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SUCCESSIVE PROCESS OF STATISTICAL INFERENCE 

   ASSOCIATED WITH AN ADDITIVE FAMILY 

        OF SUFFICIENT STATISTICS

        By 

 Tosio KITAGAWA 

 (Receiued Feb. 12, 1957)

   1. Introduction. The object of this paper is to introduce in § 2 the 
notion of additive family of sufficient statistics and also that of relative 
statistics associated with the former f amily under a certain restricted condi-
tion and to show in § 3— § 7 how far these notions are useful for developing 
some aspects of two sample or several sample formulations, which seem to 

be of the fundamental importance for successive processes of statistical 
inferences developed by the author in a series of his papers [2] [9]. The 

approach by means of these notions seems to be at least one of the possible 
ways by which to have deeper understandings about the statistical theory 
of R. A. FISHER which has been illustrated by himself in his recent mono-

graph [1] more definitely than he has ever done. According to our stand-
points, one of the possible approaches to his fiducial theory, which has been 
in fact remote from the current theory of mathematical statistics, is to rely 
upon the two sample formulation whose limiting case will at least suggest 
the idea of R. A. FISHER more relevantly than other authors have ever 
tried to understand. It has been also suggested that the fiducial arguments 
seem to be restricted within some restrictive classes of statistics. Our 
answer in this paper appealing to the notion of additive family of sufficient 
statistics and relative statistics does not assume the sole one to the under-
standings of the fiducial arguments, but may be at least one of its possible 
approaches. 

   In conclusion the author expresses his hearty thanks to Prof. R. A. 
FISHER and Prof. P. C. MAHALANOBIS for their discussions with him about 
the epistemological aspects of statistical inferences which he could enjoy 
while he was working as one member of the Reviewing Committee of the 

National Sample Survey in the Indian Statistical Institute during the period 
from December 2, 1956 to January 16, 1957, and which gave a strong 
stimulus for preparing this paper.

  § 2. Additive family of two independent sufficient statistics. Let um 
and u„ be two independent sufficient statistics of the same parameter r 

having their probability density functions with respect to a common measure 

At over the real axis R such that 

                                92



Successive Process of Statistical Inference93

 (2.  01) p,„(u„,, 7)(//1(21„,) = exp — zu„,+b„,(7)+ a,„(u,„) dg(um) 

(2.02) p„(u„ dtt(u„) exp — zu, + b„(7) a„(u„) dg(u,) 

respectively." In what follows, let us consider without loss of generality 
the case when dg(x)=dg(y) for all x and y so far as both of dg(x) and 
d, (y) do not vanish, that is, x and y belong to the carrier Car. (it) of 
the measure /2. We assume that x E Car. (,u) and y E Car. (/2) imply 
x+ y E Car. (g). 

   Lemma 2.1. Under the assumption of this paragraph, the necessary 
and sufficient condition that u„,+u„ be a sufficient statistic for T. having 
the probability density function with respect to the measure ,u such that 

(2.03) p(u,„±u„;1-)dg(um+u„) 
           — r( u „,+ u„) + b„,(r) b,(-c) + am, „(u + u„) • d (um + u„) 

is that there is a function am,„(-) such that 

(2.04) exp = exp kz„,(u v) exp cs„(v) dp(v). 

   Proof : The simultaneous probability density function of um and un is 
the product of (2.01) and (2.02). Now the change of um and un to g = 
+un, u„ gives us 

(2.05)exp — zg +bm(r) + b„(r)dg(g) 
                 • exp — v) + a„(v) dp(v) 

   The integration of the right-hand side of (2.05) gives us the probability 
density function of g with respect to the measure /2. It is now evident 
that the necessary and sufficient condition for (2.03) is given by (2.04). 

   Lemma 2.2. Under the assumption that the hypothesis to Lemma 2.1 
holds for all integers m,n> I, the necessary and sufficient condition for 
a,„,n(u)= am,_,(u) for all m, n> 1 is that there holds the additivity such that 

(2.06) exp = exp — v) exp a,(v)dp,(v), 

(2.07)b m(7) =--- mb i(z-) =rnb(r) , say, 

for all positive integers m> 1. 

   Definition 2.1. We define, for j> 1 and for all u, 

(2.08)A;(u) expa .,(u)} . 

   Proof of Lemma 2.2. The convolution relation yields us that Ai,j(u) 
  A,, ,,,(u) for i + j + j' and i, j, i', j' = 1, 2, 3, Consequently we may 

(1) See [10] — [13] and [15] .
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and we shall put  A„,,n(u)= Ain±,(u). which also shows the relation (2. 07), 
as was to be proved. These two Lemmas gives us 

   Theorem 2. 1. Let (j = 1, 2, 3, •••) be a family of independent 
sufficient statistics for the same parameter r having their probability 
density functions with respect to common measure a over the real axis R 
such that (2. 01) and (2.02) hold true respectively for positive integers 
m and n. Then the necessary and sufficient condition that g=u,n+un be 
a sufficient statistic for r having the probability density function with 
respect to the measure g such that 

(2.09)P„,,„(g, z-)dp(g) 
            = exp — rg (m + n) b(r) + a„,„(g)cl,u(g) 

for any pair of positive integers m and n is that 

(2.10)A„,„(u) = A„,(u— v)An(v)d,a(v) 

                                           R for any pair of positive integers m and n. 
   Under this condition we have 

(2. 11)P nt(itn,; r)dtt(ii„,)Pn(itn; 2.) d g(un) 
              expz-g + (m+n)b(r)+ a„+„(g)d,u(g) 

               An,(g— un) An(un) d (u„) , 

                                        • 

                  Am±n(g) 

where for each assigned value of g we have 

(2.12)I A.,„(g — un) An(u.)d g(un) 1 .                      •RAm-t-n(g) 

   The proof is immediate. In view of (2. 12) we have now the condi-
tional probability density of un with respect to the measure it for each 
assigned value of g, which does not contain the population parameter r. 
Now our statistical inference theory will be particularly interested with 
the situation under which a suitable choice of variables will make the con-
ditional probability density independent of the value of g. We prepare 
ourselves with 

   Theorem 2. 2. Under the hypothesis to Theorem 2.1, the necessary 
and sufficient condition that there are continuously differentiable functions 
f,,,n(g,h) and a function D,,,„(h) with 

(2.13)um= fm, n(g , h), g n(g , h) 

for which
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(2.14) p(uni; v)p(u„; r)d,a(u„,)d,u(un) 
           =exp — r g + (m + n) b(7) + a,„(g)d,u(g) 

                   • 13,,,„(h)dg(h) 

is that we have 

(2. 15)expan,(f,n,„(g,  h)) expkz„(g —f,,„(g, h))} afm,m(g, h)             exp i a„,„(g)ah 

is independent of g and is equal to D„,,„(h). 

   Example 2. 1. For the normal distribution N(r, 1) with unknown r, 
we are concerned with 

(2.16)z-) = (2r j)-112 exp{— rui—j272—23 
for j = m, n. Consequently we have 

                                                                           2 

                                                U 

(2. 17) exp = (27E j)-112 exp                                         2j) 

(2.18) — jr2/2 

for j = m, n, m + n. The direct calculation gives us 

(2.19)exp am(um) i exp a„(u.) exP —(1.1-n(itm+un) I 

         11(umun\2) 
             / 1 1\\112 exPI 1 1\m n)'           C27rCm+ n))2(m+ —n) 

which shows that a choice of functions fm,„ and can be given by 

(2.20) um= m n(g + nh) , u„g —m + nm—(g + nh) , 

(2.21)h=umum                  m n 

   Example 2.2. For the gamma distribution with an unknown para-
meter r with the form 

(2.22) r) = ri(r(j))-lui-le-T" 

for j-= m, n. We have in this case 

(2.23)exP kz,(u)) =A.,(u)) = (r(i))-Itij-1 

(2.24)b,(r)= j log r 

for j = m, n, m + n, which gives us
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(2. 25) exp; exp a,t(u.) exp am-h,(21„,+ u,) 1 

                        r(M771 - In1                      -f- )2)Uni 

                                                                                                               • 

               (m)r(n) (um + u„)m-"-1 

   But the change of variables um and un to g and 12 by the relation 

(2.26)g = um+ u„ , 

gives us 

(2.27) (m + n)._, (1 — d h Dni, „(h) dh             (m) (n) 

with h u,„(u n, u„)'. The transformation F = ith/ m( 1 — h) gives us the 

probability function of the F-distribution with the pair of the degrees of 

[2m, 2n] such that 

               I' (m + n)nnd Fm-1 (2
.28)r.„„dF •               (

m)(n) (mF + n 

   Example 2.3. When xi's (i = 1, 2, •••, m) are drawn independently 
from the Poisson distribution with an unknown mean 2, 0 < 2 < 00. Then 
u xi is a sufficient statistic for the paprameter — log2 with the 

probability density function'') 

(2. 29) expl— vu—me— +u logm—logr(u+ 1) At(u) , 

where p is a step-function having jumps of height 1 at every nonnegative 

integer. In this case we have 

(2.30)a,„(u) u logm — log l'(u + 1) , 

(2.31)b,,(r) = me— . 

   Consequently we have 

(2.32)—          A.,„(g v)  An(y) n21)1(g + 1)  

                                                                                                                             • 

            Am,n(g)(n,+ n,,)g (g v + 1) .r(v + 1) 

            -
-= — 

where we have put p= n2(n, + k) -' . 

   Example 2. 4. When x,'s (i = 1, 2, •••, m) are drawn independently 

from the binomial distribution with an unknown parameter p. Then 
u xi is a sufficient statistic for the parameter r = log - 
with the probability density function(') 

(2.33) exp — z-u — m log (1 + ) + logB(m -I-- 1 — u, u + 1); 

(2) For this transformation r = — log A, see [15] p. 92. 
(3) For this transformation r --logtp(1—p)-'1, see [15] p. 92.
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for  0  <7/  Gm and elsewhere zero, with respect to the measure it, which 
has the jump of height 1 at every positive integer. 

   In this case we have 

(2.34) b„,(7)--- —m log(1 + e—) , am(u) =logB(m + 1 — u, u + 1) . 

   Consequently we have for 0 <v<n 

(2.35)         Am(g — v)A„(v)B(m+ 1, g — v +1)B(n + 1, v +  1) 

                   — 

           Am,„(g)B(m + n+ 1, g + 1) 

and elsewhere vanishes with respect to the measure p. 

   Definition 2.2. A family of independent sufficient statistics for which 
(2.10) holds true is called to be an additive family of independent sufficient 
statistics with respect to the parameter r. 

   Definition 2.3. The statistic h cam, n(um, u,) satisfying the condition 
enunciated in (2. 15) is called to be a relative statistic between um and u„ 
associated with the additive family of independent statistics with respect 
to the parameter z. 

  § 3. Some characterisations of additive families of independent suffi-
cient statistics. First we shall prepare ourselves with the following two 
functional equations which may have some interests on themselves. 

   Lemma 3.1. Let 0(u) (j =1, 2, 3, •••) be a set of functions defined 
over — CO <u<00 and integrable in the sense of Lebesgue in any finite 
interval of u. 

   Let us assume that there holds a set of functional equations 

(3.01)0 m(u) ± 0 „(v) = 0 nimn(u + v) + k in,n(u + cm,„v) 

for all u and v in — CO < u,v< CO and for all m, n= 1, 2, 3, •••, c,,,„ being 
constants which are independent of m and n and are neither equal to 1 
nor 0. 
Then we have 

(3. 02)0 m(u)7-72-(u —19m)2 + 

                           m2 

(3.03) 'lir n(itC m,7tV)(m +                             n)m(u— v)r+ inr m-t-n 
where a, fi and r„, are constants, a and ,3 being independent of m and n. 

   Proof : In view of (3.01), vr,,,,„(u+cv) is L-integrable in any finite 
interval of u or v, and we have 

        2121 

(3.04) 1'10(w)dw + uo„(v),0,„±„(w+ v) dw +Vr„,,„(u)+ cm, „v) dw 
                  07/1
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   Since now the right-hand side of (3.04) is differentiable with respect 
to v, it turns out that 0,(v) is differentiable for n= 1, 2, 3, •••. In view of 

(3.01) lkin,n is also differentiable, and hence the right-hand side of (3.04) 
is twice differentiable. This leads us to the consequence that 0„(v) is twice-

differentiable for n= 1, 2, 3, ••• . Similarly we can proceed and we can show 
that On( v) is infinitely differentiable. 

   The twice differentiations of each of two sides of (3.01) first with 
respect to u and secondly with respect to v give us 

(3.05)em",„ (u + v) + cm, „ n( u + cm, nv ) = 0 

for all u, v in — CO < v <co. Let us put u+ v w. 
Then (3.05) and cni,n  \ 1 lead us that Om"-Fn(w) = const independent of w 
and consequently that 

(3. 06)Omi-n(w) = am1-nw2 + bmi-n w + Cmi-n 

for all m + n> 2. 
Again now (3.05) gives us that Vfm,n(u + cm, „v) is at most quadratic func-
tion of u + cm, nv for m, n> 1. Specially when m= n = 1 and u = v, the func-
tional equation (3.01) shows that , we can write 

(3.07) 01(w)=alw2+b1w+c1. 

   Consequently we have a set of functional relations 

(3.08)amu2 + bmu + cm+ a„v2 + b„v + c„ 

                am,(u + v)2 + b,„(u + v) + c„„ 

                     + Pm, n(it ± Cm, 71 V ) 2 ± gm, n( ± Cm, nV ) rm, n 

for all m, n> 1. The comparisons of each of the coefficients of u2, v2 and 
uv give us 

(3.09)am= am-hn + TL 

(3.10)an =amf,,+Pm,nC,,, n 

(3.11)am-F. + PM, n C711, n 0 • 

   The combinations of these three relations yield us the two relations 

(3.12)an= arni-n(1— n ) 

(3.13)cm, n am = anti n ( Cm, n —1) 

for any pair of two positive integers m and n. Since cm,,  \ 1, 0, it follows 
that either all am are zero for m=1, 2, 3, ••• or none of am are zero and 
there holds 

(3.14)-111                                   am+ a„–= aniThn
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for any pair of two positive integers m and n. Both of these two cases 
give us  am  = am" where a is a constant independent of m and may or may 
not be equal to zero. When a 0, then the relations am = am' gives us 
in view of (3. 12) and (3.11), mn P.,,, = a n((m + n)m)', andn 
hence 

(3.15)bin= b,n-t-n qm, n 

(3.16)bn q.,. 

and hence the functional equation 

( 3. 17)mbm + nb n = (m + n) bmtn , 

which leads us bni = b = const, hence qm,„= 0, r.,n= cm + cn—cmtn. When 
a= 0, we have p„,,„= 0 and 

(3. 18 )b m b + m, n 

(3.19)bn 

which gives us 

(3.20)cm,„bm — bn= (cm,n —1) bni-t-n 

whose solutions are given by bm-=b= const. Also we have rm,„,-- cm + C„ 
— Cm-1-71 y q.e.d. 

   Lemma 3. 2. Let Mu) (j=1, 2, •••) be a set of functions defined 
over CO < u < CO and integrable in the sense of Lebesgue in any finite 
interval of u. 

   Let us assume that there holds a set of functional equations 

(3.21) 0„,(xy)+ 0„(x(1— y)) + + m,n(Y) 

for all x in 0 <x< Do and all y in 0‹ y < 1 and for all pairs of positive 
integers m and n. 

   Then there are constants a\ 0, j9 and such that 

(3.22)0„,(x),(am-1) logx + PX r., 

(3. 23) ikm,„(x) = (am —1) logx + (an-1) log(1— x) 
                                                   +rni+ rn—rm-i-Th • 

   Proof : Putting x= 1 in (3.21) we have 

(3.24)7,,,n(Y)-=0.(Y)+On(1—Y)-0„,-t-n(1) 

which gives in combination of (3.21) 

(3.25) m(xy) + „(x(1 — y)) + logx 

                    emtn(x)+o„,(y)+O„(1— y) — 19„H-„(1) .
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   The argument similar to the proof of Lemma 3.1 shows that Om(x) 
are differentiable for all x and m. The differentiation of both sides of 

(3.25) with respect to y gives us 

(3.26) x0',„(xy)— x0:,(x(1 — y)) 0',„(y) — y) 

and specially for y =1/2 we have 

                      x (3.27)x0'"12")— x0'(2)=0"'(21—0(---1                                           "2 

for all x in 0 <x < x . 
Let us now choose n=1 and consider x instead of x/2. Then the integra-
tions of (3.27) give us 

(3.28)0,„(x)— t9,(x) (a,„ — a,) logx+ (bm—b,), 

where am, bm (m=1,2, •-•) are constants independent of x and will be 
determined below. 

   Let m= n= 1 in (3.25), which then gives us in view of (3.28), 

(3.29)01(xy)+ 01(x(1— y)) + logx 

                  01(x) + (a2 — a,) logx 

                     +01(Y)+01(1—y)-01(1) 

   The differentiation of both sides of (3.29) with respect to x gives us 

(3.30) ye;(xy) + (1 — yA(x(1 — y))= OC(x) + (a,— a, —1) x-1 

   Now let us multiple both sides of (3.30) by x, and then put xy = u, 
x(1— y) v, x0(x)_-=-_-co(x). Then we have the functional equation 

(3.31)Co(u)+40(v)=49(u+v)+ (a,— a, —1), 

which holds true for all u, v <0. The solution of the functional equation 

gives us 

(3.32)uta;(u)---co(u)- fiu+ (a2— a, — 1) 

and hence we can write, in view of (3.28) 

(3.33)0.(u), pu+ logu +-rm 

with constants j9, Am and rm. Putting the formula (3.33) into (3.25), 

there must hold the relations Am,„--- Am + A„+ 1, for all positive integers 
In and n which give Am = am— 1. q.e.d. 

   In view of the two Lemmas 3.1 and 3.2, we shall observe the following 
two Theorems which characterise normal distribution and gamma distribu-
tions respectively. 

   Theorem 3. 1. Under the hypothesis to Theorem 2. 2, let us consider 
the case when ,u (x) becomes the linear Lebesgue measure, that is, dti(x)
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 =  dx in (— c < x <00). Then the necessary and sufficient condition that 
the function f„ „( g,h) has the special form 

(3. 34)g=um+u„, h=um+ cm,„u„ 

with constant cm,„N 0, 1 for m, n 1, 2, 3, •••, and for which (2.15) holds 
true is that there are constants 02>0 and 13 such that 

(3.35) Yu.; r) = 27r M 62)-112 expl— (Unc+ an2,(1.—)9))2}                                                 2a2m 

which can be reduced to the normalised form 
                                                            *2 

(3. 36)p(u,*„; r*) = exp— r*u*,„+ m r*2 +Um - 2m 2log 27rm} 
by the transformation 

(3.37) = a(r — )9) • 

   Proof : The sufficiency is immediate. The necessity can be observed 
from Lemma 3. 1. 

   Theorem 3. 2. Under the hypothesis to Theorem 2. 2, let us consider 
the case when ,a(x) becomes the linear Lebesgue measure, that is, dp(x) 
= dx in —00 <x < CO. Then the necessary and sufficient condition that 
the function fm,„(g,h) has the special form for which 

(3.38)um gh, un— g( 1 — h ) 

and for which (2.10) holds true is that 

(3.39)p(uni; r)=-- (F (am))-1 r`" exp — u} it"' 

with a positive constant a. 

   Proof : The sufficiency is evident. The necessity follows from the f act 
that the relations 

(3. 40)Am(gh) A,(g(1 — h)) g = Am,„(g) Bm,„(h) 

are equivalent to the functional equations (3. 21), provided that logil,„( • ) 
  Om(•), logB„,,„( • ) = Vfm,„(•) and g=x, h=y. 

  § 4. Two sample formulation based on the decomposition of two 
independent additive statistics. The two Theorems 2.1 and 2.2 will be 
now shown to be of the fundamental importance in developing two sample 
theory in a general formulation which we discussed in the previous paper 
of ours [2] rather with reference to the particular forms of distribution-
functions. We are not trying to give any mathematical refinements beyond 
the two Theorems, but we are rather concerned with the interpretations
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and the uses and of the simple mathematical  formula. Let us begin with 
the simplest cases among the two possible approaches, that is, the case 
when there exists a f amily of relative statistics co,„, „(uni, u„) defined in 
Definition 2. 2. 

   Theorem 4. 1. Under the hypothesis to Theorem 2. 2, let us assume 
that the condition (2.15) is satisfied. 

   Let us assume furthermore that for an assigned value of a in 0 < a< 1 
we can find out a domain Rm,„(a) of the real line of h such that 

(4.01)                            Din,„(h)dg(h), a. 
                                            Rm, n' ci) 

   Let us write h= co„,,„(un„u„). Then we have 

(4.02)Pr•C °7n, n(U in 2 u,t)R~n,n(a)) = a • 

   The interpretations of the simple formula (4.02) can be done in several 
ways. The definition of R., n( a) and the value of a may be different ac-
cording to their uses and their interpretations. Among others there are 
three fundamental interpretations. 

   [1] The prediction. Let u,, be a sufficient statistic which we have al-
ready obtained, and let u„ be another independent statistic to be obtained 
in another occasion, where urn and u„ are distributed according to (2. 01) 
and (2. 02) respectively. Under this condition the f ormula (4. 02) gives 
the domain of the values of un to be expected to belong for an assigned 
value of a. 

   [2] The test of significance. Let um be a sufficient statistic distributed 
according to (2. 01), and let u„ be another independent statistic distributed 
according to the distribution of the form (2. 02) however with parameter 7* 
which is not necessarily equal to T. 

   The null hypothesis Ho: = 7* can be tested by the formula (4. 02) by 
means of u,„ and u„. That is to say, for an assigned significance level of a, 
we shall reject the null hypothesis Ho when co„,,,(u,„, u„) does belong to 
the domain R„,,,,(a). 

    [3] The fiducial argument. After our understandings to the theory of 
fiducial argumant due to R. A. FISHER, there are two conditions for the 
application of the fiducial argument. The first is the absence of an informa-
tion a priori. The second is that it is concerned solely with sufficient 
statistics. 
    Our formulation discussed in § 2 satisfies both of these two conditions. 
Now the author prefers here the argument of two sample formulation, 
because it contains the prediction, the test of significance as we have just 
referred and moreover it will give some explanation in the limiting case 
for the idea of the fiducial argument concerning the unknown parameter.
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This argument is based upon the argument to the effect that , when the size 
of sample n tends to the infinity, the sequence of the  functions of u„ will 
tend to the population parameter z. We have already mentioned the inter-
pretation of this sort in our previous paper [1]. This interpretation seems 
to the author to be one of the possible approaches to the fiducial argument 
about an unknown parameter 7 which R . A. FISHER can agree with, because 
he points out in his recent monograph [1] p. 114 the equivalence of fiducial 
probability statements to the predictions in the form of probability state-
ments about the future observations . 

   Now let us turn to the more general situation when the formula (2 . 15) 
does not necessarily hold but merely the formula (2. 04), (2. 06) and (2.07) 
hold true. Under this situation we have to deal with the conditional proba-
bility density function of v for each assigned value of g =u + v such that 

(4.03)                      Am(v) A„( g — v)dp(v) .                                 A
m.t„.(g) 

   Because of the f act that the sum of u and v has an assigned value , 
some of the possibilities of statistical inferences are not so straight as we 
have just shown for the case when (2. 10) holds true. Indeed it is at least 
very difficult to establish the prediction [1] and the fiducial argument [3] 
for the general case (4. 03), because of the lack of the statistic h = „(u, v) 
which is independent of g = u + v. 

   However the test of significance [2] can be established generally under 
our present situation. 

   Theorem 4. 2. Under the hypothesis to Theorem 2. 1, let us assume 
that for an assigned value of a in 0 < a < 1 we can find out a domain 
Rm,„(g; a) of the real line v such that 

(4.04)Am(v)An(g — v)dg(v) =a. 
                          •Rm,n(g; a)ni,„(g) 

   Then the probability that, under the condition that the sum of the two 
independent sufficient statistics um+ u„ has the assigned value g , that is, 
um + un— g, the probability of u„ belonging to the domain R ,„,„(g; a) is 
equal to a, namely 

(4.05)Pr.lunr. Rrn, n g ; ce); um + — CY • 

   This Theorem can be applied when we have already obtained the values 
of u„, and un. We have then a certain value of the sum g + ten. We 
may restrict ourselves within the reference set for which um+ un, is equal 
to an assigned value of g=u,n+u„. It is to be noted that (4.05) has no 
unknown parameter 1-, and that under our situation the statistic um + u„ 
exhausts all of the relevant informations for estimating the unknown 
parameter T.
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   The uses and the implications of the two Theorems will be explained 

by the following examples. 

   Example 1.1. For Example 2.1 let us define the function kc, of a 

such that, for each assigned value of a in 0 < a < 1, we have 

                1 (ka 2                                               "  
 (4.06)(/)(k,) —(-D( — kr)—=expcl,—. 

Then we can define the following formula : 

   (a) The domain of rejection for an assigned level of significance a 

(4.07)Rm, „(a) =[h ;  k,„(1 +n 
                     In 

   (b) The prediction formula for u, by means of um with the confidence 
probability a 

      '21/2 

(4.08) n(u"— kc,( 1+n< u„<n(u'+ kc,m(-1—+n /, 
 m which has been derived from the relation 

                          1 1 )112 (4.09)h<k,( m— +n- . 
   (c) The fiducial argument for the unknown parameter r by means of 

the statistic u,„. This can be shown as the limiting case of the probability 
distribution function of h um/m u„/n 

          1 1 —1121 (11(umd(u„ (4.10).27r.(m+n) expi—                  2)1)2')zniml 

when n tends to infinity, which gives us 

                                     2m
(4.11)(27)-2m1/2expl——2( r —mum)J/d(U-rn21. 
   Exactly speaking what we are concerned with is the limiting asymptotic 

probability distribution of u„, n as n tends to infinity. However at least 
symbolically it is simpler to appeal to (4. 11), and there may not be any 
confusion so far as we are concerned with the application of Theorem 4.1. 

   Example 4.2. For Example, let us define the function F.,' (a) of such 

that, for each assigned value of a in 0 < a < 1, we have 

(4.12)dF.                  B(2,2/• 1;2a(11F11- 
               22 

   Then we can define the following formula :



Successive Process of Statistical  Inference105

   (a) The domain of rejection for an assigned level of significance a. 

(4.13) „( = [F; F > Fj` ,T (a)] 
                      =[u„,/u„, u,„ > u „mr„" ( a)] 

   (b) The prediction formula for u„, by means of u„ with the confidence 
probability a. There are lot of possibilities. One of them is given by 

(4.14)mn-lu„r: (1 - 2)<um< mn-' u„F.2,7T(---•                                    2/) 

   (c) The fiducial argument. It can be readily seen that we shall have 
for any assigned positive number G1 and G2 such that G1< G2 

(4.15)lim Pr. {Gi<nu=                                       dh 
                              ten2 G1 F(m) 

which gives 

(4.16)G. nG2 hm-I ehdh .              lim Pr.< <                        u
m tin umGI r (m) 

   Now the law of large number assures us that n/u„ tends to the popula-
tion parameter r with probability one. Hence with probability one we have 

                                                  2 hm-' e-4 
(4.17)Pr.-u

rn G 
          <r<1GG.dh 

 1(m 

   Example 4. 3. Let u and v be two independent statistics having their 

probability density functions of (2.09) for u and 

(4. 18) exp — v — + v logn — log r (v + 1) cig(v) 

for v as in Example 2.3. The hypothesis Ho: r = r* can be tested by de-
fining the domain of rejection Rp(g, a) such that 

(4.19)E gc,pv(1 - Pry = a 
                               vell,,,,g; a) 

wherep n,(ni+ n,)' and g =u + v 

   Example 4. 4. For the case of the binomial distribution, the argument 

similar to Example 4.3 holds. Here we appeal to the hypergeometric 
distribution of the type (2.35) for which we choose g.„,„(g; a) such that 

(4.20)                  B(m + 1,g —  v+1) B(n+ 1,v + 1) 

                                                                                                                                                                                                  . 

               ;B(m + n+ 1, g +1) 

   It is to be noted that we have not entered the details how to choose 

the domain R„,,„(a) and R,„,„(g; a) among possible choices of them and 
how to manage the difficulties associated with discontinuous distributions 
of the types (4. 19) and (4.20). We have rather concerned with the broad 
aspects of the uses of additive families of sufficient statistics.
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   5. Several sample formulations and limiting procedures associated 

with them. We have been so far concerned with the two sample formu-

lation and some of statistical inferences associated with them. Our notions 

of an additive family of independent sufficient statistics and a family of 

relative statistics associated with the former make it possible to give several 

sample formulations. In f act our additive f amily of independent sufficient 

statistics gives us 

(5. 01) exp — rum; + m,b(r) + a„,,(it,„)} 
                                  -7= I 

            = exp — z E uno + E m,b(7) + am,(E 
             J = IJ=)=-- 

               • [A atti                   (Enu)]1krum, ) 
              3=1j=i 

where we have put Mk= m,. The cases when there exists a f amily 
of relative statistics can be discussed more in details, and there holds an 
associative law concerning the family of relative statistics such as 

(5. 02)               Dmt, In2 C°Tni, ( Um, 9 )                                                  I "` ' m3\1mI tni2, n13(U/n1 Unt2, itm3) ) 

                    m2(Unit f um.,)riC9ini-hin3(Umi± litm2141113) 

                41111, 1112, M3(14011 UnI2 U1113) 

is invariant under the permutation of (m1, m2, m3) to (m1, nic,3) when 
(a„ a2, a3) is any permutation of (1, 2, 3). These are rather simple ob-
servations, but will serve to some sorts of statistical inferences discussed 
in our previous papers [2] --- [9]. Let us begin with the two sample formu-
lation. 

   In § 4 we have already referred to the limiting procedure to be applied 
to our two sample formulation by means of which to show that the fiducial 
argument of R. A. FISHER can be considered as the limiting case of two 
sample observation where the size of one of the two sample tends to infinity. 
This can be proved under a fairly general condition, although it will be 
given in somewhat complicated expression. Indeed we shall observe. 

   Theorem 5.1. Let us assume that under the hypothesis to Theorem 2.1 
the mean and the variance of the statistic u1 exists and is finite. 

    Let x, x1, x2, v1 and v2 be any assigned real numbers such that x1< 
x3 and v1<v2. Let us write g u,n-n=u,„ un• 

   Then the following assertions hold 
   (1°) We have 

(5.03) lim Pr.x1<um ± un— (m1/ M +n                                                   X2Vi <ita < V21" 
                                            V2 

           (°(x2) xt) ) P„(v; d (V) •
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   (2°)  W  e have 

(5.04) lim Pr. (2'n + n) + o m + < g <(m + n) + .x21/ m 

       = 0(X2) 0(x1) 

   (3°) W e have         

r V2 Ani(g — v) dii(g — v) 
(5.05) Ern e-7v A„(v) dp(v) • g.,         x, viI e-" Anii.„(g)dg(g) 

                                                    91 

       = I2             p„(v; r) dg(v) , 

                                                   . where g + n) + Xil/M n (i = 1, 2). 

   Proof :") Our statistic u, belonging to our additive family of independent 
sufficient statistics can be written as the sum of j independent stochastic 
variables each of whose summands has the same probability density func-

tion with respect to the measure and hence the statistic u„ has the mean 

j 5 and the variance j 62. 

   Consequently the central limit theorem can be applied to the probability 
event enciated in the left-hand side (5. 03), which gives us 

(5. 06) Ern Pr.flx1<  2 /mm< xv1 ----u<v.,} 
                            M + n 

             v2(+V — (m + n) 
      = lim Pr . ixi<<x2nu=f „(v) dp.(v) 

     7/24,x =a^Mn 

                  

( v2 

       =lim Pr..ixi<um+ v — (m + n)5                                       x2u„—f„(v)dit(v) 
   xM + 

      = .1- expP„(v; 7) dp(v) 

        

' x )G7C2 1 

     1x22v2 

              v/  Iexpxdxp„(v,dp(v) ,        x,2 

as was to be proved in (5. 03). 
   Assertion (2°) follows immediately from (1°), by letting v 1 = — 00 , 

v2 = 00 , and the combination of (1°) and (2°) give (3°). 

   Remark 1. (5. 05) is an exact enunciation to the suggestion that 
A,,,(g — v) A„(v) Ami-n(g) will tend to p„(v; 7) as m tends to infinity. 

   In virtue of (2.06) which can be written as 

                                                                          0, 

(5. 07)A„,,„(u) = — v) An(v)dp(v) , 

C4) This is an improved proof after the remark of Mr. Nobuyuki Ikeda.
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we have, for the  f  amily of the probability density functions fm(u)—=exp t — 
+ mb(r)0m(u), 

(5. 08)fm,„(u) = f „i(u — v)f,(v)dg(v) 

and hence 

(5. 09) Rm, n(g, v)               Am—                      (gv) A„(v) pm(g — v; r)p„(v;                                                 -= 

                       g 

   Remark 2. In order to establish the more direct result to the effect that 

(5.10) lim Pr.1 vi< u„<v, um+ u„ = (m+ 5)5 + xi/ m + 

           p„(v; r)dp(v), 
                      v, 

it will be sufficient either to have established the central limit theorem 
concerning the probability density function not concerning the probability 
distribution or to have assumed that 

                    p,7„,_„((m+n) + a xi/ m+ n•' (5.11).  —1                   p
,,,((m+n)e+oxVm+n— v; 

for each assigned r and uniform for x and v in any finite domain of x and v. 
   The similar argument as to Theorem 5. 1 can be applied to the limiting 

procedures in our several sample formulation. For the sake of brevity, 
we shall enunciate the three sample one which gives us. 

   Theorem 5. 2. Under the same hypothesis to Theorem 5. 1, let us con-
sider the statistic u1, nm and u„. Let us write g =u,+ um+ un. Let x, x1, 
x2, v1, v2, wi and w2, be any assigned real numbers such that xi<x2; 
v,<v2; wi<w2. Let us put gi= (l + m+ n)5 + xt/l + m+ n (i = 1, 2). 
Then the following assertions hold: 

   (r) We have 

            lim Pr. -tx,<ui + um+ u„— (m+n + l)5<X2 9 (5.12)                               01/1+m+n 

                                    v i<ui <v2, w i<u„ < 
                                                    72 

          = (0(x2) 0(x1)) exp — 1- v + + al(v) dp(v) 

               iv2                           exp — rw + nb(r) + an(w);clzt(w) . 
                                              vl 

(2°) We have 

(5.13)lim Pr.lgi<g <g21=0(x2)— 0(x,) .



Successive Process of Statistical Inference109

   (3°)  We have 

     v, — u w) diu(g — u — w) (5
. 14) lim A;' (u)clic(u) A",.:'(w)d,a(w)   

                       771-.00 

                                       rAi,+„(g) dp.(g) 

                                                                   

• gi 

   v2, , 

      = p,it; 7)dlt(U) -Pn(W; 7)C112(W), 
                                            yr 

where we have put (x) = A;(x) . 
   The proof of Theorem 5. 2 is similar to that of Theorem 5. 1. It is to 

be noted that we have the relation 

(5. 15)             A, (u) A.,*„(g — u w)A(w)                 A%
,„(g) 

              (v) A:( g — v — w) A;',,„(g — w) A,*,(w)  
              AL*„(g — w)Ai*„,„,„(g) 

           _ P1(1); 1-) — v — w;  PH-m(g — w; r)Pn(w; r)  
                    — w; z)P i_h„,„(g; r) 

  § 6. The estimation after preliminary test of significance. The esti-
mations after preliminary test of significance belong to a class of the elabo-
rated statistical procedures discussed in some of our previous papers [2], 
[3] and [9]. Now we can generalise the main aspects of our procedures 
to the more general case associated with two additive sufficient statistics. 

   Let u be a sufficient statistic having the probability density function of 
the form (3. 01) with respect to an unknown parameter zi. Let v be a suffi-
cient statistic having the probability density function of the form (3. 02) 
with respect to another unknown parameter r2. Whether the values of r, 
and 72 may or may not be equal to each other is not unknown to us . 
Thus the distinction between two parameter values may be regarded as 
hypothetical. Let us suppose that we may pool u and v, that is to form 
g = u + v, in case when testing the hypothesis that 72 shows that the 
hypothesis cannot be rejected. 

   Our rule of procedure is as follows : 
   (i) Let the statistic h= v) is defined according to the formula 

(2. 14) and (2.15). 
   (ii) Let us define the estimate zl of the unknown parameter r1 defined 

in the following manner : 
   (a) If the statistic h= 0pm,„(u, v) defined in (2. 15) does not belong to 

the domain Rni, „(a), then 

(6. 01) ai'n-t-n(U 4- v) 

   (b) If the statistic h = „(u, v) defined in (2. 15) does belong to the 
domain then
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 (6.  02)1:1= aiCi(u) 

where Rin,„(a) is defined by (4. 02). 
   For each assigned value of real number x, let us denote by D„, (x) the 

domain defined by 

(6. 03)D,„(x) =Pr. a,'„(w) <xL 

   Now we observe 

   Theorem 6.1. The distribution of ":=1 is given by 

(6.04) Pr. 1-1<x} 

              exP — 71g+ (m+ n)b(ri) + an„.„(g)dit(g) 

       • 1exp — (72— rpv(g ,h) + n(b(7-2)—b(7-1))d,,,„(h)dg(h) 
                  heD—Rm, n(a) 

       + I exp — 7,u+ mb(r,) + an,(u)dii(u) 
               - D7i

n,(X) 

       • 1exp — 72v + nb(72) + a„(v) dii(v) 
                       n(ai, v)E 716 n(co' 

 § 7 Sequential probability ratio test concerning an additive family of 
sufficient statistics. The sequential probability ratio test developed by 
A. WALD [14] can be applied to a fairly general class of probability functions. 
It is to be noted that his theory has been applied to some restrictive class 
of probability functions in order to secure the concrete constructions of 
various fundamental functions such as the operating characteristic functions, 
the average sample number function and so on. Most of his examples dis-
cussed in his monograph [10] are concerned with the familar probability 

distributions such as normal, binomial, chi-square distributions and so on. 
These belong to the examples of additive family of independent sufficient 
statistics. In fact we shall show that there is a common feature which is 
valid for any additive f amily of independent sufficient statistics and which 
will make the sequential analysis to be a most fruitful one. 

   Let us consider an additive family of independent sufficient statistics 
um concerning an unknown parameter T. Let the null hypothesis be H1: 

 = 71, and let its alternative one be H2: 7 72. 
   Then the probability ratio is simply 

(7.01)exp — r 'um + rnb(r,)+ am(u„,)  
                  exp — 72uni+ mb(72)+ am(um) 

                    exp — (7-1— 1-2)uni+ m(b(-ri)—b(72)) •
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   According to the general approach in the sequential probability ratio 
test by A. WALD  [10], there are two constants A and B to decide one of 
the following three alternatives. 

   (1°) When we have 

(7.02)(r, — ri)uni + m(b(7,) — b( 7,)) > log A , 

then we stop the experimentation and accept the hypothesis H1. 

   (2°) When we have 

(7.03) logB <(72 — Tt) um + m(b(7,) — b(r2)) < log A , 

then we make another independent observation which gives us um-Fl. 

   (3°) When we have 

(7.04)( 72 — 7/ ) m(b( 71) — b 7-2 < logB , 

then we stop the experimentation and accept the hypothesis H2. 
   The two parallel straight lines giving the boundaries for a continuation 

of experimentations are given by 

(7.05)un,=b(7-2) — b( 7, ) m +  1  logr, , 
                         72 — 2172 — 7I 

where r = A or B. 

   In virtue of the additivity of our independent sufficient statistics we 
may and we shall assume that there is a sequence of independent stochastic 
variables 7).j (j= 1, 2, •-• ) such that each v, has the probability density 
function with respect to a common measure such that 

(7.06)exp b(r) + a,(v));d,u(v;) 

and that um = v, + v2 + + vni. The essential instrument for constructing 

the fundamental aspects as well as the practical calculations concerning 
sequential analysis by A. WALD [10] is to find out a function h(7) such that 

(7.07)r(P(v;c,))4(I_ 1                        L'P(v,7) 

for all 7. For our present situation, we have 

   Theorem 7.1. The necessary and sufficient condition that (7.02) holds 
true is that h(.) satisfies the relation 

(7.08) b(h(7)(z- — r ± = h(z- )(b(72) — b(z,)) b(r) 

for all z. 

   Proof : The left hand of (7.07) can be written as 

( 7. 09 ) exp — h(7)(71— 72) + 7v+ h(r)(b(72)—b(71)) 

                  R 

                                 b(r) ai(v);dit(v) .
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Let us put  r*-_, 11(7)(7, — + 7. In order to satisfy the condition that (7.04) 
is equal to 1 for all r, we should have 

(7. 10)h(r)(b(r2)—b(r1))+b(r) =b(-,-*) , 

which gives the relation to be proved. 

   Example 7. 1. For the normal distribution N(r, 1), we have b(r) 
— 72/2. Then (7. 08) gives us h(7)= (72 + 71 - 2 - 72)• 

   Example 7. 2. For the case when b(r) = log r, we have h(7)(71— 72) 

       7(72r,')4`7). 
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