SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Note on the Determination of the Replication
Number for the Slippage Problem in r-way Layout

Shirafuji, Michie

Kyushu University

https://doi.org/10.5109/12976

HARIEER : FREtEERFZS. 7 (1/2), pp.46-51, 1956-12. Research Association of Statistical
Sciences
N—=2 3

HEFIBAMR

.

W KYUSHU UNIVERSITY




NOTE ON THE DETERMINATION OF THE REPLICA-
TION NUMBERS FOR THE SLIPPAGE PROBLEM
IN r-WAY LAYOUT

By
Michie SHIRAFUJI

(Received May. 15, 1956)

§1. Summary. In an r-way layout of the parametric type, the m-th
observation (m=1, 2, ---, #n) corresponding to the combination of the levels
t, (1Lt <)) of the j-th factor (j=1, 2, ---, ) is given by

(1‘ 01) xtltzu-trm:/‘l + 2 Z 'u(ill i'.’.: ] ia; tllr tig: Ty tl,) + ity eeatyms

a=1l 1,2, .--,

where 3. ... q2(%,, %8s, -+, 2a; 4y, ¢y, -+, 1,) denote the summation over

all combinations of (i, 1,, -, 4,) chosen from 1,2, ---, 7 with i,<<i,<<---

<ita, #(d1,89, 7,443 Lty -+, £,) are the constants satisfying the conditions
l‘j

(1. 02) E #(ilv il: R id; tip tizy Tt tla) '__O:

lU=I .

and random errors ¢,.,...;.» are normally independently distributed with
the mean value 0 and the common unknown variance ¢2. We are concerned
with a choice of the combination of the levels which will give the maximum
effect for each assigned set of ({,,7,, ---, ,), that is, to find out the com-
bination (2%, tf, ---, t%) which will give us the maximum value of u(i,, 7.,
oy da; by, by oy by,), Where (8, £y, -, 8,) Tun through 11, <17, j=1,
2, -, a. Let A(ky, ko, -+, Rg; a4y, Giys -+, i) be the maximum likelihood
estimate of u(ki, ky, =, B3} @y, G4y, -+, aiy) and let us define

(1. 03) x(i,, i‘_}, Tty ia; til; tig’ ) t!a)
:2 2 ‘A(kl!kz»"" kﬁ; akl’ akg: ""akﬁ)y

g=v .1y, .-

whose detailed formulation can be seen in H. B. MANN [47}.
We postulate the following statistical procedure; if

(1.04) max %y dn i bt s £
158 U=L 20, @)

zx(t], 1,, oy las ti;“) t(.fl R ti:)) :

then we choose (&, tJ, -, t,;‘); This procedure corresponds to the one
justified by R. R. BAHADURE (1] in his paper concerning a problem of k&
populations.
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Under this postulate, our problem is to find out a suitable number of
replication 7. In this paper, the risk functions are set up which take into
consideration the loss of making a wrong decision and the cost of repetition.
We are able to find a maximum of the risk function over all possible
parameter values. It is then possible to minimize this maximum risk with
respect to the sample size. It is to be noted that P. N. SOMERVILLE [7]
takes the similar attitude in determing sample size.

§2. The case where we are concerned merely with main effects. Here
we shall adopt the risk function R(#, 6) defined as follows;
(2.01) R(md)=n+3 % > (7t P t),
EELM IR TE 25
where
(2.02) 8(j; t))={n(F; ) —u(i; )}/,
(2.03) Pj; t;)=Pr{ max =x(j;t,)=2x(j;t)},
ISt St Lkt
(2.04) 'zj:a/bj:

where a is the cost of repetition, b; the loss of making a wrong decision
in the j-th state. In what follows the ratios 1; are assumed to be known to
us, but all 8(7; ¢,) are unknown to us. Now #z is not a continuous variable,
but an integral valued one. In what follows, however, we shall treat n# as
if it were a continuous variable so that we may get approximate results
enough for practical applications.

Theorem . For the case when l;=2, that is, the 27 design with n
repetitions 2" X (n), n* minimizing the maximum risk with respect to 2:
35(j3t;), tj:17 2) j':ly 2: "‘,7’% is given by

, 2/3
((,)2(1_2?/2 2 31 ) (1+63% 1076, =n(1+ 63 x 1076,)*,
J

=1

(2.05) n*=
10, <1,

and in virlue of this solution we have

” 23
(2. 06) min max R(n, 5) = R(no, 5”) + 0.0030 6.2 <2—(r—l)lz Z __21_) ,
n seQ § = y
10,1<<1,
where
r 1 )2/3

> 7,

(2.07) R(ma, 0,) = 0.7307 (277"
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Proof. Putting t=1, j=1,2, -, 7, the risk function R(#, 8) is given
by the following

(2.08) R(no)=n+ 3 Wi 2oy zmmat; 2)),
.’
where
(2.09) O(x) = - J expl— £/2} dt = [ o(t)dt
. "/27[ . t 3 .

For any fixed », the maximum point of R(%, d) can be found by ordinary
calculus. Since
| 9R(n, 3)

(2.10) 350:3) ="

j= 1’ 2, e, 7
we have
(2.11) V2 908(5; 2) =0(— 32" Pndé(7; 2))[e(v 20 9nd(5; 2)) .

This equation may be solved approximately with the aid of a normal
integral table (5], which gives us

(2.12) 8%(j;2)=20,(j; 2)+107'0,, 6, <1,

where

(2.13) 8.(7; 2) =0.7518 x 2-tr=mizgg=uz

Since

(2.14) R {0_ e e,

(732)9(5;2) 277202 nd(j; 2)2— 2+ "n)e(v'nd(j; 2))
(j=1),

“and

(2.15) [—?,‘;f;’;’;)z]Ww_fo, <0,

(2.08) is maximized by (2.12). Substituting (2.12) in (2.08), we have
15%x10'6, = 1

(2..16) R(n, 6*)=R(n, 3,) + ——= ey, & 1 0, <1,
where
(2.17) R(m 8)=n+ 02404 & 1

I/‘Z"—”}I Jj=1 /tj '

Our problem is to find out #»* which minimizes the risk given by (2.16).
This can be done by solving the equation
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3 8*
(2.18) —@%z’;—-z=0,
and we are lead to (2.05).
From (2.12), (2.13) and (2.05) we have (2.06) and (2.07).

Remark 1. For the case when =1 our result is coincident with that
obtained by I. BrRoss{2] and G. TacucHI (9].

Theorem 2. For the case when 8(j; ) =6, (1<¢,<1,,7=1,2,.--,7),
n* which minimizes the maximum risk respect to 2: (8,,98,, -, 8,) is
given by ’

1 & v, M,,-lf"'
V2 L, L AT 4 :

and for this solution we have

(2.19) n*:(

( 1 r 'I"T;sz-—l)z/s’

2.2 i q 6) = A -
(2.20) min max R(n, 6) =3 x 2 ST T = 3

n §cQ

where

(2.21) M, =max d,{1—P(j; t* W11, 1.n/21,,

0=55L o0

R+t

(2.22) P(j;tp)=3 (R! (Y)(V)

= k! 4 2 l_,--l.zk(lf?a} . V‘/76J'>,

R ]
Ve’ 7

k
(2 23) Bn.k(xu Xgy oy xn) =‘2 bi(xn)Bn—l.A‘—l(xl’ Xy, o xn—l) .

(2. 24) bi(x) = 509(x),
and
(2. 25) V= o¥20) /(L Lm) .

Proof. We can give the proof of (2.19), (2.20) and (2.21) in the same
way as to that of P. N. SOMERVILLE (7). The values of M, for I;=2, 3,

Table 1. Value of »* in (2.19) for /" X (n)-design
(y=1, A=k, 5=1,2734,5)

4 =001 A =005 i
N;I L T A R U R Y S
2 | 53 66 69 66 61 2 118 23 24 23 21,
3 |70 77 70 59 a7 3 124 26 24 29 16|
4 _| 81 81 67 51 37 .28 28 23 18 13
: 1 67 51 37 . 13 _
6

_89 83 €3 45 31 31 28 22 15 10
95 83 60 40 26 6 - 33 28 z1 15 09
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4,5, 6 were calculated by him. On the other hand, we have (2.22), (2. 23),
(2.24) and (2.25) by the expansion method of A. KUD() (3.

In order to calculate the (2.19), we made use of the value of M,
for 1,=2, 3,4, 5, 6 calculated by P.N. SOMERVILLE (7].

$3. The case where we are concerned with a interaction. By the
similar way to § 2, we have

Theorem 3. For the case when 6(j, k; 1,1.)=0, (1Lt,<1,, 1<Lt.<
1., j=<R), the risk function

(3.01) R(n, 8) =n+ 3,;'8,41—P(j, k; 15 t5)},
where

(3.02) 87, kst 8 =1u(i, k5 t5 02) — u(j, k3 £ £)}/o
(3.03) Ae=alb,

where a, b;. are the ones defined by (2.04) wiih j feplaced by (7,k) and

PG, k; tF, t5) = r > Z‘C( 1)( . )

) e In=0 r=v ﬂ! l‘_Ll lj'—].

n—7r

23t w0 B Ve g =27

et Bu=n—7 Liepet; E1=201  Teesaee ) Ejut—1=200351

(3. 04) 1 —n+{U i~y
...... 2 (1 + _..._1._ -+ l : 1
Sty Syt v1= 20,04 E(zf\:tf) §ej00=2n1, Ik -1 1=
VejtptEeye,) d:
X @ Jtk Jtk Ay — _k d ,
(s lk)-"rn(tf'. [7%9] (y le)} Sa(y) y
(3.05) V¢ =a*(l, = 1) (L, —1)[(1,1, - L,n) .

It should be noticed here that the evaluation of the integral is possible by
making use of the formula

(3.06) [_fiz)expl—#1dx =33 at"f(x) + R.,
where

”! 12 2n
(3.07) R,.———mﬂ’f‘ (€)

for some {, —o0 <& <o (8], and x{™ and af are the zero points and the
weight factors of the liermitian Polynomials respctively, and these values
are tabulated by H. E. SALZAR and others (6].

In the case where we are concerned with a k-th interaction, we have

the similar theorem. But we shall omit the statement as it is very com-
plicated.
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