SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

On the Minimax Point Estimations

Miyasawa, Koichi
Akita University

https://doi.org/10.5109/12958

HERIEER : 5T HEMZE. 5 (3/4), pp.1-17, 1953-06. Research Association of Statistical
Sciences
N—o30:

HEFIBAMR

KYUSHU UNIVERSITY




ON THE MINIMAX POINT ESTIMATIONS
By Koichi MIYASAWA

§1. Introduction

Let X={X,} ({=1,2,---) be a denumerable sequence of random vari-
ables X,, x, be the observed value of X,, and x = {x;}. Let F(x) be the
distribution function of X, and £ be the given class of possible distribution
functions of X. We assume that the true distribution function F(x) of X
is not known, but we merely know that the distribution function F(x) of X
is an element of ©. Let £, be a probability measure on £ which gives
probability 1 to the specified element F of £, and ©* be the set of all such
probability measures §,. We write a probability measure & on 2, which
gives probabilities «', i =1,2, -, n, a'>0, 32, a’=1, to some finite
number of specified elements F* (i =1,2,---,2z), as € = 3%, a' &, and
the set of all these probability measures & as P. Let d be a decision func-
tion (d.f.) and D be the set of all possible d.f.’s.

Let »(F,d) be the risk when F is the true distribution function of X
and d is the adopted d.f., and 7(F, d) be the given non-negative bounded
function of F and d. We define the metric between two elements d, and
d, of D as follows

(1) p(dy, dy) = sup|r(F, &) — 7 (F, dy)|.

Let B be the Borel field of subsets of D, generated by open subsets (with
respect to the metric (1)) of D, and 7 be a probability measure on D,

Let R be the set of all these probability measures 5. An element d of D
is a2 non-randomized d.f. and an element 7 of R is a randomized d. f.

We assume that, for any fixed F, »(F, d) is a measurable B function of
d. We write

(2) r(f,m:JJr(F,d)dsdc.

If it holds

(3) inf Sgp r(& 7) = Slélp inf r(&7) (=4, say)
i n

then we say that the decision problem is strictly determined.

Definition 1. If the decision problem is strictly determined, and if 7 1S
a d.f. such that

(1) Communicated at the Autumn-Meeting of Japanese Math. Soc., at Kyé6to Univ., Novem-
ber 4, 1952,
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2 Koichi Mivasawa

(4) % = sup 7(&, 7o) = min sup 7(5, 7) »
/]
then we define 7, as a minimax solution of the decision problem.

§2. The general Theory*.
We define the operator T on the space R by the following

(5) Ty = jr(F,d)dvzr(F,v) for all yeR.
We consider. £ of P as a functional on 7' R and write
(6) (5T 7) = [r(F,7)d = (& 7).
For any positive integer =, let

(7)y S.=la;a= (ay ya”), a8 >0,i=1,-,m i a' = 1}

Lemma. 1. Let &r, ---, £r, be any fixed finite number of elements of 9*
and C = [5,-, 7:] be a convex set spanned by any fixed finite number of
elements 7, ---, 7, of R. If for any 7 € C, there exists a £ with

(6r, T)>>12
where 2 is a real number, then there exists a, €S, such that,
(X ajérm, Ty) =12 for all < C,
Proof. We consider the matrix
a;=(s,Ty), ¢=1,2,---,n; 7=1,-, k.

Then the condition of Lemma 1 states that for any J¢S,, there exists an
¢ such that

. k :
(8) (6r, T Xjo F95) = ZI a; ¥ =7
Accordingly we have

(9) min max > ata,; F>2.

BESy @€Sp 4J

On the other hand, since the finite game, generated by the matrix |a,l, is
strictly determined, we have

(10) min max ?_‘, ata,; # =max min Y, a'a,; @ .
B @ » J @ -] i J
Therefore, from (9), (10), we have
(1) max min Y, a‘a; B, > 4.

a€Sp PESK i

* To prove Theorem 1 we shall apply the method used in {1].
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Accordingly there exists «a, € S, such that
Saga;F =(3 afbr, T 3 Fy)=>2
for all feS,. This implies the conclusion of Lemma 1.

Lemma 2. Let &4, .-+, §5, be any fixed finite number of elements of £+,
If for every »¢ R, there exists a £, with

(&, T7) >4
then there exists «,¢ S, such that
(;ao‘&‘, Ty)>12 for all yeR.
Proof. Since, using Lemma 1, this can be shown as in [1], we shall
omit the proof here.
Definition 2. Let
(12) 1(v)=sgp(€F,T*7)-

Let L be the set of i(y) for all y¢ R, and
(13) A = inf 2(y) = inf sup »(F, 7).
7 ] » )
Definition 3. We say that 7 is completely continuous (c.c.) if for any

sequence {7,} of elements 7, of R, there exists a subsequence {7.,} and
70 € R such that

(14) lkim(EF, T ) = (65, T %) uniformly in §,.
Lemma 3. If T is c.c., then there exists 7, ¢ R such that
(15) %o = A(7,) = min sup7(F, 7).

" ,

Proof. Let {2,} be a decreasing sequence of elements 4, of L with
lim 2, = 4;,. Then by the definition of 4,, there exists 7, ¢ R with

n—voo

(16) Z'Ih::sé‘lp(EF’Tvﬂ).
F
Since T is c.c., there exists a subsequence {7} and 7, ¢ R such that
(17) lLim (67, T ne) = (6r, T 1) uniformly in £».
ko0 .

Accordingly, from (16) and (17), we have

sup (&x, T 7)) = 4,

134

that is 2, = A(7,) .
Lemma. 4. If, for evry € ¢ P, there exists . ¢ R such that

(18) (& Ty) <4,
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then for every fixed finite number of elements &, ---, &, of P, there exists
7 ¢ R such that

(19) (6, T)<* fori=1,-,mn.

Proof. At first, we shall prove Lemma 4 for every fixed finite number
of elements £x,, -+, £r, Of %, that is, there exists 7 ¢ R such that
(20) (6rs, T 1) <4 for ;. =1, ---,im.

If (20) does not holds, then there exist certain finite number of elements
£r,, ---, Er, such that, for every 7 e R, there exists an & with

(21) (Cri, Ty) =1
Then by Lemma 2, there exists «, ¢ S, such that
(22) (3} abri, Ty) =2 for all »<R.

Now, since 3 ay &r; < P, (22) contradicts the condition of Lemma 4. There-
fore (20) is proved. Now let £, -, £, be elements of P. Then we can
write

55:2;’21 ayiEFiv; i:]-; 2; ctty n, aieSmi.

For these &sy, i=1,---,m; v=1--,m, from (20), there exists n:<R
such that

(bry, Ty)<<2 for i=1,-,m; v=1 -, m.
Then we have
(&, T79) =3 a*(brs, Ty)<<A for i=1,--,n

Lemma 5. If T is c.c., then the space TR can be topologized so that it
becomes bicompact.

Proof. We can introduce a metric in T R by the following
(23) p(T‘fmTvz)=Sgp\(5m Ty) — (&5, Ty)l.
Then the condition of complete continuity of 7 implies that the space T R
is compact by the metric (23). Accordingly the space T R is bicompact.
Lemma 6. If 7T is c.c., then we have
(24) Sl;p ir;f(E,Tp) = A -

Proof. If we show that, for any ¢ >0, there exists & € P with
(25) (5, Typ)>2—¢ for all e R

then Lemma 6 will be proved. Accordingly it is sufficient to prove (25)
Let us well order the elements of P

g & ..., ¢

Siy Sz "7ty Swy 7t
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We define subsets of T R as follows

(26) GI[3,, -, &) =closure [T ;; (4, T5)<2g—e i =1, -, 1],
and

(27) G(s) =TG[%, &, -, &n)

where the intersection is taken over all finite subsets with v, ---, v, less
than ». Then it is clear that

(28) G(5)DG(5H) D -DG(E) D DG(E) D -

with »<{pg, and every G(£,) is a closed subset of TR. If (25) does not
hold, then we shall prove that each G(¢,) is not empty. For that let us
assume that G(&,) is empty for a certain ». Then, since by Lemma 5, the
space T R is bicompact, there exists a finite product with

(29) 0= 1}1 GL4,, Euery - Eoin,]

—= G[&,, & ... Z . £ ... & ]
- ["‘" Svis » SVings > Svmly y» SVinngy,

Now, if (25) does not hold, then for every ¢ e P, there exists 7 ¢ R with
(5, Trn)<iy—e.

Therefore, by Lemma 4, (29) does not hold. This contradiction proves that

each G(&,) is not empty.

Then, by the bicompactness of T R, there exists a T 7,¢ T R which is com-
mon to the every member of (28), and hence

(&, T ) <i—e for every <e P.
Accordingly we have

(30) Sélp(fp; T 7)<,
=

and this contradicts the definition of 7, Therefore (25) is proved.

Theorem 1. If (F,d) is a bounded function of F, d and for any fixed
F, as a function of d, measurable B, and if T is c.c, then the decision
problem is strictly determined. In fact we have

(31) /g = min sup 7(£, 1) = sup minz(§, 7).
neER fer teP 7n€ER

Accordingly in this case there exist a minimax (randomized) solution.
Proof. By Lemma 3, we have
(32) 4= min sup 7(F, ) = min sgpr(E,‘q).
n F . 7
It is well known that

(33) min sgp 7(&7) Zsugp infr(¢ 7).
n n
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On the other hand, by Lemma 6, we have

(34) ‘51£1p ir:fr(S,v;)zzo.
Therefore from (32), (33) and (34), we have

(35) ° mnin sgpr(&,:y) :sgp il;lfr(f,y).

Since T is c.c., it can be easyly shown that on the right hand side of (35)
we can replace inf by min, and Theorem 1 is proved.
n n

Lemma 7. If the space D is compact with respect to the metric (1),
then the operator T is c.c..

Proof. Since this is essentially equivalent to Theorem 2.14 and 2.15 of
(2], we shall omit the proof here. ‘
From Theorem 1 and Lemma 7, it follows.

Theorem 2. If 7(F,d) is a bounded function of F, d and, for any fixed
F, as a function of d measurable B, and if D is compact, then the decision
problem is strictly determined. In fact we have (31).

In order to strengthen above theorems, we assume that, for any real num-
ber « and for any element d € D, the multiplication « d is defined, and that
for any two elements d; and d, of D the addition d, + d, is defined. Then
we have the following

Theorem 3. If 7(F,d) is a bounded function of F, d and a covex,
measurable B function of d for any fixed F, and if D is compact and
convex, that is for any two real numbers «; and «, with 0 <a; =1~ a, <1,
and for any two elements d, and d, of D, a,d; + a, also belongs to D, then
the decision problem is strictly determined. In fact we have

(36) min sup 7(¢ ,d) = sup minz(§, d)
deD Eer ¢tcpP deD

(37) = min sup 7(£, 7) = sup min7(¢, 7).
ner fer £co nER

Accordingly, in this case, there exists a non-randomized minimax solution.
It is determined as a d.f. d, which minimizes sup 7(F, d) with respect to
F

d of D.
Proof. At first, under the conditions of Theorem 3, we shall prove that

(38) inf sup 7(F, 7) = inf sup r(F, d) .
7 F d i

Since 7(F, d) is bounded and D is compact, we can choose a sequence {.J,}
of subdivisions of D, where

‘j“ = {Dn1 y "7 Dnmnf
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D,; and D,;, i #j are disjoint, and D = 3>/, D,;, and an element d,; of
D.; such that

(39) 7(F,7) = J?’(F,d)df/ = lim 352 7(F, du,) 7( D) -

If we write %(D,,) = 7,;, then, since D is convex, we have
(40) ay = JZ Ty Bny €D .

And since »(F, d) is a convex function of d, we have
(41) 3 7(F, duy) 9y =7(F, 7).

Now, since D is compact with respect to the metric (1), we can choose
a subsequence {d.}{ of {d.*{ and an element d* of D with

(42) limz(F, dr,) =r(F,d*) uniformly in F.
k=00
Therefore from (39), (41) and (42) we have
(43) r(F, 7)) >r(F,d*") for every F e .
Then it follows
(44) sgpr(F, n) >sup 7(F, d*) > inf sup »(F, .d).

Since (44) holds for every »e R, we have
(45) inf sup 7(F, ) >inf sup»(F, d).
7 ¥ a F
On the othere hand it is clear that in (45) << holds.
Therfore (38) is proved. From (38), it is clear that
(46) inf Slglp 7(€, 7) = inf Slg.p r(s, d).
Now, it is clear that
(47) sup infr(§ 7) :sglp infr(§ d).
n a
Since, by Theorem 2, the members of the left hand sides of (46) and (47)
are equal, we have

(48) inf sgpr(é,y) :sgp inf (&, )
7 7

(49) = inf Slgp r(§d) = sgp inf (¢, d) .
a d

We can easily show that sgp r(§,d) and (&, d) are continuous function
of d. Accordingly, by the compactness of D, we can replace inf of both
d

sides of (49) by min, and the theorem is proved.
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§ 3. Applications of the general Theory

We assume that the population distribution function is determined by
the values of % parameters #,, ---, #,, and concerning these parameters we
know that

(50) ‘ a;, <0, <b (i =1, 2,--',]2)

where @, and b, are given constants (7 =1, .-+, k).

Then we assume that it is requered to estimate one of the parameters, say
t1, on the basis of a sample x = (%, ---, x,) of size #. (For the case, where
more than one parameter are desired to estimate, the following procedure
will also be applied.) For that we consider only these decision functions d
which are given as the polynomial of x,, -, x, of the given type

(51) d(x) = Z Qny-oomy X7 -0 X,

and in the range of these d.f’s, we search for the minimax solution. If
the given polynomial (51), definig a d.f. d, is the sum of N terms, then
let its coefficients be a,, ---, ay, following the fixed order of the terms.
Thenwe can represent a d.f. d as a point

d=(a,  ,ay)

of the N dimensional Euclidian space E ..

For any real number « and any d.f. d, we define «d as a d.f. defined by
the point

ad=(aay, -, aay).
For any two d.f.s d,, d,, such that
di = (ay, , ), dy = (@, - dow)
we define d; + d, as the d.f. defined by the point
dyt+dy=(ay+ ay, ,aqxn+ Gy).

Let D* be the subset of E, consisting of all points which correspond to
d.f’s of D.

We assume that D* is a convex, closed subset of E,.
Let W(6,, ---, 0;; d(x)) be the loss function, when 4, ---, ¢, are true para-
meter values and we estimate ¢, by d(x) on the basis of a d.f. d and
a sample x. Then we assume that W(#,, ---, 0,; d(x)) is given by

(52) W0y, -+, 05 d(x)) = (00 — d(%))* - G(b,, -, ty),

where G(#,, ---, #,) is the given continious function of 4,, ---, #, in the range
of (50). Then it can be easily shown that the conditions of Theorem 3
are satisfied. Accordingly, in this case, the decision problem is strictly
determined and the minimax solution is detemrined as the non-randomized
d.f. dy which minimizes gflﬁ)ockr(t?l, -, U5 d), where
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(53) r(0y, -, 0,5 d) =E[W(0,, -, f; d(x))].
We shall apply these results to the following problems.

Theorem 1. Minimax estimation of the mean.

We assume that the population distribution function is determined by the
mean ¢ and the variance o*> which are independent algebraicllay, and it is
known that

(54) —a<0<a and L2 << K2,

where «, L? and K? are given positive numbers.
Then, to estimate the mean # on the basis of a sample ¥ = (x,, -, x,) of
size #, we assume that we consider only d.f.’s d of the type

" (55) dlx)= Sr,ax,+b

and in the range of these d.f.s we serach for the minimax solution. Then,
if the loss function is given by

(56) W(0,"; d(x)) = (X a:ix: + b — 0),

then, the minimax solution is given with

aZ
(57) a; = ---—an—m—Ké and b =0
that is, the minimax solution d, is determined as follows

2

a g
(58) dy(%) = > g 2= %
If, in the above problem, the loss function is given by
(59) W(f},a?;d(x))zé (X ax, +b— 0)

then the minimax solution d, is determined as follows

2

(60) dy(x) = 7y Si- 5.

Remark 1. When we say the minimax solution in Theorem 1, it means
that, how the convex, closed subset of E,.; consisting of points (ay, -+, @,,b)
corresponding to d.f.s, may be large, the minimax solution in that range is
given by (58) or (60). The same remark should be hold in all the follow-
ing theorems.

Remark 2. If we have no information concerning the mean 6, then, in
(53), a will be . In this case we see that dy(x) of (58) and (60) both
tend to 1/# 3 x, as « tends to oo.
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Proof. At first we consider the case where the loss function is given
by (56). Then we have

(61) r(0,0%;d) =E(X aix, +b—0)
- azgaiu (S a —1)0+ b].

Case I. When > a, — 140.
If

(1 1) —b__ o,

Sa—17
then we have
(62) r{g}r(ﬁ, a;d)=r(a, K?;d)
=[(Za—-1)a+ b+ K23 a? (=g¢, say)
If
(1, 2) 2 >0
Sa —1
then we have '
(63) rf,l%f r(0,6°;d) =r(—a, K2;d)
=[-(Xa—-1)a+bP+ K?3 a? (= ¢, say)
Case II. when . g, —1=0.
Then we have
(64) max r(0,6%;,d) =0+ K*3>,a® (=f, say).

Now, we shall search for the values of ¢, ---, @, which minimizes sup 7,
b being fixed.

When the case (I, 1) holds, solving the equations

8(,0:0 (i=1,-,n)

da,
we have
o —ab
e N Ty G
Then we have
(65) min max 7(0,0t3 d) = S GEZPE (= g(8), say).

Now, the conditions of I and (1, 1) may be combined as follows
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KZ
(66) e b <0.
Therefore, from the form of g(d) and (66), we have
. . a? K?
f 2. = — =
(67) Jnin max 7(0, o*; d) = min g(b) = g(0) = _—3 T K

where min means the minimum value with respected to d.f.’s which satisfy
aed, D

the condition of (I, 1), and the minimum value is obtained when

R . o0 G _
(68) a, = - _an—nCUZ-f-Kz and b—-O.
For case (I, 2), we can show, in the same way as above, the followings
. a? K2
2 . —— T
(69) a?}%%;rgfgf r(0, %5 d) T nat+ K?

where min means the minimum value with respect to d.f.s which statisfy
PE(I>2)

the condition of (I, 2).
When the case (II) holds, we have from (64)

(70) min f= min K2. 3 a?.
@y -ap. b Ay Gy
And since 3. a;, =1 in this case, from (70), we have
. K?
(71) min max (0, ¢%; d) =,
a1y 6,02 n

where min means the minmum value with respect to d.f.s which satisfy
ag:. 1m

the condition of (II), and the above minimum value is obtained when

(72) , a1=~~=an=% and 5 =0.

It is clear that

K: o K2

n " na®+ K%

Therefore, from (67), (69), (71) and (73), if d, is the d.f. determined
with (68), then we have

(73)

max 7(0, &; dy) = min max (0, ¢%; d) = _K? .
0,02 T a 0,02 > na®+ K?
Accordingly the d.f. d; is the minimax solution of this problem and the first
half of Theorem 1 is proved.
For the case where the loss function is give by (59), the second half of
Theorem 1 can be proved in the same way as above.

Remark 3. Here let us compare the risk fnnction of the minimax solu-
tion d, and the d.f. d* which is given by
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1
d*(x) = W PIVIREE A

When the loss fuction is given by (56), it can be shown that

, 1 ,
(74) r(ﬁ, 0'2 ; d(]) foed (;?17[62—)72 [n (Y4 UZ + I{4 62]
and
(75) r(0, 6?5 d*) =o*/n.
Therefore it can be shown that in the interior of the parabola
. nKZ
(76) > = 2na2+K~’ﬂ

on the plane of 0 and ¢% we have
r(0, a; d*) >r(0, o*; dy)
and in the outside of the parabola (76), we have
7(0, %5 d*) <»(0,6%; dy).

When the loss fucntion is given by (59), it can be shown that

04 L? naot
2. I -
(77) r(0, 6%; dy) = 2 (nat + L) - (na? + L2)
and
(78) 70, 05 d¥) = .

Therefore in the range of ¢ and ¢® defined by (54), it can be shown that
r(0, 0%, d*) > r(0,4; dy) .

Theorem 2. Minimax prediction.
We assume that the population distribution function is determined by

the mean ¢ and the variance o> which are independent algebraically, and it
is known that

(79) —a<h<a, P<A<K?,

where «, L? and K? are given positive numbers.

We assume that when a sample x = (x,, ---, x,) of size » is given, it is
required to predict the mean of a sample y = (3, ---, ¥.) of size m which
will be taken independently of the sample x, from the same population as
was taken the sample x. Then we consider d.f’s d of the type

(80) dx)= Xl ax+b
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and we shall search for the minimax solution in the range these d.f.’. If
the risk function is given by

n 1 »m 2
(81) 70,05 d) = E[(3 am + 0)—, 31|
then the minmax solution d, is given by
a2
(82) dg(x):hazj_?z Sl Xy

Proof. In this case, from (81), we have
(83) r(0,0%d) =[(a;, —1)0 + b2 + &[> a? + 1/m].
Therefore compairing (83) with (61), it can be seen that the minimax

solution of this problem is given by (82) as in Theorem 1.

Theorem 3. Minimax estimation of the variance.
For the normal population, we assume that the mean value is known to
be zero, and concerning the variance o2 we know that

(84) < <K?,

where L? and K? are given positive numbers.
Then to estimate the variance o* on the basis of a sample x = (x,, ---, x,,)
of size n, we consider only d.f.s of the type

(85) d(x) = ;1 axt+ X byxix; + X 6x + 1, (by = by, i£7)

i’j
and in the range of these d.f’s we shall search for the minimax solution.
If the loss function is given by

(86) W(o*; d(x)) = (d(x) — o%)%.

Then the minimax solution d, is determined as follows

(87‘) dy(x) =

X2,
n+ 2 2= %

Proof. In this case, it can be shown that
(88) r(o*; d) = E [W(s?, d(x))]
:04[3}; a?+ %aiaj + %b{f —225 a; + 1]
+ oz[; c?— 21 + 21 Ez_jm] + 2.
We put this as follows
(89) r(a®; d) =Ad'+ Bo* + C.
Then, it is clear that A > 0.
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Case I. when

B L’ + K?

*QAS*.?*’ that is, —B < (L* + K?) A.
Then, from (89), it is clear that
(90) sup r(o*; d) = r(K?; d).
Case 1I. when

2 &

BB thatis, —B> (L4 K7 AL
Then, from (89), it is clear that
(91) sup 7(o%; d) = r(L?; d).

Now, for any fixed value of % we search for values of a’s, b’s, ¢’s and
{, which minimizes »(¢%; d) with respect to d. Then, as the solutions of
equations

(92) §;=0, gb’;:o, a—Z:o, -0
L,ji=1-,m
We have
(93) @@= =a,=
n+ 2
by=0, ¢=0, 1=0,
i,j=1, -, n

Here we remark that this solution is independent of the fixed value of &2
It is clear that values of a's, &’s, ¢’s and / given by (93) satisfy the condi-
tion of the case 1. Therefore we have

(94) min max 7(¢?; d) = minr(K?; d) = r(K?; d,) = 2 K4,
depl o2 aem n+ 2

where min shows the minimum value with respect to d.f.s which satisfy
ac(1]

the condition of the case I, and dy(x) is the d.f. determined by (93), that is

S S
(95) dy(x) = = 35 &l

Next, let d* be any fixed d.f. which satisfies the condition of the case II,
then we have from (91)

(96) sup 7(o*; @*) = 7(L?; d*).
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Therefore we have
(97) r(K?; d*) <r(L*; d*),
and from the above remark,
(98) 7(K?; dy) <r(K%;d*).
Accordingly, from (96)— (98), we have
(99) r(K?%; dy) <sup 7(a%; d*)
for any d.f. d* which satisfies the condition of the case II. From (94) and
(99), we have
(100) min max 7(o?; d) <inf max r(¢%; d) .
derm o2 GECI) o2
Accordingly from (100), we have
. 2
min n}rgx r(o*;d) =r(K?; dy)) = mlﬁ.

Therefore, d, is the minimax solution of this problem and Theorem 3 is
proved.

Remark 4. Let d* be the d.f. given by

1
d(x) = - Sy 52,

then it can be shown easyly that

2

r(”z;dﬂ):n+2

o < r(o%; d*) = %a“.

Theorem 4. Minimax estimation in the binomial population.
Let X be the random variable which represents the number of occurences
of the event A in » independent trials, each having the probability ¢ of
occurence of the event A. Then to estimate 6 on the basis of the observed
value x of X, we consider only d.f.s of the type

(101) d(x)=ax+0b,

and in the range of these d.f.s we search for the minimax solution.
If the loss function is given by

(102) W(0,d(x)) = (0 — d(x))
then the minimax solution d, is given by
1 X 1
(1) 0o =t (G 3)-
Remark 5. This result was alredy obtained in [3], using an apropriate

a priori distribution which is taken intuitively. But here we shall solve
the problem directly following the above method.
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Proof. Proving this theorem we shall omit complicated calculations anc
state only the key points. We have in this case

(104) »(0;d)=E(ax +b— 0)?
=[n(n—1)a*—2na + 1] 0° + [na* + 2b(na — 1) 10 + b?
The roots of the equation
(105) n(n—-—1)a?—-2na+1=0
are given by

1 1
= Viva 1) % (a0

It can be shown under the condition
(107) a<a

we have

(106) a,

. 1
g - R S
(108) mi sup r(5 d) = o Ty

where inf is the infimum with respect to d.f.s which satisfy the condition
(107) .
Under the condition

(109) a>a

we have
1

i 0;d) = -
(110) 113f sup r(9;d) 4(Jn— 1)
where inf is the infimum with respect to d.f.'s which satisfy the condition

d
(109).
Under the condition

(111) a <_a<a,

we have

S

4 (Wn+ 1)

where inf is the infimum with respect to d.f.s which satisfy the condition

(111).
Under the condition

(113) a=a

we have

(112) inf Slelpr(ﬂ;d):

1

i A =
(114) min sup 7(05 d) = 7 Ty
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where min is the minimum with respect to d.f’s which satisfy the condi-

d
tion (113), and this minimum value is attained with

1
(115) a=a and b= 2ont 1)
Under the condition
(116) a=a
we have
; N S
(117) min Slalpr(ﬁ’d)—4(,/h"—1)2’

where min is the minimum with respect to d.f.s which satisfy the condi-
tion (116).
Therefore, from (108), (110), (112), (114) and (117), we conclude that

- Cay cay 1
(118) min s%pr((?,d)_s%pr(ﬂ,do)—4(l/ﬁ+1)2,
where min is the minimum with respect to d.f.’sof the type (101), taking
account of Remark 1, and d, is the d.f. given by

a=a SR S and, b = - L.
Yom(ye+ 1) T T 20+ 1)
Therefor the d.f. d, such that
1 x 1
d(x) = = (7, 2)

is the minimax solution of this problem and Theorem 4 is proved.
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