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$ 1. Introduaction. The sampling inspection plan for continuous produc-
tion was first designed in 1943 by H. F. DopGE (1]." His plan, applicable
only to characteristics subject to non-destructive inspection, is intended to
have assurance that the percentage of defective units in accepted product
will be held down to some prescribed low figure and so the Average Out-
going Quality (AOQ) function and Average Outgoing Quality Limit (AOQL)
were derived. Afterwards, A. WALD and J. WorLrowITz (2] in 1945 and
G. J. LIEBERMAN (3] in 1953 discussed sampling inspection plans for contin-
wous production which insure a prescribed limit on the outgoing quality
even when production is not in statistical control. In 1955, H. F. DODGE (4]
again designed a plan applicable not only to non-destructive inspection but
also to destructive one. On the other hand, G. J. LIEBERMAN and H. SoLo-
MON (5] pointed out the inconvenient feature of plans, that is, the abrupt
change between partial inspection and 100 97 inspection and introduced
a multi-level sampling inspection plan applicable only to non-destructive
inspection, which specifically allows for any number of sampling levels
subject to the provision that transitions can only occur between adjacent
levels.

In this paper, standing on the basis of the idea of G. J. LIEBERMAN
and H. SoLoMON and generalizing their plan, the author wishes to propose
a new multi-level sampling inspection plan in which we do not insist on
100 25 inspection even at the outset but always inspect a randomly chosen
sample from every sequence composed of N succssive individual units in
continuous production line and which is applicable not only to non-destructive
inspection but also to destructive one.

§2. Procedures. The plan proposed in this paper is as follows:

The infinite sequence of successive individual units produced by an es-
sentially continuing process is to be devided into a group of infinitely many
successive subsequences each of which consists of N successive individual
units in order of production and may be regarded as if a lot of size N in
an ordinary sense. For each subsequence of length N (lot of size N)

1) The number in bracket refers to the list of papers at the end.
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select a random sample of size m, at a sampling rate f, (n,=Nf,) and
decide whether the lot of N in consideration is acceptable or not for ac-
ceptance number ¢=0. In other words, if no defects are detected in the
sample of #;, the lot of N is to be accepted and if one or more defects
.are detected, then the lot is to be rejected. For convenience’ sake, the
sampling at rate f; will be called (f;)-sampling or more simply (f,). Then,

0) Starting with the (f,)-sampling inspection, continue such inspection
until 7, samples in succession are found clear of defects;

1) When, at rate f,, 7, samples in succession are found clear of defects,
discontinue ( f,)-sampling and turn to (f,)-sampling. If the next ¢, inspected
samples in succession are non-defective, proceed to the next level (f,); if
a defective occurs, revert immediately to (f,)-sampling;

2) When at rate f,, 7, inspected samples in succession are found clear
of defects, discontinue (f,)-sampling and proceed to the next level ()
if a defective occurs, revert immediately to (f, }-sampling ;

...........................

h) When at rate f,, 7. inspected samples in succession are found clear
of defects, discontinue (f,)-sampling and proceed to the next level (fird) ;
if a defective occurs, revert immediately to (f,_, )-sampling ;

...........................

k—1) When at rate f,_,, 7., inspected samples in succession are found
clear of defects, discontinue (f,_,)-sampling and proceed to the next level
(fe); if a defective occurs revert immediately to ( fi—2)-sampling ;

k) When in operation of (f,)-sampling, a defective occurs in a sample,
revert immediately to (f.,)-sampling, otherwise, continue ( fi)-sampling.

Though, generally speaking, all the fis can take any values in the
interval (0, 1) including 1 and % can run over any integer from 0 to co,
it is naturally assumed for practical use that 1> Zfixfi>fi> - >h> 0
and %2 may often be a relatively small integer in circumstances..

This plan will be called the multi-level continuous samphng inspection
plan following to the denomination of LIEBERMAN and SOLOMON. But our
plan is to be distinguished from their plan in the point that, in the latter,
selected samples are always regarded as of size 1, while in the former the
sizes of samples are generally greater than one and therefore, by adopting
the acceptance number ¢ =0 our plan becomes practically applicable both
to destructive inspection and to non-destructive one.

§3. Study of the procedure as a Markov chain. It is useful for
theoretical discussion to relate our procedure to a Markov chain. Let the
process of production is of average fraction defective p. Then the proba-
bility p,, that a lot of N subject to ( f;)-sampling inspection is accepted
with respect to the acceptance number ¢=0, is given by
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N—Np) (N _(N=NP)(N—Np—-1)--- (N=Np—n;+1)
n, . ,)_ N(N-1)---(N—-mn,+1)

N N
=(1—P)\/1—NT1P) (1_]_\7:-9;-ﬁp) .

/

-

Since the relation
N e
—_ nj —
(1-2) >p,>(1 N—nﬁ—lp)

holds good, if #, is sufficiently small compared with N, then p, can be
approximated by (1— p)"; moreover, if p is also sufficiently small, p, by
e~rn,

Consider a sequence of sampling inspections. At anytime m (or after
the m-th sampling inspection) the system is in one of the states

Ev(v——_o, 1, 2, ey io, ctry io+i1, Ty i0+i1+ iz, ctty i0+i1+ o +ik_|+1)

where _

Epirrimn (07 < k—2,0< B <4y — 1) = state where the (m—£)-th
trial resulted in beginning ( f;)-sampling and the last 2 samples were free
of defective,
or, in full details, .

E,=state where the m-th trial resulted in beginning (f,)-sampling;
this means that, in procession of (f,)- or (f,)-sampling, one or more defec-
tives was detected in the m-th sample;

E, = state where the (m — 1)-th trial resulted in beginning (f,)-sampling
and the m-th sample was free of defective;

E,=state where the (m — 2)-th trial resulted in beginning (f,)-sampling
and where the (m —1)-th and m-th trials were free of defective;

E,_,=state where the (m —i,+ 1)-th trial resulted in beginning (f,)-
sampling and the last ({,— 1) samples were free of defective;

E,=state where the m-th trial resulted in beginning (f,)-sampling:
this means that the (m —i,)-th trial had resulted in beginning (f,)-sampling
and the last i, samples were free of defective, or, in procession of (f.)-
sampling, one or more defectives were detected in the m-th sample;

E,. =state where the (m—1)-th trial resulted in beginning (f!)-
sampling and the m-th sample was free of defective;

E i, = state where the (m —i, + 1)-th trial resulted in beginning (fi)-
sampling and the last Z, — 1 samples were free of defective;

E,,,=state where the m-th trial resulted in beginning ( fz)-samplir.lg:
this means that the (m — i,)-th trial had resulted in beginning (f,)-sampling
and the next 7, samples in succession were free of defective, or in procession
of (f,)-sampling one or more defectives were detected in the m-th sample;
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E. i+ =state where the (m—1)-th trial resulted in beginning (f.)-
sampling and the m-th sample was free of defective;

E, i+ +1,_,-1 = state where the (m—i,_,+1)-th trial resulted in beginning
(fi-1)-sampling and the last i,_, — 1 samples were free of defective;
and

E +i+...+4_, =State where the m-th trial resulted in beginning (f,)-
sampling ; :

E, i+ +y_+1 =state where the (m —1)-th trial resulted in beginning
(fi)-sampling or state where in procession of (f.)-sampling no defectives
were detected in the m-th sample.

Then the transition probability p,, from a state E, to a state E, (7,
s=0,1,2, -+, 4y +4,+4,+---+4,_,+1) is given by following;

(L) Duryr- +iy- hlotigr - +g-ntt = Dy Digriyrrtymn yr . Tij_s =4
for 0<;j<k-1, 1<h<i
or, in full details,
Do =av, Drri=5 for r=0,1, -+, 4,—1;
Drv =41, Prra=hH for r=14,, 40+ 1, -, iy +i,—1;
Dy =Q:5 Drrri =20, for r=1,+1, fe+4,+1, -, Lo+, +i,—1;
(1, Drsyry,=4ds,  Drrr1=2Ds for r=1,+1,+14,, vy gt i, i —1;
Dritvt - +5—3=qix=1s  Dr.r11=Des
for r=d,+ - + fio, =, fo+ - + i —1
and )
(1) 2. tot-tems =iy Dr, gt rte_ 1 = Di
for r=idig+ - + 4y, o+ - +i_ +1;
all other p»,.=0.

This type of Markov chain is aperiodic and irreducible, so that the
probability of finding the system at time m in state E, converges to a unique
determined limit which is independent of the initial distribution. Moreover,

since it is a finite chain, it cannot contain any null-states and therefore no
state is transient. Hence, we have recurrent states and the limits

(2) lmpY =u,>0 (v=0,1, -, dg+d,+ - +4_,+1)

N-—co

exist, which are independent of j. The quantity %, is nothing but the
reciprocal of mean recurrence time and satisfies the relations S1#,=1 and

(3) uu:; uhpv.’g*
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In a finite chain the recurrence time of any state E, has a finite vari-
ance and the weak law of large numbers holds good for the number of
passages through E,. Thus, when g is the number of samples in a state
E, in the first = trials, E[g;f"] =u, is finite and we get

*(n)

(4) lim P(

N—sco

—uv!>e)=0.

Now the number of times g/ that (f,)-sampling is applied in the first »
trials is a finite sum of g for E, and the probability P; that for a ran-
domly chosen m, x, is the result of (f,)-sampling is also a finite sum of #,
of the same form as that of gf™), we find

(3) lim P

N-s00

(n)
(&——P,l >¢) =0.
Now, let f;,, be the sampling ratio attacted to x, in the sequence (x,,
X3, >y %m, --+), then the average number of inspected individual units is
given by

1
(6) lim — > Nf,,.,
noo M m-l
provided the limit exists. Furthermore, the expression (6) can be re-
written as

(7) ' tim Y Z} f,g.
Thus, in virtue of (5), it is easily found that (6) is equivalent to the
expression

(8) F=3 Nf,P,

i=v
Before ending this paragraph, let us see that it is not difficult to find
the values of #,’s
The system of equations (3) can be written down in aid of (1,’) and
(1;) as follows:

1h—1 Lt -1

, —quZu+qlEu~
| =0
i fpth+ia—t

Wy, = Pothy—1 + G2 > ",
! r=fyt+i)
' gt tiz=1
: u"l)""l - plut(ﬂ'([—l + q3 Z ur ’

=iyt

fpt- g _otip—1—1

!
(3")  Uyripr g3 = ph—sulu-ﬂyf— Atpog—1 T i1 » Urs
r=iptijr - tig=2
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[\ 2t of PO o §
Uprtgr ttg_s = Desigr vt om1 T G PN u,,
r=igt--tix—y
Uit +igy = DiiBigt oo tiy_1=1»
Uper vttt = Dbt rip_y T Delhirotig 1
us:puu:—l (lé_sé_io—l)r
Usprigr o +igpy = Dttt ripri-t1 (0iLk-1, 15t —1),

whence we have
—po'uu,
Uiyttt -H_’—‘.pj Uit 1y, +(1- p‘}“)ulw g (0L %k-3).

— p k=2
u‘o‘Hl-o- Ao = k-2 ut‘,-r tix-3 + qx (pk—lulo-f-“--ﬂg_l—l + Ptuto-r---ﬂk_l

+ pkulu‘l'--'*‘k_l‘rl)
and therefore

o
Uy = ]._ﬂ—"’__ﬂlu(' ?
3 puinp.‘l
Uyt = (1 -—p|‘l)(1 s l—;)uo»
. 50" ps*
s T 11— 5.5 (1= )
(9) Dop - p
uq,+.-<+tk_-.»=_(1_p“l)(l—pz;") (1 k‘fl-
% D D" - DT
ot i1 (1 p,“ W1-— P_h) -(1—-p ‘k—l) U,
— pu ’*‘f—l . &
Uigeoop iyt = (1= pli, (1 p‘n:l-l) X' Uy,
Uirivrooviyre = Diwithigr v, (1SF<E—2, 1Z5<ipm—1),

where the first part of (9) can be summarized in the form

vy = (I 20)fTE (1-28)  (0<i<k-2).

h=0

Now, substituting the expression for u,,(v—O 1,2 -, dgtii+ - +i,+1)
given by (9) into the relation
S TR (e ]
> %= 1,
we obtain a linear equation for only one unknown x, which is of course
easily soluble and thereafter we can find the expressions for all the #,’s of

the arguments p, (0 <s < k%) in aid of (9).
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§4. Calculations of P/s.  We have already defined the probability
P, that a sample is sampled out by operation of (f,)-sampling. Moreover,
for convenience’ sake, let us define the probability P;" that a level (j) or
(f;)-sampling begins at time m. In other words, P,/ represents the proba-
bility that for randomly chosen m, x, is the result of the m-th sampling
inspection with (f;)-sampling and xn_y;,_, =0, ---, %, =0 while (f;-))-sampl-
ing or x,.,=1 while (f;+)-sampling in operation. Especially, P,/ is the
probability that for a randomly chosen m, %, is the result of the (f.)-
sampling and x,_, =1 while (f,)-sampling or (f,)-sampling. And, P’ is the
probability that for a randomly chosen m, x, is the result of (f.)-sampling
and Xu_y,_, =0, .-, X»_i =0 while (f;_,)-sampling in operation.

Then we have

P/=P/(@y+ Do+ Do + - + D"'qu)
+P/(q+ 010+ Dl + - +5,7a)
_ =P/(1-p°)+ P/(1-p,")
and similarly
P! =P/p" + P/ (qy+ Do0:+ - + 5.*'q2)
=P/po+P/(1-p"),
P = Pl,pl'l + Py(1- psia) >
P, =Pl p*%+ Pi_ (1 —1pk‘-k1—') ;
P =P_,p 7+ P/(qu + Pt + D’qc + -+~ ad inf)
= _P;:—zpklfz—z + P/,
P/ =Pl b0,
However, it is easily found that
Py, =P/(1+po+ pi+ - +0°7)=P/(1—-5/)/q,
P, =P/(1+p,+07+ - + " )=P/(1-p")/a:,
P, =P/(1- 17:‘2)/112 ’
P..=P_,(1-p")/q,
P_,=P_,(1- 25/ i
P, =P/)(1+p.+p’+ ---ad inf) =P,/ /q.
or
P/ =P/pr[(1-p"),
P/ = Pulpuiupthli(l - pt‘l)(l —pzii)j ’
P/ =P/p p" p.%/{(1 - D" ) (1= 0:") (1= 0"},
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P =P/p, p" e (1= "1 = p.%) - (L= D),
P/ =P/pp" - p5 {1 = 2 (1= 5.5) (1= DI
And therefore, we obtain

( P, a PO
Pl - ql Pu_ql .l_pu‘OP“’

P .
T (1-pMa. 2 1-pf
L] LI
_ pl: . p." . P,ZQ_l . pil b —p,,
(1=p"N1—=0.%)g. 4 (1-p")(1—=5,%)

(10) Dol P." e P2
Pk~l=— {. Pu’
‘ (1—?1“)(1 -p:7) - (1= 1’:‘_ ) Qi
d. P“piz . kl—k"_:
Ca (=212 - (1=
p"loplll L[—'tll ,
Px = £1 1 ir—1 -Pll
(l_pl )(l—pzu) "'(l_pls— ) qx
=.q_‘ . ) pl‘lp-lz ” k—l-l 1-
% (1—p")(1—p.2) - (1-p5M)

Substituting these expressions of P/s into the equation 3>}, P;=1, we get

1 ".lu 1 “iu lll
(1) ePfEego i L

¢ a+41 1—-—p,,"’+‘12 (1—p(.“')(1—p“)+
1 pu'“ °* ‘—L !
= [ 1k =1
& (1-2,°) - (1— DS }

from which P, can be umquely determined provided that the set of values
of i/s and f/'s is specified.

§ 5. Lot quality protection. It is evident that, if a set of values of
the constants f, and i, (=0, 1,2, ---, k) which characterize the sampling
inspection plan is suitably selected, the operatmg characteristic (OC) curve
can be determined.

In this paragraph we shall show that a set of values of f, and 7, can
be determined on the standpoint of lot quality protection by which we can
establish a scheme applicable to destructive inspection.

Since a lot of size N is subject to (f;)-sampling inspection with the
probability P, and then is accepted with the conditional probability p,, the
expected value of the probability that a lot of size N is accepted is given by
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pn P: pvl‘" p: p"‘op"l
12 P.p,=q, T +
( ) E p q lq ql 1 _p“xu q» (1 p"iu)(l P;ll)
2y DB e D! }
| T e 1= 2 (1= ) - (1 - 2
and the expected value of the probability that a lot of size N is rejected by
(13) % Pay=1- 3 Pip;.

Now, let the consumer’s risk « and producer’s risk # be specified, then
a suitable choice of fraction defectives p’ and p" determines the four points
0, 1), (p".1=58), (', a), (1,0) on the OC-curve. So that, we can deter-
mine the multi-level sampling inspection scheme by such set of f/'s (or #,’s)
and i,’s that the system of sirnultaneous equations

(14) EPPJ =,

J=u

(15) 31 Py '=8

Jj=u

is satisfied, where p,/ or ¢,/ (=1—p,/”) are corresponding values of p, or
g; calculated for the case p=p' or p=p" respectively.
As an example let us single out a special case =1, then (15) reduces to

(16) goPyi1+p /(1 —p, ")} =8

in which, for convenience’ sake of printing, we temporarily omit prime to
be attached to g, or p,. In virtue of the relation 3>} P,=1, the equation
(16) gives rise to

(1- p‘")ﬁ( e B L B =1

q 1 p”lu
or
o } _ 1 — l —_ l
' (qll Q1) ) ﬂ q“ :
Thus, recovering prime to p, or g,, we have
. a."(¢."—B)
17 log p,)/ =1 7
(17) | i, log p," 08 i =g
and similarly from (13)
. 41’(‘10"‘1""“)
18 o 1 o =1 y .
(18) P log? R a)e —a")

Therefore, given the alues of «, 8, p’ and p", we obtain ! sets of values
of n,, n, and 7, from {17) and (18). So that, by specifying a ratio of =,
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and #n, or f, and f,, we can uniquely determine a set of values of n,,
and i, and accordingly the sampling inspection plan.

Though it is desirable to determine our plan explicitly and tabulate the
results for various values of %, we postpone them a little longer. And also
another development of our idea on different standpoints of protection of
interests of producer or consumer which may be considered more adaptable
to practical use, will be expected to appear in the next paper.
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