x, (—o0 <<t <_#,)
respectively. (Wiener (317, Doob [267)

In most practical cases, however, even if the type of the probability law
of the process is approximately known, the parameters specifing the proba-
bility law, including the spectral distribution or the autocovariance function,
are all unknown, and moreover we are only given a time series on a limited
range 7" T, consequently we cannot rigorously apply the current prediction
theories to it.
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56 Masami OcAwARA

As an exact prediction method for such time series we have introduced
an idea of stochastic prediction (Ogawara [ 10, 117]), which is considered to be
an extension of R. A. Fisher’s concept of fiducial prediction (Fisher [327])
to a time series and which is, so to speak, a conditional fiducial prediction.
In the following we assume that the type of the probability law defining
a stochastic process with a finite parameter scheme is known but all of
the parameters are unknown.

Definition. Suppose that a k' (< k) dimensional function of random
variables y =9, (x(-N (ST —-T") and x= (x,,te T, T') and fixed vari-
ates x'= (%, te T, T") (T, T.=0),

u=u(y, x;%x) 4.4.1)

is measurable (P) and has a probability distribution independent of
unknown parameters. If we then fix the x at the observed value, y is
a (many-valued) function of random variable u, where we assume that the
u distribution is unchanged by fixing x. Suppose further that, wken k'R,
for a fixed x, the y has constant distribution densities on the subspace of
y values such that u(y, x; x') = constant, then a distribution of y is derived
from the u distribution. Thus obtained (formal) distribution of y we shall
call the stochastic prediction of y.

In most cases of stochastic prediction for a normal process, as we shall
see later on, we can find one dimensional statistic #(y, x; ') which has
a known distribution independent of the population parameters and

u(y, x; x') —u (constant) (4.1.2)
is a hyperellipsoidal surface of y from which we get
Pr(yeW(x, 5';p) 2)=p, 0<p<1, (41.3)

where the W (x, x’; p) is a k dimensional random ellipsoid. If we fix the x
at the observed value, (4.1.3) gives the stochastic prediction of y, where
it is assumed, by the definition, that the densities of y is constant on the
ellipsoidal surface. The meaning of the ‘formal’ distribution of y may be
explained, in this case, as follows. Suppose that we repeat the prediction
infinitely many times for the same predictand y saying that y e W(x,x’; D)
with probability p, then 100 p% of them will be true.

The following theorem about two samples with a multivariate regression
is fundamental in constructing stochastic prediction for a normal process.

Theorem 17. (Ogawara [113) Let (yaiv— 2;)=1 QipXapy ; 2: 1; 2, “tty k)
(v=1,2, -, m,), a=1,2 be two independent samples of size n, and n,
respectively drawn from the same k dimensional normal population with
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zero mean, where (X ; p=1,2, -, r,v=12, .-, n,) is a set of fixed vari-
ates corresponding to the «-th sample (a=1,2), n,— k—r >0, and let us
define the following quantities.

g3

Capqg = 2 XapyXag ($,9=1,2, 7 a—=1,2) )
v=1
, 74 L , :1,2’...’7
Ciyy = E Vv Xigy » pgl QiipCrpg == Cyiq (;1: 1,2, - s k)
Cpg = Cipgt+ Copg, (¢ = (€p0) - l4.1.4)
Ay = E(J’m’ — pgl @1ip%1 ) (Yigy —E @1 0% 14y)
(,7j=12, -, k)

(@) = (@) 7"
If we then set

Y= z{[1 >

C x2pv x2qv]

Lﬁ} a“ yzt» Z alipx"p‘v) (J’zp 2 aququv):l}’ (4.1.5)

=1

the h-th moment of a random variable U=1/(1+Y) is given by

k n+n—r+1—14 —r+1—:¢
E{U™ :,1}1 r(* _2_2 Z‘)F<nl 72 Z”f)
}i F<n1+nz~—2r+1—-z+h>r(n1—r;—1—z>

(h=1,2, ). (4.1.6)

Proof. Adding to (4.1.4), we set
i3
Caig EX.I YeivXogqy
=
7 ’ ’ d
—_ A o
Ciq =Ci£q+ (;Ziqs Zl afpcpq:(’lq
P

Ny

5 = . A -’ .::I’Zy"':
8yi; = E(yuh« - Z aipxwm> <yw}v - Z ajqxaqv> <l ]_« 1.2 k)
y=1 p=1 q=1 -

Then, since

r Ty r
A N s
Qip — Uyip = Z c E(yﬂv - Z Qg x2q‘.«> Xosy »
§=1 y=1 q=1
we have
a5 = Q5 -+ TU,
where
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7y r

r r
T,;_,- = ZI:]. - Elcmxzzwx%vj] ° (yZiv - Z} alipx2py> <y2,-1, — Z Elquxzqy) ’
p= q=1

v=1 D, q=

and
K ..
faz,fi: ;am] . [1 +ixlaij TU] = jaliﬂ * [1 + Y] .
r J=
Now, since #n, —r —%>0, the a;;, and the a; are distributed according to
Wishert distribution
Wm—r, k(alij ’ Uij) and Wm+n-z—r. k(aij ’ UU)

respectively, where

e o 1 k4
) gzj(/zk)m/- /b“i(m—h—l)ﬂ _— Z g blj &
Wm_ b ; Jij == ( (k=1)/a B - e e Zi’J:l dbL >
(b ) e 11“[ r <M+1:1> iénj=1 ’
i=1 2

and the T, are quadratic forms of %n, random variables which are distri-
buted according to kn, dimensional normal distribution and, since y,, and
¥s, are independent and the @,;; are independent of a&;,, the T, are indepen-
dent of a,;. (Wilks[33]) Therefore, by Wilks’ technique (Wilks[34)),
we can find the moments of U == a,,, /la,,], getting (4.1.6).

This theorem involves important special cases. For instance, when #,
=mn, n,=1, we have
”
o , 1
{Cpql = icl 1| [1 + Z1 qule’l xz‘ll] ’ ((Clpq) = (& pq) )
D, q=
and
r r 7
chx2p1x2ql =>] quprlel)l/(l + > qux?.pleql) .
»,q=1 p,q=1 p,q=1
Hence, if we rewrite
-1 N .
Cipg =Cpq, (Clpq) = (Cpq) ’ ai =a”
Xept =Xyo Yoo = Yy and Gy, =Gy

in (4.1.5), we observe that

3 a0 =3 ) (90— 35 ) it l—r—k

' L= - (4.1.7)

Fn+1—r—k —

-
14+ 3 e x,0%,

»,0=1

is distributed according to F distribution with 2 and #+1—7» — % degrees
of freedom. Moreover, if =1 and if we write Y, = %o Vv =2 X =2%p
and 4,,=a,, we get

(yﬂ —z;] &pxp0>2 (% - 7’)
F,_ = — - (4.1.8)
Z}(y,—-pgl d,,xw> (1 + Zlc”qxwxqg)

=1 p.q=
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(- am) m-n w18
(c(;—g}1 dpc;,) (1+ élc”qxpoxqo) , o

D, q=

where ¢;=>7_, 9, and ¢, =37, ¥, %,,.

For a stochastic prediction of future value, we use exclusively tke second
sample schem of time series (cf. §1.1) and the cast of variables in the
formulas (4.1.5), (4.1.7) or (4.1.8) for a time series will be given in
the following paragraphs. Some remarks on the practice of stochastic
prediction are given in other papers. (Ogawara(5], (8~11], [13~15],
(173, (201, [217)

It may be noticed that the idea in this paragraph is also applied to
stochastic interpolation of time series, where the first sample scheme is
adopted. Moreover, our method is applied to conditional rejection tests of
W. R. Thompson’s type for a time series which may have a trend of the
type (3.5.3), where either of the two samle schemes is used according to
practical circumstances. (Ogawara (187, [26])

In the following paragraphs of this chapter we shall concern exclusively
with the normal process, however if a non-normal stochastic process &(t)
can be transformed into a normal x(#) process by a topological mapping
x(t) = g(£(?)), the stochastic prediction of x(#) is inversely transformed
into that of £(¢).

§4.2. Autoregression process.” Let x(¢#)(/=0, +1, +2, ---) be a nor-
mal autoregression process of order %, and let x,_,(r=0,1, --, L) be an
observed time series, ¢ being the present time.

(a) One dimensional case. For the prediction of x(¢+ s) (s >0), we set

y»=x{—-vh+s)+s), v=01,-,N

y :é 9,/N, where N(h+s)+h—-1<L
x;vzx_(t—v(h+s)—1>+1)—icp, p=1,2-, h;v=0,1,, N
%y =3} &(t—v(h+$) —p+1)/N

N N
cpq EZ x;th;v ’ C}«OEZl xll;vyv
v=1 V=

i—icméqzcw (p;l’ 2’ “"h)’ ((,'m):((,‘pq)_l, /1
(4.2.1)
where x,, is adopted instead of x,=x(t—v(h+s)—p+1) in (4.1.8).

Then the random variables y, (+v=0, 1, ---, N) are independent of each other

* This and the next paragraph are the outline of and the supplement to Ogawara 113.
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when the variates x,, are fixed (Theorem 2), where x ({ —v (k+ ) +u) (4=
1,2,--,s—1; v=0,1, ---, N) are free variates. Thus, by (4.1.8) and the
definition, the transformed ¢ distribution of

y= 57 + pé] épx;ﬂ
4+ Eyvon-y [N‘:lhi 1 é(}’w i é‘i épxlpv) . (1 + % + pélcvqx;oxéo)]lle
“4.2.2)

gives the stochastic prediction for x(¢+s), where £,_,_, is the random
variable distributed according to ¢ distribution with N—hk—1 degrees of
freedom and the other variates are all fixed. We can also predict the
x(+s) from %, (r=0,1,--; s >0).

Next, for the joint prediction of (x (¢ +s), 2 (t+s+1), -, x(+s+k
—-1)) (&, s>0), we set

Yw=x@F—v(h+s) +ts+i—1) i=142, -, k;v=12 -, N

Yo =x({+s+i—1) i=1,2 -,k i
— 1 p=1 B [
xm_{x(t—v(h+s)~p+2) 17:2,3,...,h+1}v—1’2"”’N ‘f

1 p=1
xpozf ‘
lx(t—p+2) p=2,3 -, h+1, )
(4.2.3)

where y., and y, are random variables, x,,, and x,, are fixed variates and
the other vaiiables are free. Then, from (4.1.7), putting r=h + 1, we get

=

k i h+1 N 2 h41 "
(N—k - k)z a (yio_ Z al’pxp0> r\yjo‘z ajqxq()>
1 p=1 q=1

—kF o (P) (1+30
= kF},(P) (14 3]

D, q=

1c*’qxﬂ,xq(,\ 0<P<1) (4.2.4)

/

which defines a stochastic prediction, where F%_,_.(P) denotes the 100 P%;
point of F distribution ; the probability that the 2 dimensional random point
x(@+s), x(t+s+1), -, x(+s+k—1)) falls in the random hyperellip-
soid (4.2.4) is 1— P, when the values of x,,, and x,, are given. The dis-
tribution defined by (4.2.4) includes that of (4.2.2) as a special case where
k=1,

(b) % dimensional case. We get the same formula as (4.2.4) for the
prediction of x (¢ +s) = (x, (¢ +5), %, (¢ +8), ---, x, ( + 5)), if we only inter-
pret the notations as follows:

V=% (E=v(h+5)), u=1,z,-~,N}

i=1,2,---,k 4,2.5
Yio Exg(t+3) ( )
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and assigning a through number p=1,2,---, k(h+1) to the pairs (i, p’)
(=12, -, k; p'=0,1, -, k), we set

L (P20 0 =12k

"E' st-vre—ped (P2pying) (o bEN

j’:k—i—l, ...,k(h+1)
p=0 B
{ 1 (521,2,-“,/2) p=12 ..,k
X =

wt—p+D) P05 bkt kD

’ ’

(4.2.6)

If x(¢) is an # x #’ matrix, we can assign a number to each element
of the x(#) from 1 to 2=mn#n', thus we may suppose that the x(¢) is a &
dimensional vector process and apply the above prediction formula. For
example, this is the case where we would predict the pattern of a meteor-
ological element represented by the values for a grid of intersections of
latitude and longitude.

If we want to get a joint stochastic prediction of (x (¢+s), x(¢+s+1),
-+, % (t+s+1—1)) for a k& dimensional autoregression process x(¢) = (&, (¢),

%, (t), -+, x.(¢)) of order Ak, the following interpretation of the formula
(4.2.4) will do.

Yw=xEt—v(+s+1-D+s+u-1), v=12-,N \
Yo =%;(+s+u—1) |
w=1,2, -, 1y . _ |
G2 n)  i=la
p'=0 L
(52128 p=L2 -k
P Eim v bs =D —prly (PP Boohy =12
— Ly &y ’ ...,N
\ p=k+1, - k(h+1)
p'=0 _
x _{ 1 (]:],2”k> p—lyzy'”,k
w0 =
’ P':1,2,m,h .
n—p+D (B2 %) p=k+l kG,

(4.2.7)

The formula of the form (4.2.4) will be useful for more general cases
such that y,, and y, are certain functions (of the same form) of x;(t—
vih+s+1—-1)+s+u—-1) and x;, (¢ +s+u—1) (u=1,2,---,1;j=1,2, -,
k) respectively.



62 Masami OGAWARA

(c) Autoregression process with trend. If the trend of mean have the
form (3.5.3), the process x(#) follows a linear model which can be written,
by Theorem 15, in the form

x(t+s)+bx(®)+ - +bhx(E—h+1)
_'ﬂlvl(t)_ “ﬂrvr(t):z(t) (4.2.8)

Thus the stochastic prediction of x(#+ s) in one dimensional case, for in-
stance, can be given by (4.2.2) if only we add to (4.2.1)

xf,l*ri»VEvj(t_u(h'*‘s))hbj’ j:1,2,"‘,r;V:0,1,'-°,N, (4‘.2.9)

where v,=3" v, (t—v (k+s))/N.
More general stochastic prediction for the autoregression process with
a trend of the form (3.5.3) will be carried out by the similar modifications.
Now, let us consider the limit case when N-— . Since a stationary
normal autoregression process is metrically transitive, each side of (4.2.4)
converges to the each side of
3 L h+1 R+
P a" <3’f0 -2 az‘pxu}) (J’Ju - Oéjqan> = 1:(P) (4.2.10)
i j=1 =1 g=1
with probability 1 as N— o respectively, where the «,, are regression
coefficients of ¥, on %,, (¢”) the inverse matrix of the covariance matrix
of yio— 3 ipXpo (6 =1, 2, -+, k) and 1 (P) the 100 P%; point of x* distribution
with % degrees of freedom. Therefore, owing to the definition of stochastic
prediction, the left hand side of (4.2.10) is the exponent of the conditional
E dimensional normal distribution given x, (#=1,2, ---, 2+ 1) and

I/W _ 7]; k ij _ . .
jn (27:)“2 expl: 2 i,;2=1 0" (Pio— 25 AipXpn) (Yo — 20 ajqxqo)]dyw v dy=P,
(4.2.11)

where D is the outside of the hyperellipsoid (4.2.10). Thus we have

Theorem 18. A stochastic prediction defined by (4.2.4) for a stationary
normal autoregression process converges to the conditional normal distri-
bution of v, (1=1,2,--, k) given x, with probability 1 as N tends to
infinity.

Accordingly, if we let N— < and then 22— = in (4.2.4), we get Wiener’s
linear least square prediction for a normal linear process. (Wiener [31],
Doob [26])

$§4.3. Moving averages. Let x(¢) (¢=0, +1, --) be a moving aver-
ages of order % and let x,_, (r=0,1,--,L) be a time series observed in
the past.

In one dimensional case, the method of stochastic prediction for x(¢ + s)
(s>0) is as follows.
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(1) When s»<h, we put

Yy, =x{—v({+h+s)+5s)
Xpn=x(—v{U+h+s)—p+1) —%,, } v=0,1,---,N (4.3.1
P=1,2,'“,l

v N
¥ =3 9/N, %=35¢—v(+hts)—p+1)/N,
then the N+ 1 sets of / + 1 random variables

¥y, x(t—v{+h+s)—p+1) (p=1,2,---, D} v=0,1,---, N

are independent and the prediction formula of x (#-+s) is given by (4.2.2),
provided that we write / instead of 4. Since L=N{+h+s)+1—1 is
given, if we take / large, N becomes small. Therefore we should select
the value of / (1) so that the length of the interval

o
y+ 2 Cp X0

1 — ! ~ ’ z 1 bq 1z
+ [Pl g 1~1 S(rn-3-3 &) - (Lry+ 3 x|
is minimum for a P in which we are most interested. If it is longer than
the length of the interval

y [P N 2 S5

which corresponds to (4.3.2) in the following section, we should rather
choose the unconditional stochastic prediction given below.

(2) When s>k, we cannot do any effective conditional stochastic pre-
diction. In this case, however, y,=x(—v(2+1)) (»=0,1,--, N—1) are
independent of each other and the distribution of

Yy=y+tyus N+1)/(N=1) (4.3.2)

may be called an wunconditional stochastic prediction of x(t+s) for an
arbitrary s >0, where y=31%,/N, s.=3(y,— »)?/N and #,_, is a random
variable distributed according to # distribution with N— 1 degrees of free-
dom and the other variates are fixed. The distribution of (4.3.2), which
is a transformed ¢ distribution, corresponds to an estimation of the absolute
probability distribution function of x(#).

The prediction formulas for the joint prediction of

x(+s),x(t+s+1), -, x(t+s+r—1) (s>0,r>1)
and for the prediction of

X(+8)=(x(t+8),%{+Ss), - x(+5)
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or

;"x (t+s)

x(t+s+1) :
- |
‘\,x(t+s+l—1)

X (E+s), % (E+5S), vy X (E+S) -
:}xl(t+s+1), x(E+s+1), ey xS+ 1) 1
T R
x (t+s+I-1), X +s+1-1), -, x(@E+s+1-1)

in the case of 2 dimensional process, and moreover for the prediction in
the case of moving averages with trend are similar to those for an auto-
regression process, except for the distinction of two cases s <<% and s> h,
so we may cut off them here.

We have also a limit theorem quite similar to Theorem 18.

Theorem 18. As N->c, a stochastic prediction with (4.3.1) for
a stationary normal moving averages converges to the conditional proba-
bility distribution of the predictand given x (t — 1) = %,_, (+=0,1,...,71-1)
with probability 1. If we then let | — =, the conditional mean value and
the conditional variance tends to the linear least square prediction and the
prediction error in Wiener's sense respectively.

§4.4. Some continuous parameter processes. We consider the process
of the type (2.3.10) satisfing (2.3.11),

(x() —m) + a5 () + - +ax @) =2'(¢) (formally), (4.4.1)

where z(#) is a Brownian motion on (—o, ). Let x_, (0<<T) be
a sample function. The method of stochastic prediction for a measurable

(P) functional ¥, = @15, 115100 (X(+)) (S, # > 0) of such process is also reduced
to that given in §4.2. Namely, let

t,=t—v(s+u), v=01--,N ({y=t-T) (4.4.2)
and let

Yy = Pvas, tv-1) (x( <))

v=0,1,--, N, 4.4.3
x;»Ex;:D_I)"% ng—])/N’ P:L 2: 9h ( )
v=1
then, by Theorem 6 and Corollary to it, the conditional random variables y,
given x,, (p=1,2, ---, k) are independent and the stochastic prediction for-
mula (4.4.2) is applied.
Particularly, if we put
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N N
= — A(p-1D) o
yv = xt-—v(s+u)+s ’ y - 2}1 yv/N ’ x;zv = xt—v(s+u) ’ xp - El x;v/N ’
y= y=

the prediction formula for y =% (¢ + s) becomes

. n 1 N o no B 2
y=3+ 3 6 (Ho— ) + b [y 1 23 6 G- 5)
1 o 12
(1t 2@ w) W= w))] (4.4.4)
where
= 318~ B) (B0 — ) s G0 =230 — ) (9= )

Ed

Cpaéq:CxO Pp=12 -, h, (Cm)z(,‘pq)_1

Il
-

q

and t,_,_, is a random variable distributed according to ¢ distribution with
N— & —1 degrees of freedom and the other variates are fixed.
Now, since

P () = j e G F(Ndr (v=0,1, -, 2k —2)
and, according to (2.3.3),
Ex®W) s (@t —2)=(=D""""() (=0,

the spectral distributions of normal stationary processes x“~"(#) are absolutely
continuous and the discrete parameter processes &7 7 (¢t —v (s+u)) (v=0,
1, ---) are metrically transitive (p =1,2, -+, ). Therefore, as N— o, (4.4.4)
tends to

m+ ¢, (%, — m)+zcx“’ D

+Eo[1—3(=1)""¢, 0" (s + u)]m (4.4.5)

p=1
(in the sense of convergence in law), where the ¢, are the same as the
coefficients in (3.2.28) provided that ¢, =¢, t — ¢, =s + %, and £ is a random

variable distributed according to the standard normal distribution N (0, 1).
Thus we have

Theorem 18'. The stochastic prediction givemn by (4.4.4) converges
to the conditional normal distribution of x(t+s) given x®V(t) =x""
(p=1,2, -+, h), with probability 1, as N— o, the conditional mean value of
which is the linear least square prediction of x (t + s) given x,_, (0 < v <o),

Wiener’s predicting operator for this case is given by
h
RQ) =3 ¢, (D)™,
p=1

The stochastic prediction for
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t+s+u 1 t+s+u
x(t)dt or w

S tts Stks

x(t)dt

is also quite similar.

Lastly, we only remark that the stochastic prediction of moving aver-
ages of the type (3.4.2), which may have a trend of the form (3.5.3),
can be also reduced to the discrete parameter case.

Chapter V. Fiducial Prediction®

§5.1. Introduction. It seems difficult to apply the stochastic prediction
defined in the preceding chapter to some discontinuous processes. In his
recent publication, R. A. Fisher [32] has given a concept of fiducial predic-
tion which is, in the special case of random samples, essentially equivalent
to the idea of the author’s stochastic prediction, and he has also refered to
in his book that his fiducial prediction is not available in some discontinuous
cases, such as binomial distribution.

In this chapter, we shall define another concept of fiducial prediction,
from which Fisher’s fiducial prediction should be distinguished, which is
a mean conditional distribution of a predictand with respect to the fiducial
distribution of unknown parameters, and we shall show that the fiducial
prediction coinsides with the stochastic prediction, if they exist, under some
conditions.

§5.2. Fiducial prediction. The concept of fiducial probability put
forward and stressed by R. A. Fisher may be the most disputed technical
concept of modern statistics. That seems to be due to the term  probability,’
so we shall use here the terminology ‘fiducial distribution.” Firstly, let
x= (%, %,, -, %,) be a random sample, #=#(x) a set of % statistics and
0=(0,,0,,--,06,) a set of population parameters. Then, a necessary and
sufficient condition that the ¢ is a sufficient set of statistics for 6 is that
the likelihood function for (6, ¢’), L(x; 6, 6'), is written in the form

L(x;0,0)=g(t;0)g8.(x;0), g 8=0, (5.2.1)

where ¢’ is the set of nuisance parameters and g, =0 for the x such that
L=0. In the following we assume that the g(¢; ) is a continuous functlon
of ¢ almost every-where on the space € of 6.

Definition. If [ g(£;0)d0<eo,
600 =gt:0)]| gt; a0 (5.2.2)

is said to be the fiducial distribution or fiducial density function of 0.

* Ogawara [23], provided Definitions and Theorems are improved and extended.
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Obviously ¢(6; t) is proportional to the likelihood of (6, 6") for a fixed
x and the maximum likelihood estimate of the ¢ is the value of ¢ which
maximizes the fiducial density function ¢(¢;t). Some examples are as
follows.
The case of binomial distribution:

t=x,+ %+ - + %, (x;=0or 1),

gt;p)=p 1—p)"" (t=0,1,-,m,

d(p; ) =p A—p)"'/Bt+1,n—t+1) 0<p<<l). (5.2.3)
The case of multinomial distribution:

t= (tla t27 Tt tk) :Z Xi xX; = (xli, Xais "'y xu) ’

g(; p) =prpe - pif (Bi+t+ - +t=n),

¢(P:t>=(ii—§:£pi‘p?---p? (Dr+pot - +h=1. (5.2.4)
T

The case of Poissonian distribution :
P=X + X+ - + X,
g(t; m) — g™ (nm)t/t! (t:o’ 1’ ...) s

b(m;t) :%(nm)te_"m (0<m < o). (5.2.5)

The case of two dimensional normal distribution:
x=>%/n, S$=(x,—x)%/n,
g(x,s%;m, o%)
— (270%) " exp[— % (% — m)® + ns*{/20%] (“}‘;Eféz) :
¢ (m, o*; x, s?) dmdo*

V' n n(m—x)* n—1\) 7t ms? D
1V 2ro? exp[— 20 :HF< 2 )} (202>
ns* 1, st —co < M <
. exp[——zgz:ldmld<202) ( SmEE). (5.2.6)
Now, as we have already seen, for some finite parameter models of
time series we can introduce conditional independence into a set x of some

members of the time series by fixing another set x’ of variates. If then
the conditional likelihood function L(x; 6, ¢’ x") have the form

L(x;0,0x") =g(t; 0/x") g:(x;0" %), & 8 =0, (3.2.7)

we may define a conditional fiducial distribution ¢#(8; ¢/x") from the g func-
tion in the same way as before.
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Definition. Let ¢(0; t|x') be a conditional fiducial distribution of 0
and let F(y;0\x") be the conditional probability distribution function of
a predictand y, given the values of a set of condition variables x", and
assume that the F(y; 0|x") is dependent only on the set of parameters 0.
Then, a fiducial prediction for the y given t, x' and x" may be defined by

P(y; t,x,x")=| F(y;0/x")6(0; tx')db. (5.2.8)
JO

The density function +(y; £, 2', x”') of (5.2.8) in the case when it is ab-
solutely continuous and the saltus v (y; ¢, x', x”/) of (5.2.8) in the case when
it is discrete, both of them we shall call the fiducial prediction of y.

Fiducial prediction by a random sample will be able to do without the
condition variables in the above definitions.

Example 1. Binomial case. For the prediction of y, the number of
an event which will occur in m trials, we get from (5.2.3) and (5.2.8)

m+D!m! +y) ! (n+m—t—y)!
n+m+1)yl (m—y)!

vyt = , y=0,1,.-,m (5.2.9)

which is identical with the Bayesian prediction of y under the assumption
that a priori distribution of p is uniform.

Example 2. Multinomial case. The prediction of y,, ¥, -, ¥ S 5
=m), the numbers of % events in m trials is found, from (5.2.4), to be

(n+ k=D tm! T(¢,+3)!

YV (P1s s Yoy biy s b)) = , 2 ¥;=m.

(5.2.10)

This is also coincident with Bayesian prediction based on the uniform a priori
probability distribution of parameters.

As an objective method of classified weather forecasting, the predictand
is classified into % classes ¢; (7=1, 2, ---, k), the combinations of causes
(predictors) are supposed in / levels ¢; (i=1,2,---,1) to each of them
corresponds a set of multinomial probabilities p;; (7=1, 2, ---, ), >}, p,;=1
(1=1,2,---,1) and the empirical relative frequencies are hitherto used
instead of the p,;. (e.g. J. C. Thompson (35]) For such case we may use
(5.2.10) with m=1: the fiducial prediction for ¢ y,=1’ based on a predictor
is given by

(n+m+k-1)! J’_}gltj!jllyj!

&+ /(n+ k) (G=1,2,--, k) (5.2.11)

Example 3. Poissonian case. Let y be the value to be observed in
future, then by (5.2.5) we get

t+1

i) ) e eam
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Now, as to the relation between the stochastic prediction given in the
preceding chapter and the fiducial prediction defined above, we have

Theorem 19. Let t--t(x°) be a sufficient set of statistics for a set of
parameters 0, let y—y(x) be a set of statistics to be observed in future
whose probability distribution depends only on the 0 and assume that the
x° and the x are conditionally independent subsets of random wvariables
in a stochastic process when the values of the members of another subset x'
of the sample time series are fixed. If a stochastic prediction of the y is
derived from a statistic

u=u(y,t; x) (5.2.13)

the distribntion of which is independent of the population parameters, if
the distribution function of t, G(¢; 0'x'), and the fiducial distribution func-
tion of 0,0(0; tx") = .[eqﬁ(ﬁ; t|x") df, both have the same absolute increment
as a functionof §=E6(t,0; %),
dG(t; 0|x") =|dH(E;x)|, d®(0;tlx)=1d;H(E; %), (5.2.14)

if

f{€;0(,t;4)=0,te Ri=E(x") for any fixed 0,

{E; 1(E,0;x")=t,0¢c Ot=E(x') for any fixed t, (5.2.15)

where R,, © and E(x") is the space of all values of t, 6 and & respectively,
and if u and y have the same dimension, then the stochastic prediction of
y coincides with the fiducial prediction of y.

Proof. We may omit the letter x’ of the set of condition variates in
the expressions below without loss of generality of our proof. According
to the definition, the stochastic prediction of y is derived from the distri-
bution function K(u#) of # by changing variable, u# —u*(y, t,), where the
t=1¢#(x") is fixed at its observed value #,. Since y and ¢ are conditionally
independent, if we denote the (conditional) distribution function (given x’)
of the y by F(y; 6),

K(u):j d,F(y; 0)d,G(¢; 0),

Du(y, t)

where
D.(y,8) ={(3, ), u(y, t) Sul.

In this and in the following, an inequality for two vector quantities stands
for the inequalities for their each components. Changing variables from
(3, t) into (y, £), we have

K(u) — J d,F(y; 0)|dH ()], (5.2.16)

Du,0(y, &)
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which is independent of ¢, where
D, o358 ={(&;uly, t(&0)) Zul (5.2.17)

and the stochastic prediction of v is given by K(u#*(y, t,)) (symbolically)
by changing variable # into y through u =u*(y, f,).

On the other hand, if we denote the cumulative fiducial prediction of
the y by 7 (y; t,), owing to the definition (5.2.8), we get

4,7 (y; 1) = j d,F(y; 0)dy(6; £,)

St toysu* Dy to(ys 6)

- j d,F(y; 0 dHED |, (5.2.18)
Dy*, to (¥, £

where
Du*:to(yv 0) :g(ya 6); u*(y’ to) éu*’ 0eb]
Dyt (3, E5) =13, &%) u™ (3, £, (€5, 0)) <u™, 06(E%, 8,) ¢ O} . (5.2.19)

Since u*(y,t)=u(y,t), {E*; 0(6%, ¢t,) eO}=25, and according to (5.2.15),

Dus(9,6) =Du(3,6) .

Hence

{ d,¥(y; to) =K@, (5. 2. 20)
DUyt =ut
where #*=u(y,t,). The theorem was thus proved.
In usual cases we meet with where a stochastic prediction is possible,
G(t; 0) and ®(0; ¢) have the properties assumed in this theorem.”
The following theorem is obvious.

Theorem 20. If the set of sufficient statistics t=1t(x") is comsistent,
the fiducial prediction (5.2.8) converges to the conditional probability
distribution function of y given x'' in probability for every y, as the size
of x° tends to infinity.

Example 4. Let ¥ and s? be the sample mean and the sample variance
of a random sample of size # drawn from a normal population N(m, ¢*)
respectively. Then, (x, s®) is a sufficient set of statistics for the set of
parameters (m, %) and the joint distribution element of the (m, ¢°) is given
by (5.2.6):

* If the y is another set of sufficient statistics for 6 and independent of the #, the hypothesis to
Theorem 19 seems to correspond to the conditions for additivity of independent sufficient statistics
with respect to the parameter @ and then the u is a relative statistic between y and ¢ in Kita-
gawa’s theory. (Kitagawa [36])
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¢ (m, o*; x, s*) dmdd?

—/ g exp[ =2 _ll(nl:l> (25 exp[ - 2] #)a(")
2

In this case, we may set ¢ = (/' n (x —m) /o, ns*/26%) in Theorem 19. The
distribution densities of a variable y to be observed in future is

(—o<<m<o0, 0 <To*< o).

m)?

fim o) = exp[ (yzoz

V 27 a®

Therefore, the fiducial prediction of the y is found to be

V(3 % s°) :j dmj F(y; m, 0%) 6 (m, o*; , 5*) do®

—_00 0

m\l ~1/2 (y—x)E
- (_ n—1y b+ 1) st [1+(n+1)s_] (5.2.21)
2° 2

(—oo<<y<<o).
On the other hand, the stochastic prediction of y is given by the distribu-
tion of

Yy=F+t,sy m+ D)/ m—1), (5.2.22)

where £,_, denotes a random variable distributed according to the ¢ distri-
bution with #—1 degrees of freedom and x* and s® are constants. Thus
obtained stochastic prediction is obviously identical with (5.2.21). In this
example, condition variables are absent, and the prediction tends to N(m, %)
in probability at each point of y, when #— o ; in fact, according to Theo-
rem 18, it converges with probability 1.

§5.3. An application to Markov sequence. Let x(n) (n=0, +1, ---)
be a (strict sense) stationary multiple Markov process of order % which can
only assume values in a finite set {e,, ¢,, -, ¢}, and let x,_, (+=0,1, ---, L)
be a sample sequence. In order to predict y=x(n+m) (m>0), we put

Vi E X jnamytm s =12, N,
x_;pExn—j(h+m)—p+l’ p: ]-9 2a Ty h’ ]:O, 19 Tty N’

then, according to Theorem 2, if we fix the values of x, (=12, -, h;

7=0,1, -+, N), N+1random variables y, y, (j =1, 2, ---, N) are conditionally
independent.

If (%61, %62, -5 %) = (el, €, -+, e1), where ¢, is one of the ¢, (¢=1, 2,

-, k), if the number of set (%, Xjwe, > X)) Which is equal to (e, ¢,

-, e,) out of («x}, %%, -, %",) (j=1,2, .-, N) is N’ and if the number of

¢, among Yy (¢=1,2,--,N') is N, (¢=1,2, -, k; 3, N,=N'), then in
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accordance with (5.2.11), the (conditional) fiducial prediction that y=e,
q=%12,--,k), given %}, (p=1,2,--, h; j=0,1, .-, N) is given by

(N,+1)/(N'+ k&) @=1,2,-, k. (5.3.1)

Although such method is exact in the meaning of the definition, as well
as the stochastic prediction in the last chapter, provided the assumptions upon
which the stochastic process is based are correct, it involves the sacrifice
of some proportion of the data available and the sample size is considerably
diminished. This seems unavoidable owing to the dependence of members
of a sample. On the other side, however, it will still be an important
problem left to study more effective methods.
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