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Chapter IV. Stochastic Prediction

  § 4.1. General principles. Let xt(t E T') be a time series, that is 
a realization of a stochastic process x(t) (t E T), on T'=T, and let y = 

sos(x( • )) be a measurable (P) functional of x (t) (t E S =T — T') which may 
take values in Euclidian space W. 

   If the probability law of the x(t) process is perfectly known to us , the 
prediction of the y by the observed sample f unction xt(t E T') may be defined 
by its conditional probability distribution given xt(t E T'). 

   Even when the probability law is not known, if the process is stationary 
and ergodic and if the sample function xt is given on (— 00, to), it is well-
known that the mean value and the covariance function of the process are 
almost surely known and we can get the linear least square prediction of 
x (to + s) (s > 0) and that for a normal process the linear least square 

prediction and its prediction error is nothing but the conditional mean value 
and the conditional variance of the x (to + s) given x(t) = xt (— co < t < to) 
respectively. (Wiener [31], Doob [26]) 

   In most practical cases, however, even if the type of the probability law 
of the process is approximately known, the parameters specifing the proba-
bility law, including the spectral distribution or the autocovariance function , 
are all unknown, and moreover we are only given a time series on a limited 
range T'T, consequently we cannot rigorously apply the current prediction 

theories to it. 

                                55
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   As an exact prediction method for such time series we have introduced 
an idea of stochastic prediction (Ogawara [10,  11])  , which is considered to be 
an extension of R. A. Fisher's concept of fiducial prediction (Fisher [32]) 
to a time series and which is, so to speak, a conditional fiducial prediction. 
In the following we assume that the type of the probability law defining 
a stochastic process with a finite parameter scheme is known but all of 
the parameters are unknown. 

   Definition. Suppose that a k' (<k) dimensional function of random 
variables y = 408(x(-)) (ST —T') and x= (x,,t ET,T') and fixed vari-
ates x' = (xe, t E T2 T') (T 111 T2 = 0), 

                  u =u(y, x; x')(4.4. 1) 

is measurable (P) and has a probability distribution independent of 
unknown parameters. If we then fix the x at the observed value, y is 
a (many-valued) function of random variable u, where we assume that the 
u distribution is unchanged by fixing x. Suppose further that, when k'< k, 
for a fixed x, the y has constant distribution densities on the subspace of 
y values such that u(y, x; x') =constant, then a distribution of y is derived 
from the u distribution. Thus obtained (formal) distribution of y we shall 
call the stochastic prediction of y. 

   In most cases of stochastic prediction for a normal process, as we shall 
see later on, we can find one dimensional statistic u(y, x; x') which has 
a known distribution independent of the population parameters and 

                       u(y, x; x') =u (constant)(4. 1. 2) 

is a hyperellipsoidal surface of y from which we get 

                 Pr (y E W (x, x' ; p);x') = p , 0 p 1 , (4. 1. 3) 

where the W (x, x'; p) is a k dimensional random ellipsoid. If we fix the x 
at the observed value, (4. 1. 3) gives the stochastic prediction of y, where 
it is assumed, by the definition, that the densities of y is constant on the 
ellipsoidal surface. The meaning of the ' formal ' distribution of y may be 
explained, in this case, as follows. Suppose that we repeat the prediction 
infinitely many times for the same predictand y saying that y E W (x, x'; p) 
with probability p, then 100 p% of them will be true. 

   The following theorem about two samples with a multivariate regression 
is fundamental in constructing stochastic prediction for a normal process. 

    Theorem 17. (Ogawara [11]) Let (y„,,— rp=1 aipx„„; i= 1, 2, ••• , k) 
(v =1,2, •••, nc,), a= 1, 2 be two independent samples of size n1 and n2 
respectively drawn from the same k dimensional normal population with
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zero mean, where (za„; p = 1, 2, , r,v= 1, 2, •-• , nc.) is a set of fixed vari-
ates corresponding to the a-th sample (a = 1, 2), n,— k—r> 0, and let us 
define the following quantities. 

                            nx 

                Exapv xagv (p, q= 1, 2, •-- , r; a =1, 2) 
                             v=1 

 c;ig\          EXlqvq= 1, 2, ••• , r                v=1P=1I alipCipqClfq(i — 1, 2,••-, kl 
          c,„+ c,„ , (cPg)(c„)'(4 . 1. 4) 

                                   nrr 

                 E(Yii,—2_,ippv) (Y1.11,E 
                                                                        q=1 

                                (i, j = 1, 2, k) 
                 =---: (a10)-1 • 

If we then set 

    YX2pv X201 
              v=1p, 4=1 

                •[(Y2i v — E alip X2 pv)(372 jvEjq X2qvn,(4. 1. 5) 
        j=1p=1q=1 

the h-th moment of a random variable U=1/(1+ Y) is given by 

              k (ni+n2— r + 1 — r (ni— r + 1 — i    r+h) 
        2  2       ER1'1 ="  

                 r(nl+n2—r+l—i +h)r(n, —r+1— i) 
    1=1\22 

                                          (h= 1, 2, •••) . (4. 1.6) 

   Proof. Adding to (4.1. 4), we set 

                      n2 

        iq E Y2 iv X20 
                     v=1                                    q ===.11;rk) 

  C;qEC;q 
                                   p=1 

      nc, r ij
= 12,•-•           E      naij=E(yai„—aipXapv)(YajVEjq Xao) 

                                             a=1,2      ,=1 p-=-14=1 

    ati a2ij • 

Then, since 

                r n2 

                       aiPvs                  —ip = E cE(Y2ivEX20) X2sv 
                   s=1V=1q=1 

we have 

                              aii = a11; + Tii, 

where
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             -Eex, p,x2d•(Y211,Ealip X2pv)(Y2 jvEjqX2 qv) 
   v=1p, q=1q=1 

and 

              au — au, I • [1+z dij To] — aii; [1 + . 
                                                      j=1 

Now, since n1— r — k > 0, the ali; and the are distributed according to 

Wishert distribution 

                                                                       ij 
                     k (a1; atj                         0) and W n1-Fn2-r, kcaii ; 

respectively, where 
                1 

                  aii /2')mi2Ib.;(m-k-1)12—oj     W 
.,k(bi; ;—k(k-1)/4e21ftdb0,                      k(m+ 1i) 
                        III                             2 

and the Ti; are quadratic forms of kn2 random variables which are distri-
buted according to kn2 dimensional normal distribution and, since yii, and 
Y2)1, are independent and the a11,; are independent of 61111, the Ti, are indepen-
dent of a111. (Wilks [33]) Therefore, by Wilks' technique (Wilks [34]), 
we can find the moments of U ; / getting (4.1. 6). 

   This theorem involves important special cases. For instance, when n, 
= n, n2 = 1, we have 

            

I c„, = Cl n1 + E crx2„,x20], ((c 4)= (C1 p4)-1) 
                                                 p, q=1 

and 

           Ecrx2,1x2,1 = Ex2p1x2,11(1 +E clqx2pix20). 
        p, q=1p, q=1p, q=1 

Hence, if we rewrite 

            clc, (ci„)1(c") ,aij 
  „„ 

               X2 p1 XpOY211 ==. Y o and al. 

in (4. 1. 5), we observe that 

            E aii (yio aipX2o) (Y..0 — ajg Xgo) n+ 1 — r — k 
 F 11?=14=1                                                     (4. 1. 7) 

                        1+E C" X1.0XqOk 
                                                  P, q=1 

is distributed according to F distribution with k and n+ 1 —r — k degrees 

of freedom. Moreover, if k =1 and if we write v                                                              Yo, Yliv Yv9 X1pv Xpv 

and do, ap, we get 

                                                        2 

                     (yo —E iz„xpo) (n — r)       p=1  

                                      n           r2(4.1.8) 
               E (y, — E àpxp,) (1 + E 

              v=1 p=11), 4=1
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 r2— (YO  E apx,3) (n — r) 
      v=1  

                                                        (4. 1.8') 
                (c,;— E fir c;) (1 + E c"xpox,o)                    p=1p, q=1 

where c,;= y`,2 and c;= y,x,• 
    For a stochastic prediction of future value, we use exclusively the second 

sample schem of time series (cf. § 1. 1) and the cast of variables in the 
formulas (4. 1. 5), (4. 1. 7) or (4. 1. 8) for a time series will be given in 
the following paragraphs. Some remarks on the practice of stochastic 
prediction are given in other papers. (Ogawara [5], [8'- 11], [13,15], 
[17] , [20], [21]) 

   It may be noticed that the idea in this paragraph is also applied to 
stochastic interpolation of time series, where the first sample scheme is 
adopted. Moreover, our method is applied to conditional rejection tests of 
W. R. Thompson's type for a time series which may have a trend of the 
type (3. 5. 3), where either of the two samle schemes is used according to 
practical circumstances. (Ogawara [18], [26]) 

   In the following paragraphs of this chapter we shall concern exclusively 
with the normal process, however if a non-normal stochastic process e (t) 
can be transformed into a normal x(t) process by a topological mapping 
x(t) g(e(t)), the stochastic prediction of x(t) is inversely transformed 
into that of e(t). 

  § 4.2. Autoregression process.* Let x(t) (f =0, ± 1, ± 2,••) be a nor-
mal autoregression process of order h, and let xt,(r = 0, 1, •- , L) be an 
observed time series, t being the present time. 

   (a) One dimensional case. For the prediction of x(t + s) (s > 0), we set 

    y, x (t — v (h + s) + s) , v = 0, 1, , N 

    y E y„/N, where N(h+s)+h— 1 <L 
                  v=1 

    xpv=x(t —v (h+ s) — p + 1) — X, , p= 1, 2, •-•, h; v = 0, 1, •- , N 

   xp=E x(t — v (h+ s) — p + 1)/N 
                  1=1 

         E x,„xq,, c1,0 E 
                                                                 1,-=1 

    E cpg Cg = co = 1, 2, • -• h) (cpq) = (cpq)-1 , 
         q=i 

                                                   (4. 2. 1) 

where xpv is adopted instead of x, = x (t — v (h + s) — p + 1) in (4. 1. 8). 
Then the random variables y, (v = 0, 1, • • , N) are independent of each other 

* This and the next paragraph are the outline of and the supplement to Ogawara
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when the variates xpy are fixed (Theorem 2), where x (t v (h + s) + u) (u 
1, 2, • • • , s - 1 ; v = 0, 1, , N) are' free variates. Thus, by (4. 1.8) and the 
definition, the transformed t distribution of 

 31 + E epx;,0 
               p=, 

                         /1         t\--h-1[N -1-h -1ePx;v)•O.+EC"X'°X'°)2 
                                                                                      ,1/ 

                p=1p,q=1 

                                                   (4. 2. 2) 

gives the stochastic prediction for x (t + s), where t,_„_, is the random 
variable distributed according to t distribution with N - h - 1 degrees of 
freedom and the other variates are all fixed. We can also predict the 
x (t + s) from xt_s-, (1- =0, 1,•; s' > 0). 

   Next, for the joint prediction of (x (t + s), x (t + s + 1), x (t + s + k 
- 1)) (k , s> 0), we set 

   y1 aX (t - (h + s) + s + i - 1) i = 1, 2, •-• , k ; v = 1, 2, , N 

   Yi0 x (t + s + i - 1) i = 1, 2, •••, k 

 1 =1 
Xiv =12•N 

         x (t - v (h + s) - p + 2) p= 2, 3, ••, h + 1 

 11 
   X      - 
x (t - p + 2)p= 2, 3, , h + 1 , 

                                                    (4.2. 3) 

where yliv and j7,0 are random variables, x,„ and x,0 are fixed variates and 
the other vai iables are free. Then, from (4.1. 7), putting r h + 1, we get 

                h+1h+1 

          (N - h - k)±(yoEoc„0)(yj0 Q=1-Ekg X0) 

    E 

          = kriv_h_,(P) + E c"x„x,o)(0 < P < 1) (4. 2. 4) 
                     p, q=1 / 

which defines a stochastic prediction, where denotes the 100 P% 

point of F distribution ; the probability that the k dimensional random point 
(x (t,+ s) , x (t + s + 1), •-• , x (t + s + k - 1)) f alls in the random hyperellip-
soid (4. 2.4) is 1- P, when the values of x,„ and x,0 are given. The dis-
tribution defined by (4. 2. 4) includes that of (4. 2. 2) as a special case where 
k 1. 

   (b) k dimensional case. We get the same formula as (4.2. 4) for the 
prediction of x (t + s) = (x1 (t + s), x2 (t + s) , • , x (t + s)) , if we only inter-
pret the notations as follows: 

           x,(t v (h+ s)) , v =1, 2, -, N 
                                             =1, 2, • • , k (4.2. 5) 

          xi (t + S)
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and assigning a through number p  =  1, 2, •••, k (h + 1) to the pairs (i, pi) 

(1 = 1, 2, •-• , k; pi = 0, 1, •••, h), we set 

      ( 1 (13'= °               i = 1) ) P 2' •••' 
   xipv -        1x, (t — v (h+ s) —+ 1) (if'I;k) v = 1, 2, • • • , N 

                         p = k + 1, • -•, k (h + 1)) 

          1 (if:?, 2, •-• , k) p = 1, 2, ••• , k 
   xxo = 

       x(t + 1) (If 2:                             ' p = k+ 1, k(h+ 1) 

                                                    (4.2. 6) 

   If x(t) is an n x n' matrix, we can assign a number to each element 
of the x(t) from 1 to k = nn' , thus we may suppose that the x(t) is a k 
dimensional vector process and apply the above prediction formula. For 
example, this is the case where we would predict the pattern of a meteor-
ological element represented by the values for a grid of intersections of 
latitude and longitude. 

   If we want to get a joint stochastic prediction of (x (t + s), x (t + s + 1), 
  x (t + s + 1— 1)) for a k dimensional autoregression process x(t) = (x,(t), 

x2 (t), x,(t)) of order h, the following interpretation of the formula 

(4.2. 4) will do. 

  y,,,--=xj(t—v(h+s+1-1)+s+u — 1), v=1,2,•-•,N 

Yio — 1) 

          (7=12•,1\ 
              \*—,,1,2, ••• , k i = 1, 2, • , kl 

                  ,p = 1, 2, •-, k 

  xipv=p          (t — v (h + s +— 1) —p + 1)= 1, 2, ••• , h‘v = 1, 2,                                     k 
j = 1, 2, • , kl                                                                       • • • , N 

                                  p=k+1,---,k(h+1) 

        1 , 2, •-• , k) P = 2' ' k 
  XpO == 

                         p' = 12•-•        xj (t —+ 1)(i =1:2:h\p— k+ 1, •••, k(h +1) . 
                                                    (4.2. 7) 

   The formula of the form (4.2.4) will be useful for more general cases 
such that y,,, and yzo are certain functions (of the same form) of x3 (t — 
v(h+s+1-1)+s+u —1) and xj(t+s+u-1) (u=1,2,••• ,1; j=1,2,•••, 
k) respectively.



62Masami  OGAWARA

   (c) Autoregression process with trend. If the trend of mean have the 
form (3. 5. 3), the process x(t) follows a linear model which can be written, 
by Theorem 15, in the form 

              x(t + s) + bix(t) + ••• + bhx(t — h+ 1) 
                      — givi(t) — --• — igrvr(t) =z(t)( 4. 2. 8) 

Thus the stochastic prediction of x(t + s) in one dimensional case, for in-
stance, can be given by (4. 2. 2) if only we add to (4. 2. 1) 

   x,'v .; (t — v (h+ s)) — vi , j= 1, 2, , r v = 0, 1, , N, (4. 2. 9) 

where i); = v; (t — v (h + s))/N. 

   More general stochastic prediction for the autoregression process with 
a trend of the form (3. 5. 3) will be carried out by the similar modifications. 

   Now, let us consider the limit case when N—› co. Since a stationary 
normal autoregression process is metrically transitive, each side of (4. 2. 4) 
converges to the each side of 

      kh-1-1h+1 

            E a" (Yio — E a,pX],o) (Y ,o E ce,gx,i0) = xt(P) (4. 2. 10) 
       i, j=1P=1q=1 

with probability 1 as N—> co respectively, where the ceip are regression 
coefficients of yio on xpo, (aii) the inverse matrix of the covariance matrix 
of y,o— E aipxpo (i = 1, 2, , k) and xt(P) the 100 P% point of x2 distribution 
with k degrees of freedom. Therefore, owing to the definition of stochastic 
prediction, the left hand side of (4. 2. 10) is the exponent of the conditional 
k dimensional normal distribution given xpo (p = 1, 2, ••• , h+ 1) and 

     t) I1 k     V 1"-exp [—Li iEa'j(y,0Ece,x,o) (7,0—EalqXgo)iddYko= P ,      (27)=1 
                                                  (4. 2. 11) 

where D is the outside of the hyperellipsoid (4. 2. 10). Thus we have 

   Theorem 18. A stochastic prediction defined by (4.2.4) for a stationary 
normal autoregression process converges to the conditional normal distri-
bution of y,0 (i = 1, 2, , k) given xpo with probability 1 as N tends to 
infinity. 
    Accordingly, if we let N—> and then h---› Co in (4.2.4), we get Wiener's 
linear least square prediction for a normal linear process. (Wiener [311, 
Doob [261) 

    § 4. 3. Moving averages. Let x(t) (t = 0, ± 1, —) be a moving aver-
ages of order h and let xt_. (7- = 0, 1, • • , L) be a time series observed in 
the past. 

   In one dimensional case, the method of stochastic prediction for x(t + s) 
(s > 0) is as follows.
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   (1) When  s<  h, we put 

    y, x (t v (1 + h + s) + s)          x (t — v (1 + h + s) — p +1) —4,, }v=0, 1, • ••, N (4. 3. 1) 
                              p= 1, 2, • • • , 1 

       = Yv/N, = E x(t — v (1+ h+ s) — p +1)/N , 
     10=11)=1 

then the N + 1 sets of 1 + 1 random variables 

     y„ x (t — v (1 + h + s) — p + 1) (p= 1, 2, •• • , v =0, 1,•, N 

are independent and the prediction formula of x (t + s) is given by (4.2.2), 

provided that we write 1 instead of h. Since L = N (1 + h + s) + 1 —1 is 
given, if we take I large, N becomes small. Therefore we should select 
the value of 1 (> 1) so that the length of the interval 

    y + E 
                 p=1 

       1 N1 2/1 /,,1/2 

    [FN-/-1(P) N —1,=,Y —Ee‘,x„) •1++Ec".74,0x,0)                Evp,q=1 
is minimum for a P in which we are most interested. If it is longer than 

the length of the interval 

                  N 11N-0/2              y+ [FIN-1(P)N+E(Y,—Y)1                                   —1_ /V,=1 

which corresponds to (4. 3. 2) in the following section, we should rather 
choose the unconditional stochastic prediction given below. 

   (2) When s> h, we cannot do any effective conditional stochastic pre-
diction. In this case, however, yv x (t — v (h + 1)) = 0, 1, • • • , N — 1) are 
independent of each other and the distribution of 

                 = + t,isyv/ (N +1)/ (N — 1)(4 . 3. 2) 

may be called an unconditional stochastic prediction of x (t + s) for an 
arbitrary s > 0, where y = y,/N, s:= E (Y), — y)2/N and tN__i is a random 
variable distributed according to t distribution with N— 1 degrees of free-
dom and the other variates are fixed. The distribution of (4. 3. 2), which 
is a transformed t distribution, corresponds to an estimation of the absolute 

probability distribution function of x (t). 
   The prediction formulas for the joint prediction of 

      x(t+s),x(t+s+1),—,x(t+s+r-1) (s>0,r>1) 

and for the prediction of 

           x (t + s) = (xi (t + s), x2 (t + s), • • • , xk (t + s))
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or 

 x  (t  +  s) 
    x (t + s + 1) 

     x (t + s + — 1) 

    xi (t + s) ,x,(t + s)•••, x,(t + s) 
     xi(t + s +1) ,x2(t + s +1) , •••, x,(t+ s +1) 

     xi(t + s +l —1) , x2(t + s + —1) , •••, x,(t + s+ —1) 

in the case of k dimensional process, and moreover for the prediction in 
the case of moving averages with trend are similar to those for an auto-
regression process, except for the distinction of two cases s <h and s> h, 
so we may cut off them here. 

   We have also a limit theorem quite similar to Theorem 18. 

   Theorem 18'. As CO a stochastic prediction with (4.3. 1) for 
a stationary normal moving averages converges to the conditional proba-
bility distribution of the predictand given x (t — r) (r = 0, 1, •••, 1 —1) 
with probability 1. If we then let l—›00, the conditional mean value and 
the conditional variance tends to the linear least square prediction and the 
prediction error in Wiener's sense respectively. 

  § 4.4. Some continuous parameter processes. We consider the process 
of the type (2. 3. 10) satisfing (2. 3. 11), 

      (x (t) — m) + a1 x' (t) + • + a, x(h) (t) = z' (t) (formally) , (4. 4.1) 

where z (t) is a Brownian motion on ( — CO, 00) Let x,_, (0 < v < T) be 
a sample function. The method of stochastic prediction for a measurable 
(P) functional y (t+s, f+s+u)(x( • )) (s, u> 0) of such process is also reduced 
to that given in § 4.2. Namely, let 

            tv=t — (s + u) , v 0, 1,•, N —T) (4. 4. 2) 

and let 

       yv = tv-1) (X ( • )             N}v = 0, 1, • • • , N, (4. 4. 3) 
       pv-4'1)— E4P-')/N,p=1,2,•••• ,h 

                                 v=1 

then, by Theorem 6 and Corollary to it, the conditional random variables y, 

given x,'„ (p = 1, 2, , h) are independent and the stochastic prediction f or-
mula (4.4.2) is applied. 

   Particularly, if we put
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 N 

 y  = X t –y(S-FU)-1-S Y = E Yv/N xpi ==. Xt(--P“s)-ru) Xp E xp,/N 9 
     1=11=1 

the prediction formula for y = x (t + s) becomes 

h12 
  Y= Y + Eep(xp0—ip) + _ h _v4.1_EeP(XpV— Xp))  P=1P=1 

  

• (11/2         1 ++ E c"(.140 — X p) iq))1 ,(4. 4. 4) 
                        IV 7), q-=-1 

where 

         c„=E—(xq'—ig)=E(x,.-tp) (y,— y) 
                          v=i 

            E=(p =1, 2, • , h) , (e) = c„) 
                            q=1 

and tN_h_i is a random variable distributed according to t distribution with 
N — h— 1 degrees of freedom and the other variates are fixed. 

   Now, since 

         p(v)( = (i 21 v F' (2) &I (v = 0, 1, , 2h — 2) 

and, according to (2.3. 3), 

                Ex(v) (t) x(') (t — 7) ( — l) v" p(v+v)(r)(7 > 0) , 

the spectral distributions of normal stationary processes x(P-1)(t) are absolutely 
continuous and the discrete parameter processes x(P-1) (t — v (s + u)) (I) = 0, 
1, -) are metrically transitive (p = 1, 2, , h). Therefore, as 1 \co, (4.4. 4) 
tends to 

                m + c1 (x, — m) + 2 cpx(,P-') 
                                                     p=2 

                   a[l E ( — cp p(P-') (s 14)]1/2(4. 4. 5) 
                                             p=1 

(in the sense of convergence in law), where the cp are the same as the 
coefficients in (3. 2. 28) provided that to = t, t — to = s + u, and is a random 
variable distributed according to the standard normal distribution N(0, 1). 
Thus we have 

   Theorem 18". The stochastic prediction given by (4. 4. 4) converges 
to the conditional normal distribution of x (t + s) given x(P-')(t) = xri) 
(p=1, 2, •-, h), with probability 1, as .1V 00, the conditional mean value of 
which is the linear least square prediction of x (t + s) given x,_.' (0 < r < co). 

   Wiener's predicting operator for this case is given by 
                                                                         h, 

                      k (2) = E cp (i A)p-1 . 
                                                        p=1 

   The stochastic prediction for
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               t+s-Eu1 it-1-8-1-24 
               x(t) dt orx(t) dt 

       t+su.1,, 
is also quite similar. 

   Lastly, we only remark that the stochastic prediction of moving aver-
ages of the type (3. 4. 2), which may have a trend of the form (3. 5. 3), 

can be also reduced to the discrete parameter case. 

                 Chapter V. Fiducial Prediction* 

 § 5. 1. Introduction. It seems difficult to apply the stochastic prediction 
defined in the preceding chapter to some discontinuous processes. In his 
recent publication, R. A. Fisher [32] has given a concept of fiducial predic-
tion which is, in the special case of random samples, essentially equivalent 
to the idea of the author's stochastic prediction, and he has also ref ered to 
in his book that his fiducial prediction is not available in some discontinuous 
cases, such as binomial distribution. 

   In this chapter, we shall define another concept of fiducial prediction, 
from which Fisher's fiducial prediction should be distinguished, which is 
a mean conditional distribution of a predictand with respect to the fiducial 
distribution of unknown parameters, and we shall show that the fiducial 

prediction coinsides with the stochastic prediction, if they exist, under some 
conditions. 

 § 5. 2. Fiducial prediction. The concept of fiducial probability put 
forward and stressed by R. A. Fisher may be the most disputed technical 
concept of modern statistics. That seems to be due to the term ' probability,' 
so we shall use here the terminology fiducial distribution.' Firstly, let 
x=(x,,x2,•••,xn) be a random sample, f=t(x) a set of lz statistics and 
0=(0„0„•••,0,) a set of population parameters. Then, a necessary and 

sufficient condition that the t is a sufficient set of statistics for 0 is that 
the likelihood function for (0, 0'), L(x ; 0, 0'), is written in the form 

            L(x; 0, 0') = g(t ; 0) g1(x; 0') , g, g, >0 ,(5. 2. 1) 

where 0' is the set of nuisance parameters and g1= 0 for the x such that 
L=0. In the following we assume that the g(t; 0) is a continuous function 
of 0 almost every-where on the space of 0. 

   Definition. If je g (t ; 0) dO < co , 

                q5(0; ; t) = g (t ; 0) g (t ; 0) dO(5. 2. 2) 

                                                            J is said to be the fiducial distribution or fiducial density function of 0. 

* Ogawara C23J, provided Definitions and Theorems are improved and extended.
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   Obviously (9 ; t) is proportional to the likelihood of (0, 0') for a fixed 
x and the maximum likelihood estimate of the 0 is the value of 0 which 
maximizes the fiducial density function q5 (0 ; t). Some examples are as 
follows. 

The case of binomial distribution: 

   t= xi+ x2+ + x„ (xi= 0 or 1) , 

       p) pt (1 pr t(t= 0, 1, , n), 

   c(p; t) = pt (1 — p)n-tIB (t + 1, n—t + 1)(0 <p< 1) .(5. 2. 3) 

The case of multinomialdistribution: 

   t= (t„t„tk)                         =xi —(x1i, X2i , • • • , X ki) 

    g(t,p) = ptlp22 • • • P.tkk(t1 t2 + • • • + tk = n), 

           (n + k—1) !tttk      (p; t) =p lip22 •• Pk(p1 +p2 + • •+ Pk =1)(5.2. 4)             llk
j! 

                        j=1 

The case of Poissonian distribution: 

    t — Xi ± X2 + • xn 

   g(t; m) = e-"ni (nm)t/t! (t = 0,1, •-•) , 

   0(m ; t) = t2.1! (nm)t e-nm (0 <m <00) .(5. 2. 5) 

The case of two dimensional normal distribution: 

   x=j x,/n, s2=E(x, —x)2/n, 

   g(x, s2 ;m, a2) 
         = (2 a2) exp — (i — m) 2 n s2 # /2 al 0 

s2 << , 
     (m, a2 ;x, .92) dm da2 

           n ,r-n(m— i)2](n— 1\1-1 insyn-3)12 
        V 27c a' exli— 2a22 if \ 2 02) 

                  ns2ns2         exp [—2 a2idm;d(2 G2)(— CO < m < CO \(5. 2. 6)                                     0<o2<coP 

   Now, as we have already seen, for some finite parameter models of 
time series we can introduce conditional independence into a set x of some 
members of the time series by fixing another set x' of variates. If then 
the conditional likelihood function L(x; 0, x') have the form 

           L(x ;0, 0' = g(t; OIx') g,(x; 0' x') , g, g 0 ,(5. 2. 7) 

we may define a conditional fiducial distribution 0 (0 ; t x') from the g func-

tion in the same way as before.
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   Definition. Let 0(0; tix') be a conditional fiducial distribution of 0 
and let F(y; 04") be the conditional probability distribution function of 
a predictand y, given the values of a set of condition variables x", and 
assume that the F(y; 0 x") is dependent only on the set of parameters 0. 
Then, a fiducial prediction for the y given t, x' and x" may be defined by 

            W(y ; t, x', x") = I F (y ; 04") 0(0 ; t ix') de . (5. 2. 8) 
The density function ik (y ; t, x', x") of (5. 2. 8) in the case when it is ab-
solutely continuous and the saltus ; t, x', x") of (5. 2. 8) in the case when 

it is discrete, both of them we shall call the fiducial prediction of y. 
   Fiducial prediction by a random sample will be able to do without the 

condition variables in the above definitions. 

   Example 1. Binomial case. For the prediction of y, the number of 
an event which will occur in m trials, we get from (5. 2. 3) and (5. 2. 8) 

          (n+1)!m!(t+y)!(n+m—t—y)!
,y=0,1, •••, m (5.2.9)   (y, t) =(n+m+1)!y! (m — y)! 

which is identical with the Bayesian prediction of y under the assumption 
that a priori distribution of p is unif orm. 

   Example 2. Multinomial case. The prediction of y1, Y2, Yk (E•
111) , the numbers of k events in m trials is found, from (5. 2. 4), to be 

                     (n + k — 1) ! m! 11(t; + y j)! 
                       )=-1 

     *311,Yk; 11, ••• 9 tk)k k 9 EYi=m• 
                     (n + m + k — 1) ! 11 t j! 11y;!)!                                   :7=1.1=1(5. 2. 10) 

This is also coincident with Bayesian prediction based on the uniform a priori 

probability distribution of parameters. 
   As an objective method of classified weather forecasting, the predictand 

is classified into k classes e; (j = 1, 2, ••• , k), the combinations of causes 

(predictors) are supposed in 1 levels ci (i =1, 2, • , 1) to each of them 
corresponds a set of multinomial probabilities pi, (j = 1, 2, •••,k), p,,= 1 

(i =1, 2, ••• , 1) and the empirical relative frequencies are hitherto used 
instead of the Po. (e.g. J. C. Thompson [35]) For such case we may use 

(5. 2. 10) with m= 1 : the fiducial prediction for ' y, = 1 ' based on a predictor 
is given by 

               (t; + 1)/ (n + k) (j =1, 2,•, k)(5. 2. 11) 

   Example 3. Poissonian case. Let y be the value to be observed in 

future, then by (5. 2. 5) we get 
                                        '+'         ikcy;t)n \it+ y1)Y                                        y 0, 1, 2,.(5.2.12)         )n+y+ 1'
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   Now, as to the relation between the stochastic prediction given in the 
preceding chapter and the fiducial prediction defined above, we have 

   Theorem 19. Let  t=t(x°) be a sufficient set of statistics for a set of 
parameters 0, let y= y(x) be a set of statistics to be observed in future 
whose probability distribution depends only on the 6 and assume that the 
x° and the x are conditionally independent subsets of random variables 
in a stochastic process when the values of the members of another subset x' 
of the sample time series are fixed. If a stochastic prediction of the y is 
derived from a statistic 

                  u=u(y,t; x')(5. 2. 13) 

the distribntion of which is independent of the population parameters, if 
the distribution function of t,G(t, 0'x'), and the fiducial distribution func-
tion of 0,0(0; t4') re 0(8; t x') do, both have the same absolute increment 
as a function of 5 =5(t, 0; x'), 

        d ,G (t ; 6 x') = d EH (5 ; x')I , d (0 ; t l x) = !d311' (5 ; x') , (5. 2. 14) 

if 

          {5; 0(5, t ; x') = 0, t E Rt = ,E' (x') for any fixed 0, 

           5; t(e, e ; = t, 6 E 6 = E (x') for any fixed t, (5. 2. 15) 

where R„ O and S (x') is the space of all values of t, 0 and 5 respectively, 
and if u and y have the same dimension, then the stochastic prediction of 
y coincides with the fiducial prediction of y. 

   Proof. We may omit the letter x' of the set of condition variates in 
the expressions below without loss of generality of our proof. According 
to the definition, the stochastic prediction of y is derived from the distri-
bution function K(u) of u by changing variable, u =u* (y, to), where the 
t=t(x°) is fixed at its observed value to. Since y and t are conditionally 
independent, if we denote the (conditional) distribution function (given x') 
of the y by F(y; 0), 

              K(u) =dyF (y ; 0) dtG (t ; 0) , 
                                          Du(il , t) 

where 

                  D,„(y, t) =(y, t); u(y, t) <14 . 

In this and in the following, an inequality for two vector quantities stands 
for the inequalities for their each components. Changing variables from 

(y, t) into (y, 5), we have 

               K(u) =dyF(y; 0)JdH(5),(5. 2.16) 
                                        Du, 0(y, t)
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which is independent of 0, where 

 D.,e(Y, 5) = (y, e) ; u(y, t(5, 0)) <u}(5. 2. 17) 

and the stochastic prediction of y is given by K(u* (y, to)) (symbolically) 

by changing variable u into y through u = u* (y, to). 
   On the other hand, if we denote the cumulative fiducial prediction of 

the y by q. (Y ; to), owing to the definition (5. 2. 8), we get 

                dygi (3, ; t0) =dyF (y; 0) 4,0(0 ; to)              fus(Y30)--u* Du*, to(Y, „ 
                      f,dyF(y; 0)1dH(5*)1, (5. 2. 18)            pu*,,o.,*, 

where 

        to(y, 0) =(y, 0); u* (y, to) <u*, E 6 

     Du*, t0 (y, 5*) 5*) ; u* (y, to (5*, 0)) < u*, 0 (5*, to) E & . (5. 2.19) 

Since u* (y, t) u(y, t), 5* ; 0 (5*, to) E 72, and according to (5. 2. 15), 

                      Du,e(y, 5) = e) 

Hence 

                        dyg (37; to) =1C(e)(5.2.20)                           lu*(y, to)-u* 
where u* = u (y, to). The theorem was thus proved. 

   In usual cases we meet with where a stochastic prediction is possible, 
G(t; 0) and 0(0 ; t) have the properties assumed in this theorem.* 

   The f ollowing theorem is obvious. 

   Theorem 20. If the set of sufficient statistics t = t (x°) is consistent, 
the fiducial prediction (5. 2. 8) converges to the conditional probability 
distribution function of y given x" in probability for every y, as the size 
of x° tends to infinity. 

   Example 4. Let X and s' be the sample mean and the sample variance 
of a random sample of size n drawn from a normal population N(m, a2) 
respectively. Then, s2) is a sufficient set of statistics for the set of 
parameters (m, a2) and the joint distribution element of the (m, a2) is given 
by (5.2. 6) : 

* If the y is another set of sufficient statistics for 0 and independent of the t, the hypothesis to 

  Theorem 19 seems to correspond to the conditions for additivity of independent sufficient statistics 
  with respect to the parameter 0 and then the u is a relative statistic between y and t in Kita-

 gawa's theory. (Kitagawa [36] )
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    0(m, 0-2; x, s2)dmc102 

                             n -1 
     /nr n(m-x)21  1ins2)(n-3)/2                                                              sn2   = 1dim - x\dtn s 

2\   /expiL 2-02expr_     7r(72_J 
                ( 2 )L 2a2J0')202) 

                                           (-00<m<00, 0<a2<00). 

In this case, we may set e n (x - m)/a , ns2/2a2) in Theorem 19. The 
distribution densities of a variable y to be observed in future is 

      1-                  (
37; m, a2) =/2 7rcr2 exPr(y-20m) 22J1 

 • Therefore, the fiducial prediction of the y is found to be 

       (y ; x, s2) = dmf(y ; m,0-2)0(m, a2; x, s2)c102 
             --0 

                                1_.x) 2-n/2 

            B1n+ 1) s2 -1/21+                2 ' 2 )(n + 1) s2J(5. 2. 21) 

( 

                                                       (--c°<Y<cc)) • 

On the other hand, the stochastic prediction of y is given by the distribu-
tion of 

                 y + tn_is^(n + 1) / (n - ,(5. 2. 22) 

where tn_i denotes a random variable distributed according to the t distri-
bution with n-1 degrees of freedom and x and s2 are constants. Thus 
obtained stochastic prediction is obviously identical with (5.2. 21). In this 
example, condition variables are absent, and the prediction tends to N (m, a2) 
in probability at each point of y, when n-* co ; in fact, according to Theo-

rem 18, it converges with probability 1. 

  § 5.3. An application to Markov sequence. Let x(n) (n = 0, + 1, 
be a (strict sense) stationary multiple Markov process of order h which can 
only assume values in a finite set e1, e2, • , ek#, and let x„_, (I) = 0, 1, L) 
be a sample sequence. In order to predict y = x (n + m) (m> 0), we put 

              Y J Xn-j(h+m)+m j= 19 2, ••• N, 

               x;p= Xn- j(h +m)--p+1 9 p =1, 2, •-• , h; j - 0, 1, •••, N, 

then, according to Theorem 2, if we fix the values of x'j, (p = 1, 2, , h; 

j = 0, 1, •••, N), N + 1 random variables y, y; (j = 1, 2, , N) are conditionally 
independent. 

   If (x,C1, = el% • • • , e;,), where e'i, is one of the eq (q = 1, 2, 
  , k), if the number of set (x;(01, x;(02, •-• , x ,;(04) which is equal to (e;, e9 

••• e,',) out of (x',1, ••• x'h,) (j =1, 2, • , N) is N' and if the number of 
eq among y;(0 (i 1, 2, • , N') is N, (q -1, 2, , k;~qNq = N'), then in
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accordance with (5.2.11), the (conditional) fiducial prediction that y = e, 

(q = 1, 2, ••• , k), given (p 1, 2, ••• , h; j 0, 1, ••• , N) is given by 

               (N 1+ 1)/(N'+ k) (q = 1, 2, ••• , k) .(5. 3.1) 

   Although such method is exact in the meaning of the definition, as well 
as the stochastic prediction in the last chapter, provided the assumptions upon 
which the stochastic process is based are correct, it involves the sacrifice 
of some proportion of the data available and the sample size is considerably 
diminished. This seems unavoidable owing to the dependence of members 
of a sample. On the other side, however, it will still be an important 

problem left to study more effective methods.
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