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NOTE ON EVOLUTIONARY PROCESSES

       By 

Michio  TAKASHIMA 

(Received Aug. 5, 1956)

   1. In 1939, W. FELLER 1:13 investigated the birth-and-death process 
associated with the " logistic " law of growth. This process differs from 
the ordinary birth and-death process only in the following point: the birth-
rate A and the death-rate g are linearly dependent on the instantaneous 
population size. So these rates are 

                  cr[N2-n(t)], fl[n(t) - N1], (N1<N2), 

say, where n(t) is the instantaneous population size at time t, and a, 
N1 and Nq are absolute constants. 

   A detailed discussion about this process has already been given by 
D. G. KENDALL pp. In his paper, he showed that this process could not-
be solved explicitly by the p.g.f. method, and he obtained one limiting form 
of this process. Then tlie-fo. Rowing question arises: Is there any stochastic 
process which has a similar property to this Feller's " logistic " process and'-
which can be solved completely ? In the discussion at the meeting " Sym-
posium on stochastic process" (1949) (at this meeting, D. G. KENDALL'S 
paper [2] was read), B. J. PRENDIVILLE [3] proposed one type of such pro-
cesses and reported it to be solved completely. But, we do not and can not 
know about his solution and how deeply he investigated his solution. So we 
want to investigate the PRENDIVILLE'S proce.ss in an elementary way as 
possible as we can. In the following, theseteribiocesses shall be abbrevi-
ated as F-process and P-process, respectively. 

   The P-process is also the birth-and-death process and differs from the 
ordinary birth-and-death process in the following point: the birth and death 
rates are linearly dependent on the inverse of the instantaneous population 
size. So these rates are 

           parLn(tI,N L](N i< N2) , 
        )nt)' 

where a, 13, N1 and N2 are absolute constants. 

   2. We shall apply the PALM-BARTLETT'S p.g.f. (probability generating 
function) method to the P-process and try to obtain its solution. As was 

stated in the last section, the birth and death rates have the following 
forms: 

                                   18
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 N, (1)2(11)=-- -- 1) , At(n) =fi (1—N-2) , 

                                                  n 

 (O<Ni�n<1\12)• 

   Now, n(t) being the population size at time t, we shall put 

                    Pr in(t)-= px(t) , 

i.e., p,(t) is the probability that the population size n(t) has the value N 
at time t. 

   Then we can easily write down the differential equations for these 

.15.v(t)• 

           —
dtP-vt(t)=- -12(Ni)1\11+ P(AT,) N, P,,(t) 

                   + ,u(Ni + 1)(N, + 1)kv,,,(t) , 

 dt-p,(t)—12(N)N + p(N)NIP,(t) 

(2) u(N +1)(N + 
                   + 2(N —1)(N —i)p,_,(t), 

                             (N= Nt+ 1, N2-1) , 
         d            —p v(t). — la(N,)N,+A(.N2)N,Ip,,-,(t)           dt 

                    + 2(N2-1)(N, — 1) p,,,_,(t) . 

   The p.g.f. of n(t) is denoted by q)(z, t): 

                     (z ; t),E p„(t)z" 
                                                            It= I 

Then, using the above system of differential equations, we can obtain the 

partial differential equation which determines the function co(z; t). This is 
the following: 

(3) = (1– z)(ctza yo(z –1)(a N,+RN,)9._ 

   The corresponding equation for the F-process has not yet been solved. 
This fact is discussed in details by D. G. KENDALL [2]. This equation is 
linear, but it has second-order partial derivatives and is of a mixed type. 

   3. Our principal aim is to solve the equation (3). This equation can 
be solved completely. Let us set the following initial condition : 

                {T(z (Ni<n<N2) , 

in other words, we assume that the population size has the value n at time • 
t --,-- 0. The characteristic differential equation of (3) is 

     dt dz  
          T----(z—i)(cyz+fl) (z —UaN2+ (fiNilz)
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From this equation, we can obtain 

                  0(e-(gtP)t Z — 11                       crz+/9)= (az + /0'1'2 40 
where (1) is an arbitrary function. From the above initial condition, we can 

determine the form of this 0, i.e , 

                                                                                                                                                                                  • 

                           (1+ flu)A1-n(1—au)"-A-2                 0(u). 
                        (a + 

Therefore, 

(4) g)(z; t) 
           1           .(
a±fly..ie'l(a+fle-'")`)z+,8(1— e-(a")`)1"--vi 

                    x la (1 — e'"")z + (cre'°' + fl)r23 • 

This is the p.g.f. of the P-process, and the expansion in powers of z of 
this gives the probability distribution for the population size at any time t. 
Accordingly, the complete solution of the P-process is now obtained. 

   4. Next, let us consider the " deterministic " equation for the P-process. 
If we denote the population size of the "deterministic " model by ii(t), we 
can easily obtain the differential equation for ii(t). This is 

(5)dii(tdt) —(aN2+ flN,)— (a +13)ii(t) 

The solution of this differential equation under the initial condition n(0). n 
is the following: 

(6) n(t) — + I3)[(a N2 + NO —1(a N2 + et3N1)— n(cr + fl))e-'"). 

   From this equation, we can see that n(t) tends to a unique limiting 
value when t tends to infinity, and that this value is 

                      aN2+  (7)F2(°3)= 
cr + 

This value is independent of the initial population size 'n*(0) and lies between 
N, and N2. 

   For the F-process. as was stated by D. G. KENDALL [2] , we can also 
obtain the explicit form of n(t) and its limiting value -n( co) is also the 
same value as (7).
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   5. Before we make a similar consideration for the "stochastic" model, 
we shall firstly consider about the mean and variance of the P-process. 

   From the equation  (3), we can obtain the following differential equation 
for the mean population size A(t) at time t: 

(8) dp(t) (aN2+ Ni) — (a+ fl)P,(t), Pti(t)Je=„---=n.          dt 

This equation has the same form as the equation (5). Accordingly, its 
solution has the same form as the expression (5): 

        1  (9) 
PIM= (a + fl)[(aN2+ PNI)-1(aN2+ fiNi)— n(a + 

In the second place, let us consider the variance of the population size n(t) 
at time t. From (3), we can get the differential equation 

(10) da)(dtt)1^1               —2)9,-1-2(aN2+a)p,(t) —2(a + 4)(0(t), 

                          [(0(t)]1.0=n2 —n , 
where co(t)= p2(t) — pi( t), and ,u, (t) is the second-order moment of the 
population size at time t. Its solution is 

       .(t)N (aN2+ a(aN2+ Ni)i (11) 
            a+ +(a + 19)' 

                +(2n(aN2+ flNi) -2na                               a+ )5' 

                    2(aN2+ i9N,)2-2a(aN2+ dNi)t —(a-t-ot 
              (a+ flye 

               + in2_n+ RN,— 2n(aN2+ 2nq 
                                  a + 

                   (aN2+SN1)2—a(a N2 ± P.M)}e-vatpt 
                       (a + fl)2 

Therefore, the variance of n(t) is 

              Na(aN2+)9N,)L (12) 
var (t)I            l

a +19 (a + IV?I 

                   aN+SNI + 2na 2a(aN2+11NI)s 
     +2                a +(a ±19)2e 

                + —n+fiN'+  2naa(a N2+ )61,N1)t e-2(a-t-pt                 a+fl(a + 

Of course, these moments can be also obtained directly from the form (4) 
of the co(z; t).
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   On the other hand, for the F-process, the differential equation is 

             dic,(t) (
aN2+13N2) pi(t)—+,8)142(t).  dt 

This equation can not be solved, because it contains an unknown function 
AO). Therefore in this case, we can not obtain the simple relation between 
the developement of the "deterministic" process and the mean developement 
of the "stochastic " process, which holds in the case of the P-process. This 
is the essential character of the F-process. This fact was firstly discussed 
in details by W. FELLER [1] (and see also D. G. KENDALL [2]). 

   6. Now, let us investigate the behaviour of the p.g.f. v(z ; t) of the 
P-process as t approaches infinity. Using (4), we obtain 

(13) p(z ; co) = lim so(z, t) 

         1  

                   (a +,6?)x2--`1e(az + 
                1  41 N— N 

                                    (21) a.19(2,2,0--.                       (a+ p)--2,--vi ,.„ 

This function co(z; co) will generate probabilities which will represent the 
ultimate "stable" distribution of the values of the population size. And, 
as the probability that the ultimate population size is equal to N1 + v, we 
obtain 

(14)=1 (N,—N,                                                                      19(21'2—                       ( a + )ict 

                           ( V = 0, 1, 2,•, —N1). 

Also, from the form of this p(z co ), the mean value of this distribution is 

                         cr N2+ 191\11 

                           + 

and this value is equal to the limiting value (7) in the _" deterministic " 
model. 
   On the other hand, for the F-process, D. G. KENDALL [2] obtained the 
following result : 

                PICC  (N2a/9N1)(1%*•.—+1)—v 
                   N,+ v v 

                              0, 1, 2, •--, No—N1), 

where the constant C is to be adjusted to make 

                E 1 . 
                                                n=
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Thus, from this point of view, there is a close relation between the  F-process 
and the P-process. D. G. KENDALL [4] has spended a few words to explain 
the more general situation. 

   7. Finally, let us consider one limiting form for the P-process. For 
the F-process, D. G. KENDALL [2] has already obtained this limiting form. 
It occurs when 

                        N,—* 00 , a ---* 0 , aN2= 2, , 
                      N1=1, )9= Ai. 

We also consider this case. Accordingly, we have the following birth and 
death rates : 

(15)                               A= ,ut                                        "ip.—1  
                    n(t)'n(t). 

The population size n(t) can then range through all the values given by 

the positive integers. Our limiting form is 

(16)..--                     e(Aurpo (T' 
                             (v1)!gi,(v = 1, 2, 3,) . 

This is the modification of the Poisson distribution. Its mean value is 

(17)EP„ =—o, 

and from (7) the limiting population size of the "deterministic " model 
in this case is 

(18)lima N,+19N, = 1 +—.          a+ 

Namely, in the P-process, these two values coincide. - 
   On the other hand, as was stated by D. G. KENDALL, in the case of 

the F-process, the corresponding P,:s have the modified Poissonian form 
     — (2,i1 Ati) I , (v = 1, 2, 3, --- ), and its mean value is (1— e'"'"))-1 

x (2„; AO, so that the limiting population size of the " deterministic " model 
is greater than the corresponding value of the "stochastic " model. 

   8. From these considerations, the P-process is not a process which 

has a character, pointed out by W. FELLER, that it does not show the simple 
relation which might have been expected between the developement of the 
" deterministic " process and the mean developement of the " stochaStic 

process. So, the P-process shows a sort of the " logistic " law of growth, 
but it has not a structure parallel to the structure of the F-process.



24Michio  TAKASI!IMA

FACULTY OF SCIENCE, HIROSHIMA UNIVERSITY.

References

(1) W. FELLER; Die Grnndlagen der Volterrashen Theorie des Kampfes ums Dasein wahr-
    scheinlichkeitstheoretischer Behandlung. Acta Biotheoretica, Leiden, 5 (1939), 11. 

(2) D. G. KENDALL ; Stochastic processes and population growth (Symposium on Stochastic 
    Processes). JRSS., (B), 9 (1949), 211. 

(3) B. J. PRENDIVILLE ; Discussion on Symposium on Stochastic Processes. JRSS., (B), 9 
   (1949), 273. 

(4) D. G. KENDALL ; Les processes stochastiques des croissance en biologic. Ann. Inst. Poin-
    care, 13 (1952), fasc. 1, 43.


