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 § 1. Summary. In an r-way layout of the parametric type, the m-th 
observation (m= 1, 2, •••, n) corresponding to the combination of the levels 
t, (1 � �1,) of the j-th f actor (j = 1, 2, • • • , r) is given by 

(1.01) xt            1-2•••trm = P E 1, •Za; ti,, ti22 ••• tia) etit2•••trla 
                                          a./ 1,2, ••, 

where 7              •••,a0) P(il i2, is; tio tiv • denote the summation over 
all combinations of (i„ i2, ••• , i.) chosen from 1, 2, r with ii<i2< 

         i2, jet ; tio t12, ti,%) are the constants satisfying the conditions 
                        tij 

(1.02)E i2, .../ jai; tip "", tia) -= 0, 
                          tii=1 

and random errors „>», are normally independently distributed with 
the mean value 0 and the common unknown variance a2, We are concerned 
with a choice of the combination of the levels which will give the maximum 

effect for each assigned set of (i„ j2, , i.), that is, to find out the com-
bination ( tt, •-• , t,*.) which will give us the maximum value of 
•-• ia; t 1,tip ' ' • , ti.), where (tit, ti,,•, tic.) run through 1 � tii <1,, 1=1, 
2, •-•, a. Let A(k„ k„ •-• , kg; a,„ ak, • , aki,) be the maximum likelihood 
estimate of g(ki, k2, • • , ko ; ak,, ak2, -• • , a,p) and let us define 

(1.03) x(i1, i2, •••, is; tit/ t12. ..• tis) 

                          E A(ki, k2, •-•, k,3, akt, ak2, ••• akp) 
              13=0 is 

whose detailed formulation can be seen in H. B. MANN [4j. 
   We postulate the following statistical procedure ; if 

(1.04)max x(i1, i2, jos ; tit, ti,, 
                                      (3.1. 2. •••. 00) 

                            x(i„i2,••• ,i.;,ti*.) , 

then we choose (ti*, ts.,% -•- ,t,„*). This procedure corresponds to the one 
justified by R. R. BAHADURE [i] in his paper concerning a problem of k 
populations. 
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   Under this postulate, our problem is to find out a suitable number of 

replication n. In  this paper, the risk functions are set up which take into 
consideration the loss of making a wrong decision and the cost of repetition. 
We are able to find a maximum of the risk function over all possible 

parameter values. It is then possible to minimize this maximum risk with 
respect to the sample size. It is to be noted that P. N. SOMERVILLE [7J 
takes the similar attitude in determing sample size. 

  § 2. The case where we are concerned merely with main effects. Here 
we shall adopt the risk function R(n, a) defined as follows; 

                                                       7 (2.01)R(n, 6) .n+ E E j tj)P(j,t;), 
                                                      .7=, A./ tir..Fti* 

where 

(2.02) ti) = 1 AL(i ; t,*)— P(i ti) 

(2.03)P(j; tj). Pr max x(j; tik)= x(j; ti)1, 

(2.04)1.1=a1b;, 

where a is the cost of repetition, bi the loss of making a wrong decision 
in the j-th state. In what follows the ratios 2, are assumed to be known to 
us, but all a(j; ti) are unknown to us. Now n is not a continuous variable, 
but an integral valued one. In what follows, however, we shall treat n as 
if it were a continuous variable so that we may get approximate results 
enough for practical applications. 

   Theorem 1. For the case when lj= 2, that is, the 2r design with n 
repetitions 2r x (n), n* minimizing the maximum risk with respect to D : 

13(j t,), ti= 1, 2, j =1, 2, •-• , ri is given by - 

          012027)213 
                E—(1 + 63 x 10-40,)20tz„(1± 63 x 10-'0, )213 (2.05) n* =(2(I.-12. Ai 

                                                    8,< 1 , 

and in virtue of this solution we have 

                                                            r 1 2/3 

(2. 06) min max R(n, a), R(no,6„) + 0.0030 0,(2'12 
  n SEC1J=I j 

                                                         

10 21 < 1, 

where 

                                      1) .213 ( 2. 07)R(no, 60= 0.7307 (2-'"2E 
                                                                 J=IAi•
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   Proof. Putting ti* = 1, j =1, 2, •••, r, the risk function R(11, 3) is given 

by the following 

                          ; 
(2.08) R(n, 5) = n+ E3(j2)(— 2(r-2)na( j ; 2)), 

                                .7= IAj 

where 

(2.09)0(x). -1 -1 expt—t2/21dt-a-2.co(t)dt              27r' 

For any fixed n, the maximum point of R(n, 5) can be found by ordinary 
calculus. Since 

                          (n,3) (2.10)—aR------=0, j                    ao(i ;2) 

we have 

(2.11) 3/2(r-2)n3(j ; 2). 0(— I/2'7-2)715(j; 2))199(V. 2(r-2)na( j ; 2)). 

This equation may be solved approximately with the aid of a normal 
integral table [5], which gives us 

(2.12).3*(j ; 2)= 3,,(j ; 2)+ 10-48„ 03!<1, 

where 

(2.13)3„(j ; 2) = 0.7518 x 2-(r-2)/2n-'12. 

Since 

    a2R(n, 3) 10(.*, (2
'14)—aaci 

;2)a.5(i ; 2)12. .1-1(20-2)nii(j, 2)2— 2,)so(i/it5(j 2)) 

                                         (i = i) , 

and 

                  ra,R(n,6)1 (2.15) 

                                                                                                                                                                                                                                                                                             - 

                     Laau;2)2Jsu:2)=5„0:2<0, 

(2. 08) is maximized by (2. 12). Substituting (2. 12) in (2. 08), we have 

                             15x10'
(r-un,0r1 (2.16)R(n, 3*)R(n, 3„) +  E:04.< 1 ,                              V2 2=1—, 

where 

                              0.2404r1 (2
.17)R(n, 3„) = n +  —E.                                      .1%2cr`)n j.1 A; 

Our problem is to find out n* which minimizes the risk given by (2.16). 
This can be done by solving the equation
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                         aR(n,5*) (2
.18)=0,                             a

n 

and we are lead to (2.05). 
   From (2.12), (2.13) and (2.05) we have (2.06) and (2.07). 

   Remark 1. For the case when r=1 our result is coincident with that 
obtained by I. BROSS [2] and G. TAGUCHI [9]. 

   Theorem 2. For the case when SU; 3, (1 < j =1, 2, 7), 
n* which minimizes the maximum risk respect to D: (a„ 62, ••-, or) is 

given by 

                           1  r ti Mt j_.1213 (2.19)n*•-                   (1/21;1112-lrJAj) 
and for this solution we have 

(2.20) minmaxR(n, 8). 3 x 2'13( .                                        E____t213            7if)         SECIi/2 • Jr 3.1 2- 

where 

(2. 21) Mri-1=---- max 5)11 - P(j; tp))/1,12..• irn11/21i, 

                    (2k)!V.2V'k-t-"1/2 5,v' 2 57\ (2. 22)Pt*)=--E')')      j42V2''17
)2 

(2.23) Bn. k( Xi xrt E b,(Xn)Bn-1,5.--1(X111 x2, Xn-1) 
                                                        t=1: 

                       1 (2.24) 

        Z and 

(2.25)V j2 = a2(21.1)1(1,1,--- 1,.n) . 

   Proof. We can give the proof of (2.19), (2.20) and (2.21) in the same 
way as to that of P. N. SOMERVILLE [7] . The values of M,j_, for 1.,= 2, 3, 

                  Table 1. Value of nt in (2. 19) for 1 x (n)-design 
                            (1.1= I, Ai=1, 1=1,2,3,4,5) 

                         

- • 

      A = 0.01 A=0.05 

     1 2 3 4 5 I 1 2 3 4 5 

      2 5.3 6.6  6.9  6.6 6 12 1.8 2.3 2.4 2.3 2.1 . 

                                                37.07.77.0 5.94 .73 t 2.4 2.6 2.4 2.9 1.6 

      4 8.1 8.1 6.7 5.1 3.74 2.8 2.8 2.3 1.8 1.3 
    .. 

      5 8.9 8.3 E.3 4.5 3.15 ! 3.1 2.8 2.2 1.5 1.0 
  --- - 

      6 9.5 8.3 6.0 4.0 2.663.32.8 2.1 1.5 0.9  

          _
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4, 5, 6 were calculated by him. On the other hand, we have (2.22), (2.23), 
(2.24) and (2.25) by the expansion method of A. KuDO [31. 

   In order to calculate the (2.19), we made use of the value of M,J, 
for 1 j = 2, 3, 4, 5, 6 calculated by P.N. SOMERVILLE C73. 

   3. The case where we are concerned with a interaction. By the 
similar way to § 2, we have 

   Theorem 3. For the case when 5(j, k; t j, aft (l< 
1k, jk), the risk function 

(3.01)R(n, 5) =n + j;18.,„,11—P(j, k; t:) , 

where 

(3.02) k; t.,,tk)=1At(j, k; tf,tn—g(i,k; t., tk) IC, 

(3.03)#15k = a lb ik p 

where a, bj, are the ones definedby (2.04) with j replaced by (j , k) and 
                     " nC1 

                    r   

                    —.)n=ton:bk —1)1)                                                     bi—E(ti . tk)*(tvtj= 2r 
     P(j, k; t .1* , torE1 

          E(44Fte)Atk=n-r E(tj#51) f c.,1 = 201nt j*t *) et jtks— I = 2Pte-- I 
(3. 04)1 1 —n-t-{(1, tk—I)!2} 

                            + - + -           E
(t.,*ti.) Et jek*-1-1= 2 ( k*-t-I Etti*tis) EL; tk= 2 /irk1„ -1 Ij— 

       X11(9,Jtk-Fetitk)/4\1           4)—Cob') dY 
        tk)*(tf.tics)jk 

(3.05)V ik2 =a2(1j-1)(4-1)1(111,---1,n). 

It should be noticed here that the evaluation of the integral is possible by 
making use of the formula 

(3.06) 1 f(x)expl— E cq")f(x,("))+R„, 
                                                           I.! 

where 

(3.07) R n! xi f(2n)(e)                          1-2"(2
n)t 

for some e, —CO< e [8], and xi(") and •af") are the zero points and the 
weight factors of the Eermitian Polynomials respctively , and these values 
are tabulated by H. E. SALZAR and others [6] . 

   In the case where we are concerned with a k-th interaction , we have 
the similar theorem. But we shall omit the statement as it is very com-
plicated.
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