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ON THE FILTER PROBLEM
OF A STATIONARY STOCHASTIC PROCESS®

By Seigo Kano

1. Introduction. In the process of gathering or transmitting information
by mechanical or electrical means the signal that contains the information
frequently becomes distorted. When this distortion has random statistical
features it is called noise. In many applications it is necessary to remove
the noise and recapture the original message. This process is called filtering,
From the statistical view point, this filter problem has been treated by many
authors, N. WIENER, Andre BrLaNc-LAPIERRE and Ulf. GRENANDER. But
these works are mainly concerned with the signal in which the message and
noise are linearly combined. In this paper we consider the statistical inter-
action effect between message and noise by means of N. WIENER’s theory.

2. Let x(¢) is a stationary stochastic process representing the message,
y(#) and z(t) are two stationary stochastic processes representing the noise
and denote the auto-correlation functions of these processes by 7., 7,, and
7., respectively. Further in this paper we make the following assumptions :

(1) mean functions of these processes are all zero,

(2) auto-correlation functions 7.., 7,, and 7., have the spectral density
functions @,,, ¢,, and @, respectively,

(3) x(t) and y(t) are statioparily correlated and the crosscorrelation
function 7,, is expressed as

-

(1) fmy(t) = l J et (ﬁw(m) dow
27

(4) 2z(¢#) is independent of x(¢) and y(¢).
Under these assumptions our main result is stated as following

Theorem 1. If () = 7,,(¢) + 7..(¢) 7..(¢) is written as

2) r(t) —.2% [m et* o(x) dx
and -
(3) O(w) =|¥(w)]?,

where ¢@(w) has no real zeros and ¢(«) is retional function free from zeros
and poles in the lower half-plane, then the K(s) which is of limited total
variations and minimizes the error variance

(1) At the Autum Meeting of Japanese Math. Soc. at Kyoto Univ., in Nov. 3, 1952,
47



48 Seigo Kaxo

(4)  Ex(t+a)— | 15— o) alt— o) 2t — o)1 dK ()2,

is given by
p— 1 - —lwt [“ (I’I!/(u) u(t+a)
(5) k(o) = 27 W) Joe dt N e du ,
where we put
(6) k(o)= [ e dK(a).
Jo

Proof. our error variance (4) is computed as follows

oo

E|x(t + a) — $ {9(t — o) + (¢ — o) 2(t — o)} dK(a) ?
Jo

= 7..(0) — 2R [ “:r,y(a + f)dm]

s + (@K@ [17ule = o) 4 ule = ) 7ue = 1K)

0

= 7,.(0) — 2R[ rrw(a + 1) dKT?)]

JO
+ ’ dKC‘j s r(r —o)dK(o).
4O J0
Let us suppose that

(8) ro(a + 1) = [wr(r — 6)dQ(s)

then (7) becomes

(9 7al0) + | dIK(2) — Q)] | AIK() — QN 7 = o)

- deQ(a) °ﬂr(‘r — U) dm.
9 J0
Let us now suppose that
(10) lee"‘“’ dK(t) = k()
0
(11) Jwe—f‘"‘ dQ(t) = q(w)
0

then by (2) the expression (9) becomes

(12) 7.0 = 5 | (@[ 0(@)do + o | Ke) —a(w)0() do,
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which will attain its minimum when

(13) a(w) = h()
and its minimum will be
(14) rul®) = 5- | 00) la(o) *do.

Accordingly it is sufficient to find a solution of the equation
(15) rals + @) = | 7(s = 2)dK(0).
0

For this purpose we use the factorization of ¢(w), ie. (3).
So if we put

(16) o) =5 | 1) e do
then
(17) ~f o8 =0 <0,

hence we can write

oo

r(z) = J g(t + 1) ¢(t) dt >0
(18) |
— J ot + o) HE) dt =<0,

-1

Then (15) becomes

t

r.(a + 1) = J dK (=) j:g;(t — 7+ 0)¢(o) do

0

(19) + | dK() J'"m o) g do

o+t
=Jﬂ—0)d“[ gt —r+0)dK(z) t>0.
0 40

Now let us put

20)  ralat )= | T Lo+ Ddr (—eo <t <o)

Y0

We see that if we extend ¢ and dK(o) to cover negative arguments, for
which dK(o) is to vanish, then

= L 0
(21) J_wy"(t —7)dK(z) = { E)t) izo

If we put

(22) J‘” L(t) e dt =1(w)

equation (20) becomes
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(23) V() € = ¥ (0) I(w),
which leads to
(24) l((,)) e _({,,’ (;) i@
¥(w)
or
J— _}'__ © (p&’-!/( (U) eiwd i
(25) L(t) - o7 J_m————T(‘(;) e dw.

Now we substitutes (25) into (21) and make a formal transformation of
both side, then this yields us

. _ 1— (oo Vim r (I)zﬂ(u) em(t‘l’n’)
(26) V(o) (o) = 5 Joe  dt j oy
or
1 r . [ 2 (u)
« \ —_ iwl Y u(t-ta)
(27) k() o W () Voe dt w0 e dy

The denominator of this expression is a rational function free from zeros
in the lower half-plane, while the numerator is free from singularities in
the lower half-plane. Thus k() is of at most rational growth in the lower
half-plane, in which it is free of singularities.

So that if

(28) Ko) = | ema k)

then K (¢) is constant for n»gative arguments and is a possible K(¢) .
Thus our theorem was proved.

3. Example. Let us now simply illustrate our Theorem 1. We con-
sider the following case.

Ter(7) = 1(7) = 7.(c) = €~
rr,y(f) = (fe_ *
Then

. ; 1
Varl@) = @y, (@) = O(0) = 175,

7, _ &ﬂ V. - | -2t
Vol@) =725, ()= et

o 5 4 2w N (120)—1/52
Jw) = (1+ ?)(4 + ?)’ ¥(w) = (0 —i)(w—2i)"

Accordingly
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= . — p—tad
1 [ Do) piucerar gy = —€"
2z | @ (u) V5 + A2l
(2i—0v)e™
(V20— /50)(5 + 7 2)°

Further the minimum error variance is given by

k(m) —

.

1 e
=i s ey
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