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   Introduction The purpose of this paper is to prepare some ideas 
and methods for practices of time series analysis and prediction. 

   Although most of the present methods seem to be based on the large 
sample theory and they may offer powerful tools for some problems in special 
fields such as electric communications, almost every time series we meet 
with in the natural or social sciences or in manuf actories is a small sample 
which needs an exact method of statistical inference. In order to infer the 

probability theoretic characters of a tirrie series and to make a prediction, 
on the basis of small number of observations, it seems to be inevitable to 
confine ourselves to a suitably selected f amily of finite parameter schemes, 
except some nonparametric methods for testing randomness. 

   In this paper, we shall thus treat rather special stochastic models 

(Chapter II), using them we shall introduce a conditional test schemes 
(Chapter III ), and we shall define an idea of stochastic prediction which is 
represented in a form of distribution function (Chapter IV and V) and is 

useful for operations researches related to a prediction (Chapter VI). 
   Although our method may not be optimal for a small sample, it will 

asymptotically show optimal properties if the size of time series tends to
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infinity. Practical applications of the methods are seen in other papers by 
the author  [1 23] . 

   The author wishes to express his hearty thanks to Professor T. Kitagawa 
for his continual encouragement throughout this work.

                     Chapter I. Time Series 

 § 1. 1 Sample of a stochastic process. Time series is a series of ob-
served values which is assumed to be a sample or a realization of a stochastic 

process. In the majority of practices, however, it seems reasonable to assume 
that the observation has been made only about a part of the sample function. 
In this section we shall consider the circumstances like this a little further. 

   Let co denote a sample point of a sample space S2, where a probability 
measure P is defined on the Borel field on Q. Then a stochastic process 
is a one parameter family of random variables {x(t, 0)) ; t ET #, where T is 
a set of real numbers. A real valued stochastic process is understood as 
a random vector or a random function x()) ----- x(t, a)) ; t E T}, which takes 

the values in the set RT of real functions defined on T, where a probability 
measure is defined on the Borel field Q3T on the RT. Thus we may suppose 
that a is a point of S2 RT and P is the probability measure PT on 31. and 
we may denote the probability field by RT (3T, PT) or simply by RT(PT)• 

   If 3 x(t, 0)) ; t ET } is a stochastic process on RT (PT), then 3 x (t, (0) ; 
t E T' #(T' =T) is a stochastic process on RT, which may be provisionally 
called a partial process of the primary one, where PT, is a ' marginal proba-
bility distribution ' of PT. 

   Two random functions x1(0)) = w) ; t E T1 on RTi(PT,) and x2(0)) 
      0)); t E T2# on RT2(PT,) are said to be equivalent on T =T1 11 T2 if 

P la) x (co) -71- x2(o)) 0 on RT(PT) and then we write x,(@) = x2(0) (a.^) 
on T. Two stochastic processes x, (t, a)) ; t E Ti# on RT' (PT,) and x2 (t, (0), 
t E TA on RT2(PT2) are said to be equivalent on T =TinT, if P0); x,(t, 0)) 

  x2(t, 0))# = 0 for every t E T and we denote this equivalency by x,(t, °)) 
= x2(t, a)) (a.s.) (t E T). Evidently, if x ,(0)) = x2(0)) (a.s.) then x,(t, 0)) 

x,(t, 0)) (a.s.), the converse is not generally true, except the case where 
both processes are almost surely continuous on T. 

   Let 3x, (t, 0)' ); t E T'} and 3 x2 (t, a)") ; t E T"} (T' riT" = 0) be two stochastic 

processes on the probability fields RT (PT') and RT" (PT,,) respectively. We 
can then define a product space RT =RT'/(T U T ") of a) = (a)', a)") 
and Borel field on it, and we can introduce a probability measure PT on the 

  such thatPr(d0)) = PT, (E') for every E' E OT' andPT (do)) 
                E'RT''RT Fvi 

= (E") for every E" E OT'. Thus a stochastic process 3x(t, 0)) ; t E T } 

is defined on RT(PT) and equivalent to x,(t, a)') on T' and to x,(t , a)") on 
T". Such process may be called a combination of the two stochastic processes.
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If P T(E' E") = PT, (E') PT,- (E") for every E' E 37'' and E" c OT-, then 

  (t, co') ; t e and x, (t, co") ; t E T" 3 are independent. The combination 
of three or more processes can be similarly defined 

   The above stated definitions and concepts about stochastic processes can 
be generalized to the case where is the space of finite dimensional vector 
functions on T, to the case where T is the n dimendional Euclidian space 
and to the case where x(t, co) is a set function of a Borel set t. Therefore 
let us write a probability field generally as S2,(PT). 

   Now, the sampling from a stochastic process x(t, co) t E 71 3 on S2T(PT) 
consists of the sampling from T and the sampling from 92, and the general 
type of sampling may be formulated as follows. Let 3 x(t, co') t E (co' E 
S2T,(13r,,),T1=T) be a partial process of our primary process. We take 
a subset A from T and a subset from Dv, thus we get a set 

of time series 

                   x,(t) =x(t, cap (t E A) (0' E S 2 T, (i =1, 2, ••• k) . 

Thus the functions (or sequences) x t(t) (i =1, 2, ••• k) are definite on T' 
and observed on A, they are definite but unknown on T' — A and they are 
not only unknown but also indefinite on the domain T — T'. More generally, 
we may draw different (i =1, 2, •••, k) from T and different A, (i = 1, 2, 
••• , k) from the T: (i = 1, 2, ••• , k) respectively and co samplings may be 
made for each sample space S2;1, thus we get a set of observed sample func-
tions x, (t) x(t, (t C Ai) (j=1,2, ••• , kt ; i =1, 2, ••• k), where At 
T,' =T, (02; E . The samplings in the case where T and 

are discussed in detail by Kitagawa [24]. 
   When I x (t, co) t E 71 is a one dimensional real process, if we take 

systematically a set of discrete points A t1, t2 i ••• , tni from T and if 
    Cü2, •••) (')/A (k> n> 1) is a random sample drawn from S2T, 4z(t1), 

x,(t2), •-• , x,(tr,) 3 (i = 1, 2, ••• , k) constitutes a random sample of size k from 
an n dimensional population and we may apply the multivariate analysis to 
our statistical inferences. 

   However, when T is the passage of historical time, we can only ob-
serve at most one sample function x(t), which is corresponding to a single 

 (k = 1), on a part of the set T. In this paper, we shall treat mainly with 
such case and suppose that a time series x(t) (t E A) has been got by one 
of the following two types of sampling schemes. 

   Type I. x(t) x(t, (0') t E A =T , c RT' (Pr), 
where T is the real line or the set of integral numbers. 

   Type II. We consider k partial processes x(t, (0'), t E o E RTe (PT,,) 

(i=1,2, ••• , k), where T=T and T; n r= 0 (i \ j), and suppose that k 
sample functions 

                      x (t, 04) t E Ai=T', (i 1, 2, •••, k) 

constitute an observed function x(t) on A= U Ai, i.e. 
                                                                       i.1
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 x(t)  x(t,  00 for t c A, (i = 1, 2, •••, k) . 

The partial processes are not independent in general. 
   Hereafter, in this paper, we shall use simple notations such as x, (t E A) 

for a sample function or sample sequence and x(t) (t E T) for a stochastic 

process, however sometimes we shall not distinguish them if not necessary.

   1.2 Stationarity and trend of a time series. Let x(t) (t E T) be 
a one dimendional real stochastic process. The process x (t) is called stationary 
(in the wide sense) if the mean value function m(t) = Ex(t) and the auto-
covariance function r (t, t + s) = Ei (x(t) — m(t)) (x (t + s) — m(t + s)) (t, t 
+ s E T) are both finite and do not depend on t. A time series is stationary 
if it is a sample of a stationary stochastic process. 

   Definition A time series is called to have a trend, if it is not stationary 
in the wide sense, m(t) <cc and 1'(s, t) < cc (s, t ET). If m(t) depends 
on t, it is called the trend of mean value, if a2(t) r (t, t) depends on t 
it is the trend of variance and if p(z- ; t) r (t, t + 1-) /a (t) a (t + 1-) (a (t), 
a (t + > 0) depends on t the autocorrelation function is said to have 
a trend. 

   Thus the definition of stationarity of a time series is clearly given. We 
have, however, no criterion to decide wheather a given time series is stationary 
or not unless we have some physical evidences about the variation of the 
time series, that is, in any case we cannot statistically reject the hypothesis 
that the given time series is stationary. For instance, let a time series xt 
observed on a closed interal A be a sample of a stochastic process of the type 

                  x(t) =m(t) + z(t)(t E A) ,(1. 2.1) 

that is xt=m(t) + z„ where z, is a sample of a stationary process z(t)(— co 
<t <cc) with zero mean and m(t) is a continuous trend defined on A for 
the mean value of x(t). Then, from a different point of view, we can suppose 
for the same time series .x, (t E A) that the m (t) (t E A) is a sample function 
of a stationary process y (t) (— co < t < 00) . Thus the x, (t E A) can be also 
assumed to be a sample function of a stationary process which has the 
structure 

                x*(t) = y(t) + z(t)(— co <t <00) .(1. 2. 2) 

As a special case we may take an almost periodic function y 1 ( — co < t < co ) 
which coincides with m(t) on A. Then the y, is a sample function of 
a stationary non-regular (or deterministic) process y(t) (— cc <t <co). 

   In the f ollowing cases we can draw statistical inferences about the trend 
m(t) (t E A) in (1. 2. 1). 
1) If the z(t) E A; A = 1, 2, ••• , N) is a independent stationary normal 
stochastic sequence and the m (t) is assumed to have the form
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                 m(t)=j 0,(t) ,(1. 2. 3) 

where the c's are unknown parameters and co, (t) is a set of known functions, 
then we can apply the normal regression theory. Particularly, if the m (t) 
is a step function such that 

   m(t) = m,t = n, + 1, n, + 2, •••, nit,(i 1, 2, ••-, k)                                                     (1
. 2. 4) 

                  = 0, n, + 1 <72H-1 (i = 1, 2, •-• , k) , n,,, = N , 

then the usual methods of testing or estimating mean values are used. 
2) If the z (t) process comply with an autoregressive scheme or a moving 
averages and if the functions co)( t) in (1. 2. 3) are of special types we have 
a method of inference which will be described in Chapter III. 

   So far as we treat the model (1. 2. 2) in the form x(t) y, + z(t), there 
is no formal difference between (1. 2. 1) and (1. 2.2), though they are 
essentially different. 

   In general, however, when we lack information concerning the structure 
of the process, the matter is complicated. 

   Let the sample mean, sample variance and the sample autocovariance 
of a time series xt (t = 1, 2, , N) be 

                                                                             _V 

                 = E xt/N , s2= E (xt — x)2/N 
                                                                   t,1 

and 

                                         N— k 

               c(k) E(x, — x)(xt-vk — x) / (N — k) 
                                            t.1 

respectively, and let 

               M = E m(t)/N ,a 2 E a2(t)/N ,(1. 2. 5) 
        t=tt=1 

           0.2m (m (t ) / N .(1. 2. 6) 
                                         t=1 

Then we have 

                              1NN             E(
x),V (x) —E(s, t) ,(1. 2. 7) 

                                                 iv-s,1t=t 

            E (s2) a2 + a2. — V (X) ,(1.2 . 8) 

             E (c (k)) 1' (k) + r ,n(k) — v (x) , (1.2 . 9) 

where 

                   1 N-k           F (k) 
N — k F (t, t + k) ,(1 .2. 10) 

                         1  N-k            1'
„,(k) = N — kE (m(t) —in) (m(t + k)m)(1. 2.11) 

and where the end effects are neglected.
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   Thus, for a family of stochastic processes for which 

       E11  N-4         NkE (x (t) —m) (x (t + k) —r (k) +Im(k) (1. 2.12) 

and 

        1 *,.2i a22        X((t)m)—+ am(1.2. 13) 

are constants, if a remarkable trend m(t) is assumed, 6,2), and rm(k) (1 < 
k<N— 1) are large, consequently -6:2 and T (k) are small and sample mean 
x can be well estimated, but the extrapolation of such m(t) will be difficult 
in general, on the other hand if there exist no trend the precision of the 
estimation of x becomes comparatively bad. 

   In conclusion, the trend should be supposed and analysed according 
to our purpose of statistical research; it is a relative concept to how to 
use the statistical results. For example, if we want to analyse the character 
of the time series in the observed period in order to research a relation to 
other phenomena, or if we want to predict the immediate future, it will be 
generaly relevant to adopt the model (1. 2. 1). While, if we are to apply 
the statistical results to a relatively long period of future, the model (1. 2. 2) 
may be rather useful. 

   The method of moving average may be useful for the estimation of 
various scales of trend for mean value, and for the decomposition of a given 
time series to various scales of stationary components, according to our 
research purposes. 

   Definitions and discussions stated above can be easily extended to multi-
dimensional processes and to the trend of other parameters.

Chapter II Finite Parameter Schemes

   2.1 Introduction. If a stochastic process x(t) is stationary in the 

wide sense and if the autocorrelation function 40 (7) (or the autocovariance 
f unction F (r)) is continuous at r = 0, it is a well known fact that the p (r) 
and the spectral distribution function F(2) are equivalent through the relation 

                 p (r) = dF (2) .(2. 1. 1) 

   Roughly speaking, there are two ways in the analysis of stationary time 
series, methods based on finite parameter schemes which seem to attack 
importance mainly to the autocovariance function, and non-parametric ap-

proaches which are rather concerned with the inference of spectral distribu-
tion. In either case, most of the current methods of practical time series 

analysis seem to be based on the large sample theory. In this paper, we
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shall treat an exact method which is applicable to small samples. For that 
purpose, and especially for the prediction by small sample, it will be in-
evitable to adopt a finite parameter scheme. In this chapter we shall outline 
some finite parameter stochastic models which will be used in the later 
chapters. 

  § 2. 2 Finite parameter schemes with discrete time parameter. Ac-
cording to usual definition, a stochastic process x(t) with integral parameter 
t is said to constitute a multiple Markov process of order h, if there is 
a integer h such that for each 2 and t 

              Pr3x(t) < 21 x(t —k)=x,_,, k= 1, 2, 

             = Pr{x(t) < A x(t —k) = xt _kk, = 1, 2, •••, h (a.s.) (2. 2.1) 

If 1 the process is called a simple Markov process. 
   Theoretically, any one dimensional multiple Markov process of order h 

is only a component of an h dimensional simple Markov process. As we 
shall see later, however, multiple Markov process is not mere extension of 
simple Markov process, and the direct treatments of the former in its primary 
form seem to be rather convenient for practice. 

   For a simple Markov process we have the following theorem, but it 
should be noticed that the corresponding theorem for a multiple Markov 
process does not generally hold. 

   Theorem 1. If x(t) is a simple Markov process with integral para-
meter, then for each A and for arbitrary tn<t„_,<••• <ti<t (n> 1) 

                 Prx(t) x(t;)= xtj, j = 1, 2, •••, 
              =Prx(t) < 2 x(ti) = xt, (a.s.)(2. 2. 2) 

This is the defining equation of a simple Markov process with continuous 
parameter t and (2. 2. 2) may be also adopted for the definition in the 
integral parameter case. 

   Proof. For brevity, let us denote the probability distribution of a ran-
dom variable x given the value of other random variable y by P(x y), 
Pr (x c: X, x' y) by P(x, x' y) dx, where X is the whole space of x, and a set 

of (random) variables (x1, x2, • •• , x.) by xJ (j =1, 2, , n). Then by (2. 2. 1) 

                                               P (xt Xt • • • xtn.-1 xt,z)            P (
x, x„ = 1, 2, • • • , n))                                                                • t1 xt2, • • • tn_1 xtn) 

The numerator is equal to 

                                 t-tti- t2-1tn -1- tn-

  jP(xt_i (j= 1, 2, , t — t,t — 1 xlm) II dXt-i II dzi_; • • • 11                    J=1J=1.1=1
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 I. t -I 7,1-1t- t 1-1t1-t2-1tn-f -tit-1      nP (x,_,'x 1- ,-i) II dxt-; II dxt,-, • • • II dxt,,_,-, 

 

.  j,..0J=1 9=1.2=1 

  ' t-t I-It-t I-I 

= II P(x, _,xt,--i) II dxt-; 
 „ ,=0)=1 

f 

. t i-tn--1ti-t2-It n-1-17,1      ri P(xt,„ 1 x1,-,-1)IT dxt,-.1• • •IIdxtn_i-i 
  „„,.2=11=1 

                                                                                 t-ti--1 = IP (XI-, (i = 0, 1, - • , t - t1- 1) x11) II dxt--; 
                                                                    =1 

                                        '1-42-1tn _I-tn-1 

 

• jP(Xti-1(j = 0, 1, - , t1-t-1) to 1 xt„,z) II dx„_,•••IIdxtn_t-i 
                  j=iJ=t 

= P(xt 1 xt,) P(x„, x12, ••-, xt7,--1 xt„) (a. s.) . 

   For a multiple Markov process of oder h(> 1), we have the following 
lemmas. 

   Lemma 1. When the value of x(0) is given, the stochastic sequence 
x(t) (t =1, 2, •••) is also a multiple Markov process of oder h for the 
inversely directed time scale, that is, for each 2 and t and for arbitrary 
n> h 

       Prlx(t) <2 x(t + k)=xt-tk, k= 1, 2, •••, n; x(0) = xoi 
     =Pr  x (t) <2 x(t + k) = x t-tk, k = 1, 2, •••, h; x (0) =x0 (a. s.) . 

   Lemma 2. For each A and for arbitrary t1<t<t2, m,n> h 

           Pr x(t) < 2 x (I., - i) = xt1_1 (i =1, 2, ..-, m) ; 

                      x (t, + j) = xt2±, (j =- 1, 2, •-• , n) 1 
         =Pr x (t) <2 1 x(t 1 - i) = x ,1_, (i = 1, 2, •••, h) ; 
                         x(1.2+ j)=xt,±; (j ----- 1, 2, •-• , h)} (a.s.) . 

   From these lemmas, we get the following 

   Theorem 2. Let x(t) be a multiple Markov process of oder h. When 
the values of x(i(h + k) + j) (i =0,1, •••, n; j =1, 2, ••• , h) (h> 1, k __>_1) 
are given, n sets of k random variables x((i- 1) (h + k) + h+ j); j = 1, 2, 
•••, k (i = 1, 2, •••, n) are mutually independent. 

   For a normal stationary process x(t) with integral parameter, we have 
the following theorem. 

   Theorem 3. Let x(t) be a one dimensional normal stationary process 
with integral parameter. Either of the following three conditions is 
necessary and sufficient in oder that the x(t) is a non-deterministic Mar-
kov process of oder h.
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   1) x(t) satisfies a stochastic finite difference equation 

            E a)(x(t j) — m) y(t) (a.s.) , a,a„  N 0 (2. 2. 3) 

where the coefficients a's are such that 

                   all roots of the equation 

                                 ajz' =0                                                      ( 2. 2. 4) 
                                                  .° 

                   lie within the uuit circle, 

and where y(t) is a normal stationary indepeudent process with zero mean. 
   2) The autocorrelation function p(T) satisfies a finite difference equa-

tion 

             E a jp(r — =0 = 1, 2, •••) , aoa„  N 0 ,    j=0(2. 2. 5) 

                 P (0) = 1 , ( r) = P (r) (r 2, ...) 

where the coefficients have the property (2. 2. 4). 
   3) x(t) has a spectral density function of the form 

          F' (2) = 1/ E a, e" (— n < 2 < 7r) , aoa„ N 0 ( 2. 2. 6) 

with the condition (2. 2. 4) . 

   The proofs should be ref ered to Ogawara [1] and Doob [26] . 
   A stationary stochastic process which is not necessarily normal and has 

the properties stated above, where y(t) is a non-autocorrelated stationary 
process, is nothing but the so-called autoregressive scheme or autoregression 
process. 

   A moving averages of order k is defined by either of the following 
three equivalent conditions. 

   1) A stationary process x(t) with zero mean and with integral para-
meter is expressed by the form 

                x(t) = bj.Y (t j) (a. s. ) , bob,NO ,(2. 2. 7) 

where y(t) is a non-autocorrelated statonary process, E y(t) = 0, and the 
b's are constants, consequently 

       p(z) = (b + bib,,,+ ••• 
       =07 = k + 1, k + 2, • • • , (2. 2. 8) 

where c2 = 1/Ek,zo . 
   2) The x(t) process has the autocorrelation function such that 

              p (k) N 0 and p(T) —0 for r > k > 0 .(2. 2. 9)
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   3) The  x(t) process has a spectral density function of the form 

                                                                   A. 

            = (c2/2 7)E b., et 12(- < 2<m) , bob, N 0. (2.2. 10) 
                                                       .2=0 

  Ifall roots of 

            E = 0(2. 2. 11) 

                                                 0 

                    are within the unit circle 

or, even if some of them are of modulus one, they are of even multiplicity, 
then the moving averages is said to be regular (Wold [27]). In regular case 
the autocorrelation coefficients p (r) (r = 1, 2, •-• , k) satisfing the condition (2) 
determine unique moving averages. 

   Autoregression process and moving averages are the special cases of 
a stationary process x(t) defined by either of the following equivalent condi-
tions, which has been treated by several authors and we shall provisionally 

call a generalized autoregression process of orders (h, k). 

   1) E a,x(t - j) b„y(t - j) (a.s.) aoahbob,  N 0 , (2. 2.12) 
                                          j=I) 

where y(t) is a non-autocorrelated stationary process and the coefficients a's 
satisfy the condition (2. 2. 4). 

   2) E - j) N0 r = 1, 2, •-, k 
                  j=0 

                     = 0r k + 1, k + 2, • • • , aoa„  N 0 (2. 2. 13) 

with the coefficients satisfing (2. 2. 4). 

                        k 

   3) F'(2) =Eb, e(k- j'A•/IE a ,2< A <7) aoahbob, N 0, 
                        i=u 

                                                   (2. 2. 14) 
where the a's satisfy (2. 2. 4). 

   For a generalized autoregressive scheme (2. 2. 12) 

                   x* (t) = E a,x(t - j)(2.2. 15) 
                                                       J = 0 

is a moving averages whose autocorrelation function is given by 

   h, hk - 

       E ai E a, p (i - j + r)E b„b7,„ 
 p*(r),07,1=0h)=0                                                r -= 1, 2, • • • , k 

        E a,E a, p(i - j) E b,2 
           t=0)=0 

    =0 = k + 1, k + 2, • • • (2. 2. 16) 

and 

                  b„ fT (z - )3.) bizk' ,(2. 2. 17) 
                 .5=0.1=0



18 Masami OGAWARA

where i3; and l/g, (j = 1, 2, ••• , k) are the roots of 

                E p* (7) = .(2. 2. 18) 

When di < 1 (j= 1, 2, •-• , k), the x(t) may be called a regular generalized 
autoregression process (regular g.a.p.). 

   For a regular g a.p., if the autocorrelation function p(r) is given, the 
coefficients ai's can be determined by (2. 2. 13) and p* (7) (7 = 1, 2, •-• , k) are 
calculated by (2. 2. 16), consequently the coefficients k's are determined by 
(2. 2. 17) and (2. 2. 18), where we may set ao=bo = 1. As regards of the 
variances, we have 

               ai±a , p (i — j)-1V (x) =[±(y) .(2. 2. 19) 
         =0 --,1)J2=0 

Next, the g.a.p. is expressed in the form 

                      x(t) ci.V(t —j) (co -= 1) ,(2.2.20) 

where c; is the solution of 

                       E (j = 1, 2, • • •) (2. 2. 21) 
                                                 i=0 

with the boundary conditions 

    czo-=bo= co =1 , ai =0 (i> h) , b, = 0 (: > k) , c,=0 (j <0) 

and, by (2. 2. 4), ET=0 c2j< 00. 
   Even if the coefficients in a generalized autoregressive scheme are known 

and a sample series x (t) = xt (t = 1, 2, ••• , t„) is given, the sample values of 

y (t) are indeterminate except the case of k that is an autoregression 
process (a.p.). If we denote the solution of a finite difference equation 
in y„ 

           E E (t = h + 1, h + 2, • • • , tc) (2. 2, 22) 
        j=02.0 

under the initial condition v v                                     h-I — • • • = h-k+1— 0, by 3,`,' (t = h + 1, • • •, t0), 
then the general solution of (2. 2. 22) is given by 

          y (t) = y` + E A , (t) y (h + 1 — j ) (t > h + 1) , (2. 2. 23) 
                                                            .)=-L 

where A; (t) is the solution of 

   E b,A,(t — (b0 =1) (t = h + 1, h + 2, ••-, to) , = 1, 2, •••, k 

                                                   (2. 2. 24) 

and where the values of A; (t) (t = h + 1, h +- 2, • • • , lz + k), which give the 
boundary condition for the equation (2. 2. 24), are directly determined as
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the coefficient of  y(h+ 1— j) (j 1, 2, •-• , k) in the expressions of y(t) 

(t = h + 1, h + 2, • , h + k) respectively, namely 

       y(h+ 1) = —biy(h)— ••• —b,y(h—k+ 1) 

        (h + 2) ----h.°1-2 + (b2, — b2) Y (h) + + — bk) Y (h — k + 2) 

                                 +bib,y(h— k+ 1) 

hence 

      A,(h+ 1) = — bi  , Ak(h+1)_—bk 

       A,(h+ 2) = b12 --b2,  , Ak(h+ 2) = bi bk 

and, if the g.a.p. is regular, A; (t) —) 0 (t —*co). 
   Thus the linear prediction of x(to+ s) (s > 0) is given by the expecta-

tion and variance of the conditional random variable x* (to + s) , given 
xt(t= 1, 2, • • • , to), that is* 

                                                   to-h-1 

      E x* (to + s) = E Yft)o—i(2 . 2. 25) 

                  k to—h-12         V{x* (to + s)} = [E + E-I E c,_;Ai(to — (3') (2. 2. 26) 
                                                        )=.0 

and we have 

    {10—A—E12to<-1 E—h-12ito—A-12         cs,jAi(to— j)fcs-)E(to — i) (s .0) . 
                                                    7.0 

   Theorem 4. Let x, (t) = 1, 2, • , m) be m independent autoregression 
processes of order h, (v= 1, 2, , m) respectively. Then 

                   x(t) =- E x,(t)(2. 2. 27) 
                                                                 ,=1 

is a generalized autoregression process of orders (h, k), where 

                 h= E h„ k=h— min (h,) . (2.2. 28) 

   Lemma 3. Let 

   f (2) co (z) cr,(zn + z—n) + + z—(z—')) + + c1(z + z—') + Co , 

where z:=-_=eix, the c's are real constants and coc„N   0. If f(2)> 0 ( — 7E < 2 
< 7r) and if f(2) is an even function of 2. Then the f(2) can be written 
in the form 

* It will be desirable to adopt the prediction scheme minimizing (2. 2. 26) with respect to initial 
 values of yt, however the influence of the initial values may be considered to be negligible,  because of ergodicity, when to—h is not so small.
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                    f(2) = ao + a iz + + anz,12 , 

where the a's are real constants. 

   Proof. We can write 

                 f(2) = cne-i"xII(e"— z,) (e"—, 
             .7-1z  

where 0 < z, <1 (j 1, 2, •••, n). Since f(2) = f(2) 

              f (2) c„e-inxlI(e'—(e”—1) 
            k =1Zk 

                    0 < zk; <1 (1? 1, 2, • •• , n) . 

Hence each z, is equal to a z , and 

                1 11•1             —
z,—e                             z,ik— 1 =eix — z, .          1;z 

Therefore 

      f(2)If (2) = ncII— z.721=++ • ••+ a'ne'nx, 
                    ziI 

where K> 0, since f (2) > 0. Thus we can write, finally 

                  f(2) = i a, + a ie" + + an ex 2 , 

where the a's are real, since f (2) is an even function of 2. 

   Proof of Theorem 4. Let 1' (r) and r,(7) denote the autocovariance 
function of x(t) and of x,,(t) respectively and let the corresponding spectral 
functions be F(2) and F ,(2) . Then 

           r (7) = E ,(2) , 

            r (z) = errx dF (2) , I (r) =ez7XF' (2) d2 

where 

         F(2)K„+ a7)+2 z 

                       K, > 0 , a1,V  \ 0 . 

Thus 

          F' (2) = E F (2) = if, I z' + al') zn? + • • + a/Cy,' 

               E11('')E"h                                            zih-.°-itE a(;),z4,-,1.21 

                                                                                                                                                                                                     _ 

   „2,0 

where Tr) denotes the product except the with factor. The denominator 

clearly has the form
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                                                                                       L- 

                            Y a; 
 J=0 

where  h = E h, and ao= 1, a,= lI a/1'; 0. While the numerator can be 

written in the form 

        (z) = gie(e + + + z"—") + • • • + g,(z + C) 4 g0 
with real coefficients, where 

        k = max (h1 + ••• h,_,+ h,+ ••• + h„,) = E hp— min (hp) , 

      gk= a(? \ 0 (h,=min(h,)) 

Therefore, according to Lemma 4, co(z) can be written in the form 

                    Co (z) lb° + biz + • + bkz,112 , bob, 0. 
Thus the proposition was proved. 

   If, conversely, a g. a. p. (2.2.12) with k <h< 2k can be decomposed into 
the sum of two independent autoregression processes, 

               x(t) = x,(t) + x2(t) , 
                                hY 

                E a';') x,(t —j) = y,(t) =1, 2) , (2.2. 29) 
                                ,=0 

                  hi = k , h2= h — k , 

the coefficients a') (j =1, 2, ••• , h; v = 1, 2) must satisfy the following re-
lation. 

                                 — ai (j = 1, 2, • , h) . (2.2. 30) 

   As we have alrady seen, regular g.a.p., consequently either of a.p. 
with the condition (2. 2. 4) and moving averages, is a special case of the 
lenear process or general moving averages which is defined by 

              x(t) = E ciy(t—j) ( E c12 .(2. 2. 31) 

   Finite parameter schemes we have refered to in this section are strait-
forwardly extended to the case of vector process (Ogawara [2]). About the 
component proceses of an n dimensional a.p. the following theorem holds. 

   Theorem 5. A component process of an n dimensional a.p. of order 
h1 is a g.a.p. of orders (h, k), where 

                 h=nh„ k= (n— 1) h„(2. 2. 32) 

except the possible degenerated case. 
   Conversely, if x(t) is a one dimensional g.a.p of orders (h, k) such 

that h/ (h — k) is a positive integer, then the x(t) is a componet process 
of an n = h/ (h — k) dimensional a.p. of order h1=h—k.
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   A particular case, where k h — 1, of this converse corresponds to 
Theorem 3. 8 of Doob [25]. 

   Proof. Let x (t) be an n dimensional a. p. of order h„ Ex(t) = 0, that is 

            x(t) + a,x(t — 1) + ••• + a„,x(t — h1) y(t) (a.s.), (2. 2.33) 

where 

       x(t) (xi(t) y(t) = /Yi(t)) a, = /a ••• al 7) 

     

. ,. ,• • 
                                                                  ()                       "•      x

„.Y                 (t).(t)^an,• • • (4.72 71 

In the (k + 1) n equations 

 hi ,i = 1,2,-.•, n;  )() 
    E E at,(,xi(t — u — v) =y,(t — u) (a.s.) (ai,= 

                                                      u 0, 1, •-• , k, 

                                                    (2.2. 34) 
the number of random variables 

    x,(t — u — v) = 2, 3, ••-, n = 1, 2, ••-, h1; u 0, 1, •••, k) (2. 2.35) 

is (k + h, + 1) (n — 1). Therefore, if we take the value of k such that 

         (k + 1) — + hi + 1) (n — 1) =1 or k= (n — 1) hi , 

we can eliminate (2. 2. 35) in (2. 2. 34), getting an equation of the form 

                    E c„x,(t — v) r„5,(t) (a.s.), (2.2. 36) 
                                                                   ,=o 

where h=nhi, k= (n — 1)111 and where 5,(t) is the linear combination of 

yi(t — 2)), 11,,(t — I)) and is non-correlated with e,, (t) (v'  N v). Owing to 
(2. 2. 9), C (t) =E:!,„ ry„(t) is a moving averages of order k and is written 
in the form 

              C(t) z(t) + b,z(t —1) + ••• + b„,z(t — k) ,(2. 2. 37) 

where z(t) is a non-autocorrelated stationary process. 
   To prove the converse, we only set h, h — k and n h/ (h — k) in 

(2. 2. 33). Then we can get the relations between the (4'.;) (i , j = 1, 2, •-• , n ; 
v = 1, 2, ••• , it) and the constants cl,c2, ••. ,c„, b1,b2, ••• .14 which define the 

process x(t) (= x, (t) (a.s.)) by the expressions (2.2. 36 and 37). Since 
n' hi, h2/ (h — k) > h + k(k> 1), the n dimensional process is not uniquely 

determined. 

  § 2. 3 Finite parameter schemes with continuous time parameter. 
Throughout this section we consider a real (wide sense) stationary continu-
ous parameter process x(t) (— co <t < co) with Ex(t) = 0, V x(t) 1 and 
E x (t) x(t + r) p (r)



Time Series Analysis and Stochastic Prediction23

    Lemma 4. If the first 2n derivatives  p(''  (r) 1, 2, •••, 2n) exist for 
— co < z < , then 

      lo'n-1) (0) = 0 , p(2'1) (0) = ( — 1)v 0,2 (6,2 > 0) (Li = 1, 2, •••, n) (2. 3. 1) 

and the first n derived processes x' (t) (— cc <t <cc) = 1, 2, ••• , n) exist 
in quadratic mean convergence, they are stationary and, for v, v' < n, 

     E = 0 , V x(' (t) av2 ,(2. 3. 2) 

       E 4(v) (t) (t — r) = (— 1) )( 7) (7> 0) 

                   2 -(vtv)(2. 3. 3)       E
(t)x'y(t)}=(-1)P(0) ifv + V =even • 

                   0if v + v' =odd 

Conversely, if the first n derived processes of x(t) exist (in q.m.), then 
Pc' (r) = 1, 2, • , 2n) exist and (2. 3. 1), (2. 3. 2) and (2. 3. 3) hold. 

   Proof. This lemma comes immediately from the well known case of 
n = 1, and we give here a simple and direct proof of the converse only. 

   Since 'E' and lim in q.m.' can be interchanged, differentiating v times 
with respect to r both sides of 

                  Eix(t+ r) x(t) = p(r) (r > 0) , 

we get 

                   E (t + 7) x(t) = P('') (r) • 

Since the x(') (t) is also stationary, 

                    E xnt) x (t — = p(v) (r) . 

Differentiating V times with respect to r, we have 

                (— 1)'' E (t) (t — 7) = p(v-i-v) (r) , 

which gives the first line of (2.3.3). Next, from the fact that 

                  (— )( (_1),p(v-f-v)(,) 

and the continuity of 40('''')(7) at r 0, we get the second line of (2.3. 3). 
   Now, as a finite parameter scheme with continuous time parameter, let 

us first consider the stationary (wide sense) process x(t) which has the 
followig mutually equivalent properties_ 

   1) The x(t) has an absolutely continuous spectral distribution having 
the densities 

           F' (il) =1a,(i2)-'12 (-0 A <00) , aosa„ 0, (2. 3. 4) 
                                            .1=0 

where the a's are real constants such that
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      all roots of the denominator are complex and lie in the 

       upper  half-plane or all are in the lower half-plane (2. 3. 5) 

      (we suppose the former in the following) 

   2) The autocorrelation function is expressed in the form 

                p2 7rItdi1                                               ai,a„    0 , (2. 3. 6)                                 1-- a,(i/1))12 

with the condition (2. 3. 5). 
   3) The derivatives p") (7) (v =1, 2, •••) exist for r 0 and the p(r) 

satisfies the differential equations 

                     E ajp(i)(z-) =0 (z- > 0) ,(2. 3. 7) 
                                            d=1) 

                                             li 

                       E(-1)-7a,,o(i)(z-) =0 (z- <0) ,(2. 3. 8) 
                                       j=0 

with the boundary conditions at r = 0, 

     p(2',---1) (0 )p(2V-1)(00                                                    = 1, 2, ••• , h —1. 
   P(2'1)(0 +)p(2')(0 —) =H(a,,2 > 0)(2. 3. 9) 

    p(2h-1) (0 +) p(11-1)(0 —) 1)1 I / 

   In the following we assume moreover that the process x (t) is normal. 
Let z(t) be a Brownian motion on (— cc, CO) 

    E(z(t2) — z(ti)) =0, E(z(t2) z(t1) 2) = 27r (t, — t1)(t1<t2) • 

Then the spectral representation of the x (t) is written in the form 

               1F eft, dz* (2)             x(t) =E
a(i2)'' Elz*(i1)11,- c11, (2. 3. 10) 

where the z* (2) is the Fourier transform of z(t), and the x(t) has the first 
h — 1 derivatives (in q.m.), by (2. 3. 9) and Lemma 4, and satisfies the 
equation 

      lt -1  

 E a,f (t) x`"(t) dt + a1,f*(t) dx(4-1)      S(t) = I f * (t) dz (t) (a. s.)       3=0 

                                                   (2. 3. 11) 

for an arbitrary function f * which is continuous with a continuous derivative 
in some finite closed interval and vanishes outside the interval. For brevity 
we write 

               ao x (t) + aix' (t) + • + a„x(h) (t) = z'(t) (a.s.) (2. 3.12) 

instead of (2.3. 11). In (2.3. 12), x(t) is independent of z'(t) ; strictly 
speaking,
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 E  {  (z(t2)  -  z  x  (t)  1  =  0  , t-,‹ .(2. 3. 13) 

    Now, since 

                  ¶ (2) 1 -1E a,(i 2)1(2. 3.14) 
                                                                   3=1 

is regular and has no zero on the real line and in the lower half-plane, 

        1A                  (t) 
=e'Atg(2) d2 = 0 (t < 0) (2. 3. 15)                                            2

7rA--.00                                                   -A 

and 

                   x (t) = r (t - r) dz (t)(2.3. 16) 

has the spectral densities (2. 3. 4) and the autocorrelation function (2. 3. 6). 
Thus the x (t) given by (2. 3. 16) is a solution of the stochastic differential 
equation (2. 3. 12), i(t) being the solution of the differential equation 

               a„* (t) + (t) + • • • + aok(h) (t) = 0 (t>0) (2. 3. 17) 

with the boundary conditions 

     Ike (0 +) = 0 (j 0, 1, , h - 2) , -1) (0+) = 1/ a„ .(2. 3.18) 

   On the other hand, the stationary process 

              x (t) =e"d z(2)(2. 3. 19)                          2
7rE a j(- /1)j 

has as well the same spectral densities (2. 3. 4) and the same autocorrelation 
function (2. 3. 6) and satisfies the backward stochastic differential equation 

             a, x (t) - a, x' (t) + ••• + (- 1)h ahx(h) (t) = z' (t) (a.s.) 

                                        (formally) (2. 3. 20) 

and, by residue calculation and lemma 4, 

                  E {(z(t2) z(t x(t) 1 =0, i<to,< t. (2. 3. 21) 

Corresponding to (2. 3. 15), since (2) = 1/1E, a ( - i 2) } is regular and has 
no zero on the real line and in the upper half-plane, we have 

                                            A 

                                  i- 

             k 1(0=-11.i.m.eAtV (2) d2 = 0 (t > 0) .(2. 3. 22)                    2TC A--A 

Accordingly, 

                   x (t) = tfr.,(t - dz(r)(2.3. 23) 

                                                                                                                                   .
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is a solution of (2.3. 20), and clearly I (t) = — t) . We may call (2. 3. 16) 
the forward process and (2. 3. 23) the backward process. 

   The solution of the forward equation (2. 3. 12), under the initial condition 

                x(j)(tf) = 4:)(j= 0, 1, • , h— 1) ,(2. 3. 24) 

is given by 

    x(t) = c ikeuk'tti))xV)+(t — 7)dz(7),t > t„ (2. 3. 25) 
                       j=1 

where the uk is the root of the equation 

                                                      7t 

                          E ajui = 0 

and its real part is negative owing to (2.3. 5), and if its multiplicity is m, 
ci, is a polynomial in t of order m — 1 with the coefficients depending on t, 
and u, (k = 1, 2, • • -). On account of (2. 3. 13) , the solution x(t) (t> t1) is 
independent of x(s) (s<t1). 

   Quite similarly, the solution of the backward equation, under the initial 
condition 

                x(') (t2) = (j= 0, 1, • • • , h— 1) ,(2. 3. 26) 

is given by 

                                                   t2 

     X (t) =(E c7,,euk(t2`))`j-1)I+(t — 7)dz(r),t < t,,(2. 3. 27) 
                  J=1 k 

where c,„ is obtained by replacing t2 and — uk in cj„ instead of t, and uk 
respectively, and where (t — r) can be replaced by — t). From (2.3.21) 
and (2. 3. 27) we observe thst, under the condition (2. 3. 26), x(t) (t<t,) 
and x(s) (s>t,) are independent. Thus we get the f ollowing theorems. 

   Theorem 6. Let x(t) (— <t <v3) be a normal stationary (wide 
sense) process having the spectral densities (2. 3. 4) or the autocorrelation 
function (2. 3. 6). If we assign the values 

                  x(;) (to) = = 0, 1, , h — 1) 

the conditional random variables x(s) and x(t) (s <to<t) are independent, 
and the conditional distribution of the x(t) is normal with the following 
mean value and variance, 

                                                                                                               It-I 

     E f x (t)x`,,) ; j = 0, 1, • • • , h — 1 + c,, (xt„ — ,a) + E , (3. 2. 28) 
                                                                                           3=1                                                                

I 

   V x(t) ; j = 0, 1, • • h —1 = a2 [1— E c(— 1) ',0())(t — t„)] , (3. 2. 29) 
                                                                       j.0 

where g = E x (t) , a2 = V x(t) and
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 D, 
c, =    D 

  = 1          10' (0) •-•p`J-1)(0) p (t — t„) (n0).4h-"(0) 

       p](0) p"(0) " (0)p' (t — t „)pc 21- 2) (0) " P(4) (C) 

         p(11-1) (0) pJi) (0) ...p(h-t-i-2) (0) p(h-1) (t t0) p(h-t- >)(0)... p(21,--2) (0) 

 D = p(h -1)(0)                            (j= 0, 1, 14— 1), 

       p(h_,,(0)                           (2h-2) (0) 

where p())(0) =0 for j odd, because of Lemma 4. Similar formulas hold for 
the conditional distribution of the x(s). 

   Theorem 7. Let x(t) be a stationary process supposed in the preced-
ing theorem. If we assign the values 

                                           (i)                            x(i)(t,)=xt, 

                                 ( 

                          x.1)(t2) =x(t2j) 

                      (11<t2; = 0, 1, •••, h— 1) 

conditional random variables x(s,), x(t) and x(s2) (s1<t1<t <t,< s2) are 
mutually independent, and the conditional distribution of the x(t) is normal 
with the following conditional mean value and conditional variance, 

        E kx(1)=+ ci(xt, —+E cixr 

                                                          2 

                h-1-1(xt2 - It) E(2. 3. 30) 
                                                               -2 

        V 4(0 a2 4„= a2[1 — c;(— 1)jp"-"(t — t1)] 
                                                                  )=I 

                                    - E Chtj PC1-1)(t2 t)(2.3. 31) 
                                                          :7=1 

where
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        1p (t — t1) — p'(t—t,) ••• 

        p(t — t ,)1(— 1)2 p' (0) - • 

         — p'(t—t ,)p'(0)(-1)2 p"(0) •-• 
    23 

          p" (t — t,) (— 1) 2 p"(0)(— 1) p" (0) • • • 

       h-1 (h-1)h-I (h-I)h (h) 

      (— 1) ,o(t — t,) (— 1) 2- p (0)— p(0) ••- 

          p(t2—t)p(t2— f.)— p' (t,— ti) ••- 

          p(t2— t)p'(t2— t,)— p"(t,—t1) ••• 

       (h-1)(h-1)                                                            (h) 

         p (t2 — t)p (t2t1)- p(t2 — t1) • 

        h-1 (h-1)(h-1) 

             •• (— 1) p (t — tP (t 2 — t)• • •p (t 2— t) 

        h-1 (h-1)(h-I) 

           

• (— 1) 2 p (0) p (t2 — t p (t2 t1) 

      h, (,)(it) 

            ^(— 1)'Ip (0)— 10' (t,— — P (t t1) 
            h-I-1 (h-1-1)(h-I-1) 

          ^1) 2 p(0) p" (t 2 — p (t2 — t,) 

                   It-1 (2h-2)h-1 (lt-1)h-1 (2h-2) 

             •(— 1) p(0)(— 1) p (t2 — t1)•••(— 1) p (t2 t1) 

           h- I (h-I)h-1 (h-1) 

            •• (— 1) p (t2 — t1)1 •••(— 1) p (0) 

            h-I (2h-2) 1 h-1 (h) 

              

• • • (— 1) P (t 2— t1) (—P' (0) •-• (— 1P- 40 (0) 

                     h-1 (2h-2)h-I (h-1) 

              ^1) P (t 2t1) (— 1)2 P(0) •-• (— 1)h-tP12A-2)(0) ' 

                                                  (2. 3. 32) 

"9(1)(0) 0 for j odd and where 

                            CJ 411(j= 1, 2, • • • , 2h) , 

zip, being the cofactor of the (p, q) element in J. 

   Proof. A set of random variables 

        x(t), x(t,), x'(11), • • • , x(h-i ) (to , x(t,), x'(0, , (t2)
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submits to a  2h + 1 dimensional normal distribution. Therefore , by Lemma 4, 
we get the second part of the theorem. 

   The autocorrelation determinant d' of 2h + 2 random variables 

          x(t), x(t1), xV,), , x(4-1)(ti), x(t2,), , x(4-1) (t,), x(s) 

is given by adding to d the (2h + 2) th row and the (2h + 2) th column with 
the same composition 

      P (s — t), P (S — t1), 40' (S t1), (— 1)h-1 pri'-1) t1), p(s — t2),                                            

, (— 1) 4-1 P(4-" GC -1.2), 1 
and, by means of (2. 3. 7) or (2. 3. 8), we can easily show that the cofactor of 
the (1, 2h + 2) element in d' is equal to zero for either case s < t i< t < t2, 
t,<t<t2<s or t<ti<t2<s. Thus the first part of the theorem is proved . 

   Corollary. Under the assumptions and the condition C of the theorem 7, 
arbitrary linear functional L(ti,t2)(x(•)) of the process x (t) (ti < t < t2) is 
independent of x(s) (s < t, or t2< s) and consequently independent of its 
arbitrary functional .4_ ,,,),„2,00)(x(•)), and ELL(,,,,,)(x(•)) is a linear 
combination of xt`',---", xt(2'1) (j = 1,2,,h),whileflL ,t,,t2)(x(-))is in- 
dependent of them. 

   As a more general finite parameter shceme we have stationary processes 
with absolutely continuous spectral distributions having rational spectral 
densities 

     F'(2) _'E b,(i il)j 7E a,(i2)12 , aoak,bob,N. 0 , k <h , (2. 3. 33) 
where the a's and the b's are real, and where we can suppose , for convenience' 
sake, that all roots of the denominator and the imaginary roots of the numerator 
are in the upper half-plane. The autocorrelation function p (v) of a process 
of this type satisfies the differential equations (2. 3. 7) and (2. 3. 8), but the 
p(r) has only the first 2 (h — k — 1) derivatives at r = 0. Accordingly the 
x(t) has only the first h— k— 1 derivatives (in q .m.). It is therefore the 
matter of course that the autocorrelation function p (r) is not uniquely 
determined by the differential equation (2. 3 . 7) or (2. 3. 8), but it depends 
on the coefficients b's, while in the case of scheme (2. 3. 4) the p (r) was 
concretely determined by the boundary conditions (2 . 3. 9). 

   Theorem 8. Let y(t)(— no <t < no) be a real stationary process with 
spectral densities (2. 3. 4) . Then the stationary process x(t) with the 

spectral densities (2. 3. 33) is written in the form 

    x(t) =boy(t) + biy'(t) + ••• + bky(k)(t) (a .s.) (k <h) . (2. 3. 34) 

   Proof. Since the y(t) satisfies the differential equation 

         a, y (t) + a, y' (t) + • + a,,,y(n) (t) = z'(t) (formally), (2. 3. 35)
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where z (t) is a process with orthogonal increments, by means of the spectral 
representations of x(t) and y(t), the proof is immediate. 

   It is well known that the most general form of a stationary (wide sense) 
process with absolutely continuous spectral distribution is the moving averages 

                   x(t) = f(s)de(t — s) ,(2.3. 36) 

                                                             - where f(s) is a Lebesque measurable function,f(s) 2ds < CO, and the 

5(0 is a process of orthogonal increments, E de(t))2}=dt. Finite para-
meter scheme of this type, which we shall treat in the next chapter, may 
be specified as follows. We suppose that the f(s) is a real function whose 
functioal type is known but involves finite number of parameters. Moreover 
we assume that it is continuous except an enumerable set of points, for 
a fixed t0, 

            f(s) = 0 for s > to > 0 and for s < 0 

and it has continuous and non-zero points in (0, 6) and in (t0 — E, t„), E being 
an arbitrary positive number less than to. Then the autocovariance func-
tion is given by 

                    (t) =  f (u) f (u r) du -1-1<to, (2. 3, 37) 
         = 0z> to. 

   2. 4 Relation between continuous parameter process and discrete 
        parameter process belongs to it. 

   Definition. Let x(t) (— CO < t <00) be a stochastic process with con-
tinuous time parameter. Then a discrete parameter process x(s + ndt) 
(dt > 0, n= 0, ± 1, ± 2, ••) may be called a process belongs to the x(t) for 
each s real. 

   Lemma 5. Let F(,1)(-0,0<2 <00) be the spectral distribution function 
of a real stationary process x(t) and let G4,(A)(-7r/dt G g<7.c/ zit) be the 
spectral distribution function of x(n4t) belongs to the x(t). Then 

          GA,(a)rF(2nrtIt)F( (2n —1)7r)]                                                     (2. 4. 1)                    L\ 

and if the spectral density function F'(2) exists and is continuous, then 
G'4, (g) exists and 

                 G,' (CO= E F'(2nx + tt) ,(2. 4. 2) 
                                            n.— 

provided that the right hand side converges.
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 Proof. Let do (0 be the autocorrelation function of x(t) . Then 

              p(i) zit) =1 cosy dt 2dF (2) 
                                                  C2n1-1)/t/dt 

                     Ecos!) z1t2dF(2) 
                                                  (2n-1)7c/At 

                   = Ec f cos v,a dF (2127r/2) .                                                         Atn—co 0/4, 
As this series is absolutely convergent, the proposition is proved . 

   Theorem 8. Let x(t) (— Co <t <00) be a continuous Parameter stationary 
process having spectral density function 

           ktofrh 

     F' (2) = IE b d(i A)/I IE a,(i2)k <h , aoboah,b,N 0 , (2. 4. 3) 

with the conditions about the coefficients a's and b's for (2. 3. 33). Then, 
every discrete parameter process x(ndt)(n = 0, ± 1, ± 2, ••-) belongs to the 
x(t) is a generalized autoregression process of orders (h, h — 1), independ-
ently of k, except possible degenerated case. 

   Proof. A perspective proof is as follows. The autocorrelation function 
of the x(t) process has the form 

           p(T) E C z>0 (PC— = P(T)) 

where ci is a polynomial in r with coefficients c(;)(v= 1, 2, ••• , h,; E h,=h) 
and the z,'s are zeros of E a; z' = 0, with the multiplicity his respectively. 
Hence, 

        p ((n — j) =E j= 0, 1, • • • , h; n> h. (2. 4. 4) 

Eliminating h coefficients c;')'s from h+ 1 equations (2. 4. 4), we- get 

            E a* (40 p ((n — At) = 0 for n> h    1=0(2 . 4. 5) 
                                N0 for n = h— 1 , 

where a (di) is a function of exp(z; zit) (j = 1, 2, • • •). (2. 4. 5) is nothing 
but the characteristic property for x(n 40 to be a g.a.p. of orders (h, h 1). 

   An alternative proof of the theorem is to show that the spectral densities 
of the x(ndt) process has the form 

                                      h-1 

         J 1)1' 2 7r7r 
      G,„(g)-=c— <duc > 0 . (2. 4. 6) 

            Ea* e"-""AtAt'
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To this we need the following lemma, which is derived from the formula 
in the theory of infinite series, 

         11  
                   -

z22 z (1—ez)z+(2nrc)2(z N 0) . 

    Lemma 6. 

         11— e.-2 

               c2 + (2nx + 11)2— 2C (1— (1— 

where C and it are arbitrary constants. 

   By Lemmas 5 and 6, after some calculations, we get 

                                                7i-1 

              (it)=E + E aj< ei(h—j)t,dt , 
                                        j=0 

where the constants a*, 's are functions of exp(— z; (j 1, 2, • • ; z,'s being 
constants depend on als), the P,'s depend on constants zis and wls (which 
depend on b s) and both are independent of ac. Since G,'„, (,u) (— r/ zit < 
p, <7c/ 40, the G/4, (,a) can be written in the form (2.4. 6), owing to Lemma 3. 

   Conversely, we observe the following 

   Theorem 9. Let x(nr) > 0 n= 0, ± 1, + 2, ••-) be a discrete para-
meter process belongs to a real stationary continuous parameter process 
x(t) (— CO < t< oo) with continuous spectral density function F'(2). If 
then for any r > 0 

     y(nz)=E (r) x((n — :7) r) a0(r) 7=-1 , n =0, f1, ± 2, ••• 
                       )=0 

                                                      (2.4. 7) 

is a moving averages of order m>0, where a; (r) (j ----1, 2, •••, h) are real 
valued continuous functions of z- only and a„(r) N 0 for any r > 0. Then 
m=h— 1 and F' (2) has the form (2.4. 3) . 

   Proof. According to Ghurye's theorem (Ghurye[28]), under the assump-
tions of our theorem, the autocorrelation coefficient ,o (z) of x(t) has the form 

             p(r) = E(E rs) , r > 0 , E h;=h, (2. 4. 8) 
                                            s=o 

where cis's are constants independent of r and the real parts of the 2, are 

positive. Therefore the p (r) satisfies a differential equation 
                                                   JL 

                      E a p")(r) = 0 (r > 0) . 

Thus, owing to Doob's theorem (Doob [25)), F'(/1) has the form (2.4. 3) and, 
by Theorem 8, m = h — 1.



Time Series Analysis and Stochastic Prediction33

Chapter III. Statistical  Inference of Time Series

  § 3.1 Autoregression process. When the autocorrelation coefficients 
Pk (k = 1, 2, • • • ) of a stationary time series xt with integral time parameter 
are known, the statistical inf erence of the mean value and the variance is 
easy. For example, for a normal simple Markov process with autocorrela-
tion coefficients p = pk ( p < 1), the maximum likelihood estimates for the 
mean value m and the variance a2 are given by 

                                                    X-1        n"i = [xl + x, + (1 - p) E xt] [2+ (1— p) (N — 2)1 
  1

p,             N [(x,112)2+ ,2 E-hi) - P(Xt-I —124)1- 
The In is the unbiassed efficient statistic for m, while, for x= xtIN, we 

have 

             tiT(x) 
                   a[1 + P2 f (1)1 —>V (M) ,                      N1 — pN (1— 40)2J - 

provided that p 0. 
   In general case where all of the population parameters are unknown, 

our methods of statistical inference are based on the conditional independence 
and the normal regression theory. The conditional independence is introduced 
in two ways according to two types of sample schemes given in § 1. 1. 

   Sample scheme I. Let x (t = 1, 2, • • • , N) be a sample of type I of 
a normal stationary multiple Markov process of order h, x (t) (t E T), where 
T=•-•, —1, 0, 1, •-• and 

  x(t) — m + a (x (t — 1) — m) + • • • + a„(x(t — h) — m) = y (t) , a„\   0 . 

                                                     (3.1. 1) 

If the variables x(k(h + 1) — p), x (k (h + 1) + p) (p = 1, 2, • • • , h ; k = 1, 2, 
•••,n) are fixed at their observed values, the random variables x(k(h+ 1)) 

(k 1, 2, • • • , n) are independent each other by Theorem 2 and their con-
ditional probability densities are given by 

       f(X“Itt-I,LX1,0±1)-pl X “h1-1)- p ; p —19 2, , h) 
 11(3.1. 2)     —"v,27.„-aoexp2a0,—E 1),xpk-1(k=1,2, • • • , n), 

where x = (x + xk(h-1-0-1-1,) /2 (p 1, 2, . • • , h), k= 1, and where 

          b, = m (1 — 2 cp) 9 b = 2c„ (p= 1, 2, •••, h) ,(3 .1. 3) 
                                           p=,
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            Ch. -1 • Ph-1 PA+1— P2h Pa 

                              PI '•• Ph-2 Ph • • • P2h-1Ph-1 

              •••                                                                                                                                                                                                                                                                    • 

            C1Ph-1 ••• 1 p2 • • • Ph-h1P1(3. 1.4) 

               C1Ph-hl • • • P2 1 • • • PA-1P1 

                                                                                  •                                                                       

• 

                                            P-lt • • • Ph-I-1 Ph-1 • • • 1                                                            Ph 
and 

                             1 + aipi + •••ahPh             a„" =22 62 9(3. 1. 5)                               1 
+ a,+ •-• + a, 

where 

                Pk+ ai Pk-i + • • • am 0 k_i, 0 (k =1, 2, •-•) . (3. 1. 6) 

   Let 6, (k = 0, 1, ••• , h) and a, be the conditional maximum likelihood 
estimates of bk (k = 0, 1, ••• , h) and respectively. Then, the conditional 
maximum likelihood estimates fit and cp (p = 1, 2, •••, h) are obtained from 
(3. 1. 3), and the estimates of the autocorrelation coefficients are found, if 
they exist, from the equations 

           ehPh-frj +Ch-1j-1+ • • • + el ) j1-1 j + 76j-1 4- • • • 4- eh: j-h= 0 

                                    (j=1,2, • • • h)(3. 1. 7) 
and 

          ;ok + ai + + 0 (k =1, 2, • , 2h) , (3. 1. 8) 

under the condition (2. 2. 4), where :1111                                           19 p2 9 • • • .-P2h and a1, a2, •••, a,, are un-
knowns. Furthermore, as an estimate of the spectral densities f (,1) we 
have 

                                                                          2 

            JPIC                   ) =; 1++ •-• +a„einx, (3.1. 9) 

where K = [27E E7_„ ail', the ca; being the solution of the equations 
                      k. 

      E 0 (k 2, • .. ) Flo = ao = 1 , a;=0 (j< 0) . 

   The consistency of the conditional maximum likelihood estimates bk, 
consequently the consistency of the derived estimates for the other para-

meters and the spectral densities can be easily proved, where the x together 
with X k(h are random variables. 

   As we see in the following theorems, the efficiency of such conditional 
estimations is inferior to that of ordinary maximum likelihood estimates, 
though it is generally difficult to obatin explicit expressions for the later. 
Above mentioned conditional estimates would be rather useful for testing 
statistical hypotheses which will be given later on.
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    Theorem 10. Let  f(x„ ••• x„, x,,'; 0, 0', be the probability 
density function of m+ n random variables with population parameters 
0,0', •••, and let g(x,', •-• , x„,'; 0, 0', •••) be the probability density function 
of x'= (x,', •••, If e is the efficient estimate of 0 and if B. is a con-
ditional estimate of 0 given x', then 

                   V(e) < V ,(e,) g , 

where V, denotes the conditional variance given x', and the equality holds 
if and only if i) g is independent of 0, ii) 0-, is the conditional efficient 
estimate and iii) V,(e,) is independent of x'. 

   Proof. If we write the conditional probability density function of x= 

(x„ •••, x„) given x' as h(x;0,0',•••x'), then f = gh and, since 

               0 log f                      f d
xdx' = a log h                                     hdx O,                   ao 

we have 

           E (a log f)E ia laeaeogg\-)-+logEciah )2 gd x„ 
  ae 

where E, stands for the conditional expectation given x'. Therefore 

          V(0) =1/ Er lac)ogf)2 

             <ia logg\- 1                           gdx1                       aeJv c(jc) 

 ' 

                 1 [V (Ogdx'1<Ve(0^,)gdx' .                                     .,e) 

   Similarly we have the following 

   Theorem 11. Let (0, 0') be the joint efficient estimate of (0, 0') based 
on the sample (x, x'), where x= (x„ •••, x„) and x' — (x',, ••• , x,„'), and let 
(e„6,') be a conditional joint estimate of (0, 0') by (x, x') when the value 
of x' is given. Then the mean concentration ellipse* of Ce„ Jo with respect 
to x' includes the concentration ellipse of (0,e') in it. If (0,e') is asymp-
totically efficient the relation mentioned above also asymptotically holds. 

   Now, let H(01, 02, ••• , 0,) denote a hypothesis specifing the values of 
parameters 0„ 0,, • , 0, and let Hl H, denote the equivalency of two hypo-
theses H2 and H,. Then, by (2. 2. 5), (3. 1. 3) and (3. 1. 4), 

              H(Pi, /92, ...) H(a1, a2, ••• a,,) 
                                                    (3.1.10)                              H(c1,c2,--,c,) 1-1(b1,b2, 

* H. Cramer [29] .
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and 
            H(m, pi, p2, •••) H(ni,c1,•••,ch)— H(bo,b1,•••,bh). (3. 1. 11) 

Thus these hypotheses can be tested by the normal regression theory 
(Ogawara [4]) : 

   Theorem 12.* For the test of hypothetical correlogram H(p1, p2, •••) 
of an autoregression process of order h we may use the following test 
function which is distributed according to the F distribution with h and 
n— It— 1 degrees of freedom. 

                    E ap,(bp— bp) (b,—b„)                              nh1        P,1 (3. 1. 12) 
                              n-h-1                  E (zi— ± bp 4j) 

                      )=tp=1 

where 

                   zi= E tan(j = 1, 2, •-•, n) 
                                                                J=1 

are random variables and 

                                                 p 1, 2, • ••,h\ 
     z'pj=E xpi/n ,= (X j(h-I-1)-P+X j(h-1-1)p) /2      =g= 1, 2,,21) 

are fixed variates, 

                            apq aqp = E 
                                                                      =t 

and b, is the solution of the simultaneous equations 

                          E apq bq =am (p = 1, 2, • , h) 
                                                    q=i 

where 

                                 apo= E4 .12 j • 

    If we write a10 = z.;1, the denominator of (3. 1. 12) is written as 

                                  a00 — E a p Ob p • 
                                                       P-1 

    Further, we can estimate the order of the Markov process. Since the 

above stated theory holds whenever the essential order ho of the process is 
not larger than h, if the hypothesis b„,±1=bh,,,= ••• =bh-= 0 is not rejected, 
then we may suppose that ho< h, on the assigned level of significance. 

   More generally, we can test the correlogram through the test of regres-
sion coefficients of a linear combination of xxh-i-m-i--1 (i = 1, 2, ••• , v ; v < s), 
such as xj-= xj(h+s)-H-1/1), on xi( hl-si-k and xxh-1-0-1-S-t-A--1 (k = 1, 2, • ,h; j = 
1, 2, , n). 

* This theorem cannot be extended to the generalized autoregression process.
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   By way of an illustration, let us consider the case of stationary normal 
simple Markov process for which h= 1 and P (7) = p T ( < 1). If we set 
s =  1, the conditional distribution of 

                       = E(j = 1, 2, •••, n) , 
                                                      i=1 

given and pc,(,-1-0-1-,, is normal with the conditional mean value 

                Ex .; = a + bx; (j = 1, 2, •-•, n) , 
where 

                    a = (1 — b)m 

                              2,0 (1—                                                     (3
. 1. 13)                     b = (1 — ,o) (1 + ,o" 

                            x; = (Xj(v+0-1 + xj(,-1-0-1-„)/2 

and the conditional variance 

             av2= Vxj Xj(1,--t-i)-1, X j(',1-1)-1-1, 

                        2 

                        [14_p2,,-1-2 + 2=1) (pp2v-i-2)(p2p2v-1-1)                        _ p:=(',1-1)                                           v2 (1 - p) 

                        2 (1 + p) ( p2 p') (1 — p')] 
                                             12 _ p) 2 

and the conditional random variables .x.; (j =1, 2, ••• n) are mutually in-
dependent. 
   Since p < 1, from (3.1.13), we have 

               if v is even — 1/(v— 1) < b < 1, 

               if 21 is odd —1/<b<1. 

Let us denote this region of b by D,. The conditional maximum likelihood 
estimate of a, b and a`,2, is given by 

           = — , 

         bbifE D,                    -
does not exist if b D, 

                   6y2 = E (X; — a — bx;')2/n 
                                            j=1 

respectively, where 

       7172 

                 =E :x.)/n , = E xl/n 
             .1=1.1=1 

               b =E(x/— x') (X; — x*) ' E (x; — i') 
           .7=1' j=1 

and
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 (b  —  b)2 E (x,' — x')2 • (n- 2) 
      F = )=.1(3.1.14) 

                                       n-2 

                           E(x)- — bx1)2 
                                                            =1 

has the F distribution with the pair of degrees of freedom (1, n— 2), where 
a --- x — b a' and x/ are fixed variates, which enables us to test the hypothesis 
H(b) or H(p). 

   It will be desirable to take the value of v which minimizes the length 
of confidence interval for p, Generally speaking, comparatively large v is 
preferable if p is near to one, relatively small v is better if p is positive 
and small and we should take v — 1 if p< 0. (Ogawara [7]) 

   Let two time series x`,1) and xr has the mean value m1 and m2, the 
variance 6,2 and 022 and the autocorrelation coefficients MT) = p f7 and P2(7) 
== PP respectively . If we define x,(1) (j 2, •••, 
x,(=2)Xr .;(2?,21-1)-F-1,-1/V2 (> 1, 2, •-• , n2) and other quantities in the same 
manner as before, 

                               ni 

                E (x`;')- d"-b")x,")2 • (n2- 2)2     ni-2aCD _(P2)   F(3
.1.15)    0--•- -,                                                                              2          n2-`--(2)(3)-(2)(2)/CD PI)                             —b x, )- • (ni— 2) 

                              3=1 

is distributed as the F distribution with degrees of freedom (n1— 2, n2 — 2), 
where 

                   n
pi-tp2frv,1-1   ca,(p,)= PI) (I)2()       1 —Lvt2(1—Pi) 

                        2 (1 + P,) (Pi2— PN (1  )](i = 1, 2) . 
                                       vi2 (1 —4,0) 

Thus, if 0,2/0,2 is known the hypothesis H,: yo,(,02)/ya,(oi) = 0 (— co <m„ 
nz2<09) is tested by (3. 1.15), and if co,(p,)/c9,(p,) is known the hypothesis 
H2: 0,2/0,2= 0 (-00<mi, In2‹00) is tested by (3. 1. 15). For the test of H1, 
vi and v2 should be so selected that co2/co1 is even sensitive for a small 
difference between p1 and P2. 

   Sample scheme II. First we observe the following 

   Theorem 13. An autoregression process x(t) (t = 0, ± 1, •••) of oder h, 
with zero mean, satisfies almost surely the stochastic finite difference 
equation 

 x (t + s) + b ix (t — 1) + • • + b,,x(t — h) = z (t) (s>0, b  \ 0) , (3. 1. 16) 

where the z(t) is a moving averages of order s and is orthogonal to 
x(t — v) (7 = 1, 2, •-•), and the autocorrelation coefficients satisfy the finite 
difference equation
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 p(7  +  s)  +bip(z-  —  1)  +  --•  +  bhp(r—  h)  =0 (7 = 1, 2, • -) . (3. 1.17) 

The coefficients in (3. 1, 16) and (3. 1. 17) have the following relation to the 
coefficients in (3. 1. 1) and to the autocorrelation coefficients. 

     When s= 0 bk= a, (k= 1, 2, • • • , h)(3. 1. 18) 

     When s>1 bk— a1 a2 ••• a, as-i-k = 1, 2, , h 
                      1 a1 •• a„_,-1-ric0 for j> hi 

                             0 1 ••• as_, 

             

. . . . 

                           0 0 ••• a, a11-k 

            0 0 .- 1 a,(3.1.19) 

OrI b I- — 1• Ph-11Pst1 

          b2P 1 1 • Ph-2                                                    P s 
                                                    (3.1.20) 

                                                                                                                                           • 

                                                                                                                    •                                                                                                                • 

           b„ Pa-1 Ph-2 • • • 1 J ' 

where p7=-7--- p(7). 

   Proof. Eliminating p(7 + s— v') (7' =1, 2, •-• , s) from the s+ 1 equa-
tions 

   p(7 + s— 7') + alp(r + s— — 1) + ••• + ahp(r+ s— z-'— h) =0 
                                                    (r'= 0, 1, • • • , s) 

we get (3. 1. 17) from which we can immediately deduce (3. 1. 16). 

   Now, let x(t) be a stationary normal mutiple Markov process of order 
h satisfing (3. 1. 1). For a given time series x, (t = 1, 2, ••• , N), we suppose 
that 
                    X(j-1)(hts1-1)t-k k=1, 2, •••, h + s + 1 (s > 0) 

is a sample of a partial process x(t, t E {(j— 1) (/z + s+ 1) + k; 
k = 1, 2, •••, h+ s+ 1 , c0; E R Tj (PT,) (j = 1, 2, , n). Such n samples are not 
independent, but, by Theorem 2, if we fix the values x(;_1)(11-s1-1)-1-k (k = 1, 2, 
• , h; j = 1, 2, • , n), x;(„,,„ (j = 1, 2, • , n) are conditionally independent 
and the conditional probability densities of xj(„Ths,„ is given by 

           f(x)(h±s-t-i) Xj(litst-1)—s—k; k= 1, 2, •-, h) 

       = 1  exp [—-X''"±"b0+ bkx,chts+u-s_k-], (3. 1. 21)       -1/ 27za
,2c,-A-=, 

where b0 = —m(1 + b1 + ••• +b5), the coefficients bk are given by (3.1.20) and 

                            2 

               G1-G2(1 + b,0                                       + b2,1-2 + • • •         --bh pst k) •
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   The conditional estimation of parameters in this case is quite similar to 
the case of Sample scheme I and if we set 

                                 — Xj(h-t-s-i-1) E Xi(lts-1-1) In 
                                                                  ,,t 

                             Zp'— X)(11-1-3-1- 1 )— s— pE1)--s-p/n 

the test function (3. 1. 12) is also used for testing correlogram. It will be 
a matter of course that we have different tests according to the values of 
non-negative integer s. 

   Our methods mentioned above are easily extended to multidimensional 
autoregression processes. Let x(t) (— co < t < co) be a stochastic process 
with continuous time parameter and suppose that the observation is made 
at a series of time points ti (i =0, ± 1, ± 2, • ••) which constitute a stochastic 
process. Such process can be treated as a two dimensional process (x1, yi) 
with integral time parameter i, whose components are xi= x(ti) and y, = 
ti— ti_, and we sometimes meet with practical problems of this form which 
is supposed to be a two dimensional multiple Markov process. 

   3. 2 Powers of conditional tests. Let T (x, x' ; 0) be a conditional 
test function for a set of parameters 0 = (01, 02, •-, 07), where x = (x1, xn) 
is a set of random variables and x'= (.x, • • • , xi'ii) is a set of condition variables. 
Let the conditional distribution densities' of x be h (x x' ; 0), let the joint 
distribution densities of (x, x') be f(x, x' ; 0) and let the density function of 
x' only be g(x' ; 0). Then a critical region of x, w,(x' ; a), for the condi-
tional test of assigned 0 value, with a significance level a, is given by 

           Pr1T(x, x'; 0) ES x'; 0 = j h(x x'; 0) dx a ,(3. 2. 1) 
where S is a critical region of T. Therefore 

                    h(x' x'; 0) d.)4 g(x'; 0) dx'= (Y 
                                         w(x', a) 

OrI f (x, x'; 0) dx dx' = a , (3.2. 2) 
                         w where TV is the set of (x, x') such that x w(x'; a) holds. 

   On the other hand, the conditional power function for the region w(x'; a) 
is given by 

             P(01; x') = 1 — g(01; x') = h(x x'; 0,) dx ,(3. 2. 3) 

                                                                        

• ic(x'; 

where 01 is a counter hypothesis, and the mean power function is given by 

               P(0,) = 1 — g(0,) = f(x, x'; 0,) dxdx' .(3. 2. 4) 

* Discrete case and more general cases are quite similarly discussed.
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    We consider in detail the case of testing autocorrelation for a stationary 
normal simple Markov process. Let  Ho = Po (or b --b„) be the null hypo-
thesis and H,: p = p, (or b = b1) be the alternative hypothesis. 

    Firstly, for the sample scheme I, if we take v = 1 in (3. 1. 13) (3. 1. 14), 
the conditional second type error is given by 

                               CA   g(1-- +11,            ------gx)=E I)                     i! 2'2'(3. 2. 5) 

where ic(p, q) = Bc(p, q) B (P, q), Bc(p, q) stands for the incomplete beta 
function, f1=1, 12 = n — 2, Iew(fi/2, f2/2) = a, and where 

                     = (b1—b())2 E(x/— x')2/2a,2 , 
                                                      i=1 

                bi = 2 ,o,/ (1 + (i = 0, 1) , 
                                                    (3. 2. 6) 

                    X = (X2j-1 x2j-i-1) /2 = E x//n, 
                                                                       j=1 

                  612 = 02(1— p,2)/ (1 p ,2) . 

If we set 
                      1 1n-2               Ai= E(2e') , Bi=—i!I'')( 2 +.2 ) ' (3. 2. 7) 

           E AiBi(3. 2. 8) 

and, if we moreover put 

                      C, = E C2A) , 
                                                                         x' 

                                                    (3.2. 9) 
                 E (Q2) = E( E BiB)Ck 

                                                             Ic=0 itj=k, 

and the variance of g (x') is given by 

                 V(Q) = E (i92) - {E (g)(3. 2. 10) 
                                                                                                    x' 

   Now, the variance matrix of x' is given by 

     V 02 r 1 (1 + p2)/2 (1 + p2) p2/2 • • • (1 + p2) p2n-4/2 

            (1 + p2)/2 1 (1 + p2)/2 •-• (1 + p2) p2" /2 

                                                                                                                                                                                                                  •                                                                        

• 

      (1 p-) p- /21 

and the cumulants Kr(q) of the quadratic form q is equal 
to the trace of the matrix (V Q)1. , Q being the matrix of the quadratic 
form q. Thus, if we denote the characteristic roots of VQ (a,,) by 2; 
(j = 1, 2, • • • , n), we get 

                   Kr(q) = (r — 1) E 2; ,
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where E = EE 2,2 = E Eand so on. By these formulas we 
      I, 

have 

             (I) — b„)2 (1 + p2)2[2 (1 +  p2) (1 — P2n)]       1===E (A)—4 (1 — p-)[n-1 ,on (1-10T                                                     (3. 2. 11)       + 

              (bi—1)0)4(1 + P2)4pi (3 — p2)       lc
2= V (2,) _                 8 (1 — p2)L2 (1 — p2) 

        1  
               2 (1 — p2+ 2(1--1-p-) P-                                                   (3

. 2. 12) 

             +1+p2•4 — 2 p2 +— (1 + p')2+ 
              n(1—P2)3 

                (1 + /02)2               + n2 (1— p2).1JP2912] , 
where, under the alternative hypothesis, p = Pi. 

   It may be supposed that the 2 has approximately I' distribution 

                     r (v) 

Then 

                 P1C12/ IC2 , 

and 

         r+pv                 A
,—                      (v) u +1)v-i-1 

                                          0, 1, 2, • • • (3.2. 13) 

           CL =r (v+i)  Pv                   ( )) (I) + 

   Quite similarly, for the second sample scheme we have (3. 2. 5), where 

                    2n—2 

                         (P1—E(x.,— 
         = J= I  

                     2 a2 (1— p12)(3. 2. 14) 

                          x2,_„ x' E x,'/n 

and we get 

        p2[2(ip2n   Kt= E (2) =  Pn".,+  (3. 2. 15)              2 (1 — p2)1 — p-n (1 — p2)2 ' 

   K2=-17 (2) —(P P0)4 [n(1 + P4)  
             2 (1 p 2)2 1 — p4 

                      1c (1 ± 
p2)•1± 2 p44 (1 ± p2)2p2nt2                (1 — PT'+ /02Y
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                                2                  4p 
          ±  .i_2a+ p2) 2 p 2n ± poz-ti 

                n (1 - P2)3a ±102) )ImP7-, p4 - 

 + n 404•1-----p2"1,(3.2.16) 
              tz-(1 - p') 

where the p should be replaced by p 1 under the alternative hypothesis. 
Assuming I' distribution of 2 as before, we can also calculate the approxi-

mate values of the mean probability and the variance of the second type 
error in this case. 

   Thus calculated approximate values of E (i9) and the standard deviation 

I/ V (i3) (in parenthesis) are shown in Table 1.* The difference between 
both sample schemes is not so remarkable. 

             Table 1. Approximate mean values and standard deviations (%) 
                     of conditional probabilities of the error of the second type. 
                     Significance level : rx = 5%, f = n - 2. 

       The case of the first sample shceme. 

             H1    --,__ --p, = 0P i = 0.2p , = 0.5p i = 0.8     H- - ,f 
       10 187 (4 3)  43 (22.5)10 (17.1) 

      20 177 (6.6)13 (12.6)1(3.0) 
 po= 030 ,67 (8.4)3 (5.0)0.02 (0.4) 

        60 43 (9.3)0.04 (0.2) I <1 X 10-51 
        120 1 21  (6.8) I  <1 X 10  -4<1 X 10-11  
       10 1 64 (14.4)85(5.3)86(6.7) 

       20 , 36 (15.2)73(7.9)72 (11.4) 
 po= 0.530 18 (11.2)62(9.9)59 (14.1) 
       60 ,2(1.8)34(9.5) 130 (13.3) 
       120 ,0.06 (0.1)14(5.7) 110 (7.0) 
         1051 (17.6)64 (15.8)75 (10 5) 

         2021 (13.9)35 (16.5)53 (13.5) 
 Po = 0.8307(7.2)16 (14.5)36 (12.9) 
        600.2 (0.4)2 (2.3)9 (5 9) 

           120 1 <1 X 10-2 (0.006)0.05 (0.1)1 (1.1) 

       The case of the second sample scheme. -7--=----- 1       --------_ Hi              pi =0p1=0.2p1=0.5P1=0.8 
  HOf  

      1091 (1.2) 55 (31.0)18 (18.0) 
      2086 (3.1)33 (13.3)2 (4.6) 

po = 03080 (4.2)16 (9.2)0.1 (0.8) 
       6066 (5.0)1.3 (1.4) <1 X 10-1       

1 120 47 (5.6)0.03 (0.05) <1 X 10-9  
      1068 (10.8)85 (5.8)75 (11 5) 

      2043 (12.5)74 (6.5)50 (16.2) 
 po= 0.5  3025 (10.2)62 (8.0)31 (15.2) 
     604(2.9)36 (7.3)6 (5.9) 
       1200.2  (0.3)15  (4.8)  0.5 (0.9) 
         1037 (16.8)56 (14.2)82 (5.9) 

        209(8.4)27 (12.4)68 (8.2) 
 P o = 0.8302 (2.8)11 (7.7)55 (10.0) 

         600.01 (0.06)0.6 (0.8)26 (7.9) 
        120 <1 X 10- '<1 X 10 -2 (0.03)8 (3.7)  

* The numerical calculation is due to Miss H. Yamazaki and Miss 0. GotO.
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  §  3.  3 Continuous parameter process with rational spectral densities. 
In this paragraph we consider the normal stationary process x(t) ( - cc < 
t < co) which has the spectral densities 

                      F' (2,) c E a)(i/l)j , ao- 1, ah \, 0 (3. 3. 1) 

and satisfies the stochastic differential equation 

                         a.,x"(t) = z'(t) (formally) , (3. 3. 2) 

where the z (t) (- co <t < cc) is a Brownian motion. Owing to (2. 3. 7) 

(2. 3. 9), statistical hypothsesis H(p (0) concerning the correlogram is equiva-
lent to the hypothesis H(a„ ••• , ). Let xt (0 < t < T) be a sample func-
tion, let nJt-T, (k = 0, 1, • , n) and let 

                 Lk Luk._,,q)(x(•)) (k = 1, 2, •-• , n)(3. 3. 3) 

be a linear functional of x(t)(t,_1<t <t,) having the same type for every 
k. Then we have two methods for testing correlogram, corresponding to 
two types of sample schemes. 

   Scheme I. A set of random variables Lk (k = 1, 2, •-•, n) and x(i-1)(4) 

(j= 1, 2, • , k= 0, 1, • • • , n) has an n+ h(n + 1) dimensional normal dis-
tribution and, according to Theorem 7 and Corollary to it, if we assign the 
values of 

          C: (4) = x`tkj-1) , j =1 2, , h, k= 0, 1, n, 

conditional random variables Lk ----1, 2, •••, n) are mutually independent 
and each Lk depends only on x`,;:-__1,) and xV) (j = 1, 2, • • • , h) and the regres-
sion coefficients are given by 

                          b; L(th. to(c.,(•)) (j= 1, 2, •-• , 2h) , 

where the c.,(t) (t,_,<t<t,; j =1, 2, •-•, 2h) are the regression coefficients 
of x(t)on4),. ,11,)(j =1,2,••-• ,h)and oc",,.-`)(j = 1, 2, • • , h) which have been 
introduced in (2.3. 30). The 2h coefficients b., are functions of p(r) and 
consequently the functions of a1, a2 •-• , a,. Thus there must be h restrictions 
among (j- 1, 2, • , 2h), and we should so choose the functional L that 
the restrictions are linear. Then 

                   H(p (r)) H(bi, b2, ••• bh) •(3. 3. 4) 

For instance. if we adopt 

                  Lk= x((4_,+ t,)/2)(3.3. 5) 
or 

                                               tk 

             Lk= x(t)dt ,(3- 3.6)



Time Series Analysis and Stochastic Prediction45

then we have 

 b,= (— bh,, (j= 1, 2, • • • , h) . (3.3. 7) 

In the general case where (3. 3. 7) holds, if we set 

 xp,'= ( — 1)x)/2 (p = 1, 2, • , h; j 1, 2, • • • , n) (3 .3.8) 

and 

           z, = - L,/n(3.3. 9) 

then the test function (3. 1. 12) is also applied . 

   Scheme II. We may suppose that the x(t) is a forward directed process 
and that xt(t,_,<t <tk)(k----- 1, 2, •-• , n) are sample functions of the corres-

ponding partial processes respectively. If then the conditions 

          C, : xu-1)(tk_i)= 4,11)(i = 1, 2, •-• , h) k= 1, 2, •, n(3. 3. 10) 

are given, the conditioned partial processes x(t) (tk_i<t<tk) (k = 1, 2, 
• , n) are independent and depend only on 4)," it) (j = 1, 2, • • • , h) respectively, 
although the conditions CAk, are not independently given. Thus quite similar 
method to that given above is applied for the test of correlogram by using 
Theorem 6. 

   It should be noticed that when a sample function xt (0 < t<T) is given 
we can take n = T/ dt indefinitely large, however the larger n does not always 
give us the better information about the autocorrelation function. Let us 
observe this f act for the case of normal simple Markov process for which 
the autocorrelation function is given by p (r) = exp ( - fi I -r1) > 0). 

   According to the scheme II, for instance, the regression coeficient of 
(3. 3. 6) on xt,_, is given by 

                   b= (1 — exp (— Jo)/ g(3 . 3. 11) 
and the confidence interval length of g is approximately proportional to 

         1  dfi [gT _gr In                   = g-v n—(1/n +-)e(3 . 3. 12)       n db-1/n 

                      2 n312/712 if gT /n < 1                   • 

g2 /1/ n iffiT/n)1. 

Minimizing the right hand side of (3. 3. 12) with respect to n, we observe 
that the approximately optimum value of n may be the positive integer larger 
than 1 and nearest to 1/u, where u is the finite positive root of the equation 

                    1± fiTu+ 2 g2 T2u2 = e5Tu .(3. 3. 13) 

   Also for the scheme I we have similar result (Ogawara [7]) .
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  § 3. 4 Moving averages.* Let 

            x(t) bi (t - j) (bo= 1 ; t 0, ±1, ...)(3. 4. 1) 
                                              =1, 

be a normal moving averages of order k and let xt (t =1, 2, ••• , N) be 
a sample sequence drawn from it. Let 1 < t1 < t2 < • <t„< N, t,- 
> k + 1 (j= 1, 2, •-• , n - 1), then x(t,) (j = 1, 2, •••, n) are mutually independ-
ent. Thus we can apply ordinary methods for drawing statistical inference 
about the mean value, and the variance from the conditionally random 
sample xi; (j= 1, 2, ••• , n). If, moreover, x (t) is a regular moving averages, 

             H(p1, p2, ••• Pk) "- H(b1, b2, ••• bk) P (r) 

and then if we denote the regression coefficients of z; x (j (2k + 1) + k + 1) 
on x(j(2k + 1) + p) by cp(p= 1, 2, •-• , k), 

                       11(p1, p2, ••• P) H(C1 62, • • Cic) 

and we can use the conditional F-test for these statistical hypotheses quite 
similarly to Theorem 12. We can also find the consistent estimate of the 
spectral densities through that of bi, b2, • bk. 

   Next, let 

                 x(t) f (s) de (t - s)(3. 4. 2) 

                            J be a continuous parameter moving averages (c.p.m,a.) defined by (2.3. 36), 
where “t) is a Brownian motion on (- co, 

            f(s) 0 for s> to> 0 and for s < 0 

and f(s) has continuous and non-zero point in (0, 5) and in (t0 - r, t0), for 
an arbitrary posive number E smaller than to. 

   Now let (1 + 1) At t0, 1 being an arbitrary positive integer, and let 
                           At 

     (t + j f(j + s) (t - j zit - s) (j = 0, 1, •••, 1) , (3. 4. 3) 
                                                    .'0 

where b, are constants such that the y(t + j (j - 0, 1, , 1) have the 
same variance 

                                              ec 

                  2 = f(s) 2ds > 0 , (3.4. 4) 

                                              0 accordingly 

                       at 

         b; f(j zit + s) 2 ds 6y2 (j= 0, 1, •-•, 1; b(2 = 1) . (3. 4. 5) 
                    • 0 

Then, for an arbitrary constant t', 

 This paragraph is the outline of Ogawara [22] ' including some points improved.
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 x  +  i —E b.,y(t' + zit — j (i = 0, ± 1, • • .) (3. 4. 6) 

is a discrete parameter moving averages (d.p.m.a.) of order 1 at most, and, 
from (2. 2. 8), 

          + b I- ,±1 + • • • + b ,b f (u) f (u + (1 — j) 4t) du I a (3.4. 7) 
                           (j= 0, 1, •••, 1-1) , 

where we may assume that b0 = 1. The process (3. 4. 6) may be called the 
d.p.m.a. of formal order 1 belongs to the c.p.m.a. (3.4. 2), and if (3.4. 6) 
is regular (3.4. 2) may be said to be regular at the order 1. We thus have 
the following theorem. 

   Theorem 14. To a c.p.m.a. (3. 4. 2) belongs a d.p.m.a. of an arbitrary 
(formal) order and if it is regular at the order 1 the d.P.m.a. of order 1 
belongs to it is unique. 

   Proof. The modulus of b, is given by the square root of (3.4. 5) and 
the sign is determined by (3.4. 7) successively. 

   Assume that (3. 4. 2) is regular at the order k and that the f(s) in 
(3.4. 2) is of known functional form with k unknown parameters 0,, 02, 
-•-, 0, such that H(01, 02, •-• , H(b1,b2, •-•,14). Then the conditional 
test of the hypothesis H(0) (0 = (0„ 0,, •••, 0,)) is reduced to the case of 
d. p.m. a. 

   As an alternative method, let S =1.3,J be a set of numbers such that 
0 <si<s2< ••• <sic< to and set 

                     - 

 zi = j f(s; 0) de u — s) (u+ sk) 

                                } (3. 4. 8)       x(ju — sp) = f (s ; 0) de (ju — s — s) (p = 1, 2, •••, k) 

                                            (j = 1, 2, •••, n) 

then the regression coefficients of z.„ c„ c2 i •-• , ck, on xp'i (p= 1, 2, •••, k) 
are the functions of 

   f (s ; e) f (s + s ; 0) ds and r f (s ; 0) f(sps, + s ; e) ds (3.4. 9) 
                                        (p, q= 1, 2, , k) , 

consequently they are the functions of 0 = (01, 02, 0k). Thus the condi-
tional test for the hypothesis H(0) is reduced to that of H(c) (c = (c1, c2, 

  CO), provided that H(0) H(c), where the ; are random variables and 
the x„,; are fixed variates and, if the sample function xt is given on 0 < t 
<T (T>kto), the size n of the sample (z1, z2, ••• , zn) is such that 

               (n—l)u+s,<T<nu.(3. 4. 10)
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Hence, in any case, 

                     T /12t0 < n < (T t„) +1.(3. 4. 11) 

    Now, a problem rises here is what set S gives us the most efficient test. 
Let us consider a simple case where k— 1 and 

              f (s ; 0) e's for 0 < s < t 
                    =0for s < 0 and for s> t .(3. 4. 12) 

In this case, the regression coefficient of x(ju) on x(ju—s,) (u=t0+s,) 
is given by 

              c (s1; 0) p (si) = (1— e-219(t"-81)) / (1— . (3. 4. 13) 

This is a monotone decreasing function of 0 and c(s1; 0) 0(s1 ,I, 0), c(s,;0) 
      T 1„) uniformly for 0 < e<01,0, being an arbitrary positive constant. 

Since n is limited by (3.4.11), the value of s1 which maximizes lac/a01 may 
be approximately optimum. 

  § 3.5 Time series with trend. In this paragraph, we consider the 
trend of mean value exclusively. 

   Definition. Let x(t) (t = 0, ± 1, •••) be a real stochastic process such 
that x(t)—m(t) is (wide sense) stationary, where m(t) —E(x(t)). Then 

        x(t+ s) +b,x(t —1) + ••• + b„x(t — h)                                                      (3
.5. 1)           — fiivi(t) —d2v2(t) — •-• — firvr(t) =z(t) (s >0) 

is said to be a linear model if 1) the v,(t) are linearly independent known 
functions, 2) the b, and the 3, are independent parameters and 3) the z(t) 
is a process of moving averages of finite order, E(z(t)) =0. 

   Our methods of conditional inference can be applied to some of such 
processes that follow a linear model. In the following we suppose that the 
mean value function of a discrete parameter process x(t) is of the form 

                   m(t)=E cf,u;(t) ,(3.5. 2) 

where the u,(t) are linearly independent known functions and the cti are 
unknown parameters. 

   Theorem 15. Suppose that y(t)=x(t)—m(t) is an autoregression 
process of order h, where the m(t) is given by (3.5. 2). In order that 
the x(t) follows a linear model of the form (3. 5. 1), it is necessary and 
sufficient that the m(t) function has the following form. 

            7.1r2 mj 

      m(t) = E+t'-' 
                J=t.7=1 2,1 

                                                     (3. 5. 3)               nj
(3)t—712                       c tIq;t cos /1,t +E c41)e-1 q; 

                                                                             t=1
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where  a„, cti!) and (4) are parameters, p„(p„— 1) N 0, p,\ pj (i  \   
q,  NO, 0 < 2„‹ 27c, 2,  2, j') and 
                                                   rz 

                       1-1+ E 712„+ 2 E n„=r (r1>0, 7-2>0,r3> 0) . 

                     

.5=1j=1 

   Proof . According to Theorem 13, the y(t) process satisfies almost surely 
a stochastic finite difference equation 

       Y(t+ s)+biy(t— 1) + + kJ/ (t — k) =z(t) (s>0) , (3. 5. 4) 

where the z(t) is a moving averages of order s. 

   i) Sufficiency. Substituting y(t) = x(t) — m(t) in (3. 5. 4), we get the 
expression of the form (3. 5. 1), in which corresponding to the term 

     )L72 

                E a„ rig' cos) t + E jqt sin 2t 
                                                             i. 1 

the coefficients of t'-'qt cos 2t and qt sin 2t are given by 

     g„=qs-kos2s(1).1-1-)sv-icr,,+ sin ), sI-1i)ce2,1f        1,=i 

            + 1,E bkqlcos2k i(v.-1) (— kria,(3. 5. 5) 

 = 

                          7t —\              — sin 2k E(z•— 1,)(—0(24 
     v1z      fi,,= qs1— sin 2 s— cri,+ cos /Is(—s'ce„ 

       v=1,=1 

                                                                

• 1 — 1 

            + E bkqHsin2k1 —1—1) (—(3. 5. 6) 
     =y=i 

              + cos2k (— k),-ict, L 
                                              1— -1-/ 

respectively, therefore 13„, (i = 1, 2, , n) are independent parameters , 
the coefficent of ti-' pt that comes from the term 

                                                              ra 

                          E ait" p' 

is given by (3. 5. 5) by setting 2 = 0, q = p and the coefficient of t'-` is also 
given by (3. 5. 5) by setting 2 = 0, q= 1. Thus the coefficients ,3„ in the 
form (3. 5. 1) are functionally independent each other and are also independ-
ent of b, and the functions v; (t) are of the form or or pairs of 

  ql cos 2, t and ti q„ sin &It (i 1, 2, and they are linearly independent. 

   ii) Necessity. From (3. 5. 1), (3. 5. 2) and (3. 5. 4) we get 

                                           h 

              it; (t + s) + E E kaiu,(t—i)=E Qk 74(0 . (3.5. 7) 
    .1=1i= 1 k=1
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Differentiating the both sides of (3. 5. 7) partially by b, and then by a ., we 
have 

      it, (t — i) = E co,v,(t) (i = 1, 2, • , h ; j= 1, 2,•,r) , (3.5. 8) 
                               7c=l 

where the ci,k= a2 fik/abiace, are constants. Because of the linear independence 
of it; (t) (j =1, 2, , r), the rank of the hr x r matrix (c,, k) is r. Eliminat-
ing r functions v,(t) from the hr equations (3. 5. 8), we get (h — 1) r simul-
taneous homogeneous finite difference equations of r functions u,(t). So long 
as the solutions of these equations exist and (3. 5. 1) holds, from the independ-
ence of parameters gi, 32, ••• gr, we can deduce that (3. 5. 2) should be of 
the form (3. 5. 3). 

   Similarly we observe the following 

   Theorem 16. Let y(t) = x(t) — m(t) be a moving averages of order h, 
m(t) =Eri_,, aju,(t). A necessary and sufficient condition that the x(t) 
process complies with a linear model of the form (3. 5. 1) is that the m(t) 
is of the form (3. 5. 3). 

   In this case the order of the moving averages z(t) is s + 2h + 1. 

   When y(t) = x(t) — m(t) is an autoregression process, 

          y(t) + aiy(t— 1) + + ahy(t — h) =z(t) , ah 0, (3. 5. 9) 
or a moving averages, 

          Y(t) = z(t) + alz(t — 1) + ••• ahz(t—h) , ah0, (3. 5. 10) 
and the x(t) complies with a linear model (3. 5. 1), even if the values of 
x(jl — =1, 2,•, h; j= 0, 1, -) are given , the z(jl) (j= 0, 1, -) is 
a non-autocorrelated process, where 1=h+s+ 1 in the case of (3. 5. 9) or 
l=2h+s+ 2 in the case of (3. 5. 10). 

   Therefore, for a normal autoregression process with trend (3. 5. 3), 
when a time series xt (t = 1, 2, • • • , N) is given , supposing xj(h-frsi-i) 1, 2,   

, n) random variables and x (h-hs+.1)-s-k. (k = 1, 2, , h; j= 1, 2, , n) to-
gether with v,(j(h+ s + 1)) (j = 1, 2, , n) fixed variates, we can find the 
conditional maximum likelihood estimates of a1, a2, • • • , a, and al, ce2, CY r 
(if exist) through those of b1, b 2, • • • , b„ and                                              19 , 29 •••9 fir and we can apply the 
conditional test given in the preceding paragraphs to statistical hypotheses 
concerning the parameters a, and a; or the correlogram of y(t) process. 

   Quite similar methods are useful for the conditional inference of a normal 
moving averages with trend of the form (3. 5. 3). 

    Furthermore, our considerations in this paragraph will be extended to 
multidimensional processes and to continuous parameter processes. 

  § 3. 6 Discontinuous Markov process. Let x(t) (t-= 0, * 1, -) be 
a strictly stationary simple Markov process which can only assume values
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in a finit set 0. 1,  ••-, m , let pj= Prlx(t) =j i (j 0, 1, •••, m) be the ab-
solute probabilities and let pi,= Pr i x(t) = j x (t — 1) = i] (i, j 0, 1, •-•, m) 
denote the transition probabilities, where pi> 0 (i = 0, 1, •••, m). 

   As before we have two kinds of sample schemes for an observed sequence 
x, (t = 1, 2, •-• , 2n ± 1). For the conditional estimation or the conditional 
test of absolute probabilities, we may use the first one, where the x2, (k = 
1, 2, •-• , n) are random variables and the (k = 1, 2, •--, n+ 1) are fixed 
variates. Let n(j) be the number of j in the set of outcomes x„ (k =1, 
2, n) and let 

                           1 if x2k                  L
k (i) =                            0 if 

x2k \ 

then the /2k (i) are conditionally independent random variables given x' = 

(x1, x3, X2n-f-1) 

                    n(j) = E /2,(i) 
                                                             k=1 

and 

                                                        n 

             E{n(i) /n = 
72ic.1EEI2k(i);x2k_i,, 

            E En(j)/n4'; =pi, 

where x= (x2, x4, ••• , x,„). Let (A(j), p2 (j)) be the conditional confidence 
interval for p; given x', with confidence coefficient 1— 2a, 

                                         n 

                PrIE /2k(i) � -n(j) x'11- 

                                         n 

               = Pr 1E 1.2,(i) .n(i) k(i), = a , 
                                          k.1 

then we have, for fixed n(j), 

              E PrEnlok(i)�n(i)AU),= a 
                x'k=1 

and similar equation about the upper limit. The confidence limits p1(j) and 

p20) will serve for setting critical region for the conditional test of hypo-
theses concerning pi. 

   Next, for the conditional statistical inference of transition probabilities, 
we may use the second sample scheme. Let n, be the number of i in the 
outcomes x„, (k = 1. 2, •••, n), x2k(,)_,= i (/) = 1, 2, ••-, ni) and let 22,(j) be 
the number of pair (i, j) in the pairs (x2k(v)--t, x2k(v)) (/) =1, 2, •-•, ni), ni(i)• 

      /2,(,), then ni(i)/ni is a conditional estimate for p1; in the following 

meaning. 
                                             ni 

                     E E 1-2kcJni = 
                                                    v=t
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and, since 12,(2) are mutually indepenendt when x' is given, 

                                         (711 

            V!,E-= pi, (1 —. 

      x According to the strong law of large numbers for Markov chain (Feller [30]), 
if there is only one ergodic part, 

                          lim= p, (almost surely) . 
                                                         1? 

Therefore as 

                       E /2,„)/71 (in probability) . 

The confidence limits for pi, by means of ni and n, (j) depend on the fixed 
variate x', but they depend only on the frequencies E, /2, and E,12k0,,- 

   The extension of the idea mentioned above to the stationary multiple 
Markov process will be immediate and omitted here.
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