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ON THE WEIGHTED POWER FUNCTION
OF SOME TESTING HYPOTHESES

By

Yasutoshi WAsHIO
(Kyusyu University)

§1. Introduction. In testing the hypothesis, it is often seen that there
does not exist any uniformly most powerful test against a given composite
alternative hypothesis. Therefore, various additional criteria to select a test
with a reasonable optimum property have been considered by many authors.

In this paper we shall give a test which maximizes the area (or volume)
circumscribed by the power function of a test on the surface of the given
alternative hypothesis. It is obvious that if there exists a uniformly most
powerful test against a given alternative, our test must coincide with it.
In general, if an adequate weight on the alternative hypothesis is considered,
this method is applied to the problem maximizing the weighted power function.
Such a weight may not be defined for all situations, but there may be some
circumstances in practical situations where relative weights can be associated
with each of possible alternative hypotheses at least in some rough sense,
that is to say, a class of possible weight functions can be assigned.

In preparation of this paper, the author is much indebted to Professor
T. KITAGAWA for suggestions and encouregements.

§2. Notations and lemmas. Let X=(X,, -, X,) be a random vari-
able, x = (x4, .-, x,) be an observed value of X. We assume that the type
of the joint density function f(x; ) of X is known, but some of components
of 6 =(#,,--,0), say #,, ---, 0, (s k), are unknown to us. Let R be the
n-dimensional sample space of possible x’s, and £ be the k-dimensional para-
meter space of possible #’s. We wish to test the hypothesis H, that the
joint density function of X is some f(x;#) with ¢#ew, at the level of
significance « against the alternative H, that the joint density function of
X is some f(x; ¢) with 6 € w,, where o, and », are the disjoint subsets of £.

By a test ¢ of H, we shall mean a function ¢ from R to the interval
[0, 1], such that ¢(x) = probability of rejecting H, when x is the observed
value of X. For a test ¢, the power function of ¢ is defined by

2.1) 80, 0) = | o(x) fix; 1) ds,

where dx =dx,---dx,. The envelope power function 3*(6#) is defined by
(2.2) 3*(0) =sup B4, ¢),
PEPy
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where @, is the class of all tests ¢ with 3(6, ¢) <« for all # € w,. A. WALD
defined a test ¢, to be most stringent” when ¢, satisfies the following con-
dition :

(2.3) sup[7*(0) — 3(f, ¢,)] -= min sup[3*(¥) — 3(0, ¢)] .
8wy PED, Ocwg
In the sequel, we shall consider a test ¢ which maximizes the integral

(2.4) | w0, pan, geo..

Jwp

This test is equivalent to the test which minimizes
(2.5) | o -so.onan, geo,
wy

if the above integral exists.
For this purpose we confine ourselves to the case where o, is a finite
subset of £, and where the following relation holds true:

(2.6) Ll(Lga(x) flx; 6‘)dx> do = Jl\)«;(x) (J f(x; 0)dﬁ)dx.

o]

Lemma 1. In order to test a null hypothesis H,: 0=0, against an
alternative hypothesis H,: 0 € o, let the test ¢, be defined by

(2.7) e(%)=1, when J f(x; 0)d0 =kf(x;6,),
vl

(2.8) el(x)=0, when J flx; 0)do <kf(x;0),

where k is a constant. Then for any test ¢ which satisfies

(2.9) | s myar<| aofix;opar,

we have

(2.10) J [0, gp)d!)gJ' 30, ¢,)db .

@] b

This lemma is essentially the same as Neyman-Pearson’s Lemma and,
using the relation (2.6), is proved by the similar way.

Making use of Lemma 1, we have the following lemma after LEHMANN-
STEIN (1] and MIYASAWA [3].

1) Leamaxny, E. L. (2],
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Lemma 2. In order to test the null hypothesis H,: 0¢ w,, against
the alternative hypothesis H, : ¢ w,, let p(0) be a probability distribu-
tion on w,, and let a test ¢, be defined by

~

(2.11) ofx)=1, when J f(x;ﬁ)dﬁzk[ flx; 0)dp(0),

wn

(2.12) 0. (x)=0, when { f(x;ﬁ)dﬂ<k[ flx; 8)dp(l),

Loy

where k is a constant. Suppose that

(2.13) @, €D,

and

(2.14) Blpr g0) = J 300, ¢)dp(0) = a.

Then for any ¢ in @, we have

(2.15) J 300, (,n)deg[ 36, ¢,)df .
o Loy

Remark. If our test obtained by the above lemmas is independent of
any w; in some subset £, of £ — w,, then our test is the uniformly most
powerful test against the alternative ¢ € &,.

£3. Applications. Example 1. When (X, ---, X,) is a sample from
a normal population with unknown mean ¢ and variance 1, we want to test
the hypothesis H, : § =0 against the alternative H,: e v, ={§; a<|§|<b},
where @ and b are given numbers such that 0 <a < b.
This can be solved as follows. The joint density function f(x; &) of
X=(X,, -, X,) is given by

. . —nf2 ]; - . £\2
(3.1) flx; &) = (2m) exp[— , 2 g>].
The inequality (2.7) of Lemma 1 becomes as follows

Jb {exp [_ ; %}(x + 6)2] + exp[— % gnll(x - 5)2]} ds

(3.2) d >k,

1,
exp| -5 27
which is equivalent to the relation

(3.3) J {exp[~ nEx — %n‘*:l + eXp[nEx - %n]} ds>k.
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The integrand in (3.3) is a functlon of £ and [xi say ¢(&,'x]), and it can
be shown easily that for fixed §(a << <b), ¢/£, x) is a monotone increasing
function of x.

Hence we can readily see that the left hand side of (3.3) is a monotone
increasing function depends only upon x|. Therefore the relation (3.3) is
equivalent to the relation

(3.4) x' >k
Making use of Lemma 1, our test ¢, required is given by
(3.5) efx)=1, when 'x/>c,
(3.6) ¢o(x)=0, when 'x <c,
where ¢ is determined by the level of significance «, that is, by the equation
(3.7) <n/2n>wtzcexp[— ’Z’ﬂd?c:a.

In this case our that ¢, is the equal tail region test of the normal
distribution. Since ¢, is independent of ¢ and b, we can conclude by the
remark of §2 that as long as the alternative is taken as above ¢, is the
uniformly most powerful test against the alternative £¢ w,={§; [§|>aq,
a > 04.

Example 2. When (X, ---, X,) is a sample from a normal population
with unknown mean ¢ and variance 1, we want to test the hypothesis
H,: &ecw,={¢; || <p} against the alternative H,: §ew,={§; a << & < by,
where p, @ and b are given numbers such that 0 < p<a<b.

The solution is as follows. The joint density function f(x; &) of X is
given by (3.1). We consider a probability distribution #(6) on ®, which
assigns probability 1/2 to each of the points &= + p, then the inequality
(2.11) of Lemma 2 is written as

(b 1 n —a 1 n
— 1 Sm—ey df+J R O Pr
(3.8) ngp[ Six =8 Jas e | e[~y B o]

=k.

{exp[ o “‘Z(xz —p) ]+ exp[~ é gm + p)Z]}

By a simple calculaticn, the relation (3.8) is equivalent to the relation

]exp

) ~ = .
( 1 _jexp[néx]+ exp[—néx]
(3.9) Ja [ 2 ”’]exp[npic]nLexp[—n,ok]

}dsgk'.

Similarly to Example 1, we can easily verify that the left hand side of
(3.9) is a monotone increasing function depends only upon !x|. Then (3.9)
is equivalent to

(3.10) % =R
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Therefore our test ¢, which is determined by (2.11) and (2.12) is given by

(3.11) ¢ x)=1, when x =k,
(3.12) ¢(x)=0, when x| < k.
As to the power function 3(¢, ¢,) of ¢, the relation
(3.13) 38 00 =3(—%, ¢)

holds, and j3(§, ¢,) is a monotone increasing function of 'é|. Therefore if

I

we determine 27 in (3.11) and (3.12) such that

(3.14) 3(ps ¢0) = (n)27)'" exp[—n(x—p)/2]dx =a,

IV

TZE

then ¢,€ @, and 3(4, ¢,) = «.

From these facts we observe that the test ¢, above defined satisfies
the conditions of Lemma 2, and hence ¢, is the required one.

As we have seen in Example 1, a test ¢, is also the equal tail region
test. Since ¢, is independent of @ and b, we can say by the remark of §2
that as long as the alternative is taken as above our test ¢, is the uniformly
most powerful test against the alternative ¢e w,={<;|¢!|=>al, where a is
any number such that a > p.

Here it is to be noted that our test ¢, coincides with that obtained by
MIYASAWA [3] as an example of the most stringent test against the alter-
native £ e v, = {&; [§|>al.
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