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 § 1. Introduction. A stationary (wide sense) real process x(t) with 
discrete parameter is called a process of moving averages (m.a.) of order 
k(> 1) if it has a form 

(1.1) boy(t)+biY(t - 1) + ••• +b,y(t - k) , bob,\ 0 , 

where y(t) is a non-autocorrelated stationary process with zero mean 
(WoLD [1]). The x(t) is said to be a regular m.a. if 

            I the roots of the equation 

( 1. 2 ) boe bd-1 + --• + b,= 0 
              are less than or equal to one in modulus. 

   In the continuous parameter case a process of m.a. is defined by an 
expression of the form 

(1.3)x(t) = f(s)d5 (t - s) , 

where f(s) is a Lebesgue measurable function, ). If( s),' ds <co, and the 
5( t) is a process of orthogonal increments, cl5(t)I2i dt (DooB [2]). 

   A large sample test for m.a. with discrete parameter was discussed by 
H. WOLD [3] in 1949. In this paper we shall first point out that an exact 
test for a discrete parameter normal m.a. (d.p.n.m.a.) is given by an ap-
plication of the normal regression theory, and then we shall apply similar 
method to the continuous parameter m.a. (c.p.m.a.) under some restrictions. 

   A prediction scheme for the process of this type will be easily derived 
as well even if the size of sample is finite (OGAWARA [4]). 

  § 2. Discrete Parameter Case. For a m.a. (1.1), the (theoretical) 
autocorrelation coefficients are given by 

(2. 1) p(r),----p(r) 
         (bob, + bib,,,+ ••• + b,-Tbk)/(b02 +b,2 + +b) r -= 0, 1, k 

 0v> k + 1 

Thus, for a n.m.a., if t,- t,> k + 1, x(t1) and x(t2) are independent. This 
fact leads us immediately to the following test schemes. Let xi, x2, •-•, 

                                77
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be a sample sequence of the n.m.a. of order k whose mean, variance and 
autocorrelation coefficients are p, a' and p(r) respectively. 

   (i) Test for the mean and the variance. A subsequence xt, (j 
1, 2, ••-, n), where 1 < ti< t,‹ <f,2CN and titi- t,>k + 1 (i -= 1, 2, •-•, 
n -1), forms a random sample from the normal population with the mean 
i and the variance 0-2. Thus the ordinary test schemes can be applied. 

   (ii) Test for the correlogram. We consider here only a regular m.a.. 
In that case the coefficients b's are uniquely determined by the autocorrela-
tion coefficients (theoretical correlogram), provided that we put bo = 1 with-
out loss of generality (WoLD [1]). Consequently, the hypothesis specifing 
the p(r) (7=1, 2, •--, k), H(,o(1), ,o(2), •••, p(k)), is equivalent to the hypo-
thesis specifing the bi (i = 1, 2, • , k), H(b„b„,•-•,b„). This fact we denote as 

(2.1)H(p(1), p(2), p(k))'- H(bl, b2, bk) 
    or simply H(,o),H(b) . 

Now, if we put 

                                 Xj(2k-i-1)-1-1,1-1 
                                          1 j= 1, 2, •••, n,                      X)(2k±1'172) p 2, •••, k 

(k +1)-variate normal random variables (z), (j=1, 2, ••• , n) are 
independent with the consequence that the z, (j 1, 2, -•-, n) are condition-
ally independent relatively to the x;, (p = 1, 2, •-• , k; j = 1, 2, •-•, n), and the 
conditional expectation of z, turns out 

                               p= 1, 2, •-•, 1?.--= co -1- E c„,xip, 

where co= ,u (1- c, c2- ••• -c„) and 

(2.2) p(r) + cip(r -1) + ••• + Gp(z- -k) =0 (1- =1, 2, •••, k) 

or 

                   _ 

      c,1 p(1) ••• p(k -P(1) 

(2.3)c, = p(1)1 ••• ,o(k - 2) p(2) 

                                                                                                                                                                        • 

          c, j p(k - 1) p(k - 2) --• 1 _j ,o(k) 

or inversely 

       p( 1) - r c2- 1C3 c., •-• c, 0 c, 
      p(2) - c1+ c,- 1 c5 ••• 0 0 c2 

        P(3)c2+c, ci+c, c,- 1 ••• 0 0 C• (2
.4) 

 •• 

                                         

: :   ••           ••       •• 

       p(k -1) ch + ck ck 3Ck • • ' —1 0 c,_, 

          P(k)Ch.,-2 Ck_3 • • • c1 —1 Ck
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provided that the inverse matrix on the right hand side exists. Thus 

 (2.  5)H(p) H(c) , c= (ci, c2, ••• ck) 

and the hypothesis H(c) can be tested by the test _function 

                    E a,(e„—cp)('e„— c )                                             n— k — 1 
(2.6)F :  •            A  k 

                       E(z.)—'e0 — E Lpx p) 2 
             J=1p=1 

where 
                                           7I 

             a„=a„,= E (p, q = 1, 2, •-• , k), 
                                                )=-1 

             a1,„= E (p = 1, 2, ••-, k) , 
                                      .2=1 

                     A-

                  a„t„-=a,,p, (p = 1, 2, ••• 

                             = 

            = - E z„„ „ = E x,',/n, E z/n), 
        p=2 =1 

that is we have the following 

   Theorem 1. For a d.p.m.a. (1.1), the hypothesis H(p) is tested 
by the test function (2.6) which follows the F distribution with the Pair 
of degrees of freedom (k, n — 1) under the supposition that the zi's 
are random variables and the x,p's are fixed variates. 

   This method may be extended to various cases corresponding to various 
ways of selection of z, and for instance, we may adopt z,---_-:x(uid-v) 
and x„'p------:x(t(+ p) (p=1,2, k), where v�,k+ 1 and 1. 
(Among them, however, the scheme which makes the size of the confidence 
region for (p(1), p(2), •• • , p(k)) as small as possible may be advisable and 
in order to get it the relations similar to (2.2) (2.4) and (2.6) should 
be refered to.) 

   3. Continuous Parameter Case. Here we consider a real c.p.m.a. 
which has the form 

(3.1)x(t) — f(s)d5 (t — s) , 

where f(s) is a real function such that it is continuous except an enumera-
ble set of points, for a fixed to, 

            f(s)-= 0 for s>to> 0 and for s<0 

and it has continuous and non-zero point in (0, e) and in (t0 — E, to), E be-
ing an arbitrary positive number such that <to and 

                    j•to                             f(s)2ds< C'Dy 

                                              0
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and where (t) is a Wiener process on ( — , CO ), Eld',:=(t)2} dt. Then 
we get 

(3.2)E{x(t)x(t + z-)= f(u)f(u + 7)du v<t0, 

                              =0 

that is, for t,— t 2 >Jo, x(t,) and x(t2) are independent, and the variance 
of the x(t) is given by 

(3.3)02 = f(U) du . 

                                                 0 

   Let (1 + 1)41. = to, 1 being an arbitrary positive integer, and put 

                                           dt 

(3.4)biy(t + j zit), f(j zit + s)de(t — j zit — s) , j =0,1, ••• , 1 , 

                                             0 where the b,'s are constants such that the y(t + j zit) (j = 0, 1, •••, 1) have 
the same variance ay. We may put 1)0=-1 without loss of generality, then 

(3. 5)(7,2 =f(s)12 ds 

                                                0 and
rdt 

(3. 6)15' = f(j + s)2ds/ay2 . 

                                     

. 0 

   Because of the independency of y(t + j At) and y(t + j' it) (j  N   j'), 
                                                        *zit                                    1 

(3.7) x(t' + dt)=Ei f(j + s)d5(t' + zit — j — s) 
                                             =0^o 

                      b,y(t' + i — j 4t) i +1, +2, 
                                            ,=0 

is a d.p.m.a. of oder 1 at most, where t' is an arbitrary constant. The 
coefficient b; is a square root of (3.6) and its sign is determined sucessively 
by the comparison between two types of expressions (2.1) and (3.2) 
devided by (3.3) for the autocorrelation coefficients in the following way. 

          = f(u)f(u + 1 Jt)du; a: , 

         b1_, + = f(u)f(u + (1 —1) hlt)dula: , 

(3.8)-           b
i_2+ b2bi= f(u)f(u + (1 — 2)4t)du ay2 

                                                     ••• 

                                                       r- 

         b+ bib, + ••• +f(u)f(u Jt)dul ,



An Exact Test for Moving Average81

where 

 tit                 Qy2= 021( 1 ± b12 + ••• + b;')=1*f(s)`. 
                                      Let us call the process (3. 7) the d.P.rn a. of formal order 1 belongs to 

the continuous parameter process (3. 1), and if the process (3. 7) is regular 
m.a. of order 1 the continuous parameter process (3. 1) may be said to be 
regular at the order 1. Since the expression of discrete parameter regular 
m.a. (b0=1) is uniquely determined by its autocorrelation coefficients, we 
have the f ollowing 

   Theorem 2. To a c.p.m.a. (3. 1) belongs a d.P.m.a. of arbitrary 
(formal) order and if it is regular at the order 1 the d.P,m.a. of order 1 
belongs to it is unique. 

   Now, we assume that the functional form of f(s) in (3.1) is known 
and it has k unknown parameters, 01, ••• , 0,, that is f(s)=f(s; 0), 02 
(0„02,•••,0,). In that case we have 

   Theorem 3. If the c.P.m.a. (3. 1) is regular at the order k and if 
H(0) -.-H(b), b =(b1,1),, ••• ,b,), the hypothesis H(0) can be tested by the 
F-test under the same supposition enunciated in Theorem 1. 

   For the purpose of the test for the hypothesis H(0), however, it is not 
necessary to use a d.P.m.a.. Let 

                    D: 0 <t,<t,< ••• <tk<to 

be a division of the interval (0, t„) and put 

                 f(s; 0)(15(2jt0—s), 

         x(2jt0—tp)=1 f(s; 0)de(2.110—tp—s), p = 1, 2, ••• , k , 
then the regression coefficients of z c„ c,, ••• , ck, on x'„, (p = 1, 2, ••-, k) 

are the functions of 

                                                                                                                                              0.0 

        f(s;0)f(t + s;0)ds andf(s;0) f(t„— t,+ s;0)ds , 

                                               (p, q= 1, 2, ••• , k), 

consequently they are the functions of 0 = (0„ 02, •••,0k). Thus the test 
for the hypothesis H(0) is reduced to that of H(c), if H(0) H(c). It 
will be an important problem to be solved what division D gives the most 
efficient test. In this connection, we shall consider a simple case in the 
following section.
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  § 4. A Special Case. Let us consider a simple c.p.m.a. 

                                                 to (4.1)x(t)=Ff(s; 0)ek(t — s), 
                                         .0 

(4. 2).f(s 0), e's for 0<s<to,                  =0 for s<0 and s>to, (0>0), 

(4.3)G2 = (1— e-2'')/20 , 

                   p(r) (e-0171 ee- • -                       –20t„)/(1 < to, (4.4) 
   =0 to • 

In this one parameter case, if we take di.= to/2 and put 
                                                At 

                   y(t)= F e-°'d(t — s) , 
                                             at 

                     by(t — At), e–BAt–Osd,-( •                                      t zit — s) , 

then 
                           a2 = (1— e'")/2 0 , 

                           b2 = 
and 

(4.5) x(t) = y(t) + b y(t dt) , (t =i i =0, +1, ±2, ...) 

is a d.P.m.a., where b should be positive and equal to exp( — 0 t„/2), be-
cause p(dt) = p(t,,/2) = b/ (1 + b2)>0 according to (4.4). 

   The regression coefficient of x(t) on x(t — At) is given by 

(4. 6)c = p(t„/2)= e-°'17( 1+ e') . 

While, if generally 0 < d t <to, the regression coefficient of x(t) on x(t — At) 
is given by 

(4. 7)c(zjt) p(At) e—Ozit (1 e-20,,to–et))/(1 e-2°4') . 

When the sample function x(t) is given on the interval (0, T), the test 
function we use is 

                       c)2i(x, —i')2(12-2) 
(4.8) F= 

                   EI — 2; (x; x') 2 

where 

(4.9)(n-1)(to+ AC+ <T <n(to+ zit) 
                     —1)(to+ dt)+ zit) . 
                                                          1=1, 2, -••, n,                x((j —1)(to+ a)) 

                  =E z;/n, xij= E xj/n 

                                                j
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and 
                   ----E(z

„-z)(x,-  -  x')2 . 

From (4. 8), the confidence interval for c with confidence coefficient 1 — 
is given by 

(4.10)c -±[F71,_,(a)D7(n — 2)]h11 , 

where F,1,,(ty) is the 100 a % point of the F distribution with the pair of 
degrees of freedom (1, n — 2), D2= E — x')2/E(x; —X' )- and 

for a n large it will be shown by the limit theorem of probability theory 
under the supposition that x,'s are fixed 

( 4. 11)D2 (1— c2) . 

Hence if we take At very small, 1— c2 becomes small according to (4.7), 
and we can take n large in (4.9), consequently we can make the confidence 
interval length for c small. However, in that case, the confidence interval 
length for 0 itself does not necessarily become small, because, from (4.7), 
we can easily see that the c(dt) is a monotone decreasing function of 0, 
c(dt)—).1 — /10(0 0) and c(z1t)---3. 1 (zit 0 + ) uniformly for 0<0 <01, 
01 being an arbitrary constant. On the other hand, c( tit) 0 ( At to — 0) 
uniformly for 0 <0 <no. An appropriate value of At for a given value of 
to may be determined by refering to the family of functions of 0 (4.7) 
for various values of dt and the formulas (4.9), (4.10) and (4.11).

METEOROLOGICAL RESEARCH INSTITUTE.
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