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        AUXILIARY TABLES FOR THE APPLICATIONS 

            OF n-DIMENSIONAL t-DISTRIBUTIONS 

            TO CERTAIN CLASS OF EMPIRICAL 

                     FUNCTIONS 

                                   By 

                        Yukio NOMACHI 

                              (Kyusyu University) 

   The importance of multi-dimensional t-distributions has been indicated 
in a series of the papers on successive process of statistical  inferences by 
T. KITAGAWA [1] •--[3] and some of numerical considerations have been 

given by C. W. DUNNETT and M. SOBEL [11 and [2]. 
   In 1953 T. KITAGAWA [4] and [5] gave three different formulations 

of empirical functions and discussed statistical inferences concerning 
concurrence-functions and their derivatives. 

   Among others the uses of n-dimensional t-distributions were indicated 
in his formulation of the empirical functions of the type AD verifying to 
be fundamentally important. The object of the present paper is to provide 
for various auxiliary tables which are indispensable for the uses of n-
dimensional t-distributions in this sense. We shall, however, restrict our-
selves to the special case when the following three conditions are satisfied: 

(i) the n points of observations 0 < tl< t,< ••• < t„ < 1 is equi-distributed ; 
(ii) the numbers of observations are equal, i.e., r, r2= ••• r„= r; 
(iii) c),(t,; n) } (1, = 0, 1, 2, •-• , n —1) is the orthogonal normalised poly-
nomial system associated with ti 

   In view of Theorems 1. 1 and 1. 2 in T. KITAGAWA [4] our tasks of 
constructing auxiliary tables were scheduled in the following steps: 

                                - 

   ( L(t ; t„ m) =E so (ti; n) ; n) 

   (2°) a,;(t) = L(t ; t„ m)L(t ; t, m)=-2 a,;(t ; m) 

   (3°)Ai; L(t ; t„ m)L(t ; t„ m)dt Au(m) 

                               0 

                                                          71i 

   (4°) Ag') = (rh—r„_,)' L(t ; t,, m)L(t ; t m)dt A(m) 
                                                                        1,-1 

   (5°) D1 = L' (t ; t , m) L' (t ; t;, m) dt 

                                  0 

                                                                        711, 

    (6°) = (z-h,— z-,_,)-i L' (t ; t m)L'(t; t .„ m)dt, 
                                                               Th -1 

                                  25
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where m<n, i, j 1, 2, •-• , n. Since there may be various systems of 

divisions j our tables give the values of 
                                                     -0 

   (4°)' 1,(t ; t„ m)L(t ; ti, m)dt 

                               0 

   (6°)' D' „,;(0, L' (t ; tz, m)L' (t ; t;, m)dt 

instead of (4°) and (6°) respectively. 
   In this paper we give the case when 1<in <n < 5, and we are intending 

to extend our tables for larger numbers of observation-points n. For the 
expression of the rational numbers, we give their exact numbers by showing 
recuring decimals if they are infinite decimals, which yield us somewhat 
unified expressions from place to place, although they are convenient for 

practical uses. And we have used the gothic letters in order to show the 
cyclic parts of them, say 9.481 implies 9.481481 •-• 

   The constructions of these tables were suggested to the author by 
Prof. T. KITAGAWA. Numerical calculations were due to the aids of Miss. 
T. NAGAMATSU. The author expresses here her hearty thanks to them. 
Although we have no available tables for n-dimensional t-distribution for 
n>2, it is hoped that our auxiliary tables may serve to give us numerical 

pictures of the AD-type functions. 
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                                           Table I-a 

 ti- coy coo(ti; 3) vi(ti; 3)C22(tt; 3)  

            ( 0)1/1/ 3—1/1/ 2V/ 6 

            12 (= 1/2)1/1/3-0—2/1/ 6 

            13 (= 1)1/V31/3/ 21/1/ 6 

• 

                              vo(1 ; 3) = 1/-1/ 3, 

                             501(1; 3) = (-1 + 2 WI/ 2 , 

                            (p2 (t ; 3) = (1 — 121 ± 12 /2)/1/ 6 . 

                                      Table I-b-(i) 

   ,coo(ti; 3) coo (t ; 3); 3) vt(1; 3)c92(ti; 3)Cr'2(t ; 3)L(t ; ti, 3)     &i 

  111/3(1 — 2 t)/2(1 —121+ 12 12)/61 — 31 + 2 t2 

 t•1/30 ( 1 + 12 t — 12 12)/34 —4t2 

  131/3— (1 — 21)/2(1 — 121+12 /2)16 ± 2 12



      Table I-c-(i)Table  I-d-(i) 

---
-

.          ilet                 L(t;ti,3) L(t;ti,3)L(t ; ti, 3) L(t; t, 3)dt1L(1; 1i, 3) L(t ; ti, 3) dt  ti,ti---------_ ___ti,tj--------j0j 

   ti, ti 1-61  + 1312 — 121 + 411t , ti 0 7 302+4.303-301+0.8050.13 

   tt, 124(t _412 + 5t3 — 2 tl)tt, t22 02-5.3 03+ 5 01-1.6050.06 

   it , i3—t +512 — 80+ 4/111, t3 — 0.5 02+ 1.6 03— 2 01 + 0.805—0.03 

  12, 1216(12 — 2t + 11)12, t25.3 03— 8 01 + 3.2 050.53 

   t2, 134( — 12 +3t3-211) 3t12, 13—1.3 03+ 3 01 — 1.6 050.06 

  t3, 1312— 4j3 + 4j4t3, 10.3 03— 01 + 0.8 050.13 

                                                                           Table I-f-(i) 
                                                                                                       -- -_

__ 

     Table I-e-(i)----__' t       C0                                                         L'(t;ti,3)L'(/;ti,3) dt.1LU                                                                                          '(t;ti
,3) E;1),3) dt                                                            ti

,i                                                                                                                                                                                                    t-------_, 

                   L'(t ; 11, 3)                          t9 0 — 12 02 + 5302 .3 

  11—3+41                                     1
1, t2— 12 0 + 20 02 — 10.6 03—26 

  t2481                              1
1, t330 — 8 02 + 5.30C0.3 

      t3—1+41                                 t
2, 12160 — 32 02 + 21.305.3 

                                    t2, 13— 4 0 + 12 02 — 10.6 03—2.6 

                        t3, 130402  + 5.302.3



  Table  I-b-(ii)Table I-c-(ii)Table I-d-(ii) 
                                                                                                 ......._... 

                                                                                                                               1 

       L(t;t2)1,;1,2) L(11                                            ;1,2)1 le L(/ ; 1i,,2) L(t ; t j,2)dt1(1•t2)I(1-1•9)(11 tti,tj\L(11ti, t j1,i,.,_ 
                                                                                                 115/6 — ttf, il 25/36 — 5/3 t + 1211, tf 0.694 0 — 0.83 02 + 0.3 030.194 

- 

 t21/3t1, 125/18 — 1/3 tt1, 12 0.100.111 

 t3— 1/6 + t t1, 13 —5/36 + t —12ti, t3 0.1390 — 0.60'20.027 

                 /2, t21/9/2,120.270 — 0.160'2+ 0.3030.111 

             12, 13 — 1/18 + 1/3 t13, 13—0.50+0.16020.111 

                       t3, 131/36 — 1/3t -f- t213, 13 0.0270 — 0.160'2 ± 0.3030.194 

       Table I-e-(ii)Table I-f-(ii) 
                                                -7----- 

          - -..,fe                       L'(t;ti,2)ti , -ti ,LL'(/;ti,2) L(t ; tj ,2)dt S.L'( t; ti, 2) L'(t; t j, 2) dt ti• o  

   11 14ti,tt16 016 

                                     12 ,—8II , t•— 32 0--32 

  134ti, 1316016 

              /•, 1•64 064                                                     

1                 1
3, 13— 32 0—32 

             /3, /316 016                                                                                                                 
1



                                                    Table  II-a 
                                                      ---------__ _____ col, 

                           ti -----___ 490(ti ; 4)vi(ti ; 4)C0.2(ti ; 4)C°3(ti ; 4) 

              ti(= 0)1/2—3/1/201/2—1/1/20 

             12(= 1/3)1/2—11/20—1/231/20 

               t3( -= 2/3)1/21/1/20—1/2—3/1/20 

             /4( = 1)1/23/7/201/21/1/20 

                                    Coo(t ; 4) = 1/2 
                                   (pi (t ; 4) = (— 3 +60 /I/20 

                                    c02(1; 4) = (1 — 9t + 912)/2 

                                    c0:3(t; 4) = (— 1 + 47 t — 13512 ± 900)/1/20 

                                                Table II—b—(i) 

  tivo(ti ; 4) too(t ; 4) col (tt; 4) Col (t ; 4) Y2(ti; 4) co2 (1; 4)cp3(ti ; 4) co3(t ; 4)L(t ; ti, 4) 

    ti1/49 (1 — 2 t)/20 I (1 — 91 + 9 /2)/4(1— 47/ + 135/2— 9013)/20 1 — 5.5 t + 912 — 4.5 t3 

    t•1/43 (1 — 2 t)/20 —(1 — 9 t + 9 12)/4 —3(1 — 471-135/2-90/3)/20 I 9 t — 22.5 /2 ± 13.5 /3 

    t31/4— 3 (1 — 2 t)/20 —(1 — 9 t + 912)/43(1 — 47/ ± 135/2— 90/3)/204 .5 t + 18t2 — 13.5 /3 

   /41/4— 9 (1 — 2 t)/20 ' (1 — 9 t + 9 /2)/4 —(1 — 47/ + 135/2— 90/3)/20 t— 4.5t2 + 4.5/3



                                       Table  II-c-(i) 

                                      L(t ; ti, 4) L(/ ; t j, 4)                  ti 
, 

                 t,, 1, 1 - 11 t + 48.25 t2 - 108 t3 + 130.5 11 -81t5 + 20.25 1,,  

                 1,, 129t - 72 12 + 218.25 13 - 317.25 t1 + 222.75 t5 - 60.75 1" 

                 t,, t3 - 4.5 t + 42.75 t2 - 153 t" + 256.5 t4 - 202.5 t5 + 60.75 t" 

                 11, t4  t -1012 + 38.25 /3 - 69.7511 + 60.75 15 - 20.251"  

                 12, t281 12 - 405t3 + 749.25t3 - 607.5t5 + 182.251" 

                 12,13- 40.512 + 263.25 t" - 587.25 t4 + 546/5 /5 - 182.25 t" 

               12, ft912  - 63 13 + 155.2511 - 162 t5 + 60.75 t" 

                 13, 1:120.25 t2 - 162 13 + 445.5 t4 - 486 t + 182.25 t" 

                  13, 1.1- 4.512 + 38.25t3 - 114.75t1 + 141.75t5 - 60.75t' 

             ft, t.,12- 9 13 +29.25t3 -40.5t5 + 20.25 t"  

                                       Table II-d-(i) 
                                                                                                                                                                       0-  

_   - - • - - -,7‘ 
                                                                                                                                                                                                           .1) 

t , t,                            L(tti,4) L(/;t,,4)dt L(t4)L(t ; t4)dt 

   11 , 11 0 - 5.5 02 + 16.083 03 - 27 01 + 26.1 05 - 13.5 0" + 2.892857 070.07618 

   t , 13 ,4.5 02 - 24 03 + 54.5625 04 - 63.45 05 + 37.125 0" - 8.678571 070.05893 

   /I  , t3- 2.25 02 + 14 25 03 - 38.25 04 + 51.3 05 - 33/6 0" + 8.678571 07-0.02183 

   ti, t.,0.5 02 - 3.3 03 + 9.5625 04 - 13.95 0 + 10.125 0,, - 2.892857 070.00989 

   12, 1227 03 - 101.25 0 + 149.85 0.5 - 101.25 0" + 26.035714 070.38571 

   17, 13- 13.5 03 + 65.8125 04 - 117.45 0 + 91.125 0" - 26.34285 07-0.04821 

  12, 143 03  - 15.75 04 + 31.05 05 - 27 0" + 8.678571 07-0.02143 

  /3, 136.75 03 - 40.5 04 + 89.105 - 81 0" + 26.035714 070.38571 

   13, 14 - 1.503 + 9.5625 01 - 22.95 05 + 23.625 0" - 8.678571 070.05893 

  1.1, /.10.3 03 - 2.25 01 + 5.85 05 - 6.75 0" + 2.892857 070 07618 



                                       Table  II-e-(i) 

                                            L'                                               L'(
t; ti, 4)                                 ti 

                             ti- 5.5 + 18t - 13.5t`2 

                        /•9 - 45 t + 40.5 t2 

                             t3- 4.5 + 36 t - 40.5 12 

                                               1 - 9 t + 13.51`2 

                                     Table II-f-(i) 

- 

  ti,foL'(t; ti, 4) L' (t ; ti, 4) dt1P'(t•t•4)L'(t;tj, 4) dt 

                                                                                  6  

   t1, ti30 .250 - 99 02 + 157.503 - 121.504 + 36.45053.7000 

                                                                                                                                             0 
    11, t2- 49.5 0 + 93.375 02 -141.75 03 + 197.4375 01 - 109.35 05- 9.7865 

    /I , 1324.750 - 139.502 + 310 .50; - 303.75 04 + 109.35 051.3500 

    ti, 14- 5.5 0 + 33.5 02 - 83.25 03 + 91.125 04 - 36.45 05- 0.5750 

    t2, 12810 - 40.5 02 + 249.75 03 - 91.125 04 + 328.0505527.1750 

    12, 13- 40.5 0 + 263.25 02 - 722.25 03 + 820.125 01 - 328.05 05- 7.4250 

   12, 1490 - 630`2 + 189 03 - 324041 + 109.35 05- 79 .6500 

                   20.25 0 - 182 02 + 553.5 03 - 729 0' + 328.05 05- 9.2000 

    13, 14- 4.5 0 +38.2502-141.7503  + 212.625 04 - 109.35 05- 4.7250 

    140 - 902 + 360; - 60.7504 + 36.45053.7000



    Table II-b-(ii)Table II-c-(ii) 

   I L(t ; ti, 3)                               ti, I)L(t ; ti, 3) L(t; ti, 3) 

   tl                                     /1, 1, (361 — 23941 ± 567912— 5670 t" + 20251' )/400             (19 — 63 t + 45 12)/20 
                                      ti, t2(57 ±5521_317712+45901:1_2025t1)/400 

   12(3 + 39 t — 45 t2)/20ti , t3 (— 57 + 1158 t — 420312 + 5130 t3 — 2025/1)/400  

                                       ti(19 — 576t + 260112 — 405013 + 2025 t, )/400 
   t3(— 3 + 51 t — 45 t2)/20                                       1

2, t2(9 — 234 t + 1791 t2 — 3510 t3 ± 20251' )/400 

                        t2,t3 (-9 + 361 + 198912 —405013+202511)/400   1
4(1 — 27t + 450)/20 

                                     t2, t4 (3 — 42 t — 9600 12 +  2970t3 — 20251' )/400 

                                     t3, t3(9 — 306 t + 2871 t2 — 459013 + 202511)/ 400  

                                     t3, 14  (-3 + 132 t — 1557 12 + 351013 — 202511)/ 400  

                                     t,, t, (1 — 54t + 81912 — 2430 13 + 202511)/400  

                                                                                                                                                                        pa 

                                        Table II-d-(ii) 

                                  0 
                                                                 L(1- ti3)L(t;ti,3)dt     11, tiI(t ti3) L(t;12,3) dt    JO JO  

                   (361 0 — 1297 02 + 1559.6 03 — 1417.50' + 40505)/4000.11125 

     11,12 (570 + 276 02 — 1059 03 + 1147.50' — 40503)/ 400 0.03875  

      1,, 13(— 57 0 ± 579 02 —140103+1282  5 04 — 405 06 )7400— 0.00375 

      11, 14 (19 0 — 288 02 + 867 03 — 1012.5 04 + 405 0 )/400— 0.02375 

     1•, tS ( 9 0 — 117 02 +59703  — 877.5 0 ± 405 05 )/4000.04125  

      12,13 (— 9 0 + 18 02 + 663 03 — 1012.5 01 ± 40505 )/4000.16125 

      f2, 11 (30 — 21 02 — 3200 03 + 742.5 01 — 405 05)/400— 0.00125 

      13,_13(9 0 — 153 02 + 957 03 — 1147.5 01 ± 405 05 )/4000.17625 
      t3, 11 (— 3 0 + 66 02 — 519 03 + 877.5 0' — 40505)/ 4000.04125 

     ti, ti(0 — 27 02 + 273 03 — 607.5 0 I + 405 05 )/4000 11125 



                              Table  II-e-(ii) 

                                   L' (t ; ti, 3)                      t 

                     t1- 3.15 + 4.5 t 

                                        1.95 - 4.5 1 

                  t32.55 - 4.5 t 

                    t4 -1.35 + 4.5t 

                            Table II-f-(ii) 

a,                         ti,3)/1(t; ti,3)dtf oL'(/ti, 3) L' (t;ti, 3) dt 

    

, tl9.9225 0 - 14 175 02-I-6.75 03 2.4975  

   tl, 12- 6.1425 0 + 11 6375 02 - 6.75 03- 1.2550  

 1i, 13  -8.03250+12.982502-6.7503 - 1.8000  

      144.2525 0 - 10.2825 02 + 6.75 03 0.7200 

   12, t2  3.8025 0 - 8.775 02 + 6.75031.7775 

   13,  t34.9725 0 - 10.125 02 + 6.75031.5975  

      t.1- 2.6325 0 + 7.425 02 - 6.75 03- 1 9575 

   13, t36.5025 0 - 11.475 02 + 6.75 031.7775- 

   13, ti- 3.4425 0  +8.77502-6.7503-  1.4175 

   t4, 111.8225 0 - 6.75 02 + 6.75 031.8225 



    Table II-b-(iii)Table II-c-(iii)Table  II-e-(iii) 

  ti   L L(t ; ti, 2)                                        L(tti,2) L(ttj, 2)L'(tti,2)                 ft, t j------::,ti 

        ' 

                              11,tl(49—126/ +81t2)/100  t
it(7 — 9 t)/10tt— 0.9 

                                   11, t2  (28 — 57t + 27/2)/100 ._   

  /2(4 — 3t)/10ti, t:3(7  + 12 t — 27/2)/100t2— 0.3 

                    it, t4  (-14 + 81/ — 81 t2)/100_ 
13(1 + 3 0/10.                            130.3                                    /

2, t2(16 — 241 + 9/2)/100  

                                   12,13(4  + 9t — 9t2)/100 1
4 ! (— 2 + 9 t)/10t40.9                                     

_ 12, t.1 (— 8 + 421 — 2712)/100 
                                   i3, t3(1 +6t +912)/100 

                                    13, t4  (-2 + 31 + 27/2)/100 

                                    t.t, t4(4 — 361 + 81 /2)/100  

            Table II-d-(iii)Table II-f-(iii) 

 0---,_,_              L(t; ti, 2) L(t ; t j, 2)dt flL(t ; ti, 2) L(t ; t;, 2)dtti p1,,,,,,..i.10 L(t ; ti, 2) L(t ; t j, 2)dt  ti,tj 

  t4, tt  (490 — 63 02 + 27 03)/1000.265 t1, /1  (490 — 63 02 + 27 03)/100  

  11, t2 (28 0 — 28.5 02 + 9 03)/1000.085 ti, t..,,(28 0 — 28.5 02 + 9 03)/100 

  t4, t3  (70 +602 — 903)/1000.040 11, t3  (70 +602 —903)/100 

  11, 14 (— 14 0 + 40.5 02 — 9 03)/100 — 0.005ti, t.4  (-140 + 40.5 02 — 9 03)/100 

  t2, /• (160 — 12 02 + 303)/100   0.070 /2, 12 (160 — 12 02 + 3033)/100                                
I 
  /2, t3(4 0 + 4 5 02 — 303)/100— 0.055 12, t3 (40 + 4.502 — 303)/100  

  t2, 1.4 (-80 + 21 02 — 9 03)/100 0.040t•9 /4  (-80 + 21 02 — 9 03)/100 

 t3, /3(0 +302  + 3  03)/1000.070 /3, 13(0 + 302 ± 303)1100 _ 
  13, 14  (-20 +1.502  + 9 03)/1000.085 /3, 1.1 (— 2 0 + 1.5 02  + 9 03)/100 

  /4, t4 (40 —1802 + 27 03)/1000.265/4, 14 (40 — 18 02 + 27 03)/100



                           Table  III-a 
--------------P v 

   ti---------_ _V o (t i ; 5) (Pt(ti ; 5)492(ti ; 5) co3(ti ; 5)so4(ti ; 5)                                                                (po(t ; 5) = 1// 5 , 
  ti(= 0)1// 5 —2h/102/1/14 —1/V101/1/70                                                                co

/ (1 ; 5) = (— 2 + 4 t)//10, 

  t2(= 1/4) 1/1/5 —1/1/10 —1/V142/V10 —4/1/70 (P2(1; 5) = 16(1/8 — t +12)11/14, 

  t3(= 2/4)1/V5 0—2/1/1406/1/70 co3(t ; 5) = (— 3 + 861 — 24012+ 160 /3)/3/10,                                                                
c 0 i(t ; 5) =(3— 5001 + 274012 

  14(= 3/4)1/V5 1/V10 —1/V14 —211/10 —4/V70                                                                               —4480 V + 22400)/31/70 . 

  15 (= 1)1/1752/1/162/V141/V10 1/1/70 

                                          Table III-b-(i) 
                                                    -- ---- - - - --- - - -- -- - - --  ------t

i------- V 0 (t i; 5)coo(t; 5) col(ti; 5)sot(t ; 5)V2(ti, ; 5) CO2(1 ; 5)co3(ti ; 5) Co3(t ; 5) 
   ti1/54(1 — 21)/10 4(1 — 81 + 812)/14(3 — 86 t + 24012 — 16013)/30 
   t2  1/52(1 — 2 t)/102( — 1 ± 81 — 8 /2)/14 (— 3 ± 86 t — 24012 + 16013)/15 
 t31/5 0 4(— 1 ± 8 t — 8 /2)/140 

    t41/5 — 2(1 — 2 t)/102( — 1 + 8 t — 8 /2)/14(3 — 86 t -I- 24012 — 160 /3)/15 
    151/5— 4(1 — 2 t )/104(1 — 8 t ± 8 /2 )/14 I (-31-86 t ± 240 1.2 + 16013)/30 

  ti------co4(ti; 5) (194 (t ; 5)L(t ; 1i , 5) 
    ti(3 — 500/ + 2740 t2 — 4480 t3 + 2240 /1)/210 1 — 25/3 t +7O/312  +7O/31-8O/313 + 32/3 /I  

    t2 2( — 3 ± 500t — 2740t`2 ± 4480t3 — 2240 /4 )/ 105161_208/3t2+96/:2 — 128/3t1  
    13(3 — 500 t + 2740 /2 — 4480 t3 + 2240 t4 )/35— 12 t  + 76/2 — 128 /3 + 64 /1 

    ti 2( — 3 + 500 t — 2740 t2 + 4480 /3 — 2240 /4)/105 16/3 t — 112 /312  + 224/3 t3 — 128/3 t4 
    15(3 — 500 t + 2740 t2 — 4480 t3 ± 224014 )/210—t + 22/3 /2 — 16 13 +32/3/i



                                        Table  III-c-(i) 

 ti, tiL(t ; 11, 5) L(1; ti, 5) 

    If, 11 1 - 16.6 + 116.112 - 442.2 t3 +1010.214 - 1422 2 /5 + 1208.8 16 -568.8t7 +113.718 

                                                                                           /I , 1.316 t - 202.612 + 1047.1 /3 - 2887.1 11 + 4615.1 t5 - 4295.11'; + 2161.717 - 455.118 

    1,, 13- 12 t 176/2 - 1041.3t3 + 3224 /4 -5674.615 +5717.316 - 3072 17 + 682.618 

    11, 1416 t - 512 t2 + 1530.613 - 5034.614 + 9450.6 15 - 10153.6 t" + 5802 6 t7 - 1365.318 

    /1, 15- t + 15.61 - 100.413 + 341.71' - 668.4 /5 + 753.71" - 455.117 + 113.718 

    /•, /2256 /2 - 2218 613 + 7879.1 /4 - 14677.3 /5 + 15132.4 16 - 8192 /7 + 1820 418 

    1•, 13- 192 /2 + 2048 t3 - 8469.3 /4 + 17706.6 /5 - 19968 t" + 11605.3 /7 - 2730.6 /8 

    13, 14256/2 - 2901.3/3 + 12885.3t' - 29013.3/ + 35157.3/6 - 21845.3/7 + 541.3t° 

    t2, t5- 16 /2 + 186.613 - 860.4 ti + 2026.6 /5 - 2588.416 + 1706.6 /7 - 455.1 /8 

    13, t319412 - 1824 /3 + 8848 ti - 20992 /5 + 26112 /6 - 1638417 + 4096 t8 

    /3, Li(- 192 /2 + 2560 /3 - 13248 t + 3392 t5 - 45568 + 30720 /7 - 8192 /8 )/3 

    13, 1512 t2 - 164/3 + 877.314 - 2346.6 /5 + 3328 /6 - 2389.3 /7 + 682.6 /8 

    14, t4(256t2 - 3584 t' + 19712 ti - 54272 /5 + 78848 /6 - 57344 /7 + 16384 /8 )/9 

    14, 15- 16 /2 + 229.313 - 1301.3 /4 + 3733.3 /5 - 5717.3 /6 + 4437.3 /7 - 1365.318 

    /5, t5/2 - 14.6 /3 + 85.7 / - 256 /5 + 412.4 /6 -341.317 + 113.7 /8



                                                  Table  III-d-(i) 

 -- -- 

                                    rL(1;to,5) L(t ; t j,5) dtL(t,to, 5) L(t; ti, 5) dt                               r 
---- ---

--,
' 

t 0 ,t-j--., ,•o 

  t1, tt0-8.302+38.703703-110.504 +202.0405 -237.0370" +172.69841207 -71.10° +12.5308640°0.05150 

  11, 12802 -67.503+261.701 -577.4205 +769.1850" -613.58730207 +270.208 -50.5679010°0.05220 

  11, 13-602 + 58.603-260.304 +655.805 -945.70" +816.76190407 -384es +75.85109- 0.03070 

  t1, t4802 -170.603+382.601-1006.9305 +1575.10"-1450.52380907 +725.30° -151.7090.17250 

  t,, tr,-0.502 +5.203 -25.104 +68.3505-111.47400" +107.68253907 -56.808 +12.6419750°- 0.00512 

  t2, t285.303-554.601+1575.8205 -2446.20° +2161.707 -1O240°+202.2716050`10.31604 

  12, 13-6403 +51201-1693.8605 +2951.106-2852.57142807 +1450.60° -303.40709- 0.06773 

  12, 1485.303-725.301 +2577.0605 -4835.50" +5022.48253907 -2730.608 +606.814090.13545 

  t2, is-5.303 +46.601 -172.0805 +337.60"-369.707 +213.30s -50.567901090.00986 

  /3, /34803 -45601 +1769.605 -3498.60" +3730.285714 07 -204808 +455.1090.33016 

  t3, t42403+213.301 -883.205 +188.40"-2169.90476207 +128008 -303.40709- 0.06772 

  t3, 15403 -4104 +175.4605 -391.10" +475.42857107 -298.60° + 29.8510°- 0.03069 

  14, 149.48103 -99.504 +438.405-1005.0370" +1251.507 -796.408 +22.271605090.31604 

  14, 15-5.303 +57.301 -260.2605 +622.20" -816.76190507 +554.654108 -151.70390°0.15662 

  15, 15 
10.303 -3.604 +17.1505 -42.50" +58.92063507 -42.60° +12.641975090.05150



                                                    Table III-e-(i) 

                                   t 
                                                                                                    __

.  L'(t; ti, 5)                                                                                                                                                                               -- ---
---- 

                                    11- 25/3 + 140/3 t - 80 12 ± 128/3 t3  

                                        1• 16 - 416/3 t -I- 288 /2 - 170.6 /3 

              -

                                t3- 12 + 152 t - 384  12 -f- 2561;  

                                    1., 16/3 - 224/3 t + 224 t2 - 512/3 /3  

                               t5- 1 + 44/3 t - 48 /2 + 128/3 13  

                                                  Table III-f-(i) 

                                   BL ; 1,,5) L'(tti, 5)dtII L'(1;ti, 5) /At; ti, 5) dt 
ti, ti.oo>e , 

    1t, tt 69.40 - 388.802 + 1170.370 03 - 2044.4 04 + 1678.2 05 - 1137.70" + 260.0634914 07393.01058H-.                                                                                                                                                                                                                                                                                                    S-,                                                                                                                                                                                                                                                                                                                                                                    ..t 

    1t, 1•- 133.30 + 951.102 - 3383.703 03 + 6659.50' - 9950.75 05 + 4323.50" - 140.2539682 07- 1673.82434,< 

    ti, t3 100 0 - 913.3 02 + 3751.1 03 - 8181.3 01 + 9830.4 05 - 6144 0" + 1560.3809523 07- 3372.73016 s. 

                                                                                                                                                                                                                                                                          ,-'7'     1
1, 14- 44.4 0 + 435.5 02 - 2259.259 03 + 4518.8 04- 5814.04 05 + 3868.4 0" - 1040.2539682 07- 335.11323 u: 

    11, t58.3 0 - 253.3 02 + 388.148 0, - 952.8 0' + 1219.5 05 - 910.2 0" + 260.0634914 07- 240.34392 

    12, 12 256 0 - 2218 602 + 12814 814 03 - 21333 30, + 25766 4 05 - 16384 0"+ 4281.7 07 3172.99259  

    12, t3 - 192 0 + 2048 02 - 10225.7 03 + 25792 01 - 34399.73 0.5 + 23210.6 0" - 6242.3809523 07-- 9.62540 

    12, t485.30 - 967.102 + 3963.259 03 - 14051.5 04 + 20184.17 05 - 14565 206 + 4281.7 07- 5351.11852 

    12, 15 - 16 0 + 186.6 02 - 1029.925 03 + 2933.3 04 - 4448.71 05 + 3413.3 0" - 140.2539682 07898.44233 

    13, /3 144 0 - 1824 02 + 10773.3 03 - 30720 0' + 45056 05 - 32768 0"  + 9362.5714285 0723.90496 

                                                                                                               t3, 14- 64 0 + 853.3 02 - 5361.7 03 + 16533.3 0.1 - 26214.4 05 + 20480 0" - 62415.1428571 07- 56188.65397  

    13, t512 0 - 164 02 + 1063.1 03 - 3424 0-' + 5734.4 05 - 4778.6 0" + 1560.3809526 073.22540 

    14, 14 28.4 0 - 398.2 02 + 2654.814 03 - 8817.7 04 + 15132.4 0, - 12743.10"+ 4281.7 07138 37037 

    14 , t5 - 5.3 0 + 76.4 02 - 525.037 03 + 14316 801 - 3288.17 05 + 4171.8510" - 140.2539682 0714606.38307  

   t5, 15 0 - 14.602 + 103.703 03 - 373.304 + 911.105 - 227.50" + 260.0634920 07660.32275  
                                                                                                                                                                                                                     C.).) 

                                                                                                                                                                                            (.0



                                                                                                                                           FP 
           Table III-b-(ii) c) 

 L(1; ti, 4)                               t
i 

                         1169/70 - 125/211 + 72/7 /2 - 16/313 

                         /•2/35 + 136/21 t - 120/712 + 32,313  

                          13 - 3/35 + 16/7 t - 16/7 12 

                         142/35 - 88/21  / + 104/7 t2 - 32!3 t3  

                         15 - 1/70 + 29/21 t - 40/712 + 16/3 /3  

                                        Table III-c-(ii) 

 1,L(t; ts, 4) L(1; ti, 4) 

    11, ti0.971633 - 11.734625 t + 55 708389 12 - 132.963265 t3 + 169.2879821' - 109.714286 t.' + 28 41" 0 

    11, /•0.056326 + 6.043537 t - 54.858965/2 + 178.862585 t3 - 274.358277 1 + 201.14285715 - 56.8 1"  

    1,, 130.084490 + 2.763265 t - 16.74013612 + 37.572989 t3 - 35.700680 t 4 + 12.190476 t5  

    11, 140.056327 - 4.470748 t 40.17596412 - 142.356462 /3 + 238.657596 /1 - 188.9523811 + 56.816  

    It, /5- 0.014082 + 1.446259 t - 13.99954612 + 53.55102013 - 97.8866211'+ 85.3 15 - 28.41'; 

    1•, 130.003265 + 0.740136 t 39.981960/2 - 220.82176913 + 4320.362831' - 365.714285/5 + 113.7 t" 

    /•, 13- 0.004897 - 0.424490 t + 1614.1496 /2 - 54.900680 13 + 63.56462511 - 24.380952 15  

    /•, 140.003265 + 0.130612 t - 27.268934 /2 + 168.054421 /3 - 368 471655 /1+ 341.315 - 113.7 t"  

    /2, t5 - 0.000816 - 0.001361 t 8.86167812 - 60.527891 /3 + 147.229024 tt - 152.380952 15 - 56.8 t"  

   13, 130.007347 - 0.391837 t - 5.616326/2 - 10.44897913 + 5.224489 V  

    t3, 140.004898 + 0.489796 t - 10.982313/2 + 44.451701 /3 - 58.340135 1' + 24.380952 /5  

    /3, 150.001224 - 0.151020 t 3.67891112 - 16.674829 1' + 25.25170011 - 12.190476/5  

    14, 140.003265 - 0.478912 t 19.25804912 - 125.73604813 + 310 131435 11 - 316.952381 t + 113.71"  

    14, tr,0.000817 + 0.138775 t - 6.325623/2 + 44.919728 t' - 121.977324 /1 + 140.19047615 - 56.81"  
    t5, t50.000204 - 0.039456 t 2.07029512 - 15.93469313 + 47.383219 /1 - 60.9523811' + 28.41';



                                                  Table III-d-(ii) 

 L(t ; 14, 4) L(1; t j, 4) dlf oL(t ; ti, 4) L(t; tj, 4) dt 
  11, 110.971633 0 - 5.867313 02 + 18.569463 03-33.240816 01 + 33.857596 05 - 18.252381 06 + 4.063492 070.06831 

  11, 120.056326 0 + 3.021769 02- 18.286318 03 + 44.715646 04- 54 871655 0 + 33.523761 06 - 8.126984 070.03255 

   t1, Is0.084489 0 + 1.381633 02 - 5.580045 03 + 9.393247 04 - 7.140136 05 + 2.031746 0"0.17093 

   t1, t40.056327 0 -2.235374 02+ 13.391988 03- 35.589115 01+ 47.731519 05 - 31.492064 06 + 8.126984 070.00974 

  11, 15 -0.014082 0 + 0.723125 02- 4.66515 03 + 13.387755 01- 19.577320 05+ 14.2 06 - 4.063492 070.00097 

  12, 120.003265 0 + 0.370068 02 + 13.327287 93 - 55.205442 e'4 + 86.407257 05 - 60.952381 06 + 16.253968 070.20402 

                                                                                                                                                                                                                                                                           c. 
   t2, t3- 0.004897 0 - 0.212245 02 + 5.380498 03- 13.725170 04 + 12 712925 05 - 4.063492 060.09012 

   12, 140.003265 0 + 0.065306 02 -9.0896440+  42.013605 04-73.694331 05+ 56.8 06- 16.282539 07- 0.07232 

   12, Is -0.000817 0 -0.000680 02 + 2.953893 03- 15.131972 01+ 29.441805 05 - 25.396825 06 + 8.126984 07- 0.00761 

  13, 130.007347 0 - 0.195919 02 + 1.872109 03 + 2.612245 01 + 1.044898 050.11619 

   t3, 140.004898 0 + 0.244898 02 - 3.660771 03 + 11.112925 04- 11.668127 05 Jr 4.063492 060.09742 

   1:1, 150.001224 0 -0.075510 02 + 1.226304 03 - 4.168707 04 + 5.050340 05 - 2.0317460 060.00191 

      • 

   14, 1.30.003265 0 -0.239456 02 + 6.419349 03- 31.434012 04 + 62.026287 05-52.8253970 06 + 16.282539 070.23758 

  It, 150.000817 0 + 0.069387 02 - 2.108541 03 + 11.229932 01- 24.395464 05 + 23.3650790" - 8.126984 070 03423 
            -- 

     150.000204 0 - 0.019728 02 + 0.69009803 - 3.983673 01 + 9.476644 05 - 10.158730 06 + 4.063492 070.06831



 4=-               T
able III-e-(ii)t,..) 

                                                              ---

-,_
,_

_                                                     L'(t ; ti, 4)                                                                        t i------- 

                          ti- 125/21 + 144/7t - 16/2 

                      12136/21 -_240/7 t + 32 t2 _ 
                   t316/7 -  32/7 t 

                         /4- 88/21 + 208/7 t - 32 12 

                       1329/21 - 80/71 + 16 12 

                                           Table III-f-(ii) 

---________0 
  ti , ti-j--------__joL'( t ; ti, 4) L'(/ ; ti; 4) dtfoL' (t ; ti, 4) L' (1 ; t j, 4)dt1-‹ 

                                                                                                                                          z 

    ti, t1 35.4307813 0 - 122.4489600 02 + 205.0608860 03 - 164.5714253 04 + 51.2 05 4.67128 8X 

    ti, 15 - 38.5486900 0 + 115.3629077 02 - 333.1336389 03 + 301.7142892 04 - 102.4 0545.39487o                                                                                                                                                                                                                                                                                                                                                                                                                                                     ..
.. 

   11,13 - 13.6054400 0 + 37.1156403 02 - 234.126403 03 + 18.2857139 04- 192.33049n 
                                                                                                                                                                                                                                                                                                                                                   ..4 

    ti, tt 24.9432700 0 -  131.5373939 02 + 290.3295685 03  - 283.4285657 04 + 102.4 052.70688 

    11, 15- 8.2199413 0 + 48.2176794 02 - 117.7604571  03 + 127.99999975 04 - 51.2 05- 0.96262  

    12, 1• 41.9409747 0 - 2.2204013  02 + 529.9971371 03 - 548.5714560 0 i + 204.8 05- 383.65375 

    12, /3 14.8027187 0 - 53.9863667 02 + 24.9033005 03 - 36.5714279 04- 50.55779 

    /2, /I- 27.1382778 0 + 96.9360368 02 - 117.1736996 03 + 240.4571382 04 - 204.8 05193.08120  

    12, /58.9432961 0 - 60.68019286 02 + 179.8819904 03 - 238.5714336 01 + 102.4 050.97366  

   13, /3 5.2432896 0 - 10.4865792 02 -I- 6.9910526 03 1.74776  

    t3, 14- 9.5782300 0 + 43.6596122 02 - 511.9999898 03  + 36.5714278 04- 441.34718 

    t3, 15 3.1564621 0 - 16.26468610`2 + 29.6681079 03 - 18.2857139 04 - 1.72583  

    14, 14 17.5600621 0 - 124.5169869 02 + 384.8323026 03 - 475.4285619 04 + 204.8 0:i7.24682  

    14, /5- 5.7868386 0 + 44.4625779 02 - 150.6839749 03 + 210.2857101 04 - 102.4 05-  4.12253 

    t-,, t51.9070264 0 - 15.7823104 02 + 58.4242396 03 - 91.4285696 04 + 51.2 05- 46.87961



                        Table III-b-(iii) 

 tL(t ; ti, 3) 

        11(31 — 108 t + 80 t2)/35  

         1•( 9 + 26 t — 40 12 )735 

         t3(— 3 + 80 t — 80 /2)/35  

                          (— 5 + 54 / — 40 /2 )/35 

       t5( 3 — 52 t + 80 /2)/35  

                         Table III-c-(iii) 

                             L(t ; ti, 3) L(t ; ti , 3) 

    t1, /I(961 — 6696t + 16624t2  — 17280t; + 6400 /4 )/1225 

    tf, 1•(279 — 166 t — 3268 /2 + 6400 t3 — 3200 /4 )/1225  

    ti,(— 93 + 2804 t — 11360 /2 + 15040 t3 — 6400 /4)/1225  

    t, , 11 (— 155 + 2214 t — 7472 /2 + 8640 /3 — 3200 t4 )/1225  

    tl, t5(93 — 1936 t + 8336 12 — 12800 /3 + 640014)/1225  

    /2, 12(81 + 468 / — 44 t2 — 2080 /3 + 160014 )11225  

    12, 1:1 (— 27 + 642 t + 1480 /2 — 528013 + 320011)/1225  

    12, 14(— 45 + 356 t + 1244 12 — 3200/3 + 1600 /4 )71225  

    t2, t5(27 — 390t — 75212 + 4160t3 — 320011)/1225  

    13, 13 (9 — 480 t + 6880 /2 — 12800 /3 + 640011)/1225  

    13, t4(15 — 562t 484012___752013+3200/l)/1225  
    13, t5(— 9 + 396 t — 464012 + 10560 /:1 — 6400 /4 )/1225  

    /4, 14(25 —540t + 3316 12 — 4320 /3 + 1600 /1)/1225  

    11, 15(— 15 + 422 t — 3328t2 + 6400/3 — 3200 /4)/1225  

    t5, 1(9 — 312 t + 3184 /2 — 8320 /3 + 6400 /1)/1225  
                                                                                                                                                     cr.)



 4=- 

                                   Table III-d-(iii) 

   ti1L(t ; ti3) L(t ; t j, 3) dtL(t; ti, 3) L(1 ; ti, 3) dt ,li0  

    t i , 11(961 0 — 3348 02 + 5541.3 03 — 4320 04 + 1280 05 )/12250 .09333 

    tl, 12(2790 — 83 02 — 1089.3 03 + 1600 04 — 64005)/12250.05441 

    11,13(— 93 0 + 1402 02 — 3786.6 03 + 3760 01 — 1280 05)/12250 .00190 

    11, t4(— 155 0 + 1107 02 —373603+216004  — 640 05 )/1225— 0.01524 

     ,(930 —96802+2778.603  — 3200 04 + 1280 05)/1225— 0.01333 

    t3, t2(81 0 + 234 02 — 14.6 03 — 520 04 + 320 05 )/12250.08190 
                                                                                                                                                     0. 

    12, 13(— 270 + 321 02 + 493.3 03 — 1320 04 + 64005)/12250 .00598 

    12, 14(— 45 0 + 178 02 + 414.6 03 — 800 04 + 320 05)/12250.05524 

    t2, t5(270 — 19502 — 250.6 03 + 1040 01 — 64005)/1225— 0.01524 

    t3, t3(90 + 240 02 + 3440 03 — 3200 01 + 1280 05 )/12250 .11619 

    t3, 14(15 0 — 281 02 + 1613.3 03 — 1880 04 + 640 0 )/12250.08762 

    13, 15(— 9 0 + 198 02 — 1546.6 03 + 2640 04 — 1280 05)/12250 .01659 

    14, 14(25 0 — 270 02 + 1105.3 03 — 1080 01 + 320 05 )/12250 .08190 

    14, 15(— 15 0 + 211 02 — 1109.3 03 + 1600 01 — 640 05 )/12250.03808 

    /5, 15(9 0 — 156 02 + 1061.3 03 — 2080 04 + 1280 05 )/12250 .09333



    Table  III-e-(iii)Table III-f-(iii) 

                                                                                                                     t ----
---,            L'(t;ti,3)1°L'(t ; ti, 3) L'(t oL,' (t; ti, 3) dt-t•L'(1 ; 1;, 3) dt                                                                                                                           ',                                                                                   3                                                                                                      ,)  t
i----„,titi 

  t1(- 108 + 160t)/3511, t19.5216731 0 - 14.1061824 02 + 6.9660160 032.38151 

  t2(26 - 80 t)/3511, 12- 2.2922546 0 + 5.2245120 02 - 3.4830080 03- 0.55075 

  13(80 - 160 t)/3511, 13- 7.0530912 0 + 11.8694382 02 - 6.9660160 03- 2.14966 

  14(54 - 80 1)/3511, 14- 4.7608366 0 + 7.0530912 02 - 3.4830080 03- 1.19075 

  t5(- 52 + 1601)/35t 1 , t5 4.5845093 0 - 10.4490240 02 + 6.9660160 031.10150 

                               12, t2 0.55183910 - 1.6979664 02 + 1.7415040 030.59554x 
                                                                                                                                              5). 

                               1•, t32.2922546 0 - 4.3102224 02 + 3.4830080 031.46504-t 
                                                                                                                                                                                                                                                ^-.3 

                                 1.2, t41.1461273 0 - 2.6122560 02 + 1.7415040 030.27538c),)                                                                                                                                                                                         tp-
                                                                                                                                                                                                   u) 
                                         1•/ 15- 1.1036782 0 + 3.3959328 02 - 3.4830080 03- 1.19075 

                                       13, t35.2245120 0 - 10.4490240 02 + 6.9660160 031.74150 

                                      13, 143.5265456 0 - 6.1388016 02 + 3.4830080 030.87075 

                                       13, t5- 3.3959328 0 + 8.620448 02 - 6.9660160 03- 1.74150 

                                      14, 142.3804183 0 - 3.5265456 02 + 1.7415040 030.59538 

                                       14, t5- 2 2922546 0 + 5.2245120 02 - 3.4830080 03- 0.55075 

                                      t5 ,t52.2073563 0 - 6.7918656 02 + 6.9660160 032.38151 

                                                                                                                                                                                         4=-                                                                                                                                                      (ii



 4==• 
                                                                                                                                          C) 
                                            Table III-b-(iv) 

                                                 L(t ; tt, 2)                                          ti 

                     tf(3 — 4 t)/5  

                    122(1 — t)/5  

         t31/5  

              1.1 2t/5  

                       t5(— 1 + 41)/5  

     Table III-c-(iv)Table III-d-(iv) 

                                                                                                      i 

 tit jL(t;ti,2) L(t;1j,2)0                                        L(1•t•2) L(1;tj,2) dlJO'" L(t•ti2) L(t;t j, 2) dt10'   ,------ti, t j 
                                                                                                                                                z-

  11, 11(9 — 24 t + 16 t2)/25f, II0.360 — 0.4802 + 0.2130 0.093c. 

  t1, 12(6 — 14 t + 8 t2 )/2511, t2 0.240 —0 .2802 + 0.106040.066(:                                                                                                                               4 

 ti, 13(3 — 4 t)/25 ti, Is0.12 0 — 0.0802 0.040 

 t, 14(6 — 8 t )/25 tt, I. 0.240 — 0.16020.013 

  I,  t5  (-3+16t-1612)/25 t1, t5 —0.120+0.32  02 — 0.213 03 — 0.013  

  t2, 12 (4 —81  + 412)/2512, 120.16 0 — 0.16 02 + 0053010.053 

 12, 13(2 — 2 t)/25t2, Is0.08 0— 0.04 02 0.040  

 12, 14(4 — 4t)/2512, t40.16 0 — 0.08 02 0.026  

  12, Is (-2+10t — 812)/25Is, Is— 0.080 + 0.2 02 — 0.106030.013 

t3, t31/2513, 13 0.0400.040  

 13, t I2 t /25 13, 14  0.040 0.040  

 Is, t5(— 1 + 4 t)/25 t3, 15— 0.04 0 ± 0.08 02 0.040 

 14, 14412/2514, 14 0.05300.053 

 14, t5 (— 2 t + 812)/2514, t5— 0.0402 ± 0.10600 .066  

  t5, 15(1 —81  + 16 12 )125t5, t.0.04 0— 0.16 02 + 0.21300 .093



 Table  III-e-(iv)Table III-f--(iv) 

                                                                           --- _,

_     ii    di    

I 
        Lti,2)t ,t-:oL'(t;14,2)L(t;tj,2) dt.L'(t ; ti, 2) L'(t ; 1j, 2) dt ''NNN,j0  

ti— 0.8ti, ti0 .6400.64 

t2— 0.411 , 120.3200.32 

13011 , 1300 

 /40.4l 1 , /4— 0.32 0— 0.32 

150.8t1, t5— 0.640— 0.64 
                                                                                                                                      c           1

2, /20.1600.16                                                                                                                                                                                                                                            '-:                                                                                               ial 
       12, /300-t                                                                                                                                                                                                                                           '.c 
                                                                                        H          13, /4— 0.16 0— 0.16w                                                                                                                                                                                                                          Cr- 
                                                                                                                                                                                                                         (-'7' 
       13, t5-0.3.20- 0.32cD 

      t3, t300 

      t3, t400 

      t3, t500 

          14, 140.16 00.16 

          14, 150.32 00.32 

          t5, 150.64 00.64 

                                                                                                                                                                      4=-                                                                                                                                                                                                                                                                                                                                                                  .....1


