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Introduction The purpose of this paper is to prepare some ideas
and methods for practices of time series analysis and prediction.

Although most of the present methods seem to be based on the large
sample theory and they may offer powerful tools for some problems in special
fields such as electric communications, almost every time series we meet
with in the natural or social sciences or in manufactories is a small sample
which needs an exact method of statistical inference. In order to infer the
probability theoretic characters of a time series and to make a prediction,
on the basis of small number of observations, it seems tc be inevitable to
confine ourselves to a suitably selected family of finite parameter schemes,
except some nonparametric methods for testing randomness.

In this paper, we shall thus treat rather special stochastic models
(Chapter II), using them we shall introduce a conditional test schemes
(Chapter III), and we shall define an idea of stochastic prediction which is
represented in a form of distribution function (Chapter IV and V) and is
useful for operations researches related to a prediction (Chapter VI).

Although our method may not be optimal for a small sample, it will
asymptotically show optimal properties if the size of time series tends to
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infinity. Practical applications of the methods are seen in other papers by
the author [1~23].

The author wishes to express his hearty thanks to Professor T. Kitagawa
for his continual encouragement throughout this work.

Chapter I. Time Series

§1.1 Sample of a stochastic process. Time series is a series of ob-
served values which is assumed to be a sample or a realization of a stochastic
process. In the majority of practices, however, it seems reasonable to assume
that the observation has been made only about a part of the sample function.
In this section we shall consider the circumstances like this a little further.

Let o denote a sample point of a sample space £, where a probability
measure P is defined on the Borel field B on 2. Then a stochastic process
is a one parameter family of random variables {x({, »); te T{, where T is
a set of real numbers. A real valued stochastic process is understood as
a random vector or a random function ¥(w) ={x(¢, @) ; ¢t € T}, which takes
the values in the set R" of real functions defined on 7', where a probability
measure is defined on the Borel field B° on the R’. Thus we may suppose
that o is a point of 2 = R” and P is the probability measure P, on 3" and
we may denote the probability field by R"(®’, P,) or simply by R"(P;).

If {x(t,0);teT} is a stochastic process on R"(P,), then {x(f, ©);
t e T"{(T' < T) is a stochastic process on R” (P,) which may be provisionally
called a partial process of the primary one, where P, is a ‘marginal proba-
bility distribution’ of P.

Two random functions x,(w)={x,(t, w); teT,} on R"(P,) and x,(v)
={x,(¢, »); teT,{ on R™(P,,) are said to be equivalent on T=T,(1 T, if
Piw; x,(0) #x,(0)}=0 on R"(P,;) and then we write x (o) =2%,(») (a.s)
on T. Two stochastic processes {x,(t, »);te T} on R"(P,) and {x,(t, ®);
t eT,} on R"™(P,,) are said to be equivalent on T=T,1 T, if Piw; x,(}, »)
#* x,(t, »)}=0 for every t €7 and we denote this equivalency by x,({, »)
=x,(¢, o) (a.s.) (t€T). Evidently, if x,(«) =x.(®) (a.s.) then x,({, w) =
x.(f, ) (a.s.), the converse is not generally true, except the case where
both processes are almost surely continuous on 7.

Let {x,(¢, 0’ );t e T’} and {x,(¢, ©”) ; £ T (TN T =0) be two stochastic
processes on the probability fields R” (P;.) and R"'(P,.) respectively. We
can then define a product space R" =R,  R"" (T=T'UT") of w= (o', ®")
and Borel field B on it, and we can introduce a probability measure P, on the

B such that IE,®RT~PT(‘1(”) =P, (E") for every E' ¢ 8" and _[RT, 8WPT(dcu)

=P, (E") for every E” ¢ 8”’. Thus a stochastic process {x(#, »); te T}
is defined on R"(P,) and equivalent to x,(¢, ") on T’ and to x,(, ®”’) on
T'. Such process may be called a combination of the two stochastic processes.
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If P, (E'2E")=P,(E)P,.(E") for every E'e®” and E"” ¢8"’, then
ix,(t,w'); teT'} and {x.(t, ") ; t €eT”} are independent. The combination
of three or more processes can be similarly defined

The above stated definitions and concepts about stochastic processes can
be generalized to the case where £ is the space of finite dimensional vector
functions on 7, to the case where 7 is the # dimendional Euclidian space
and to the case where x(#, w) is a set function of a Borel set #. Therefore
let us write a probability field generally as £2,(P,).

Now, the sampling from a stochastic process {x(¢t, »); t € T} on 2,(P;)
consists of the sampling from 7 and the sampling from £,, and the general
type of sampling may be formulated as follows. Let {x(¢, o) ;t €T} (0 €
£, (P,.),T'—T) be a partial process of our primary process. We take
a subset A from 7 and a subset {o|, o}, -+, oz} from 2., thus we get a set
of time series

x2(t)=x(, o) (teA)wjel, (=12 ,k).

Thus the functions (or sequences) x,(¢#) (¢=1,2, .--, k) are definite on T
and observed on A, they are definite but unknown on 7/— A and they are
not only unknown but also indefinite on the domain 7' —7’. More generally,
we may draw different 7/ (=1, 2, ---, k) from T and different A, (i=1, 2,
-, k) from the 7V (i=1,2, .-, k) respectively and » samplings may be
made for each sample space 2,, thus we get a set of observed sample func-
tions x,(¢) =x(t, 0}) ¢ TA) (=12, ki;i=1,2,-, k), where 4, C
T/ T, wj;€2,,. The samplings in the case where T/=T and 2, =2,
are discussed in detail by Kitagawa [24].

When {x(f, »);teT} is a one dimensional real process, if we take

systematically a set of discrete points A =/{#,, ¢,, -+, t,} from T and if
{o, @,, -+, 0} (R>mn_>1) is a random sample drawn from 2, {x,(¢),
x:,(t.), -, x, ()Y (=1, 2, ---, k) constitutes a random sample of size £ from

an # dimensional population and we may apply the multivariate analysis to
our statistical inferences.

However, when 7 is the passage of historical time, we can only ob-
serve at most one sample function x(£), which is corresponding to a single
o (k=1), on a part of the set 7. In this paper, we shall treat mainly with
such case and suppose that a time series x(f) (¢ < A) has been got by one
of the following two types of sampling schemes.

Type l. x(t)=x(t, o) te AT T, o ¢ R"(P,),
where T is the real line or the set of integral numbers.

Type 11. We consider % partial processes {x(f, »;), t € T}, o ¢ R"'(P,,)
(:1=1,2, .-, k), where 7/ < T and TV T;=0 (i=<j), and suppose that %
sample functions

x(t, »})) te A, T, (i=1,2,.--, k)

k
constitute an observed function x(¢) on A= |J 4, i.e.
i=1
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x(t) =x(t,0;) for teA, (i=1,2, -, k).

The partial processes are not independent in general.

Hereafter, in this paper, we shall use simple notations such as x,(¢ € A)
for a sample function or sample sequence and x(¢) (f¢T) for a stochastic
process, however sometimes we shall not distinguish them if not necessary.

§1.2 Stationarity and trend of a time series. Let x(¢) (t€T) be
a one dimendional real stochastic process. The process x(¢) is called stationary
(in the wide sense) if the mean value function m(¢) = Ex(¢) and the auto-
covariance function I'(f,¢+s) =E{(x(t) —m@E)) (x(t+5s) —m(t+ )}, ¢
+ s €T) are both finite and do not depend on ¢£. A time series is stationary
if it is a sample of a stationary stochastic process.

Definition A time seriesis called to have a trend, if it is not stationary
in the wide sense, m(t) << cc and I'(s,t) << cc(s,teT). If m(t) depends
on t, it is called the trend of mean value, if o*(t) =T (t,t) depends on t
it is the trend of variance and if p(c;t) =T (¢t t+1)/o(t)o(t+ 1) (a(P),
o(t+ 1) >0) depends on t the autocorrelation function is said to have
a trend.

Thus the definition of stationarity of a time series is clearly given. We
have, however, no criterion to decide wheather a given time series is stationary
or not unless we have some physical evidences about the variation of the
time series, that is, in any case we cannot statistically reject the hypothesis
that the given time series is stationary. For instance, let a time series x,
observed on a closed interal A be a sample of a stochastic process of the type

X@) =m(t) +2(t)(tcA), (1.2.1)

that is x, =m(¢) + z,, where 2, is a sample of a stationary process z(#) (—
< f <) with zero mean and m(?) is a continuous trend defined on A for
the mean value of x(¢). Then, from a different point of view, we can suppose
for the same time series x,(f ¢ A) that the m(¢)(f ¢ A) is a sample function
of a stationary process y(¢) (—oco < ¢ <Z ). Thus the x,(¢ € A) can be also
assumed to be a sample function of a stationary process which has the
structure

25(8) = y(t) +2(8) (—o0 < t < ). (1.2.2)

As a special case we may take an almost periodic function y,(— o0 < ¢ <o)
which coincides with m(¢) on A. Then the y, is a sample function of
a stationary non-regular (or deterministic) process y(¢) (—oo <<t < ).

In the following cases we can draw statistical inferences about the trend
m(t) (teA) in (1.2.1).
1) If the z(¢) ¢ A; A=1{L, 2, ---, N{) is a independent stationary normal
stochastic sequence and the m(¢) is assumed to have the form
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m(t)zg} c;05(8), (1.2.3)

where the ¢’s are unknown parametersand {¢,(#) ! is a set of known functions,
then we can apply the normal regression theory. Particularly, if the m(#)
is a step function such that

m(t) =m; o=+, 2, -, M (i=1,2, .-,k

. (1.2.4)
n1:0; ni+1<nt+1 (121:2,""k>9 nk-t—l:N’

then the usual methods of testing or estimating mean values are used.

2) If the z(¢) process comply with an autoregressive scheme or a moving
averages and if the functions ¢,(#) in (1.2.3) are of special types we have
a method of inference which will be described in Chapter III.

So far as we treat the model (1.2.2) in the form x(#) =y, + z(¢), there
is no formal difference between (1.2.1) and (1.2.2), though they are
essentially different.

In general, however, when we lack information concerning the structure
of the process, the matter is complicated.

Let the sample mean, sample variance and the sample autocovariance
of a time series x, (#=1,2, ---, N) be

#=3 %/N, s*=3) (z-5YN
and

C(R) =2 (% — %) (B — 5/ (N — )

respectively, and let

ng m(t)/N, Bzzé o*(t)/N, (1.2.5)
o= 2 m(t) )/ N . (1.2.6)

Then we have
(&) =m, V(x) =L ; ﬁ I's, t), 1.2.7)
E(s) =d"+ 0, -V (%), (1.2.8)
E(c(R)=1 )+ I'n(k) -V (x), (1.2.9)

where

I'(k) = Nl 2 z Tt t+k), (1.2.10)
I, (k) *—Nljﬂk g (m(t) —m) (m(t + k) —m) 1.2.11

and where the end effects are neglected.
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Thus, for a family of stochastic processes for which
E tv%kj (x(t) —m) (x(t+ k) — m’)} =Tk +T'n(k) (1.2.12)

and

L(x(t) —ﬁf} =0’ 4 oy, (1.2.13)

gl

IN &
are constants, if a remarkable trend m(#) is assumed, o, and T,(k) (1<
k< N—1) are large, consequently ¢* and I'(k) are small and sample mean
% can be well estimated, but the extrapolation of such m(#) will be difficult
in general, on the other hand if there exist no trend the precision of the
estimation of x¥ becomes comparatively bad.

In conclusion, the trend should be supposed and analysed according
to our purpose of statistical research; it is a relative concept to how to
use the statistical results. For example, if we want to analyse the character
of the time series in the observed period in order to research a relation to
other phenomena, or if we want to predict the immediate future, it will be
generaly relevant to adopt the model (1.2.1). While, if we are to apply
the statistical results to a relatively long period of future, the model (1.2.2)
may be rather useful.

The method of moving average may be useful for the estimation of
various scales of trend for mean value, and for the decomposition of a given
time series to various scales of stationary components, according to our
research purposes.

Definitions and discussions stated above can be easily extended to multi-
dimensional processes and to the trend of other parameters.

Chapter II Finite Parameter Schemes

$£2.1 Introduction. If a stochastic process x(¢) is stationary in the
wide sense and if the autocorrelation function p(z) (or the autocovariance
function I'(z)) is continuous at =0, it is a well known fact that the o(z)
and the spectral distribution function F'(2) are equivalent through the relation

p(z) = [e™dF(2) . (2.1.1)

Roughly speaking, there are two ways in the analysis of stationary time
series, methods based on finite parameter schemes which seem to attack
importance mainly to the autocovariance function, and non-parametric ap-
proaches which are rather concerned with the inference of spectral distribu-
tion. In either case, most of the current methods of practical time series
analysis seem to be based on the large sample theory. In this paper, we
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shall treat an exact method which is applicable to small samples. For that
purpose, and especially for the prediction by small sample, it will be in-
evitable to adopt a finite parameter scheme. In this chapter we shall outline
some finite parameter stochastic models which will be used in the later
chapters.

§2.2 Finite parameter schemes with discrete time parameter. Ac-
cording to usual definition, a stochastic process x(¢) with integral parameter
t is said to constitute a multiple Markov process of order h, if there is
a integer # such that for each 2 and ¢

Priz(t) <2x(t—k) =2, k=1,2, -]
=Prix(t) <2|x(t -k =x._k =1,2,-,k} (as) (2.2.1)

If 2==1 the process is called a simple Markov process.

Theoretically, any one dimensional multiple Markov process of order %
is only a component of an % dimensional simple Markov process. As we
shall see later, however, multiple Markov process is not mere extension of
simple Markov process, and the direct treatments of the former in its primary
form seem to be rather convenient for practice.

For a simple Markov process we have the following theorem, but it
should be noticed that the corresponding theorem for a multiple Markov
process does not gemnerally hold.

Theorem 1. If x(t) is a simple Markov process with integral para-
meter, then for each 2 and for arbitrary t,<<t,.,<<--<<t;<t (n>1)

Prix(t) <2 x(t)=2%,,7=1,2, -, n}
=Priz(t) <2x(t) =%, (as) (2.2.2)

This is the defining equation of a simple Markov process with continuous
parameter { and (2.2.2) may be also adopted for the definition in the

integral parameter case.

Proof. For brevity, let us denote the probability distribution of a ran-

dom variable x given the value of other random variable y by P(x|y),
Pr(xc<X,x',y) by [P(x, x' y)dx, where X is the whole space of x, and a set

of (random) variables (x4, x5, -, %,) by %, (=1,2,---,n). Then by (2.2.1)

P(xty xtly R xtn_l \xln)
P(xtl ’ xtgy Ty xtn_l ]xc") ’

P(xt‘xtj (j——‘l’ 2, Ty n))':

The numerator is equal to

J t—t;—~1 ty~ty—1 ty—1—tp—1

P(xt*j (j = 1) 2' ] t— tn - 1) J xln) H dxl—j II[ dx[l‘." o ;H_I dx!n—d-f
i= =1

J=t
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t—tp_1—1 t—t—1 t1—t2—1 tn—1=tp—1

= [ H P(xtﬂ‘x! j— I) H dxt ~Jj H dx!l -5 """ EI dxtn—-l"‘j

Jj=0

t— rl 1 t—t)—1

P(x,; %) H dx,_;

J=0

—in—l1 —t2—1 ifn—l—ln—1

;[_I” P(-xu il Xy —j- 1) II derJ JI:I[ dxz,,_l-j

|
)
]
-

P, G=0,1, -, t—t,—1)|x) I dx.,

t1—t2—1 in—1—Iln—1
P(x,[ ,(] =0, 1 e 1) !xzn) ;l-[:l dx“_j 11 dxtnfl'j

I

P(xb ! xt]) P(xtl’ xtz) Ty xtn’l ‘xtn) (a.S.).
For a multiple Markov process of oder 2(>>1), we have the following
lemmas.

Lemma 1. When the value of x(0) is given, the stochastic sequence
x(t) (¢=1,2,-) is also a multiple Markov process of oder h for the
inversely directed time scale, that is, for each 2 and t and for arbitrary
n>nhn

Pr%x(t) gxlx(t_l—k) = Xtts k:19 2, R x(o) :x(;}
=Prix(t) <A x(t+k)=%, R=1,2, -, h; x(0) =x,] (a.s.).
Lemma 2. For each A and for arbitrary t,<<t<t,, m,n>h
Prizx(t) <2|x(t,—i) =%, (=12, -, m);
@y +]) =% (G=1,2, -, m)}
=Prix@) <2A|x(ti—i)=x,_, 1=1,2, -, h) ;
x(t3+7) = Xig+j =12, -, h)} (a.s.) .

From these lemmas, we get the following

Theorem 2. Let x(t) be a multiple Markov process of oder h. When
the values of x(i(h+Fk)+j) (1=0,1,-,m;i=1,2, -, k) (=1, k>1)
are given, n sets of k random variables x((i—1)(h+ k) +h+7);j=1,2,

Lk (i=1,2, -, n) are mutually independent.

For a normal stationary process x(¢) with integral parameter, we have
the following theorem.

Theorem 3. Let x(t) be a one dimensional normal stationary process
with integral parameter. Either of the following three conditions is
necessary and sufficient in oder that the x(t) is a non-deterministic Mar-
kov process of oder h.
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1) x(t) satisfies a stochastic finite difference equation

S, (x(E—F) —m) = y(t) (as), @ya,=0 (2.2.3)

J=0
where the coefficients @’s are such that

all roots of the equation
S a2 =0 g (2.2.4)
J=0 .

lie within the uuit circle,

and where y(t) is a normal stationary indepeudent process with zero mean.
2) The autocorrelation function p(<) satisfies a finite difference equa-
tion
I3
gajp(f—j):o (T:].,Z,"‘), aoahﬁ?of (22.5)
p(O):l, p(—z’):p(z‘) (7:1’2,"')’

where the coefficients have the property (2.2.4).
3) x(¢) has a spectral density function of the form

Fr(2) = 1/])% 4¢P (— <A< 7),  aa <0 (2.2.6)

with the condition (2.2.4).

The proofs should be refered to Ogawara [1] and Doob [26] .

A stationary stochastic process which is not necessarily normal and has
the properties stated above, where y(#) is a non-autocorrelated stationary
process, is nothing but the so-called autoregressive scheme or autoregression
process.

A moving averages of order k is defined by either of the following
three equivalent conditions.

1) A stationary process x(¢) with zero mean and with integral para-
meter is expressed by the form

x(8) :z by(t—7) (a.s.), byb,=<0, (2.2.7)
where y(#) is a non-autocorrelated statonary process, Ey(¢) =0, and the
b’s are constants, consequently

;0(7) :Cz(b0b1+b1b7+l+ +bk~7bk) =0, 1, »k
=0 r=k+ 1L Ek+2,---, (2.2.8)

where ¢*=1/31.,07.
2) The x(¢) process has the autocorrelation function such that

o(R)=<0 and p(r)=0 for t>k>0. (2.2.9)
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3) The x(t) process has a spectral density function of the form

Fr() = (¢/2%) 3 b,d“ N H(—n<a<n), bbo=0. (2.2.10)

|
or, even if some of them are of modulus one, they are of even multiplicity,
then the moving averages is said to be regular (Wold [27]). In regular case
the autocorrelation coefficients o(z) (r=1, 2, ---, k) satisfing the condition (2)
determine unique moving averages.

Autoregression process and moving averages are the special cases of
a stationary process x(¢) defined by either of the following equivalent condi-

tions, which has been treated by several authors and we shall provisionally
call a generalized autoregression process of orders (h, k).

If all roots of
S 5,2 =0 (2.2.11)
Jj=0

are within the unit circle

1) S ax(t-H=3byt-i) @s) aabb=0, (2212

J=0

where y(%) is a non-autocorrelated stationary process and the coeflicients a’s
satisfy the condition (2.2.4).

2 Napt-i)=0 =12k
Jj=0
=0 t=k+1L,k+2, -, aya,><0 (2.2.13)
with the coefficients satisfing (2.2.4).

& ) ixle s i
3) F’(l):“z bjez(k—mw‘-/, > ajeu J))\\Z(_néxén) @y byb, ><0,
j=0 =y

(2.2.14)
where the a's satisfy (2.2.4).
For a generalized autoregressive scheme (2.2.12)
2% (1) :ﬁ:o a,x(t — ) (2.2.15)
=
is a moving averages whose autocorrelation function is given by
h h k-7
Z a; Z a;p(t —j+r1) Z bjb-r'i-j
p*(f) :?_lln j—”h, :J:Ok T:]-’ 2’ T k
g a; E) a;0(i —7j) E b,
=0 t=k+1,k+2, - (2.2.16)
and
by J (z -8, EZ; b2, (2.2.17)
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where #;, and 1/8, (j=1,2, -, k) are the roots of
g P (5) 2 =0. (2.2.18)

When |5, <1 (7=1,2, ---, k), the x(¢) may be called a regular generalized
autoregression process (regular g.a.p.).

For a regular g a.p., if the autocorrelation function o(r) is given, the
coefficients @;’s can be determined by (2.2.13) and p*(r) (r=1,2, ---, k) are
calculated by (2.2.16), consequently the coefficients b,’s are determined by
(2.2.17) and (2.2.18), where we may set a@,=b,=1. As regards of the
variances, we have

[“i’:g':)’“ai i ay0(i =) |V (%) = [’g BV . (2.2.19)
Next, the g.a.p. is expressed in the form
x(t) :g eyt —7)  (Ce=1), (2. 2. 20)
where c; is the solution of
S ac,i=b, (=12 ) (2.2.21)

i=0
with the boundary conditions
a=b,=¢c=1, a=0 GE>h), ;=0 G=k), ¢=0 7<0)

and, by (2.2.4), 3=, ¢;<< co.

Even if the coefficients in a generalized autoregressive scheme are known
and a sample series x(¢) =«, (=1, 2, ---, £,) is given, the sample values of
y(t) are indeterminate except the case of 2=0 that is an autoregression
process (a.p.). If we denote the solution of a finite difference equation
n ¥,

S by, =3 ax, =kt L2, ) (2.2,22)

J=0

under the initial condition ¥y, = yr_1= =+ =Ywsn =0, by ¥ (¢=h+1,---, 1),
then the general solution of (2.2.22) is given by

YO =3+ AMOyh+l-§) =k, (2.2.23)
where A;(#) is the solution of

ébVAJ(t_y):'O (b():l) (t:h+1’h+2!“"t(l)’ j:1727 '”’k
- (2.2.24)

and where the values of A;(¢) (¢=h+1,h+2, -, h+ k), which give the
boundary condition for the equation (2.2.24), are directly determined as
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the coefficient of y(h+1—j) (j=1,2, .-, k) in the expressions of y(¢)
(t=h+1,h+2,- -, h+ k) respectively, namely

Yh+1) =Y —by(h) — - —by(h—k+1)
Y +2) = Yt B =) y(B) + -+ + (B, —b) y(h—k+2)
+ 6,6, y(h—Fk+1)

hence
Ah+1) = S e , Ah+ 1) =—
A!(h+ 2) :bf - bzy """"" s Ak(h+ 2) :blbk

and, if the g.a.p. is regular, 4;(¢) >0 (f - ).

Thus the linear prediction of x(#,+ s) (s>0) is given by the expecta-
tion and variance of the conditional random variable x*(t,+s), given
x(t=1,2,.-,t), that is*

to—h—1

Efx"(to+5)} = 3 CorsVorss (2.2.25)

ty—h—

izttt =3 er+ 3 S endith - V) @.2.26)

-—() i=1
and we have
to—h—1 B ]2 “()*h*l Y to—h—1
{ Z}, CsﬂAL(to—])J' _g_! Z_} Ca'l—JJ"{ jZ}“ A (tu—/)}—’o (S—>OO) .
Theorem 4. Let x.(t) (v=1,2,---,m) be m independent autoregression
processes of order h, (v=1,2, ---, m) respectively. Then
2(t) =3 x,(8) 2.2.27)

is a generalized autoregression process of orders (h, k), where

h=31h,, k=h—min(h,). (2.2.28)

Lemma 3. Let
fA=¢@) =¢E"+2") + (& +2 ")+ v +e(z+27") +¢,,

where z=e¢", the ¢’s are real constants and c,c,><0. If f() =0 (—z<2
<) and if f(2) is an even function of 2. Then the f(2) can be written
in the form

* It will be desirable to adopt the prediction scheme minimizing (2.2.26) with respect to initial
values of y;, however the influence of the initial values may be considered to be negligible,
because of ergodicity, when #y—# is not so small.
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fQ) = ay+az+ - +a,2",
where the @’s are real constants.

Proof. We can write
. n o . 1
- —inA i )1)‘ .
Fy = e T —2) ("= ),
where 0 <'z,|<1 (j=1,2, -+, n). Since FO) =)

—inA 2N 1
fW =ce @ =z (et~ )
0<z/<1 (k=1,2,---,n).
Hence each z, is equal to a Z,, and

ix

Ze 2

Therefore

! :cn? ' R} inA|2
F) =f =" 1 =z =K[1+ale+ - +aje™,
I B |
2
j=t I

where K >0, since f(2) >0. Thus we can write, finally

in\|2

fQ) = a,+ae” + - +a,e

’

where the a@’s are real, since f(2) is an even function of A

Proof of Theorem 4. Let I'(r) and I',(r) denote the autocovariance
function of x(¢) and of x,(¢) respectively and let the corresponding spectral
functions be F (1) and F,(). Then

I => I,

rey =" emar@y, ro=| eFndi,

S R 4

where
Fi() =K, |2 +a’2" '+ - +a)), z=d",
K,>0, a,=><0.
Thus
F'()= 3 Fi0) =3|K,/ |27+ a2 + -+ dl]] t
:“Zy I;Im K, 2 a® 2" 3| } {H E a2 |‘ ,

Jj=t v Ji=0
where II'” denotes the product except the vth factor. The denominator

M
clearly has the form
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R
.
> ez,

= ‘
where h=31h, and a,=1, a, =11 a,)><0. While the numerator can be
written in tkvle form ’

() =g+ N+ g ET+ ")+ g2+ + g
with real coefficients, where

k = mgx By - +hy Ry + - + Ry = Z h,— mvin (),

& = Kv‘) }10«») a(lz;) =0 (h‘/o = mln(k“)) :

Therefore, according to Lemma 4, ¢(z) can be written in the form
0(2) =|by+ b1z + - + 02,7, bybi=<0.
Thus the proposition was proved.

If, conversely, a g.a.p. (2.2.12) with 2<< 2 <2k can be decomposed into
the sum of two independent autoregression processes,

x() =x.(¢) +x.(8),
%ag”x.,(t—ﬁ = 9,(%) (v=1,2), i (2.2.29)
h_lzk, ho=h—Fk, S
the coefficients @) (j=1,2, ---, k;v=1,2) must satisfy the following re-
lation.
g aVdP—a,  G=1,2, -, k). (2. 2.30)
As we have alrady seen, regular g.a.p., consequently either of a.p.

with the condition (2.2.4) and moving averages, is a special case of the
lenear process or gemeral moving averages which is defined by

2O =5 eyt—5) (3 ef<w). (2.2.31)

Finite parameter schemes we have refered to in this section are strait-
forwardly extended to the case of vector process (Ogawara [2]). About the
component proceses of an # dimensional a.p. the following theorem holds.

Theorem 5. A component process of an n dimensional a.p. of order
h, is a g.a.p. of orders (h, k), where

h=nh, k=m—-Dhn,, (2.2.32)

except the possible degenerated case.

Conversely, if x(t) is a one dimensional g.a.p of orders (h, k) such
that h/(h—R) is a positive integer, then the x(t) is a componet process
of an n="h/(h —k) dimensional a.p. of order h,=h — k.
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A vparticular case, where 2=%h—1, of this converse corresponds to
Theorem 3.8 of Doob [25].

Proof. Let x(#) be an n dimensional a.p. of order #,, Ex(¢) =0, that is

x() +ax(E—-1)+ - +a,x(E—h) =y(#) (as.), (2.2.33)
where

(v) (v)

x(t) = (x.(t)\ y(@) = (y.(t)) a, = (a a’m)
xn(t) yn(t) agzvl) "'yia(ﬁvg

In the (2+1)#n equations

hi n o ™ i = 1’ 2’ (XN n;

Z Z aij x](t—u—l/) :yt(tvu) (a.S.) (aij :6”)

v=0 j=1 u:O, 1, "',k.
(2.2.34)

the number of random variables
x,(t—u—v) (=2,3,-,n;v=1,2,--,h;u=01,--,8 (2.2.35)
is (R+h,+1)(n—1). Therefore, if we take the value of % such that
(k+Dn—(k+h+1D)(n—-1)=1 or k=mn—1h,

we can eliminate (2.2.35) in (2.2.34), getting an equation of the form

h k

ST ax(E—v)=> 161 (as.), (2.2.36)

y=0 y=q
where s =nh,, k= (n— 1)k, and where £,(#) is the linear combination of
»(E—v), -, y.(t —v) and is non-correlated with &, (¢) (v'=<v). Owing to
(2.2.9), C(t) =>%_, r,6,(¢) is a moving averages of order %2 and is written

in the form
(@) =2(8) +b,2(8—=1) + - + bz(t— k), (2.2.37)

where z(f) is a non-autocorrelated stationary process.

To prove the converse, we only set s, =h—k and n=h/(h—k) in
(2.2.33). Then we can get the relations between the a{¥ (i,7=1, 2, -+, n;
v=1,2, -, k) and the constants c,, ¢,, --*,¢,; b;, b,, ---. b, which define the
process x(f)(=x,(¢) (a.s.)) by the expressions (2.2.36 and 37). Since
n'hy=n/(h—k) >h+ k(k=>1), the n dimensional process is not uniquely
determined.

§2.3 Finite parameter schemes with continuous time parameter.
Throughout this section we consider a real (wide sense) stationary continu-
ous parameter process x(f)(—oco < f< o) with Ex(t) =0, Vx(¢) =1 and
Ex(t)x(+ <) =p(7).
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Lemma 4. If the first 2n derivatives o™ (z) (v=1,2, .-, 2n) exist for
— o0 <t <7 co, then

PTTNO) =0, 00 = (=D (6] =0) (=12, ,m)  (2.3.1)

and the first n derived processes x> (1) (— o« <t <) (v=1, 2, ---, n) exist
in quadratic mean convergence, they are stationary and, for v,v' <mn,
E x(-,)(t) :0, Vx(y(t) :Gvﬁ’ (2 3 2)
Eix")x" (-0} = (=1 p"" () (r=0)
YEY vy , Lo . (2.3.3)
E{x2) 28} — *(-1) 0 0) if v+ v =even
if v+v'=o0dd

Conversely, if the first n derived processes of x(t) exist (in q.m.), then
o™ (r) (v=1,2,--,2n) exist and (2.3.1), (2.3.2) and (2.3.3) hold.

Proof. This lemma comes immediately from the well known case of
n=1, and we give here a simple and direct proof of the converse only.

Since ‘E’ and ‘lim in q.m.’ can be interchanged, differentiating v times
with respect to r both sides of

Eix(@+)x(@#)}] =po(7) (=>0),
we get
E{xPt+0x@))=0"(c).
Since the %™ (¢) is also stationary,
E{x” @) x(t—1)}=0"(r) .
Differentiating v’ times with respect to r, we have
(=D"E{x” ()5t — )| = 0" (2),
which gives the first line of (2.3.3). Next, from the fact that
(=17 (=) = (= 1”67 ()

and the continuity of p"™’(z) at r=0, we get the second line of (2.3.3).
Now, as a finite parameter scheme with continuous time parameter, let
us first consider the stationary (wide sense) process x(¢) which has the
followig mutually equivalent properties.
1) The x(¢#) has an absolutely continuous spectral distribution having
the densities
F'() =13 ai)" (—e<1<w), aa=~0, (23.4)

J=u

where the a’s are real constants such that
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all roots of the denominator are complex and lie in the
upper half-plane or all are in the lower half-plane} (2.3.5)
(we suppose the former in the following)

2) The autocorrelation function is expressed in the form

" 2
o(7) = Qlﬁ e 7 d ,  a,a,><0, (2.3.6)

—~ X aln’’

|
.
Ii=0

with the condition (2.3.5).

3) The derivatives o™ (z) (v=1, 2, ---) exist for r=0 and the o(7)
satisfies the differential equations

ST a0 () =0 (:=0), (2.3.7)

=0

S(=1)a,07(c) =0 (c<0), (2.3.8)
J=0
with the boundary conditions at =0,
‘0(2‘4—])(0 +) — p(2v—1)(0 _) _ 0
PP 0 +)=p"0—)=(~D'} (5)=0)
PO 4) =60 =) = (= D)al

In the following we assume moreover that the process x(#) is normal.
Let z(#) be a Brownian motion on (—o, ),

E(z(t) —z()) =0, E(z(t) —z(t)]) =2zt —1) (8<<t).
Then the spectral representation of the x(¢) is written in the form

1" midé*(l) B
O =0 g G
J

by=1,2 ., h—1.
(2.3.9)

E{iz" ()2} =da, (2.3.10)

where the z*(2) is the Fourier transform of z(¢), and the x(¢#) has the first
h—1 derivatives (in gq.m.), by (2.3.9) and Lemma 4, and satisfies the
equation

Sa| froswdral foatm=| fHao @s)
o T T (2.3.11)

for an arbitrary function f* which is continuous with a continuous derivative
in some finite closed interval and vanishes outside the interval. For brevity
we write

aox(t) +a,x’(t) + - +anx™ () =2'(¢) (a.s) (2.3.12)

instead of (2.3.11). In (2.3.12), x(¢) is independent of z'(f); strictly
speaking,



Time Series Analysis and Stochastic Prediction 25

E{(z(t.) —z(t) a1 =0, <t ,<t,. (2.3.13)
Now, since
vy =113 a,(i 1’} (2.3.14)

is regular and has no zero on the real line and in the lower half-plane,

w(t):zl 1.i.m.f eNT () dri=0 (t<0) (2.3.15)

T Ao

and
(t

x(8) ~J v (t — 7) dz (8) (2.3.16)

—oo

has the spectral densities (2.3.4) and the autocorrelation function (2.3.6).
Thus the x(¢) given by (2.3.16) is a solution of the stochastic differential
equation (2.3.12), 4 (¢#) being the solution of the differential equation

aoy (8 + ayy' () + -+ +ay @) =0 (¢=>0) (2.3.17)
with the boundary conditions
YyPO0+)=0 (G=0,1-,k-2), ¥"0+)=1/a,. (2.3.18)
On the other hand, the stationary process

_.l, T i dz*(l)
x(t)—zxmme ST a(= iy (2.3.19)

has as well the same spectral densities (2.3.4) and the same autocorrelation

function (2.3.6) and satisfies the backward stochastic differential equation

ax(t) —ax' @) + - + (= D"a ™) =2'(¢) (as)
(formally) (2.3.20)

and, by residue calculation and lemma 4,
E{(z(t,)—z))xM)} =0, t,<t, <t (2.3.2])

Corresponding to (2. 3.15), since (1) =1/{>7; a,(—i2)?} is regular and has
no zero on the real line and in the upper half-plane, we have

¥ (8) 1 Lim.| &M% Q)dri=0 (t=0). (2.3.22)
275 Ao

Accordingly,

x(t) = fml/fl(t— t)dz(r) (2.3.23)

B
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is a solution of (2. 3.20), and clearly ¢, (¢) =v(—%). We may call (2.3.16)
the forward process and (2.3.23) the backward process.
The solution of the forward equation (2. 3.12), under the initial condition

xP(t) = 20 (Gj=0,1,-, h=1), (2.3.24)
is given by

n [t

x() = 3( cjke“"“"“)xif-”JrJ v(t—)dz(x), t=4f, (2.3.25)

J=1

where the u, is the root of the equation

and its real part is negative owing to (2.3.5), and if its multiplicity is m,
€y is a polynomial in ¢ of order m — 1 with the coefficients depending on #,
and w, (k=1,2,--). On account of (2.3.13), the solution x(¢) (¢>1%,) is
independent of x(s) (s<(#).

Quite similarly, the solution of the backward equation, under the initial
condition
2Pty =23  (G=0,1,-,h-1), (2.3.26)
is given by

x(t) :2(2 c].“;e"k<‘2“))xg;—n+ J ;1//1(:5— 0)dz(z), t<t, (2.3.27)

7=1\"k

where ¢}, is obtained by replacing #, and — %, in ¢, instead of ¢, aud #,
respectively, and where v, (¢ — ) can be replaced by v (r — ¢). From (2.3.21)
and (2.3.27) we observe thst, under the condition (2.3.26), x(¢) (f<%.)
and x(s) (s>t,) are independent. Thus we get the following theorems.

Theorem 6. Let x(t) (— oo <t< ) be a normal stationary (wide
sense) process having the spectral densities (2.3.4) or the autocorrelation
Sfunction (2.3.6). If we assign the values

2ty =" (7=0,1, ., h—1)

the conditional random variables x(s) and x(t) (s <t,< t) are independent,
and the conditional distribution of the x(t) is normal with the following
mean value and variance,

Eix®%); §=0,1, i1l =pte(xy—m) + 3 8, (3.2.28)
J=i

Vixt)x); j=0,1, ...,h—lgzoz[l—g (=170t —t)], (3.2.29)
where n=Ex(t), c*=Vx(t) and
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D,
o=
p,—| ! p'(0) =00 et —t)  pYTP(0)0"T(0)
' (0) 0" (0) --p’(0) o' (t—1t,) P72 (0) -+ 0™ (0)
p(h—l)(o) IOUI)(O) .‘.p(h-f‘j—ﬂ)(o) p(h*l‘)(t . tu) p(h'f’j)(O) ‘.'Io(ﬂh—?.](0>
h—1)
D — 1 ...... o ‘ (0) (G=0,1, -, Hi— 1),
p(h~1)(0) ...... p(‘ln—Z) (O)

where 0’ (0) =0 for j odd, because of Lemma 4. Similar formulas hold for
the conditional distribution of the x(s).

Theorem 7. Let x(t) be a stationary process supposed in the preced-
ing theorem. If we assign the values

x(j)(tl) = x(tf) ’
£7(t) = xﬁj’

(tl<t2; ]:0! 1’ Tty h_]-)

conditional random variables x(s,), x(t) and %(s,) (s,<<t,<t<t,<'s.) are
mutually independent, and the conditional distribution of the x(t) is normal
with the following conditional mean value and conditional variance,

Ef{x(1)|Ci=r+c (%, — 1) +> ¢;x"
Jj=2
+ o (@) + 3 (2.3. 30)

Vig()|Cf=o*4/d, =o*[1- 3 ¢,(= 1) 09t~ 1) |

— JZ; C}wrjp(j—“(tz - t) , (2 3. 31)

where
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Proof. A set of random variables

4,, being the cofactor of the (p,q) element in A.

1 o(t—1t) —p'(t—1)
p(t—1) 1 (—1)%0'(0)
— P E—t)  (=DFYO) (—1)2 0" (0)
P(E—t) (=12 p"(0) (— 120 (0)
(=D pt2t) (DT o (0 — 0% 0(0)
o(t,—1) o(t,— 1) —p (k. — 1)
o(t,— 1) o' (t,—#) —p"(t— 1)
p(ba £) o (tam b)) —p (Fam b))
(= 1)h_lp<€fz ) p(t,—1) p%t_zl)— t)
(=D (0) o(ts— 1) o(t,— 1)
(= D3 (0) o (1) — o(ts— 1)
(=D 0 Pty— 1) e p(fa—t,)
(=D T (=) ot (= 1) o = £
(=1 ot = 1) 1 e (=DF 0
(=D At (DO (=D ()
(=D sty (DT ) (=D ) |
(2.3.32)
0'(0) =0 for j odd and where
C=— 4 /by (G=1,2,,2h),

x(t): x(tl)’ x/(tl)’ Ty x(ngl)(tl)! x(t:)’ x,(t:)r T x(hﬁ“(tz)
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submits to a 24+ 1 dimensional normal distribution. Therefore, by Lemma 4,
we get the second part of the theorem.
The autocorrelation determinant 4’ of 2% + 2 random variables

(), x(2), 2’ (#), -, 2" (@), x(E), -, "V (L), 2(s)

is given by adding to 4 the (2% + 2)th row and the (2% + 2)th column with
the same composition

,O(S—t), /O(s—tl)v '—ﬂ’(s—t]), ) (_1)71_1/0”1_1](3—)"1)’ p(S— tl);
L, (=D (s =), 1

and, by means of (2.3.7) or (2.3.8), we can easily show that the cofactor of
the (1, 22+ 2) element in 4’ is equal to zero for either case s < t,<<t<t,,
5L <<t<{t,<<s or t<{t;<t,<{s. Thus the first part of the theorem is proved.

Corollary. Under the assumptions and the condition C of the theorem 7,
arbitrary linear functional L, .,(x(-)) of the process x(2) (4, <<t<<t) is
independent of x(s) (s<<t, or t,<<s) and consequently independent of its
arbitrary functional L. . ,yu. «(x(-)), and E{Lq, .,(x(-))} is a linear
combination of x; ", x] " (j=1,2, -, k), while V{L, ., (x(-))} is in-
dependent of them.

As a more general finite parameter shceme we have stationary processes
with absolutely continuous spectral distributions having rational spectral
densities

F/(2) :é bJ(z‘x)fWg a,(i )’

2
’

aya,b,b,><0, k<<h, (2.3.33)

where the a’s and the &’s are real, and where we can suppose, for convenience’
sake, that all roots of the denominator and the imaginary roots of the numerator
are in the upper half-plane. The autocorrelation function o(r) of a process
of this type satisfies the differential equations (2.3.7) and (2.3. 8), but the
o(z) has only the first 2(#— %2 —1) derivatives at r=0. Accordingly the
x(t) has only the first Z—%&2—1 derivatives (in q.m.). It is therefore the
matter of course that the autocorrelation function p(c) is not uniquely
determined by the differential equation (2.3.7) or (2.3.8), but it depends
on the coeflicients b’s, while in the case of scheme (2.3.4) the p(r) was
concretely determined by the boundary conditions (2.3.9).

Theorem 8. Let y(t) (— o <<t <<oo) be a real stationary Drocess with
spectral densities (2.3.4). Then the stationary process x(2) with the
spectral densities (2.3.33) is written in the form

() =byy(8) + b, (1) + - + b,y (@) (as) (kB<h). (2.3.34)
Proof. Since the y(#) satisfies the differential equation

@y () +a,y'(t) + - +a,y" () =2/(¢t) (formally), (2.3.35)
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where z(¢) is a process with orthogonal increments, by means of the spectral
representations of x(¢) and y(¢), the proof is immediate.

It is well known that the most general form of a stationary (wide sense)
process with absolutely continuous spectral distribution is the moving averages

x(t) = ) f(s)déi@—s), (2.3.36)

where f(s) is a Lebesque measurable function, .[w \ f(s)fds<oo, and the

E(¢) is a process of orthogonal increments, E{ d{(f)?{=d¢t. Finite para-
meter scheme of this type, which we shall treat in the next chapter, may
be specified as follows. We suppose that the f(s) is a real function whose
functioal type is known but involves finite number of parameters. Moreover
we assume that it is continuous except an enumerable set of points, for

a fixed ¢,,
f(s) =0 for s>#¢,>0 and for s<<0

and it has continuous and non-zero points in (0, ¢) and in (¢, — ¢, £,), ¢ being
an arbitrary positive number less than ¢,. Then the autocovariance func-

tion is given by

oo

r(ry=1\ f@f+odu |<t,,

J —eo

(2.3,37)
=0 [t =>t,.

$2.4 Relation between continuous parameter process and discrete
parameter process belongs to it.

Definition. Let x(t) (— oo <<t < o) be a stochastic process with con-
tinuous time parameter. Then a discrete parvameter process x(s+ ndt)
(4¢>0,n=0, +1, +2, --) may be called a process belongs to the x(t) for
each s real.

Lemma 5. Let F(X)(—co<{A< o) be the spectral distribution function
of a real stationary process x(t) and let G, (u)(—=n/dt < n<n/A4t) be the
spectral distribution function of x(ndt) belongs to the x(t). Then

_ o [p2nn @n—1)=
Gaule) -nE[F( 4t +”)“F< it )] (2.4.0)
and if the spectral density function F' (1) exists and is continuous, then
G, (#) exists and
Ly = S Fr(AnT
Gulw = 3 F(% +n), (2.4.2)

N=—oco

provided that the right hand side converges.
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Proof. Let p(r) be the autocorrelation function of x(¢). Then

o(vdE) = { cosvdtAdF (2)

M —o0
oo

=3

n=—w

[ Cnt1)m] At

cosv4tAdF (2)

J(2n—-1)m| 4t

= [wt cosuudF(@E+u>.

nEme ) o at 4t
As this series is absolutely convergent, the proposition is proved.

Theorem 8. Let x(t) (— co<<t<<0) be a continuous parameter stationary
Dbrocess having spectral density function

1k con 2 Lo\ G2 _
F'() =3 bj(,z)-}/@ @, k<h, abab.=<0, (2.4.3)

with the conditions about the coefficients a@’s and b's for (2.3.33). Then,
every discrete parameter process x(ndt)(n=0, +1, + 2, ---) belongs to the
x(t) is a generalized autoregression process of orders (h, h—1), independ-
ently of k, except possible degenerated case.

Proof. A perspective proof is as follows. The autocorrelation function
of the x(¢) process has the form

PR =366 c=0  (o(=0) =s(),

where ¢, is a polynomial in ¢ with coefficients ¢’ (v=1,2, -+, h;; 3] h, = h)
J

and the z/’s are zeros of 3] @,z' =0, with the multiplicity hys respectively.
Hence,

p((m—7)48) =33 ¢, "%, j=0,1, -, h; n>h. (2.4.4)

Eliminating % coefficients ¢;”’s from &+ 1 equations (2.4.4), we- get

S a* (4 ) dE) = >
g‘,’a(t)p((n v)48) =0 for n>h 2.4.5)

=<0 for n=hr-1,

where @ (4t) is a function of exp(z;4f) (j=1,2, ). (2.4.5) is nothing
but the characteristic property for x(24¢) to be a g.a.p. of orders (%, h—1).
An alternative proof of the theorem is to show that the spectral densities
of the x(ndt) process has the form
."i:l bikei(h,-—l-—j)y.d& 2
j=0 7
G‘ljt (/,t) =cC ]_]L 7777777777 -

¥ _i(h—jou gt |2 ’ 4
3 et

J=0

IA
®
IA

., >0, (2.4.6)

o~ |
By
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To this we need the following lemma, which is derived from the formula
in the theory of infinite series,

Z a0

1+e
€ s

22(l—e) =2 74 @uny G0

Lemma 6.
< I 1—e* )
n=—oco C2 + (21’17[ + ,u): - 2((1 _ e—(EH—L‘}L)) (1 _ e-(é—tu)) ’

where ¢ and p are arbitrary constants.

By Lemmas 5 and 6, after some calculations, we get

2

r—l i3 X b e iims
T B N
J=0 sl =n

where the constants a}’s are functions of exp(—z;4¢) (j=1, 2, ---; 2z,’s being
constants depend on a;’s), the P;s depend on constants z,’s and w/s (which
depend on b;s) and both are independent of z. Since G (#) =>0(—=/4t <
u < =/4t), the G, (x) can be written in the form (2.4.6), owing to Lemma 3.

Conversely, we observe the following

Theorem 9. Let x(n7) (:>0;n=0, +1, £2,--) be a discrete para-
meter process belongs to a real stationary continuous parameter process
x(t) (— oo < t<Coo) with continuous spectral density funmction F'(2). If
then for any >0

y<nr>:§aj<r>x<<n—j>r>, w() =1, n=0,+1, +2 -
(2.4.7)

is a moving averages of order m>0, where o;(z) (j=1,2, ---, h) are real
valued continuous functions of t only and «,(r) =<0 for any 0. Then
m=h—1 and F' () has the form (2.4.3).

Proof. According to Ghurye’s theorem (Ghurye[28]), under the assump-
tions of our theorem, the autocorrelation coefficient o (<) of x(¢) has the form
i—1

o0 =33

7\ s=0

cur')e™, >0, 3 hy=h, (2.4.8)

where c¢;’s are constants independent of ¢ and the real parts of the 4; are
positive. Therefore the p(r) satisfies a differential equation

g @,07()=0  (¢>0).

Thus, owing to Doob’s theorem (Doob [25]), F’(2) has the form (2.4.3) and,
by Theorem 8, m=h— 1.
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Chapter III. Statistical Inference of Time Series

§3.1 Autoregression process. When the autocorrelation coefficients
o, (R=1,2,---) of a stationary time series x, with integral time parameter
are known, the statistical inference of the mean value and the variance is
easy. For example, for a normal simple Markov process with autocorrela-
tion coefficients o, = 0* (o <<1), the maximum likelihood estimates for the
mean value m and the variance ¢® are given by

=[x+ %+ (1= ) zl x] [2+ 01— (N-2)]

s 1 i, 1 ; sy L

2 . - A _ _ —

G = N[(xl m)” + 1=, g l(xt m) — p(x m)[ :] .

The sz is the unbiassed efficient statistic for m, while, for x =>3%, x,/N, we
have

ren _Prlbp 20(1-00)7 o
v = y[i o Na Ve

provided that p=<0.

In general case where all of the population parameters are unknown,
our methods of statistical inference are based on the conditional independence
and the normal regression theory. The conditional independence is introduced
in two ways according to two types of sample schemes given in §1.1.

Sample scheme 1. Let x, (£=1,2,---, N) be a sample of type I of
a normal stationary multiple Markov process of order 4, x(¢) (£ ¢ T), where
T=4¢-,-10,1, -4, and

x(t) —m+a(x(t—1)—m) + - +a,(x(E—h)—m)=y(), a,>=<0.
(3.1.1)

If the variables x(B(A+1)—p), x(k(h+1)+p) (p=1,2, -, h; k=12,
..., n) are fixed at their observed values, the random variables x(&2(%+ 1))
(=1, 2, ---,n) are independent each other by Theorem 2 and their con-
ditional probability densities are given by

f(xk(u-t—l,x“\xk(/uﬂ)—p: Xpnryrp s D= 1,2, --,h)

1 U L1 3.1.2
exp[-go'o'é’tixk(nﬂ)—‘ I)Z:E) bpxpk}' J (k=1,2,---,n), ( )

~ V27,

where % = (Xinri—» + Zxarnn) (2 (P=1,2, -+, k), %=1, and where

bo:m<1—2ﬁ] cp) , b,=2c, (p=12, -, h), (3.1.3)



34 Masami OGAWARA

¢ 1 e ous Ourr P T o
Coct | Ot aes Ot Pasy | Pac
¢ L opo o 1 Oy = Oner 04 (3.1.4)
Cq Pt =" P2 1 t Pay £1
K Ot Part Opert 1 On
and
oi=1 ;‘F’;i e (3.1.5)
where

pk+allok~v1+ b + ahp}(,_.;,l:o (k:]., 2, "') . (3. 1. 6)

Let b} (=0,1, -, h) and J,> be the conditional maximum likelihood
estimates of b, (=0,1, ---, k) and o¢,° respectively. Then, the conditional
maximum likelihood estimates 7z and ¢, (p=1, 2, ---, k) are obtained from
(3.1.3), and the estimates of the autocorrelation coefficients are found, if
they exist, from the equations

Cponts + éh—llbn-f-jvl + e+ z'lb;ﬂ — 0+ Cipjmy + e &hﬁj-n =0

(G=1,2,--, h) (3.1.7)

and
et @10+ 0 F Anppr =0 (k=1,2,--,2h), (3.1.8)
under the condition (2.2.4), where p,, 04, ***» 2o and @, @, **+, @&, are un-

knowns. Furthermore, as an estimate of the spectral densities f(1) we
have

FOy=K/|[l+ae™+ - +ae™], (3.1.9)
where K = [27 337, a,']”', the «a; being the solution of the equations

S aa=0 (k=12), a=am=1, =0 (G<0).

The consistency of the conditional maximum likelihood estimates b, 6,
consequently the consistency of the derived estimates for the other para-
meters and the spectral densities can be easily proved, where the %/, together
with %+, are random variables.

As we see in the following theorems, the efficiency of such conditional
estimations is inferior to that of ordinary maximum likelihood estimates,
though it is generally difficult to obatin explicit expressions for the later.
Above mentioned conditional estimates would be rather useful for testing
statistical hypotheses which will be given later on.
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Theorem 10. Lef f(x,, -, %, %/, -+, x,/; 0,0, ---) be the probability
density function of m+ n random variables with population parameters
0,0, ., and let g(x/', -, %, ; 0,0, ) be the probability density function
of x'=(x/, -, x,)). If 0 is the efficient estimate of 0 and if 0, is a con-
ditional estimate of 0 given x', then

V(6) <|V.(0,)gdx',

where V, denotes the conditional variance given x', and the equality holds
if and only if 1) g is independent of 0, i) 0, is the conditional efficient
estimate and iii) V,(0,) is independent of x'.

Proof. If we write the conditional probability density function of x =
(%, -+, x,) given x’ as h(x' 6,86’ ---1x2"), then f= gh and, since

we have

2 b 2 { 2
E( 5 =B (o) [ B (G s

where E, stands for the conditional expectation given x’. Therefore

vy =1/ E(T08fY

/1 [E alogg) " [

<1>gdx]
v.

gdx:l<=' H)ga’x

<1 [ !

V.8,

Similarly we have the following
Theorem 11. Let (0, 0) be the joint efficient estimate of (0,0 based
on the sample (x, x"), where x = (x,, -, %,) and x' = (x|, ---, x,/), and let
(0,,0,) be a conditional joint estimate of (0,60') by (x, x') when the value
of x' is given. Then the mean concentration ellipse® of (0,, 02) with respect
to x' includes the concentration ellipse of (8, é’) init. If (9, (5’) is asymp-
totically efficient the relation mentioned above also asymptotically holds.

Now, let H(0,, 06,, ---, 8,) denote a hypothesis specifing the values of
parameters 0., 0,, ---, 0, and let H, ~ H, denote the equivalency of two hypo-
theses H, and H,. Then, by (2.2.5), (3.1.3) and (3.1.4),

H(IOI’ Pas ) ~ H(“lv ay, o, ah)

2
~ H(cy, €y -y €) ~ H(by, by, -+, b)) (3.1.10)

* H Cramer [29]
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and
H(m’ pl) 4027 "') ~ H(m’ CI) ) Ch) -~ H(bm bl’ Tty bh) . (3' 1- 11)

Thus these hypotheses can be tested by the normal regression theory
(Ogawara [4]) :

Theorem 12.* For the test of hypothetical correlogram H(p,, ps, ***)
of an autoregression process of order h we may use the following test
function which is distributed according to the F distribution with h and
n—h—1 degrees of freedom.

n ’Zl Apq (Z) - bp) (Bq_ bq) — h—
plooim T O T Z L (3.1.12)
(23 by2)

J=1 b=l

where
n
Z2; = X;(h+1) — 21 xj(’li’l)/n (j=12, -, m)
are random variables and

4 ’

n
Zp3 = Xpy — Zl Ko/, %= (Fjoro—p + Xinenren) /2
J:

p=1,2,-,h
Gt

are fixed variates,

a
— — [
Apq = Qip = Z& zpquj
J=

and b, is the solution of the simultaneous equations
g Gpubi=an  (p=1,2, -, k)
where
ap(,:jZZ‘i 25,25 .
If we write @,= -1z, the denominator of (3.1.12) is written as
Gn— 3 aub,.

Further, we can estimate the order of the Markov process. Since the
above stated theory holds whenever the essential order %, of the process is
not larger than 4, if the hypothesis b, = b, 4. == - = b, =0 is not rejected,
then we may suppose that z,< %, on the assigned level of significance.

More generally, we can test the correlogram through the test of regres-
sion coefficients of a linear combination of X451 (E=1,2, -, v; v<5s),
such as x,= >3, xjuz+s>+i—1/V: on Xjn+s)—x and X j(n+s)+stk—1 (k=1,2,--,h; j=
1,2, -, n).

* This theorem cannot be extended to the generalized autoregression process.
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By way of an illustration, let us consider the case of stationary normal
simple Markov process for which =1 and p(z) =p" (p <<1). If we set
s=v_>1, the conditional distribution of

— v .
X;= Z{ Xivrvyriat/V G=12--,n,
=

given X,.,—; and %+, 1S normal with the conditional mean value

E{R‘j[x;‘(wl)-—u xj(v+1)+'v§ =a+ bxj, (]: 1,2, -,n),
where
a=010-bm
p o 2oll—p) (3.1.13)

v(L—p) 1+
%7 = (X041 + X)) /2
and the conditional variance
0 =Vi{%; Zirn-1r Xivrn v}

02 1 + p2v+2 4 2 (V __ 1)7(‘0 _ pL’H—?) _ 2 (,02 _ p2v+l)
1 20t 1)

y y? (1TpT
20 +0) (p—p)(A—0"T) J
v (1—p)* ’
and the conditional random variables x; (=1, 2, ---, #) are mutually in-
dependent.
Since |p|<<1, from (3.1.13), we have
if v is even —-1/v—-1)<b<1,
if v is odd —1/v<<b<l.

Let us denote this region of & by D,. The conditional maximum likelihood
estimate of a, b and o is given by

if beD,
if b¢D,

Q.
o
(63
/2]
jo]
[}
-+
o
i
a.
w
-+

respectively, where

n
x*:Z E_j/”’ x/zz xj'/n,
j= j=1

()

=3/ -8 (& - 7)) D@/ - &),

J=1

and



38 Masami OcAWaRa

LD S a2
F =77 . (3.1.14)

= "o —
" 2(.%}—--61—[7.95;’)
Jj=1

has the F distribution with the pair of degrees of freedom (1, #—2), where
a=x"—ba and x, are fixed variates, which enables us to test the hypothesis
H(b) or H(p).

It will be desirable to take the value of v which minimizes the length
of confidence interval for p, Generally speaking, comparatively large v is
preferable if p is near to one, relatively small v is better if p is positive
and small and we should take » =1 if 0<0. (Ogawara [7])

Let two time series x,” and x{” has the mean value m, and m,, the
variance ¢,” and ¢," and the autocorrelation coefficients o, () == p,/" and p.(7)
= p, respectively. If we define x[”==3STY, & via/¥1 (G=1, 2, -, n),

V=S A /Y. (3—=1,2, -, m) and other quantities in the same
manner as before,

- Z (xu) "( _ B(l)x§1)1)2 . (nz“ 2) s
Foa=m 2 50:('92.)- (3.1.15)
2 2 (x] b(')) (2 )/) (T’h - 2) 0, gpl(pl)

Jj=1

is distributed as the F distribution with degrees of freedom (n,— 2, #,—2),
where

_ e 20D (e pi"") = 2(pr = o™
lo) =1 pf”ﬂ[ v, vii(L—p)
2(1+p)(01:£@ )Q—m D) .
vi(l—p)* ] (i=12).

Thus, if ¢,°/0° is known the hypothesis H,;: ¢.(0.)/9,(0) =0 (—co <<my,
m,<_co) is tested by (3.1.15), and if ¢.(0.)/¢.(0,) is known the hypothesis
H,: 6//0 =0 (—co<m,, my<<) is tested by (3.1.15). For the test of H,,
v, and v, should be so selected that ¢,/¢; is even sensitive for a small
difference between p, and p,.

Sample scheme 11. First we observe the following

Theorem 13. An autoregression process x(¢) (¢t =0, £1, --) of oder h,
with zero mean, satisfies almost surely the stochastic finite difference
equation

x((+s)+bx(t—1 + - +b,x(t—h)=2(t) (s=>=0,0,=<0), (3.1.16)
where the z(t) is a moving averages of order s and is orthogonal to

x(t—r1) (r=1,2, ---), and the autocorrelation coefficients satisfy the finite
difference equation
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o(c+8) +bp(zr—1)+ - +b,0(z—h) = r=1,2,.). (3. 1.17)

The coefficients in (3.1,16) and (3.1.17) have the following relation to the
coefficients in (3.1.1) and to the autocorrelation coefficients.

When s=0 b.=a. (k=1,2,--,h) (3.1.18)

When s>>1 b, = |a, a, - a, Ao <k =1,2,--,h )
1 a - a_-, G a;=0 for j=>h

1 .- As_2 Gs_oyp

0 0 al (Z..,.k

0 0 -1 a (3.1.19)
or ! bl‘ - - ; 1 o pn—l‘jil ‘ Os+1 -
; bz ; 0£1 1 *0t Op—z \ | Ost [ (3 1 20)
‘ bh I _Pn- Op—z """ 1 J L Os+n J ’

where p,=p(r).

Proof. Eliminating o(r+s— 1) («'=1,2, .-, s) from the s-+1 equa-
tions

plr+s—1)+ap(z+s—=1) + - +a@gpo(t+s—7—h)=0
(=0,1, ---, 8)

we get (3.1.17) from which we can immediately deduce (3.1.16).

Now, let x(¢) be a stationary normal mutiple Markov process of order
h satisfing (3.1.1). For a given time series x, (=1, 2, ---, N), we suppose
that

§ X iarsr e s k=12, -, h+s+1} (s_Z_O)

is a sample of a partial process x(¢, ), teT;={(j—1Dh+s+1)+k;
E=1,2,-, h+s+1}, o,e R7(Py) (7=1,2, -, 7). Such nsamples are not
independent, but, by Theorem 2, if we fix the values x_,q+srwe (=1, 2,
e by §=1,2, -, %), Xinrerny, (J=1,2, .-, n) are conditionally independent
and the conditional probability densities of x5+, iS given by

f(xj(h+s+l) CX s 1) -5~k > k=1,2,-, h)

exp [— —z—i—;_, {xmw + by + g bk.xjc,mﬂ)_s_k}:] . (3.1.21)

/270,
where b, = — m(1 + b, + --- -+ b,), the coefficients b, are given by (3.1.20) and

012 =0’ (1 + b1 061 + b2ps+2 + o by oern) -
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The conditional estimation of parameters in this case is quite similar to
the case of Sample scheme I and if we set

n
L //
Z; T Xjhrs+ny — > Xigrsrny/ N,
in1
n

ro_ /
Rpi = X jntst1y—s—p >1 Xitnrsty—s—n/ 1
=1

the test function (3.1.12) is also used for testing correlogram. It will be
a matter of course that we have different tests according to the values of
non-negative integer s.

Our methods mentioned above are easily extended to multidimensional
autoregression processes. Let x(#) (—oo < #<Co) be a stochastic process
with continuous time parameter and suppose that the observation is made
at a series of time points t; (¢ =0, + 1, + 2, ---) which constitute a stochastic
process. Such process can be treated as a two dimensicnal process (x;, ¥:)
with integral time parameter i, whose components are x;,—x(#;) and y.—=
t,—t,_, and we sometimes meet with practical problems of this form which
is supposed to be a two dimensional multiple Markov process.

§3.2 Powers of conditional tests. Let T(x,x’; 0) be a conditional
test function for a set of parameters 0 = (0;, 0,, -+, 0,), where x — (%1, =+, %a)
is a set of random variables and x’= (%], ---, x,,) is a set of condition variables.
Let the conditional distribution densities® of x be A(x.x"; ¢), let the joint
distribution densities of (x, ') be f(x, x'; 6) and let the density function of
x' only be g(x'; 6). Then a critical region of x, w(x’'; «), for the condi-
tional test of assigned 6 value, with a significance level «, is given by

Prﬂxmxge)eSx:e§:j B(x % 0)dx =, (3.2.1)

Jae(x, @)

where S is a critical region of T. Therefore

[{ [ h(x x'; 5)dx}g(x’; 0)dx'= «

Jw(xr, @)

or { f(x,x; 0)dxdx'— «, (3.2.2)
-

where W is the set of (&, ') such that x = w(x'; «) holds.

On the other hand, the conditional power function for the region w(x’; )
is given by

PO, 2 =1— (0 5) = | h(x & 0)dx, (3.2.3)
where 0, is a counter hypothesis, and the mean power function is given by
P@)=1-p5(0) = [ f(x, x5 0)dxdx’ . (3.2.4)

W

* Discrete case and more general cases are quite similarly discussed.
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We consider in detail the case of testing autocorrelation for a stationary
normal simple Markov process. Let H,: o=p, (or b =25,) be the null hypo-
thesis and H,: p=—=p, (or b=20,) be the alternative hypothesis.

Firstly, for the sample scheme I, if we take v =1 in (3.1.13) ~ (3. 1. 14),
the conditional second type error is given by

i _—A

B=Bx) =3 ]:’z'eTI““)(g’* i, Jg) (3.2.5)

i=u

where I.(p,q) =B.(p,q)/B(p, q), B.(p,q) stands for the incomplete beta
function, f,=1, f,=n—2, I(fi/2, f./2) = «, and where

2= (0= b)) (& — 5200,
Jj=1
bi = 2;01/(1 + piz) (i — 0, 1) ’

. (3.2.6)
xj/: (x-_)_)',] +x2j+l)/2, 57,:2 xj’/n,
Jj=1
(712 = 02(1 - :0.'2)//(1 -+ p‘z) .
If we set
i,=A _1 l g 71;2\
A=EQ@'e™), Bi= lw(y+i 5 ), (3.2.7)
E(®) =3 AB, (3.2.8)
and, if we moreover put
C, :EO‘ie_%) ,
L e (3.2.9)
E(5)=3(3 B.B)C.
and the variance of A(x’) is given by
V(B =EF) —{EB) . (3. 2.10)
Now, the variance matrix of x’ is given by
V=5 1 A+00/2 A+pD072- A+0)0"7"/2

(14002 1 140/ e (LD ™2 |

| A+ p?"*"/z .......................................... 1

and the cumulants «,(g) of the quadratic form ¢ =3, (x,/— %')" is equal
to the trace of the matrix (V@)’, @ being the matrix of the quadratic
form ¢. Thus, if we denote the characteristic roots of V@ = (a;;) by 1,
G=1,2,--,n), we get

£(q) =27 (r—1) 2 A
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where 2 g _2 Qi 2 A= S_] Z a;a; and so on. By these formulas we
have

gy OB (40" 2 A+)A—0M
=E@ = 0 [n—y 2 et (o | @2
_ (b 1—bn)l1,+ :02>4 n(g_pz)
w=VO="ga sy Lzas o
N (9 2(1'!‘,0)— 2An—1) ,04’”
C2d-e) | (3.2.12)
+n(11+_ﬂ) {4 =20+ 0" — (L+6) 0" 4+ o™

A+
AT l]’

where, under the alternative hypothesis, o =p;.
It may be supposed that the i has approximately I" distribution

D e ,m
o) e .
Then
p=r/ry, v=r7/k,,
and

A= re+i *pv"*ﬁ ]
re (p+1) i=0,1,2, - (3.2.13)
c T+ p
i F(V) (p + Z)V‘t‘b

Quite similarly, for the second sample scheme we have (3.2.5), where
(fol — 911)2 E(le_ },)2
26°(1—p)) (3.2.14)

X' =%, x'= Z x//n
and we get

gy o=t 140t 205 (=0T
E[ZE(X)'— _p" [n 1_p2+ n(l_pz)z:ly (3215)

(o po) i p )
R =V () = za—w%{ L

__#174 A+ o) 20 4L+ 07 0™

A=A A+ — 20"
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4: 2 2 2 2 A4
1% , §1+ o* + ,04* (1 i ‘OM)2p_n n ptz—f—l%

4,0

ST I 1], (3.2.16)

where the p should be replaced by p, under the alternative hypothesis.
Assuming I' distribution of 2 as before, we can also calculate the approxi-
mate values of the mean probability and the variance of the second type
error in this case.

Thus calculated approximate values of E(8) and the standard deviation

vV (#) (in parenthesis) are shown in Table 1.*

The difference between

both sample schemes is not so remarkable.

Table 1.

Approximate mean values and standard deviations (%)
of conditional probabilities of the error of the second type.
Significance level: ®=59%, f=n—2.

The case of the first sample shceme.

- |
ST H ‘ ’
e pr =0 P1=02 P,:OS ()1:0.8
_Hy \\:f,_;ffj;! I . I, .
10 87 (43) 43 (225) 10 arD
20 77 (6.6) 13 (12.6) 1 (3.09
po=0 30 67 (8.4) 3 (5.0) 0.02  (0.4)
60 . 43 (9.3) 004 (0.2) | <1x107°
4120 | 21 (8.8) | <1x107* = <ix107'
10 64 (14.4) 85 (5.3) | J 86 (6.7
20 36 (15.2) 73 (7.9) 72 (11.4)
po=105 30 18 (11.2) 62 (9.9) | (14.1)
60 2 (1.8) 34 (95) | (13.3)
120 0.06 (0.1) 14 (5.7) - 10 (1.0
10 51 (17.6) 64  (15.8) 75  (105)
20 21 (13.9) 35  (16.5) 53 (135)
po=0.8 30 7 (7.2) 16 (145) 36 (12.9)
60 | 0.2 (0.4) 2 (2.3) 9 (59
120 | <<1x10~2 (0.006) 0.05 (0.1) 1 (1.1
The case of the second sample scheme.
p1 =0 p1=0.2 p1=05 p1=08
91 (1.2) 55  (31.0) 18 (18.0)
86 (3.1) 33 (13.3) 2 (4.6)
80 (4.2) 16 9.2) 0.1 (0.8)
66 (5.0) 1.3 (1.4) <1x107"
47 (56) 0.03 (0.05) | <1x10~*
10 68 (10.8) 85 (5.8) 75 (115)
20 43 (12.5) 74 (6.5) 50  (16.2)
po=05 30 25 (10.2) 62 (8.0) 31 (15.2)
60 4 2.9) 36 (7.3) 6 (5.9)
ﬁﬁﬁﬁﬁﬁﬁ 1120 02 (03) | 15 (4.8) } 05 (0.9)
10 37 (16.8) 56 (14.2) 82 (5.9)
20 9 (8.4) 27 (12.4) 68 (8.2)
po=08 30 2 (2.8) 11 7.7 55  (10.0)
60 0.01  (0.06) 0.6 (0 8) 26 (7.9)
120 <1x10™" <1x107% (0.03) 8 (3.7)

* The numerical calculation is due to Miss H. Yamazaki and Miss O. Goto.
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§3.3 Continuous parameter process with rational spectral densities.
In this paragraph we consider the normal stationary process x(#) (— oc<Z
t <) which has the spectral densities

FO)y=c |3 e, a=1a=0 (3.3.1)

and satisfies the stochastic differential equation

ﬁ a;x”(t) =2/ (¢) (formally) , (3.3.2)

j=u

where the z(#) (—o<<t<<) is a Brownian motion. Owing to (2.3.7) ~
(2.3.9), statistical hypothsesis H(p(z)) concerning the correlogram is equiva-
lent to the hypothesis H(a,, ---, @,). Let x, (0<¢t<T) be a sample func-
tion, let ndt =T, t,=k4t (k=0,1, ---, n) and let

Li=Le 0, (x()) (k=12 -, 2) (3.3.3)

be a linear functional of x(¢) (¢,_, <<t <t,) having the same type for every
k. Then we have two methods for testing correlogram, corresponding to
two types of sample schemes.

Scheme 1. A set of random variables L, (k=1,2, ---,n) and x“7"(£)
(G=12,-,h; k=0,1,---, %) has an #+ k(n#+1) dimensional normal dis-
tribution and, according to Theorem 7 and Corollary to it, if we assign the
values of

C: x”_”(ik) :x;;f_”, =12 -,k k=01, 1,
conditional random variables L, (k=1, 2, ---,n) are mutually independent
and each L, depends only on x;" and %" (j=1, 2, ---, k) and the regres-
sion coefficients are given by

bj':L(ﬂk_l,tk)(Cj(')) (J: 1’ 27 “'92h) >

where the ¢;(¢) (t._, <<t<<t,; j=1,2, ---, 2h) are the regression coefficients
of x(¢) on %"’ (j=1,2, -, k) and x" (71,2, ---, k) which have been
introduced in (2.3.30). The 2k coefficients b; are functions of p(r) and
consequently the functions of a,, a@,, ---,a,. Thus there must be % restrictions
among b, (j=1,2, ---,2k), and we should so choose the functional L that
the restrictions are linear. Then

H(p(2)) ~ H(by, by, -+, by) . (3.3.4)
For instance. if we adopt

Lk = x( (tk—l + tk) /2) (3 3. 5)
or

L.= J'r/k x(3)dt, (3-3.6)

tk—1
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then we have
by=(=1)7"", (G=12,--,h). (3.3.7)
In the general case where (3.3.7) holds, if we set
X, = (xg;:l) + (— 1)”“‘x§1’."”)/2 p=12,-, h;7=12,---,m) (3.3.8)

and
zJ:Lj—Zn} Lyn (3.3.9)
then the test function (3.1.12) is also applied.

Scheme II. We may suppose that the x(¢#) is a forward directed process
and that x,(¢,, <t<<t,)(k=1, 2, ---, n) are sample functions of the corres-
ponding partial processes respectively. If then the conditions

Ck: xu_l)(tk—l) - xgll:ll) (j: 1, 2’ ) h) k= 1: 2) e, R (3' 3' 10)

are given, the conditioned partial processes x(¢) (L <<t<<t) (=1, 2,
-+, n) are independent and depend only on "} (j=1,2, -, k) respectively,
although the conditions C, are not independently given. Thus quite similar
method to that given above is applied for the test of correlogram by using
Theorem 6.

It should be noticed that when a sample function x, (0<<¢t<T) is given
we can take n —=T/4f indefinitely large, however the larger # does not always
give us the better information about the autocorrelation function. Let us
observe this fact for the case of normal simple Markov process for which
the autocorrelation function is given by p(r) =exp(—#lz)) (8=>0).

According to the scheme II, for instance, the regression coeficient of
(3.3.6) on x,_, is given by

b= 1—exp(—84t))/B (3.3.11)
and the confidence interval length of 4 is approximately proportional to
1 as T s BTN e
| ]/,,/ n ab — B j,’ [V n — (l' n + V/ n‘> e ] (3. 3. 12)
L Jl 20°° /T if 8T/n«&1
Y if AT /n> 1.

Minimizing the right hand side of (3.3.12) with respect to #, we observe
that the approximately optimum value of # may be the positive integer larger
than 1 and nearest to 1/, where # is the finite positive root of the equation

1+ 8Tu+ 28T u* = ™. (3.3.13)

Also for the scheme I we have similar result (Ogawara [7]).
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§3.4 Moving averages.* Let
x(8) ‘—Z byy(t—j)  (by=1;¢=0, 1, ) (3.4.1)

be a normal moving averages of order 2 and let x, (¢=1,2,--, N) be
a sample sequence drawn from it. Let 1<# <<f,<<-- <<t, <N, tii— 1
=k+1(G=12,---,n—=1), then x(¢,) (j=1,2,--,n) are mutually independ-
ent. Thus we can apply ordinary methods for drawing statistical inference
about the mean value, and the variance from the conditionally random
sample x,, (=1, 2, -, n). If, moreover, x(¢) is a regular moving averages,

H(,Ol, Pgs *°*» tolc)’\"H(bth’ Tt bh) (:07*_:—10(7))7
and then if we denote the regression coefficients of z,=x(j(2k+1) + 2+ 1)
on %, =x(j(2k+1)+p) by ¢,(p=1,2, -, &),
H(plr Pay "7 plc) ~ H(CI) Cgy =) ck)

and we can use the conditional F'-test for these statistical hypotheses quite
similarly to Theorem 12. We can also find the consistent estimate of the
spectral densities through that of by, b,, ---, b;.

Next, let

x(f) = J‘m F(s)dE(F—s) (3.4.2)

be a continuous parameter moving averages (c.p.m,a.) defined by (2.3.36),
where £(2) is a Brownian motion on (— o, ),

f(s)=0 for s=>t,>0 and for s<0
and f(s) has continuous and non-zero point in (0, ) and in (£, —e, £,), for

an arbitrary posive number ¢ smaller than t,.
Now let (I + 1) 4t —1t,, I being an arbitrary positive integer, and let

At

byt an) = | fGdtE ) dEGE—jdt—s)  G=0,1,,0), (3.43)

where b; are constants such that the y(¢-74¢f) (7=0,1,---,1) have the
same variance

-1
o,f":J f(s) |"ds >0, (3.4.4)
0
accordingly

4t
bf:[ fGGat+s)|'ds o} (7=0,1,-,1; b =1). (3.4.5)

Then, for an arbitrary constant #/,

* This paragraph is the outline of ‘Ogawara[22]’ including some points improved.
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K(E -4 =S byt idt—jA8) (=0, +1 ) (3.4.6)
j=n

is a discrete parameter moving averages (d.p.m.a.) of order / at most, and,
from (2.2.8),

Do+ b1bijpi+ - + by, = | _wf(“)f(u + (I—J7)4t)du/o, (3.4.7)

(]:0’ 1’ ’l_l);

where we may assume that b,=1. The process (3.4.6) may be called the
d.p.m.a. of formal order ! belongs to the c.p.m.a. (3.4.2), and if (3.4.6)
is regular (3.4.2) may be said to be regular at the order /. We thus have
the following theorem.

Theorem 14. To a c.p.m.a. (3.4.2) belongs a d.p.m.a. of an arbitrary
(formal) order and if it is regular at the order 1 the d.p.m.a. of order 1
belongs to it is unique.

Proof. The modulus of b, is given by the square root of (3.4.5) and
the sign is determined by (3.4.7) successively.

Assume that (3.4.2) is regular at the order %2 and that the f(s) in
(3.4.2) is of known functional form with %2 unknown parameters 4,, 6,
-, 0, such that H(,,0,, ---, 0,) ~ H(b,, b,, .-, b). Then the conditional
test of the hypothesis H(0) (0= (0,,0,, ---,0,)) is reduced to the case of
d.p.m.a.

As an alternative method, let S-—{s,} be a set of numbers such that
0<Cs,<Cs,<C - <s,.<t, and set

2 =xGu) | f(s:DdEGu—3)  W—ty+s) |
- (3.4.8)
rp=au—s) = | fGiNdiGu-s,—5) (=12 b |
- (G=12, -, n)
then the regression coefficients of z,, ¢y, ¢,, ==+, ¢, On %5 (p=1, 2, -+, k)

are the functions of

) f(s;0)f(sp+s;0)ds and - f(s;0)f(s,—s,+s; 0)ds (3.4.9)
T o (p’qzlr 2: Tty k)’

consequently they are the functions of 6 = (4,, 0,, ---, 6,). Thus the condi-
tional test for the hypothesis H(6) is reduced to that of H(c) (¢= (c,, c,,
-+, ¢)), provided that H(0) ~ H(c), where the z; are random variables and
the x,, are fixed variates and, if the sample function x, is given on 0<¢
<T (T > kt,), the size n of the sample (z,, z,, ---, 2,) is such that

m—-VDu+s,<T<<nu. (3.4.10)
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Hence, in any case,
T/2ty<<n<<(T/t)+1. (3.4.11)
Now, a problem rises here is what set S gives us the most efficient test.
Let us consider a simple case where 2=1 and
f(s; 0)=e* for 0<s<t¢

3.4.12
=0 for s<<0 and for s>t. @ )

In this case, the regression coefficient of x(j#) on x(ju—s,) (#=1t,+Ss)
is given by

c(s1;0) =p(s) =e ™ (L —e ™) /(1—e™) . (3.4.13)
This is a monotone decreasing function of ¢ and c(s,; 0) =>0(s; | 0), ¢(s,; )
—1(s; 1 ¢,) uniformly for 0 <8< 6,, 6, being an arbitrary positive constant.
Since # is limited by (3.4.11), the value of s, which maximizes 'd¢/30| may
be approximately optimum.

$3.5 Time series with trend. In this paragraph, we consider the
trend of mean value exclusively.

Definition. Let x(¢) (¢=0, +1, ---) be a real stochastic process such
that x(t) —m(t) is (wide sense) stationary, where m(t) =E(x(t)). Then
x(t+s)+bx(t—1)+ - +b,x(t—h)

— B (t) — Bowa(8) — - = B,0,(8) = 2(2) (s=0)
is said to be a linear model if 1) the v,(t) are linearly independent known
functions, 2) the b, and the B; are independent parameters and 3) the z(t)
is a process of moving averages of finite order, E(2(t)) =0.

Our methods of conditional inference can be applied to some of such

processes that follow a linear model. In the following we suppose that the
mean value function of a discrete parameter process x(¢) is of the form

m(t) = z au(t) (3.5.2)

(3.5.1)

where the u,(¢) are linearly independent known functions and the «; are
unknown parameters.

Theorem 15. Suppose that vy(t) =x(t) —m(t) is an autoregression
process of order h, where the m(t) is given by (3.5.2). In order that
the x(t) follows a linear model of the form (3.5.1), it is necessary and
sufficient that the m(t) function has the following form.

1 . r2  mj . _
m(t)y =3 a; /' + 3 S a7 P
Jj=t J=t i=1

(3.5.3)

Ly it 2 Y Gy gimt ot 2l
F302 i b7 gy cosht+ 3y ittt gy sindygy,

J=1 =L )
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where a;, af’, o« and o are parameters, p,(p,—1) =<0, pi=<p, (i=<j),
q;=<0, 0<<2;,<< 2=, =<z, ;=<1 (J=<J) and

Ty r3
riE>my2 S = (r,=0,7,>0,r,>0) .
J=1 J=t

Proof. According to Theorem 13, the y(¢) process satisfies almost surely
a stochastic finite difference equation

ya+8) +byE—-D + - +by(t—0h)=2() (s=0), (3.5.4)
where the z(¢) is a moving averages of order s.

i) Sufficiency. Substituting y(¢) =x(¢) —m(¢) in (3.5.4), we get the
expression of the form (3.5.1), in which corresponding to the term

St T g cosit+ S anttT'q sinit
i=l i=1

=1t

the coefficients of t'"'q' cosit and ¢~ 'q' sinit are given by

B :qs{cosls g(; - b s a,, +sinls Z;E(: _ }) sv‘ta:v}

+ 3 b M eos ik 3Y5 T ) (- B e (3.5.5)
—sinlk ;(; _ %} (— k)v—iazv]}_
B :q# —sinls é(: - i) s a,, 4 cosis g(: ~ %) s”“‘ag.,;-

h T —
+ 3 beg sindk 3(7 T 7) (B, (3.5.6)
k=I V=1
2y —1 v=i |
4 coslk g(l _ 1) (— Bk Qs
respectively, therefore 8, 8. (=1, 2, ---, n) are independent parameters,
the coefficent of #7'p' that comes from the term

Sty
i=]

is given by (3.5.5) by setting 2=0, g==p and the coefficient of #' is also
given by (3.5.5) by setting 2=0, ¢g=1. Thus the coefficients 3, in the
form (3.5.1) are functionally independent each other and are also independ-
ent of &; and the functions v,(¢) are of the form #~' or ¢'p, or pairs of
t7'q, cosi,t and ¢'7'q;sin;t (i =1, 2, ---), and they are linearly independent.

ii) Necessity. From (3.5.1), (3.5.2) and (3.5.4) we get

zr} ot + 8) + i} Z biau, (t — i) :é Byoe(F) . (3.5.7)
=! =1 j=1 k=1
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Differentiating the both sides of (3.5.7) partially by b, and then by «;, we
have

lt.;(t—i):];;]lcl,ikvk<t) (i=1,2,-,h;7j=12--7), (3.5.8)

where the ¢;;, = 0°8,/0b,0a, are constants. Because of the linear independence
of u,(t) (=1, 2, -, r), the rank of the z» x » matrix (c;,) is ». Eliminat-
ing r functions v,(¢) from the A7 equations (3.5.8), we get (k— 1)~ simul-
taneous homogeneous finite difference equations of » functions #,(#). So long
as the solutions of these equations exist and (3. 5. 1) holds, from the independ-

ence of parameters 8,, 8., -, 8., we can deduce that (3.5.2) should be of
the form (3.5.3).

Similarly we observe the following

Theorem 16. Let y(¢) =x(t) —m(t) be a moving averages of order h,
m(t) =30 asu;(t). A necessary and sufficient condition that the x(t)
Dbrocess complies with a linear model of the form (3.5.1) is that the m(t)
is of the form (3.5.3).

In this case the order of the moving averages z(¢) is s+ 2k + 1.
When y(¢) =x(¢) —m(¢) is an autoregression process,

y@&) +ayEt—-1)+ - +ayt—h =21, a=+=0, (3.5.9)
or a moving averages,

y@ =z +a,z2t—1)+ - +a,z(t—h), a,+0, (3.5.10)
and the x(#) complies with a linear model (3.5.1), even if the values of
2(jl—=<) (r=1,2, -, h; j=0,1,---) are given, the z(jl) (j=0,1, ) is
a non-autocorrelated process, where /=#%+ s+ 1 in the case of (3.5.9) or
l=2h+s+2 in the case of (3.5.10).

Therefore, for a normal autoregression process with trend (3.5.3),
when a time series x, (#=1, 2, ---, N) is given, supposing %;p+.+1, (7 =1, 2,
-+, n) random variables and % (10 (B=1,2, -, h; j=1,2, -, %) to-
gether with v,(j(h+s+1)) (j=1,2, ---, n) fixed variates, we can find the
conditional maximum likelihood estimates of a,, a,, -, @, and «;, «,, -+, «,
(if exist) through those of ., b,, ---, b, and 8,, B,, ---, 8, and we can apply the
conditional test given in the preceding paragraphs to statistical hypotheses
concerning the parameters @, and «; or the correlogram of y(#) process.

Quite similar methods are useful for the conditional inference of a normal
moving averages with trend of the form (3.5.3).

Furthermore, our considerations in this paragraph will be extended to
multidimensional processes and to continuous parameter processes.

§3.6 Discontinuous Markov process. Let x(¢) (=0, +1, ---) be
a strictly stationary simple Markov process which can only assume values
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in a finit set {0, 1, ---, m{, let p,=Prix(#) =7 (j==0,1, ---, m) be the ab-
solute probabilities and let p,=Prix(#) =7 x(t—1) =1i) ({,7=0,1, -, m)
denote the transition probabilities, where p,>0 (i =0, 1, ---, m).

As before we have two kinds of sample schemes for an observed sequence
% (t=1,2,-,2n+1). For the conditional estimation or the conditional
test of absolute probabilities, we may use the first one, where the x., (k=
1,2, .--,n) are random variables and the x,., (¢=1,2, ---,n+ 1) are fixed
variates. Let #(j) be the number of j in the set of outcomes x, (k=1
2, ---,n) and let

. ( 1 if Ko == j
L.(j) = ‘, . * .
0 if xp=<j,
then the I,.(j) are conditionally independent random variables given x'=
(xls X3y o, x2n+l)’

n() =3 Lu(i)

and
Etn()/n 81 =" 31 E1L() Zacty Fani}
E Ein(j)/n|x'y =b;,
where x= (x,, x4, -+, %,,). Let (p,(5), ».(j)) be the conditional confidence

interval for p, given x’, with confidence coefficient 1 —2«,
Pri3 L) Zn() 5(), %'

=Pr{3) L) <n() 5.0, x| =n,

then we have, for fixed %n(j),
EPr|3} L(j) Zn() p(), #'| =«

and similar equation about the upper limit. The confidence limits p,(j) and
b.(j) will serve for setting critical region for the conditional test of hypo-
theses concerning p,.

Next, for the conditional statistical inference of transition probabilities,
we may use the second sample scheme. Let #; be the number of 7 in the
outcomes Xy (B=1 2, -, %), Xy, =: (v=1,2, -, %) and let n,(j) be
the number of pair (7, 7) in the pairs (Xuc)-1, Fue) (=1, 2, -+, n), n ()
=021 Ly, then n,(j)/n; is a conditional estimate for p,; in the following
meaning.

i

'@JIVZ: L/ n x'} = Dis

=1
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and, since I, are mutually indepenendt when x’ is given,

ni

V"Z}, Ly/my x’} =p,(L—p.)/n;.

According to the strong law of large numbers for Markov chain (Feller [30]),
if there is only one ergodic part,

lim % =P (almost surely) .

n—>ce

Therefore as #—
> Iz;,(v)/nz‘*pi_, (in probability) .

The confidence limits for p;; by means of #; and #,(j) depend on the fixed
variate x’, but they depend only on the frequencies >, I, and 3], Iug,.

The extension of the idea mentioned above to the stationary multiple
Markov process will be immediate and omitted here.

References

[1] M. Ocawara; On stationary normal multiple Markov process, Bull. Math. Stat.,, 2 (1948),
42-46. (in Japanese)

[2] M. Ocawara; Statistical analysis of vector time series, Bull. Math. Stat., 3 (1949), 46-50.
(in Japanese)

[3] M. Ocawara; On stochastic interpolation of omitted observation, Papers in Meteor. and Geophys.
(Meteorological Research Institute), 1 (1950), 50-57.

[4] M. Ocawara; A note on the test of serial correlation coefficients, Annals of Math. Stat., 22
(1951), 115-118.

[5] M. Ocawara; On the method of long-range-forecasting, Jour. Meteor. Res, Central Meteor.
Observatory, 4 (1952), 444-458. (in Japanese)

[6] M. Ocawara; Multivariate regression theory and its application to the problem of climatic change,
(with H. Yamazaki), Jour. Meteor. Soc. Japan, 30 (1952), 158-165.

[7] M. Ocawara; Orn the theory of statistical inference of time series, Progress of probability theory
and statistics, (edited by T. Kitagawa), Iwanami, (1953), 131-165. (in Japanese)

[8] M. Ocawara; On the prediction by small sample, Jour. Meteor. Res. 5 (1954), 752-763. (in
Japanese)

{91 M. Ocawara; On the stochastic seasonal prediction, (with collaborators), Jour. Meteor. Soc.
Japan, 32 (1954), 253-280. (in Japanese)

[10] M. Ocawara; Mathemetical theory of prediction, Kagaku, 24 (1954), 489-495. (in Japanese)

[11] M. Ogawara; A general stochastic prediction formula, Papers in Meteor. and Geophys., 5 (1955),
193-202.

[12] M. Ocawara; Efficiency of a stochastic prediction, Papers in Meteor. and Geophys., 5 (1955),
203-211.

[13] M. Ocawara; A prediction for the next maximum of sun spot numbers, Papers in Meteor. and
Geophys., 5 (1955), 212-216.

[14] M. Oaawara; A stochastic numerical prediction for the 500 mb height along the latitude 45° N,
Jour. Meteor. Res., 7 (1955), 191-200. (in Japanese)

[15] M. Ocawara; Probability of the coming felt earthquake to Tokyo, Kenshin-Jiho, 20 (1955),
81-92. (in Japanese)



[16]
(17]
[18]

[19]

Time Series Analysis and Stochastic Prediction 53

M. Ocawara; Statistical inference and prediction of a stochastic process, Tokei-Kagaku-Kenkyu,
1 (1956), 10-20. (in Japanese)

M. Ocawara; Weather prediction and OR, Applied Stat. in Meteor., 7 (1956), 2-5. (in Japa-
nese)

M. Ocawara; Lectures on time series analysis, Applied Stat. in Meteor., 6 (1955), 58-61, 6
(1956), 88-93. (in Japanese)

M. Ogawara; On duration curve, Report of Economic Division, Central Research Institute
of Electric Power Industry (1956), 1-11. (in Japanese)

M. Oeawara; Statistical method of prediction for latent electric power, Report of Economic
Division, Central Research Institute of Electric Power Industry, (1956), 1-9. (in Japanese)
M. Ocawara; Statistical method of prediction for latent electric power, 11, Report of Eccnomic
division, Central Research Institute of Electric Power Industry, (1957), 1-11. (in Japanese)
M. OcswarAa; An exact test for moving averages, Bull. Math. Stat., 7 (1957), 77-83.

M. Ocawara; On fiducial prediction, Essays and Studies, Tokyo Woman’s Christian College,
8 (1957), 17-25.

T. Kiracawa; Sampling from processes depending upon a continuous parameter, Mem. Fac. Sci.,
Kyushu Univ., Ser. A, 5 (1950), 181-188.

J. L. Doos; The elementary Gaussian process, Ann. Math. Stat., 15 (1944), 229-282.

J. L. Doop; Stochastic processes, Wiley, (1953)

H. Worp; A study in the analysis of stationary time series, Almqvist & Wiksell, (2nd ed., 1954)
S. G. Guurye; Random functions satisfing certain linear relations, 11, Ann. Math. Stat., 26
(1955), 105~111.

H. Craver; Mathematical Methods of Statistics, Princeton Univ. Press, (1946)

W. Feller; An introduction to probability theory and its applications, 1, Wiley (1950)



