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§1. Introduction. The notion of invariance seems to have some im-
portance in the theory of multiple decision problems. The invariance seems
to be a sort of substitute to the similarity, which plays an important role
in the classical theory of test of significance according to the NEYMAN-
PEARSON set up.

The purpose of this paper is to present a theorem which shows that
the condition of invariance is a stronger one than it usually appears to be,
and to present a theorem which may be considered to be a sort of analogue
to the NEYMAN-PEARSON’s fundamental lemma. We shall also show that
a unified treatment of the slippage tests so far obtained is possible by
making use of this theorem, and we shall give some new results.

The section 2 is devoted to the statement and the proof of the result
concerning the nature of the invariant tests. In the section 3 we shall give
a theorem which is a generalization of a theorem previously obtained by
the author (Kup0[3]) concerning the PEARSON- CHANDRASEKAR'’s statistics.
In the section 4, we shall discuss the optimum slippage tests for gamma
distribution, which is believed to be new and may be useful in practical
situations.

The author would like to express his hearty thanks to Professor
T. KiTAGAWA for the suggestions and criticisms given by him.

§2. On the invariant decision procedure. There seems to be three
types of invariance so far defined in the current literatures on decision func-
tion theory (for instance [47, [5]). Let R be a sample space with sample
point x, and let ¢(x) be a decision function defined on the sample space.
Further let G={g{ be a group of transformations g defined on R. We further
assume that there is defined a complete measure 2 on the sample space R.

The three types of invariance are as follows.

Definition 2.1. ¢(x) is said to be invariant under the transformation
group

(1°) in the strict sense if ¢(gx)=¢(x) for all x and g.

(2°) in the usual sense if ¢(gx)=¢(x) for all x and g except pos-
sibly for a set N of x with measure zero.
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58 Akio Kupo

(3°) in the generalised sense if ¢{gx)=¢(x) for all x and g except
possibly for sets N, of x with measure zero, where N, may vary from g
to g and |JN, may not be of measure zero.

ge@
The first definition was adopted in the papers by PAULSON[57, TRAUX (7]
and Kup0 [37], which can be, as we shall see later, generalised to the case

of (2°).
Here let us confine ourselves to the case where R is an N-dimensional
euclidean space RY ={x;x= (%, Xy, ..., Xn) .

We can now consider various types of transformation groups on this
N-dimensional euclidean space. However, we shall here restrict ourselves
to the class of transformations by which ¥ =(%,, %,, ..., Xy) is transformed
to (ax,+b,ax,+0b,...,axy+0b)

Definition 2, 2. The transformation group (A), (B), (C), (D) and (E)
on the space R are defined to be the totality of such transformations as

(X1, X2y 5., Xy) to (ax,+b,ax,+0b,...,axy+b), where @ and b are all
possible constants satisfying the conditions

(a) as+0

(b) o >a>0

(c) a*0, b=0

(d) o >=>a>0, b=0

(e) a=1, ow>=>b>—
respectively.

It is quite clear that we are justified to call these (A), (B), (C), (D)
and (E) as groups, for each of them forms a group in the usual sense.
It may be noticed here that we need not require 2 and b to be constants,
and we have

Definition 2.3. The transformation groups (A’), (B’), (C"), (D’) and (E’)
on the space R are defined to be totality of such transformations as (x,,
Xoy ..., Xy) to (@ax,+b,ax,+0b,...,axy+0b), where a and b are all possible
functions of x = (x,, x,, .., . xy) satisfving the conditions (a), (b), (c), (d)
and (e) respectively for all x, and the transformation groups (A’”), (B"”),
(C”), (D) and (E"") are the same satisfying these conditions except possibly
for a set of measure zero which is independent of the individual functions,
and finally the transformation groups (A’"), (B""), (C'"), (D) and (E'"’)
are the same satisfying these conditions except possibly for a set of measure
zero which may vary from an individual function to another.

Concerning the relation of these four types of transformation groups,
we observe that, for instance, (A’”’) contains (A”), (A’) and (A) as their
subgroups, and it is obvious that if ¢(x)=¢(x,.,.xy) is invariant under
transformation group, say (A') or (A”) or (A’’), it is also invariant under
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the transformation group (A). Concerning the invariance under these trans-
formation groups, we have the following relation, which is believed to be
new and has not been found in any of the papers for far as the author is
aware of, and is enunciated in the following

Theorem 2.1. T he necessary and sufficient conditions for ¢(x) to be
invariant under each one of the transformation groups (A), (B), (C), (D)
and (E) in the sense of (1°) or (2°) is that it is invariant under the
transformation groups (A"), (B"), (C""), (D"") and (E'") in the same
sense respectively.

Proof. We shall prove the equivalence of invariance in the sense of (2°)
under each one of the transformation groups (A) and (A’’) only, as we
can prove the same for other cases in exactly the same way. For this
purpose, it is sufficient if we prove that if ¢{x) is invariant under (A)
it is also invariant under (A'").

If ¢(x) be invariant under (A) but not under (A”’), then there exist
some functions ¢"(x) and 5"(x) and some set M of measure positive such that

(2.1)  o(x, X3, ..., Xx)
Fo(ad ()%, + 0 (%), a (%)%, +0(%), ..., a(x)xy +0'(%)),

for all x not belonging to M. Let N be a set of measure zero defined by
(2), in Definition 2.1, namely the set of measure zero, except for whose
points the condition of invariance under (A) in the sense of (2°) should hold
true. Then there must be at least one point x’=(xi, 3, ..., %) which
belongs to M but not N, for which we should have

(2.2)  o(a), x5, ..., 2%
# o(a" (%) 2+ 0'(%"), a'(x") x5+ 0'(%,), ..., a'(x)xy + 0'(x")).
On the other hand, since a'(x,) 0 and ¢(x) is invariant under (A),

(2.3)  o(%1, %2 ..., Xy)
= (@' (2") %, + 0'(%"), (%)%, + 0°(%), ..., a'(£") %y + 0(2"))

should hold true for all x not belonging to N and also in the case when
x = %°, which leads us to a contradiction. Therefore the measure of set M
must be zero.

This theorem reveals us that the condition of invariance under a trans-
formation group like (A), (B) etc. is a stronger condition than it usually
appears to be.

There do exist, however, practical situations where we are intuitively
sure that according to whatever the scale and the original point, namely
the location, the observation may be made, we should be lead to the same
conclusion, and in this case we are justified to restrict curselves to the class
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of decision functions invariant under the transformation group (B). This
would be only the justification for confining ourselves to a class of invariant
decision procedures such as defined above.

The multiple decision procedure may be formulated as follows. Suppose
we are interested in making either of M decisions, say, D; (i=1,2, ..., M)
on the basis of observations, say x. Let d;(x) (¢==1,2,..., M) denote the
probabilities of making decisions D, (i=1, 2, ..., M) respectively after
observing x. Naturally these M functions must satisfy the conditions

(2.4) 0<d(zx)<1, (i=1,2...M), Sd(z)=1

and to meet our mathematical necessity we assume d,(x) are all measurable
functions.

According to the formulation of the statistical decision function due
to H. WALD[8], we shall call the vector valued function d(x)=(d,(%),
dsx),...,dy(%x)) the decision function which expresses multiple decision
procedure formulated as above. If all the d;(x)’s are invariant under the
same transformation group in a sense, this decision function is said to be
invariant in the same way.

In this formulation, we are sometimes interested in the following problem.
Let D; be the decision that the observation £ has come from a population
with a frequency function f,(%), and we are interested in finding out the
invariant decision function which maximizes

(2.5) Sta | d(x)fix)dz,
where a;, (i=1,2,..., M) are some positive constants.

In the case when we do not require the condition of invariance, the solu-
tion would be the decision functions which satisfy the following condition
except for a set of measure zero.

(2.6) If d(x)=1, then a.f(%)= Max a,fi(x).
J=1yee M

However the solution would be quite defferent if we assume the condi-
tion of invariance. The answer for certain types of invariance are enun-
ciated in the following.

Theorem 2.2. Let d(x)=(d(%),d. %), ..., dy(x)) be a multiple deci-

sion proceoure, fi(x)(i=1,2,..., M) be frequency functions, and a; (i =
1,2, ..., M) be positive constants. Then the decision function which
maximizes the integral

(2.7) Sa | dix)fiz)ds

among all the decision functions invariant in the semse of (1°) or (2°)
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under the transformation group (A), (B), (C), (D) and (E) must satisfy
the following conditions except for a set of measure zero,

(2.8) If dix)=1 then agly)= Max a;g(y),

where g,(y) and y are defined by

Y =Y Yoo Inz)s

(2.9) yi:(xi_xb'>/(xl\'—l_xl\’\) (i:]-, 2,..,.,N*"2)
&i(y)= f;J ;_wle‘gfj(ylx +2,...,y2%+2,5+2 2)dxdz
{ -2: :(yI:yZ)---’yl\‘—?.)y
(2_10)} Yi= (X% — %Xy )/| %1 — Xy| (i=12,...,N=-2)
&i(y)= .E:(, f__wx”""fj(ylx T2, Y X+ 2, X+ 2, 2)dxdz
2 :(yhyZ,---ryN—-l)’ yi:xi/xA‘ (izl,Z,,,,,N—l)
(2.11) -
&)= L:_wx Ty x . Y%, x)dx
2 = (Yiveees Yumi)s yi:xi/ixml (i:1,2,_,,,N—1)
(2. 12)[ -
()= _#7f(3x ..., yxx, 2)da
Yy =Y. Va)y Yi=x—2%y (i=1,2,..,,N-1)
(2.13) -
&= _ ot xy:+5 ., gyt x x)dx,

respectively, provided the functions &(y) exist in each case.

Proof. We shall give the proof for the case of transformation group
(B) only. Other cases can be proved in exactly the same way.

At first let us devide R~ into three disjoint part Ry(+ ), RAx(0) and
R.(—) according to x,_, > %y, Xy_, =%, and X,_, << X,.

It is clear that these three subsets are invariant under the transformation
group (B) in the sense that any point in either of these three subsets is
transformed into the same subset.

On the other hand R,(0) is of measure zero, and hence the integral
can be split into two parts, one is the integral on RY(+ ), the other on
R¥(—). Here let us observe that the condition of invariance in the sense
of (2°) under the transformation group (B) defined Ry(+) and R¥(—) is
equivalent to the condition that the following relation holds true for all x
in R¥(+) and RY( —) except for a set of measure zero.

Xi— Xy Xy—2— Xx Xy — Xy
2.14 ’x,...,”L);SO(” T T s e e ’ A'rs0)~
( ) vlx Yy (X yo) — Xy [ Xy — X | ]xN—l — Xyl
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The proof of this relation is exactly the same as to that of Theorem 2.1.

Then by making use of the transformation

Y = (X —Xx)/ Xy — Xy

|

(2.15) Yy—2= (xzv- Xw)/ Xy — Xy
‘ X =Xy — Xy
oz =axy.

Our integral (2.4) will be written in the following sum of two integrals,
where the first term of the integrand represents that of the integral on
R¥(+) and the second on RY( —).

2.16) [ [ ... |

>
{gaJ&mx+&yw+z““,
yN—:!x+ zr yN—l + Z’ Z) di(yh y?,y e s e y.l\*—-z’ Jr 1) 0)
~+ZaJA—%x+zf-hx+a.”,
i=1

oo oo

—YVYy2X+R2, — Yy t2 Z) di(y[, Yoy vy Y2y — 1’ 0)}
dy,dy, ... dyy_.dxdz

N
[ o2 algy, o Y5 dd 3oy Py +1,0)
+gi(—y1’ ooy —.yN—:?)di(yl, y2, -..;yN—i’ '_]-y 0)%
dy1dy2 dyN-zy

where g%, ..., Yx_.) is defined by (2.6).
This integral is maximized if

(2'14) di-(yly yﬁyu--;nyz, +1, O):]., then

fi

@ 8:i(Yi,Yas - vy Yyoa)
:Mf‘xgajgj(%, R I 2 O G S S D
and di(¥1y Yar oo s Yw—» —1,0) =1, then
a:&( =%, —Yar.our — Yy-2)

:Mjaxmjg_f(yl, ces Yn2)s GE(— Vi — Yyoa)

for all ¥ except for a set of measure zero.
By converting this relation into the one in terms of %, we obtain the
relation (2.10).

§3. The slippage tests for normal population. At first we need
the following

Lemma 3.1. Let (X, %., ..., xy) be independently distrvibuted in nor-
mal distribution with the mean values m,, m,, ..., my and the variances o;
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such that oi= ... ==}, = 0}/6 -}, ... 0% where 6 =1 respectively. Let
fi(x) be the probability density function of x==(x,..... %), and g(v) be
the function defined by the relation (2.10). Then we have

X1 — Xy Xy — Xx
(3.1) g (-BTE Ewa Ty
B a( T )

oo

i d ‘ /\Y 1
=Clxy_, —xx|" } r CXP[MZR

{1+ (5= 11— 1/N)(N 3 &= (32 — N0~ 1)(x,— )}

—2t {(1+ (0= 1)(1=1/N)(N Zmzx, — (S m)(5 )

— N - 1) (% —x)(m, —m)>}
{1 O =DA-UN)(N D m = (S m)(3 %)

—N(o = 1)(m; —m)} | dt,

where C and R are some constants common for all i and ?c:éxv/N and
N v=l1
m=72>m,/N.

Proof. The proof is immediate and is omitted.

One remark should be made here. The optimum slippage tests for the
mean of normal population were treated by E. PAauLsoN[5] for the case
when the sample sizes from each population are the same and are more
than one, and also by A. Kupd[3] whose result includes the case when
the same are equal to one, and the statistic in this case is nothing but the
Pearson-Chandrasekar’s statistic for testing the outlying observation. Though
the result of the former can be proved in the exactly same way as to that of
the latter, the arguments in these two papers can be much simplified by
making use of this Lemma above stated.

In this paper, we shall discuss the problem in a somewhat more general
formulation. Let x; be independently distributed normally with the mean
values m; and variances o2 (=1, 2, .-, N). We have N+ 1 hypothesis,
namely

(3.2) Hy=H(m=my=...=my, 0’ =0'= ... =0d%)
H;:Hi(d:a):H(mxz =M =my—Ad=m, = ...
:m_v:olzz--- :(7?—1:01'2/5:0?-;-1: ...:O'y) (Z:]., 2, ..., N),

where none of these pararmeters are known to us.

Let D, (¢=0,1,..., N) be the decision of accepting H; (i =0,1,...,N)
and P.(D;/H,) and P,(D;/H,4,3)) be the probability of taking the decision
D; when H, and H,(4,d) is correct respectively. Our problem here is to
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find out the most suitable decision procedure as to these N -+ 1 decisions.
An answer is given in

Theorem 3.1. Among all the decision procedures invariant under the
transformation group (B) in the semse of (2°), such that

(3.3) P(D/H)=1—«,
where « is a pre-assigned probability and
(3.4) q(4,9)=P(D:/H(4,0)) (i=1,...,N)

there exists a decision procedure which maximizes the function and it is
given by the following.
In cases (1°) 4>0,08=1, (2°) 4>0,06>1, (3) 4>0,0>1
it is given by the following :
take D, if Max(x,—x)/s<IJ(N)
J

3.5
(357 take D, if Max(x,—x)/s>2"(N) and Maxx;=x,

except for a set of measure zero.
In cases (4°) 4<0, 6=1, (5°) 4<<0, >1, (6°) 4<<0, 6>1
it is given by the following :
take D, if Min(x,—x)/s>2](N)
(3.6) ’ _ ‘
take D, if Min(x,—%)/s<<A;"(N) and Minzx,=x,
J J

except for a set of measure zero.
In cases (7°) 4=0, 61, (&) 4=0, 8>1,
it is given by the following :
(3.7) take D, if Max|x,—x'/s<<iP(N)
’ take D, if Max|x,—2%,!/s>20(N) and Max|x,—x|=x —X|

except for a set of measure zero.
Further if we assume a restriction

(3.8) q(4,0)=q(—4,3)
the same decision procedure in cases (9°) 4#0, 6=1, (10°) 40, 6 >1,
(11°) 4540, 8>>1 is given by the procedure in (3.7).

Here Ezéxi/N, 32:2V(xi—5)2/N, and 2$(N), 2P(N) and XP(N)
are some cons:‘;zlnts dependii;fg on N and « only, and when there are more

than one observation which take the maximum or the minimum value,
we can take any one of the allowable decisions in each case.

Proof. We shall briefly state the proof as it is exactly the same as
those in E. PauLsoN [5] and A. Kupd [3].
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Let d,(x) (¢=0,1,..., N) denote the probability of taking decisions D),
(¢=0,1,..., N) respectively after observing x:=(x,, x,,...,%y), namely
the decision function as to these N + 1 diecisions, and let f,(x) and fi(x/4, d)
be the frequency functions of x when H, and H,(4, ) are correct respec-
tively. Then we can easily see that for any 4 and 9, we can always find
a positive constant A such that the decision function expressing the decision
procedure given in this theorem maximizes the integral

(3.9) | Ad(OAE) + 3 Al Sl /54, 0) dx

among all the decision functions which express the decision procedures
satiafying the assumptions of this theorem in any one of the cases. And
this fact will lead as to the conclusion.

It may be noticed here that this theorem contains the result of the
author in the previous paper [ 3] as its special case § =1, and also that we
are making use of Pearson-Chandrasekar’s statistic in the procedures given
in (3.5) and (3.6).

§$4. The slippage tests for the exponential and x> distributions.
In this section we shall be concerned with the gamma distribution, with
the location parameter equal to zero, namely the frequency function is given
by

0 <0
(4.1) fx/%a)= {axx*-le-“”/mm x=0.

At first we have the following
Lemma 4.1. If we define
(4.2) fxnn o 2) =11 @M 816 1 (1)
then the function defined by (2.9) is given by
(4.3)  &(yu .oy ¥y-1)
=S @)@y + ...+ asyve + a/HT 13D
and - - a

S PR P

N N } N
=TI (3 al)lxy™a %+ ...+ aNxN]“/g r(a).

Proof. The proof is quite simple and is omitted.

It may be mentioned here that in case ¢ =1/2 and 1=n/2, (4.1) is the
frequency function of the y*-distribution with # degree of freedom, and
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further this will enable us to give a shorter proof of the result obtianed
by TRAUX [ 7], which states the optimum property of the statistic introduced
by COCHRON concerning the slippage test for the variances of 2 normal
populations { 1.

In case a=1/m, 2=1, we have the frequency function of the ex-
ponential distribution, i.e. F(x)-:1— e ™ and in this case also there arises
a problem of slippage test.

Let {x;8(i=1,2,...,4;7=1,2,,..,n) be independently distributed in

exponential distribution, where for each 7, #; random variables (x;, ..., %)
are of the same parameter m;,. Here we have the same sort of hypothesis
(8.5) H,=H(m=m,=...=m,)
H=H(0)=H(m=..,=m_ =m/5=m = ... =m)
(i=1,2,...,k),

where these parameters are unknown to us and we have,

Theorem 4.1. In the same notations as above, we have that among
all the decision procedures invariant under the transformation group (D)
in the sense of (2°), such that

(4‘-6> P,(D“/H,):l—(\',
where « is a pre-assigned probability, and
(4.7) q(8)=P.(D;/H(35)) (i=1,2,..., %)

there exists a decision procedure which maximizes the function and it is
given by the following
In case (1°) 6 >1
ng k ng
take D, if Max PILTDIPIES <u(my, ..., )
(4.8) s -

ng k ng

take D, if Maxeu/Z 2x0>u (g, .m),

i=1 g=
74 ny

Max >} Xi=2>1 %,
1 a=1 J=1
and in case (2°) 61

k7

take D, if Mm z x“/E 2 X > 0 (0, L, )

(4' 9) nq n;
take D, if Mm 2 x,y/z Z Xy < py (M, oo, 1),
ng ny
Min 2 x;_,- :E xlj ’
i Jj=1 J=1
except for a set of probability zero, where pV(n,, ..., n.) and 1P (n,, ..., n,)

are the constants depending on « and n’s, and when there are more than
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one observations which take the maximum or the minimum value, we can
take any ome of the allowable decisions in cach case.

Proof. The proof is the exactly same as to that of Theorem 3. 1.

Concerning the calculation of #{(#,,...,n,) and 2&(n,,..., n.) the
usual method would be the approximation formulae by making use of the
BONFERNI’s theorem (c¢f. p. 75 of FELLER[2]). Here we shall state only

the special case when n,=n,= ... =n,=mn.

Theorem 4.2. Let »°(n, k) and p1P(n, k) denote p$°(n,, n,, ..., n.) and
uP(ny, nyy ..., ) when my=n,= ... =n,=n, then we have approximately,
(4.10) L1 L(m n(k—1))
and

411 b E—1
( . ) k= Ma<))(7l k)(” n( - ))

where I,(p, q) is the incomplete Beta-function

u

(4.12) I(p,q)= ”"(l—x)““dx.

B(p, q) .

Proof. As each of the >)x;; is distributed in the gamma distribution
Jj=1
with the density function

1 " _n% n—1
(4.13) (m) e g T(n)
we have, after simple calculations, under the null hypothesis
2 X
(4.14) Pr<;}'n z) =TI(n, n(k—1))

for all i. By applying the BONFERNI’S theorem, we immediately get (4.11)
and (4.12).

Kyusyu UNIVERSITY

References

(1) CocmraN, W. G.; The distribution of the largest of a set of estimated variances as
a fraction of their total. Ann., Eug., 11 (1941), 47-52.

(23 Ferrer, W.; An introduction to probability theory and its applications. Vol. 1. John wiley
& Sons, Inc.,, New York, 1950.



68

€32
£3

&3]
63
€73

8]

Akio Kup6o

Kup6, A.; On the testing of outlying observations. Submitted to Sankhya.

Lenvasy, E. L.; Some principles of the theory of lesting hypothesis. Ann. Math, Stat.,
21 (1950), 1-26.

Pavison, E.; An optimum solution to the k sample slippage problem for the normal
distribution. Ann. Math. Stat,, 23 (1952), 610-616.

PearsoN, E. S. and Cuaxpra SEgaR, C.; The efficiency of statistical tools and a criterion
for the rejection of outlying observations. Biometrika, 28 (1936), 308-320.

Truax, D. R.; An optimum slippage test for the variances of k normal disiributions.
Ann. Math, Stat., 24 (1953), 47-52.

WarLp, H.; Statistical decision functions. John Wiley & Sons, Inc., New York, 1950.



