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  § 1. Introduction. The notion of invariance seems to have some im-
portance in the theory of multiple decision problems. The invariance seems 
to be a sort of substitute to the similarity, which plays an important role 
in the classical theory of test of significance according to the NEYMAN-
PEARSON set up. 

   The purpose of this paper is to present a theorem which shows that 
the condition of invariance is a stronger one than it usually appears to be, 
and to present a theorem which may be considered to be a sort of analogue 

to the NEYMAN-PEARSON'S fundamental lemma. We shall also show that 

a unified treatment of the slippage tests so far obtained is possible by 
making use of this theorem, and we shall give some new results. 

   The section 2 is devoted to the statement and the proof of the result 
concerning the nature of the invariant tests. In the section 3 we shall give 
a theorem which is a generalization of a theorem previously obtained by 
the author ( KUDO [3]) concerning the PEARSON CHANDRASEKAR'S statistics. 

In the section 4, we shall discuss the optimum slippage tests for gamma 
distribution, which is believed to be new and may be useful in practical 
situations. 
   The author would like to express his hearty thanks to Professor 
T. KITAGAWA f or the suggestions and criticisms given by him. 

  § 2. On the invariant decision procedure. There seems to be three 
types of invariance so far defined in the current literatures on decision func-
tion theory (for instance [4], [5]). Let R be a sample space with sample 

point x, and let y(x) be a decision function defined on the sample space. 
Further let G =1g be a group of transformations g defined on R. We further 
assume that there is defined a complete measure u on the sample space R. 

   The three types of invariance are as follows. 

   Definition 2.1. y(x) is said to be invariant under the transf ormation 

group 
   (1°) in the strict sense if y(gx)— y(x) f or all x and g. 

   (2') in the usual sense if y(gx)---= y(x) for all x and g except pos-
sibly for a set N of x with measure zero. 

                                 57
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   (3°) in the generalised sense if y(gx)= c.(x) for all x and g except 
possibly for sets N1 of x with measure zero, where N, may vary from g 
to g and U N, may not be of measure zero. 

   The first definition was adopted in the papers by PAULSON [5], TRAUX [.7] 
and KuDO [3], which can be, as we shall see later, generalised to the case 
of (2°). 

   Here let us confine ourselves to the case where R is an N-dimensional 
euclidean space RN x ; x = (xi, x2, ... , xN) • 

   We can now consider various types of transformation groups on this 
N-dimensional euclidean space. However, we shall here restrict ourselves 
to the class of transformations by which x =(x,, x2, , x,,-) is transformed 

to (ax., + b, ax2+ b, , ax, + b) 

   Definition 2.2. The transformation group (A), (B), (C), (D) and (E) 

on the space R are defined to be the totality of such transformations as 

(x„ xN) to b, ax2 + b, + b), where a and b are all 
possible constants satisfying the conditions 

  (a) a 0 

   (b) 00 > a > 0 
  (c) a 0 , b = 0 

  (d) 00>a>0, b=0 
   (e) a = 1, co >b> — 00 

respectively. 

   It is quite clear that we are justified to call these (A), (B), (C), (D) 
and (E) as groups, for each of them forms a group in the usual sense. 
It may be noticed here that we need not require a and b to be constants, 
and we have 

   Definition 2.3. The transformation groups (A'), (B'), (C'), (D') and (E') 
on the space R are defined to be totality of such transformations as (x„ 
x2, , x,) to (ax, + b, ax2 + b, , axiy+ b), where a and b are all possible 
functions of x = (x„ x2, . xN) satisfying the conditions (a), (b), (c), (d) 
and (e) respectively for all x, and the transformation groups (A"), (B"), 

(C"), (D") and (E") are the same satisfying these conditions except possibly 
for a set of measure zero which is independent of the individual functions, 
and finally the transformation groups (A"), (W"), (C'"), (D"') and (E"') 
are the same satisfying these conditions except possibly for a set of measure 
zero which may vary from an individual function to another. 

   Concerning the relation of these four types of transformation groups, 
we observe that, for instance, (A'") contains (A"), (A') and (A) as their 
subgroups, and it is obvious that if y(x) = g9(x, . , . xN) is invariant under 
transformation group, say (A') or (A") or (A"'), it is also invariant under
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the transformation group  (A). Concerning the invariance under these trans-
formation groups, we have the following relation, which is believed to be 
new and has not been found in any of the papers for far as the author is 
aware of, and is enunciated in the following 

   Theorem 2.1. The necessary and sufficient conditions for c(x) to be 
invariant under each one of the transformation groups (A), (B), (C), (D) 
and (E) in the sense of (1°) or (2°) is that it is invariant under the 
transformation groups (A"'), (C"'), (a") and (E'") in the same 
sense respectively. 

   Proof. We shall prove the equivalence of invariance in the sense of (2') 
under each one of the transformation groups (A) and (A'") only, as we 
can prove the same for other cases in exactly the same way. For this 
purpose, it is sufficient if we prove that if y(x) is invariant under (A) 
it is also invariant under ( A'"). 

   If y(x) be invariant under (A) but not under (A'"), then there exist 
some functions a"(x) and b"(x) and some set M of measure positive such that 

(2.1) y(x1, x2, 

            co(a"(x)xi+ b"(x) , a"( -T)x2+ b"(x), , a"(T) x.1,7 -1- b"(X)) , 

for all x not belonging to M. Let N be a set of measure zero defined by 
(2), in Definition 2.1, namely the set of measure zero, except for whose 
points the condition of invariance under (A) in the sense of (2°) should hold 
true. Then there must be at least one point x° = (x?, x(1,,,) which 
belongs to M but not N, for which we should have 

(2.2) y(x7, , 4 ) 

            9(a" ( x „) + b" (x") , a" ( x" ) x.`; + b" ( x „), . . . , d( x") x`'„ + b"( x")) . 

   On the other hand, since a"(x,,) c 0 and 4.9(x) is invariant under (A), 

(2.3) co(xi, x2, ..., x/v) 
          = co( a"( x" ) x 1 b"( ), a"( .y) x + b"( x), . . . , a" („x," ) x + b"( )) 

should hold true for all x not belonging to N and also in the case when 
x x°, which leads us to a contradiction. Therefore the measure of set M 
must be zero. 

   This theorem reveals us that the condition of invariance under a trans-
formation group like (A), (B) etc. is a stronger condition than it usually 
appears to be. 

   There do exist, however, practical situations where we are intuitively 
sure that according to whatever the scale and the original point, namely 
the location, the observation may be made, we should be lead to the same 
conclusion, and in this case we are justified to restrict curselves to the class
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of decision functions invariant under the transformation group (B). This 
would be only the justification for confining ourselves to a class of invariant 
decision procedures such as defined above. 

   The multiple decision procedure may be formulated as follows. Suppose 
we are interested in making either of M decisions, say, D, (i 1, 2, ... , M) 

on the basis of observations, say x. Let dL(x) (i 1, 2, , M) denote the 
probabilities of making decisions D, (i = 1, 2, , M) respectively after 
observing x. Naturally these M functions must satisfy the conditions 

(2. 4)0 <di(x)< 1 , (i =1, 2, ... M), di(x)= 1 
                                                                           L=1 

and to meet our mathematical necessity we assume di(x) are all measurable 
functions. 
   According to the formulation of the statistical decision function due 
to H. WALD [81 we shall call the vector valued function d(x) = (d1(x), 
d2(x), d,(x)) the decision function which expresses multiple decision 
procedure formulated as above. If all the di(x)'s are invariant under the 
same transformation group in a sense, this decision function is said to be 
invariant in the same way. 

   In this formulation, we are sometimes interested in the following problem. 
Let Di be the decision that the observation x has come from a population 
with a frequency function f,( and we are interested in finding out the 
invariant decision function which maximizes 

(2.5)E atdi( T)fi4) d 
                                   RN 

where a, (i = 1, 2, ... , M) are some positive constants. 
   In the case when we do not require the condition of invariance, the solu-

tion would be the decision functions which satisfy the following condition 
except for a set of measure zero. 

(2.6) If di(x), 1 , then aif,(i)=. Max aif,(x). 
                                                                                              J=1,...tlf 

   However the solution would be quite defferent if we assume the condi-
tion of invariance. The answer for certain types of invariance are enun-
ciated in the following. 

   Theorem 2. 2. Let d(x) (d1(x), Cx), dm(x)) be a multiple deci-
sion proceoure, f(x) (i = 1, 2, ... , M) be frequency functions, and a, (i = 
1, 2, . . . , M) be positive constants. Then the decision function which 
maximizes the integral 

(2. 7 )E a/ f di(X.)fi()dlc 

                                                 

' RN 

among all the decision functions invariant in the sense of ( 1° ) or (20)
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 under the transformation group (A), (B), (C), (D) and (E) must satisfy 
the following conditions except for a set of measure zero, 

( 2. 8 ) If di(x)=- 1 then a,gi(y)--,-- Max ajg_,(y), 
                                                                                           j=1,•••if 

where g,(y) and y are defined by 

          y = (y1, y2, • • • 

(2.9)Yi= (xi— xN)/(xN-i— xN) (i 1, 2, .„ N— 2) 

        g;(y)= x1N-2P.Y1x + Zy • • • YN-2X z, x + z, z) dxdz 

           .3' —(Y1, Y2, ••• YN-2) , 

(2.10)yi= (x,— (i 1, 2, ..., N-2) 

       g.,(y)= I f xx--2P.Ytx + z, YN2X Z, X Z, Z) dxdz 

                        

• —0 • z= -D3 

                       Y2, •••, y1V-1) 9 Yi-= Xi/XN (i - 1 2, ..., N— 1) 
(2.11)f-      g

.,(Y) =. iv- ix, x) dx 

         y •••, YN-1 ) yi=xi/xEl (i= 1, 2, , N-1) 
(2.12)c-        k(Y) =--I xN-1.f.,(y1x, , x) dx           - • x=0 

         y (Y,, Y2, , Y2v-i) Yi =xi — x, (i =1, 2, ... , 1V —1) 
(2.13)                 P

yi+ x, y2+ x, x, x) dx , 

respectively, provided the functions gj(y) exist in each case. 

   Proof. We shall give the proof for the case of transformation group 
(B) only. Other cases can be proved in exactly the same way. 

   At first let us devide RN into three disjoint part R,(+), R,(0) and 
R„( —) according to x,_1 > x„, x, and x,_, < x,. 

   It is clear that these three subsets are invariant under the transformation 
group (B) in the sense that any point in either of these three subsets is 
transformed into the same subset. 

   On the other hand R,(0) is of measure zero, and hence the integral 
can be split into two parts, one is the integral on RN(+), the other on 
RN(—). Here let us observe that the condition of invariance in the sense 
of (2°) under the transformation group (B) defined R,(+) and RN(—) is 
equivalent to the condition that the following relation holds true for all x 
in RN(+) and RN(—) except for a set of measure zero. 

(2. 14)co(x„xy)=co(x,— xNXN_2-v XN_ 

                   

, .                                  \IX/V-1 - XN1' • • • IXN-1- XNI XN-1- XNI
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The proof of this relation is exactly the same as to that of Theorem 2.1. 
Then by making use of the transformation 

                       yi = (x,— x„)/ xx_,— x, 

(2.15) YN-2 (XN-2— XN)/ 
                      X = XX-1— 

              Z XN 

Our integral (2.4) will be written in the following sum of two integrals, 
where the first term of the integrand represents that of the integral on 
RN( +) and the second on RN ( — ) 

(2.16)rrrr xN-2            Y1--=—°' • Y2=-0. ' UN-2= —.0 J. oo 

         iE a,f,(Yix + z, y2x +                     i=1 

                 YN-2x + z, .YN_,+ z, z) di (y 1, 372 • • • , + 1, 0 ) 

        + E aif,(— + z, — y2x + z, 
                    i=1 

                   N-2 X Z, Z, Z) di(Y1, y2, • • • , YN-2, —1, 0) 

               dy,dy, dy,_2dxdz 

                 E ai2 gi(Yi, YN-2) di(Yi, YIV-29 + 1, 0) 

                  

• R-Y-2 2,1 

                         gi( — y1, • • • 7 YN-2) di(Y1, Y2, • • • , YN-2, 1, ()) 

              dyidy2 

where gi(y„ ..., 37,-2) is defined by (2.6). 

This integral is maximized if 

(2.14) di(y1, v                   • • • yN-2, 1, 0) = 1 , then 

            aigi(YE,Y2, yx-2) 

                -=Maxajg;(y„. .., y„), ajg,(— y„ — 

and d,(vv              -1,,2, • • • 7 3/ N-2,— 1, 0) = 1 , then 

              aigi(—Y1, —y2, • • •, —Yi17-2) 

           =Max#aigi(y„•YN -2), y„ — 

for all y except for a set of measure zero. 
By converting this relation into the one in terms of x, we o btain the 
relation ( 2. 10 ). 

  § 3. The slippage tests for normal population. At first we need 
the following 

   Lemma 3.1. Let (x1, , x,) be independently distributed in nor-
mal distribution with the mean values m,, m2, ..., m, and the variances di
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such that  (1.; = 6 (7/b - = 02y where b 1 respectively. Let 
f(x) be the probability density function of x-(x,  xv), and g,(y) be 
the function defined by the relation (2. 10). Then we have 

      XI—.X—xrr ( 3
. 1 ) g,/                      '• • • ' - x, 

                       1        Clx,_,-texp[ - 2R 

                            

- 0 

       t21(1 + (5 - 1)(1 - 1/N))(N xv2 -(Ex,)2 -N(6-1)(xi- i)2)1. 
    -2t -C(1 + (5- 1 )( 1 - 1/N))(N E mvx,- (E m,)(E x,) 

                                                                                                        1,=1 

                                 - N(5 -1)(xt- x)(mi- m))1- 
        {( 1 "1- - 1)(1 - 11 N))(N m,2 - (E m,)(E x,) 

                                -N(5- 1)(2)11--iii)2)Hdt, 
where C and R are some constants common for all i and x E x,/N and 

V`r,1 

         •,=1 

   Proof. The proof is immediate and is omitted. 

   One remark should be made here. The optimum slippage tests for the 

mean of normal population were treated by E. PAULSON [5] for the case 
when the sample sizes from each population are the same and are more 
than one, and also by A. KuDO [3] whose result includes the case when 
the same are equal to one, and the statistic in this case is nothing but the 
Pearson-Chandrasekar's statistic for testing the outlying observation. Though 
the result of the former can be proved in the exactly same way as to that of 
the latter, the arguments in these two papers can be much simplified by 
making use of this Lemma above stated. 

   In this paper, we shall discuss the problem in a somewhat more general 
formulation. Let xi be independently distributed normally with the mean 
values mi and variances at2 (i = 1, 2, , N). We have N 1 hypothesis, 
namely 

( 3. 2 ) Ho= H(m,= m2= ... = my , 02 622 aN) 

       gH,(4, 5) = H(m,= . . . =m,_ ,=m,- . . . 

            mN, (1,2 = . 62i-1= ai2/6 = = Qv) (i = 1, 2, , N), 

where none of these pararmeters are known to us. 

Let D, (i = 0, 1, , N) be the decision of accepting H, (i = 0, 1, , N) 
and Pr(Dil H,) and Pr(Dil H;(4, 5)) be the probability of taking the decision 
Di, when Ho and H(4, 5) is correct respectively. Our problem here is to
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find out the most suitable decision procedure as to these N-1- 1 decisions. 
An answer is given in 

   Theorem 3.1. Among all the decision procedures invariant under the 
transformation group (B) in the sense of (2'), such that 

( 3. 3 )13,(D„IH„)= 1— a, 

where a is a pre-assigned probability and 

(3.4)q(4, 5) = Pi.(DilHi(J, 5)) (i =1, , N) 

there exists a decision procedure which maximizes the function and it is 
given by the following. 

   In cases (1°) >0, 5=1, (2°) 4>0, 8>1, (3°) >0, S>1 
it is given by the following: 

       take Do if Max(x; —x)Is</InN) 
• (3.5)         t

ake Di if Max(x„—X)Is> 4(1)(N) and Max x;=xi 

except for a set of measure zero. 
   In cases (4°) <0, 5=1, (5°) <0, 8>1, (6°) <0, 5>1 

it is given by the following: 

        take D„ if Min(x„—i )1 s> 2„(2)(N) 
( 3. 6 )         t

ake Di if Min( x, — <2(:)(N) and Min x„--- 

except for a set of measure zero. 
   In cases (7°) 4=0, 5> 1, (8°) d =0, 5> 1, 

it is given by the following: 

(3. 7 )take D„ if Maxlx„— x'Is< 2T(N)         t
ake Do if Max Ix, 2T( N) and Max !x, — x1=' xi— Xi 

except for a set of measure zero. 
   Further if we assume a restriction 

(3.8)q(zi, 5) q(-- 4, 5) 

the same decision procedure in cases (9°) 4=.0, 5 =1, (10°) 4 0, 6>1, 
(11°) ,610, 5>1 is given by the procedure in (3.7). 

   Here X = xi/N, .32 =E(xi—X)2IN, and 4-'(N), 2(2)(N) and 2T(N) 
      t1=1 

are some constants depending on N and a only, and when there are more 
than one observatiOn which take the maximum or the minimum value, 
we can take any one of the allowable decisions in each case. 

   Proof. We shall briefly state the proof as it is exactly the same as 
those in E. PAULSON [5] and A. KuDO [3].
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   Let  di(x) (i, 0, 1, , N) denote the probability of taking decisions D, 
(i = 0, 1, , N) respectively after observing x = (xi, x2, ...,x,), namely 
the decision function as to these N 1 diecisions, and let fo(x) and fi(x1d, 5) 
be the frequency functions of x when Ho and Hi(4, 5) are correct respec-
tively. Then we can easily see that for any d and 5, we can always find 
a positive constant A such that the decision function expressing the decision 
procedure given in this theorem maximizes the integral 

(3 .9 )Ad0(x)./.0(x) + E di( -T)ii( 1 xzl, a) clX 
                                                       i=1 

among all the decision functions which express the decision procedures 
satiafying the assumptions of this theorem in any one of the cases. And 
this fact will lead as to the conclusion. 

   It may be noticed here that this theorem contains the result of the 
author in the previous paper [3] as its special case 5 =1, and also that we 
are making use of Pearson-Chandrasekar's statistic in the procedures given 
in (3.5) and (3.6). 

  § 4. The slippage tests for the exponential and x2 distributions. 
In this section we shall be concerned with the gamma distribution, with 
the location parameter equal to zero, namely the frequency function is given 
by 

                                     x<0 (4
.1)f(x I 2, a)1° 

                       axxx'e-"Ii(2) . 

   At first we have the following 

   Lemma 4.1. If we define 

(4. 2 ).f(xi, ..., x,)=1I aim xixi-1 e-at'i I 

then the function defined by ( 2. 9 ) is given by 

(4.3) g(Y1, YN-1) 

                        N 

                                           = r(E 2,)(11 aiVadi++ axlX'-                                   ill r(2t) 

and 

(4.4) g( xi x'1)               • ' ' \x
sI 

      = r(E )(II +aNicNIAA/11 (Ai) 

   Proof. The proof is quite simple and is omitted. 

   It may be mentioned here that in caw a= 1/ 2 and a n/2, (4.1) is the 
frequency function of the x 2-distribution with n degree of freedom, and
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further this will enable us to give a shorter proof of the result obtianed 
by TRAUX L71, which states the optimum property of the statistic introduced 
by CoclIRON concerning the slippage test for the variances of k normal 
populations [1]. 

   In case a=11m, 2 = 1, we have the frequency function of the ex-
ponential distribution, i.e. F(x) ==1— e-1.1"' and in this case also there arises 
a problem of slippage test. 

   Let (i = 1, 2, ... , i; j= 1, 2, , ni) be independently distributed in 
exponential distribution, where for each i, ni random variables (x,,, xt„,) 
are of the same parameter mi. Here we have the same sort of hypothesis 

(8.5) Hu= H(m1= 122,— = mk) 
      Hi= 14(5) = mi-1= mil = m,,, = =m,.) 

                                               (i = 1, 2, ...,k), 

where these parameters are unknown to us and we have, 

   Theorem 4. 1. In the same notations as above, we have that among 
all the decision procedures invariant under the transformation group (D) 
in the sense of (2°), such that 

(4.6)Pr(D„111„) =1 — , 

where (1, is a Pre-assigned probability, and 

(4.7)q(0) = Pr(Dil Hi(5)) (i = 1, 2, ... , k) 

there exists a decision procedure which maximizes the function and it is 
given by the following 

   In case ( 1°) 5> 1 
                          k i 

      take D„ if Max E x,j/E E<dc,"(n„,n4.) 
(4. 8)i2=1 .), 

                         72 i k ni 

     take D, if Max E E xi; > nk) , 

                              

1 ),_ I i= I j=1 

                                                                                ni 

                                         Max E x,, -= E xi; , 
                                                   9=1.1=1 

and in case (2°) 5 <1 
                            72 i k 72 

       take D„ if Min E x1 /E E xi; > icIT(n„ ...,n,) 
(4.9)i 3=1i1 1=1                  nik 

       take D,if MinExii/E E xi;<p(„(n„...,nk) , 
                    i=1 j=1 

                                            72 ini 

                        Min E E 
                                             i ;1=11=1 

except for a set of probability zero, where 1_4,1)(n,, ...,n,) and ttnni, nk) 
are the constants depending on a and ni's, and when there are more than
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one observations which take the maximum or the minimum value , we can 
take any one of the allowable decisions in each case. 

   Proof. The proof is the exactly same as to that of Theorem  3.1. 

   Concerning the calculation of 4)(n„ nk) and ,e4P(n„ n„) the 
usual method would be the approximation formulae by making use of the 
BONFERNI's theorem (cf. p. 75 of FELLER [2]). Here we shall state only 
the special case when n1=222= ... = n, = n. 

   Theorem 4.2. Let ii(cP(n, k) and lat(P(n, k) denote /4"(n„ n2, , n,) and 
/42)(n„ n2, n„) when 222= =n,=n, then we have approximately, 

(4.10)k—n(k — 1)) 

and 

(4.11)k^'I01,k)(nn(k —1)) , 

where i„(p, q) is the incomplete Beta-function 
                                                                   er 

(4.12)i„(P, q) =t( 1 - x)'dx                     B1(P
, q) 

   Proof. As each of the E xi; is distributed in the gamma distribution 
                                          i=1 

with the density function 

(4.13)(  1  \" e-7,7 xn_, r (n)                        `m
il 

we have, after simple calculations, under the null hypothesis 

                    E xi; 
(4.14)Pr(:=1. < 2)=n(k — 1)) 

             E E 
                                     L=1 

for all i. By applying the BONFERNI'S theorem, we immediately get (4 . 11) 
and ( 4. 12 ). 
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