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RANDOM FREQUENCY PROCESS
Takuji ONOYAMA

§1. Introduction.

Let (9, ¥, P) be a probability field, £, ¥, and P being an abstract set, a
completely additive class of subsets of £, and a Lebesque measure defined
on § respectively.

In harmonic analysis of a stochastic process, the following special class of
a stationary process may be obtained :

% (t, 0) = 3 a, (@) e, (1.1)

where
i) {a. (o)} (n=1,2, - ) is a sequence of mutually independent real
random variables defined on (2, §, P);
i) A3 (m=1,2, - ) is some sequence of real numbers, and ¢ is a
‘continuous time parameter ;
iii) E {a,(®)} denotes the mathematical expectation of a random variable

a, (») and we suppose that ilE {a.l (o)} < oo

In this note, we shall prove some theorems on the generalized process
(1.2), and define the type of the random spectra of (1.2).
The process of type (1.2) is defined as follows:

% (1 ©) = 34, (0) et (1.2)
n=]
where
i) @, (@)} (m=1,2, ) is a sequence of mutually independent real

random variables with mean values zero, and

 Elal (o)) <o

o

n=

i) {4 (o)) (1=1,2, - ) is a sequence of mutualy independent real
random yariables with distribution functions

{F, (%)} (n=1,2, - ) respectively ;
iii)’ a system of {a,(w)j (n=1, 2, .- ) is independent to a system of

()} (m=1,2, o).
i)/, ii) and iii)’ suffice for the existence of (1. 2) with probability 1

1) On this type of a process, the author and G. MaruvaMa have obtained another results
which are not yet published.
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and in the sence of mean on the space © for each {. And hereafter, we call
the process of the type (1.2) a random frequency process (7. f. p.). _

§ 2. Stationality and type of spectral distribution of r. f. p.(1.2).
Theorem 1. The 7. f. p. x (I, w) is stationary in the weak sence.
Proof.
Let R (¢, s) be the auto-correlation function of 7. f. p. x (¢, »), then
R(t, s) = E {x(t, ©)x (s, o)}
=E {3

\
|

a, ((U) ei)v,;(w)ﬁ i an ((0) e—i)\,,,(m)s[
L m=]

n=

=E {Z Z a, ((”) a, ((!)) eit)\,,(m) e—i“m(m)} .

n=1m=|

By the independency of iii)’

Il
Mz

3 E 14, (0) @, ()} E § e
1 m=1

!

2%

= S E {a (@)} E {eh o)
n=1
= S Eiat(o)l\ e dFy, (%) (2.1)
n=1
= S Efa? () f.(t~5). o (2.2)
Here {f,} (n=1,2, ------ ) is the characteristic function of distribution

function F = (x) respectively.
Q. E. D.

Corollary
(). There can be ar. f. p. x (¢, 0) with a continuous spectral distribution.
(2°). There can be a r.f. p. x (t, v) with any given auto-correlation func-
tionof a stationary type.

Proof.
We can easily see (1°) and (2°) from (2.2), putting iE a2 (w)} =1,
n=1
and f, (¢) =f(t) (n=1,2, .- ), where f,(t) is a certain characteristic

function which is continuous.

This corollary shows the generalization of Khintchine’s method® [1] on
constructing the stationary process with a given spectral distribution func-
tion.

2) The bracket denotes the number of the biblography.
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§ 3. Unitary representation and integration of stationary process.

In this paragraph, we shall give several lemmas on a representation and
a definition of integral of a stochastic process for next paragraph after
K. KARUHNEN [2] and K. NAGABHUSHANAM [3].

Let W be a set of real numbers, and let +(s) be a measure defined on
the subsets (s) of W. Let Z (s, ») be a random set function defined on
the subsets of W such that, if s, and s, are two disjoint sets,

Z (s, ©) + Z(s3, ) =Z (s + S, 0). (3.1)
Without loss of generality we may assume
‘ E\{Z (s, 0)} =0. (3.2)

If for any measurable sets s, and s,
E{Z (81, ) Z(s,, o)} =a(s1, 5) (3.3)

such a set function Z (s, «) is called a “random spectral function”. The
process Z (s, ) is also referred to as an orthogonal process. In our later
considerations, W consists of the interval (— o, o) on the real axis. In
such a case we shall denote the random set function corresponding to
(—o, )by Z(2 o).

If forall s in W E{ Z (s, »)?} is bounded, then the process Z (s, w)
is of bounded norm and ¢ (W) is totally finite. For a process of this type,
one can define following Karhunen {2} the integral

S FOAZ (o) (3.4)
as the limit in the mean (l.i.m) of the corresponding Rieman-Stieltjes sums
for any complex valued function f(4)of the variable Z such that

| s zas (3.5)
i
is bounded.

The following theorem of MARUYAMA (4] -CRAMER [5] deals with the re-
presentation of a stationary process in the form of an integral of the type
just mentioned. That is, supposed that x(#, ») is a stationary stochastic
process in the weak sense with mean value zero, x (¢, ) has the representa-
tion

x‘(t, m) = S e"”‘dZ(Z, w), (36)

00

where Z (4, ) is a random spectral function which is defined from x (¢, w),
and the inverse formulue holds:
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oA e)dt. (3.7)

T T
=7

1 g 1t_ettx

§4. The type of random spectrum of the r.f. p. x (¢, o).

Theorem 2.
(1°) The random spectrum S (2, o) of r.f.p. x (t, @) has the form

S(% o) = Sa,(w) ¥, (4 o), (4.1)
n=]
where
i) {a.(0)} (n=1, 2, - ) is a system of the random coefficient of

r.f.p. x (¢t o).

ii) Fach ¥, o) of {¥, (4 o)} (n=1,2, - - ) is @ random function
which is independent to a system {a,(0)} (n=1,2 .. ) and whose
individual fnnction is a monotone non-decreasing step function which
takes values (0, and 1), (—1/2 and 1/2) or (—1 and 0) only.

(2°) Conversely, if the random spectrum S (i, o) of a stationary stochastic
brocess x (t, ) has the form

S (4 @) = Sa,(0) ¥, (4 o), (4.2)

n=\

where .
1) {a, ()} (n=1, 2, ...t ) is a system of mutually independent real

random variables with mean values zero, and i‘,E fa,2 (w)} < oo,
n=1
ii)’ same as ii) of (1°),

then x (¢, @) can be represented as a random frequency process.

Proof.
Ad (I"): From (3.7) in §3, the random spectral S (2, ) of 7. f. p.
x(t, w) is

S (4, ©) = lLim.— 8 — e_ —x (%, 0)dt

T—o0

_e—m o C
36, (0) e dt
=1

Tﬁw

On the other hand, for arbitrary N, M >0, we have

T 1 e—lt)n N ™ 1 e—iSA M
lme{ T*—Zan(w) dnerdt| =—-—— Sa, (m)e““(“’)“ds}
T —oo n=]

7 >w =77

—ptA 1 _ pin &
= ’llm E S 1 e— 1 les ﬁ: a, () e¥n@* Z a,(w) e'i”'“(“'){“ dtd S%
LT > n=1

| Trse =
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it —is {Zanwﬂw“w‘za (wyereridids

ST ST 1 Le—iA 1 - eis)\

T

. r \1 —zu 1__ez's>\;
im C i Zis | dsdt, C : absolute constant.

Therefore, from the calculation just mentioned and the existence of the

ia,b (w) e** with probability 1 (§1), we obtain
n=|

__ p—itA
M&mﬂz%wxmllglffwwt
nx=l T—o0 2 J 1 t
= $a,(0) 21l 1 (0), 0] (4.4)
T4 -ia
n ) Hﬂ ((')) b = l;i;gl. ”217 S 1 Z_ :—* e"l"n("’)t d t
7 e 6
= ITLZP ‘21:§ 1 T ’: S edZ, (v, w)

(n=1,2, ). (4.5)

The last integral is certificated by the fact that each stochastic process
et (g =12 --uen ) is stationary with respact to a time parameter ¢ and
represented as

oo

wm”zSWWZA%m, (n=1,2, - ) (4.6)
by (3.6).
Again, from the inverse formula
(/7n§1, /un(")): (U)%:Zn()\’ “’): (n:]-; 2) """ )' (47)
That is

S (4, o) = Ea“(w)Zﬂ() m)

n=]

Next, we consider # (4, #(w), T) as follows

T
L[ A werar,

(), T) = o |

Then

lim & (4, p(o), T) =lim_—\ -~ o dt

T—co T—oe 7 l t
=T

1 ST e"“"’)’ _ew(u(w\ Apt
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_ 1 (T sinp(o)t —sinip(o) — )t gt
2z ) t
1 on the subset E ) of ¢ such that 0<p(w)< 2

t(w)=2>0
or u w)¥0<)

P (w) >0, plw)™>1

= 0 on the subset E 3} of 2 such that {or t(w)y=2=0
{
lo

1/2 on the subset Ej of € such that {

or p#(w) <0, p(w) <2

] — )<0
—1/2 on the subset E .} of ¢ such that #(w) =
| / [¢H) r():p((,,)>1
| —1 on the subset Eg} of ¢ such that 0> (@) > 2
=¥ (4 1 (w)). (4.8)

Here, ;1 () is a real random variable defined on (2, §, P), and ¢ is divided
as follows

0= E(l))‘@E(zj)\ ® Eg) PE,DEHDN;

where
@ denotes the direct sum, i.e.

ESNES =4  (i¥j); 4 is empty set,

and P(N) = 0.
Now we consider # (2, # ()) as a random function with a time parameter ,.

Then # (4, #(w)) consists of individual functions such that for any element
wyge & — N.

a) If p(wy) >0, individual function

1 A> p ()
Fih p(o)) = {1/2 2= p(m)
0 1< p (o)

b) if () =0, then

([ 1/2 2> p ()
Uik p(o)) = 1 0 2= p(w) (4.9)
—-1/2 A> 1 (wy)
c) if g (wy) <0, then

-—1/2 )‘:/‘(“’0)
“1 A<y (m)

0 4> (ap)
qu/“) /l((t)0)§ -

On the other hand,we have
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Z, (2 o) =a,42 (o), o} (n=1,2 ... )
T
. 1 1—e™™
— — Pl — /T () 1
1/1_.mm 2r S it enrdt

= lim V(4 t(w), T).

T—oo
And, from the existence of lim ¥ {4, p, (w), T{ with probability 1,
7'~co
Z, (4 o) = ¥ {4 p, (@)} with probability 1. Q.E.D.

2) Let x(¢ ») be a stationary stochastic process with a given random
spectre S, (4, ) of (4.2). i.e.

% (t w) = S erdS, (1, w) (4.10)
S.(% ) = S a,(w) ¥, (4 o). (4.11)
n=1

Without loss of generality, we can suppose that any individual function
¢, () of ¥, (4 w) (=12, ---.. ) takes value 1/2 {¢, (4 + 0) + ¢, (2 — 0)}
at the point at which a jump occured.

We induce a sequence of mutually independent random variables {p, (@)}
(n=1,2, - ) from { &, (4 o) (=1, 2, .- ) as follows

Plo, 2 ()2 +di}=Plo; ¥, (A+di o) — ¥, (4 o) >0}
(n=1,2 - ) (4.12)

In other words, i, (w)} (=1, 2, .- ... ) is a sequence of random vari-
ables with distribution functions {F, (%)} (=1, 2, ----- ), respectively,
which denotes the measure of individual functions that jump at a point x
and points less than x.

Then we consider the process y (¢, o),

y(t o)== ian(w) etn@t (4.13)

and one can easily see by (i)’ and (ii)’" of (4.2) that
a) the right hand side of (4.13) exists with probability 1 and in the
sense of mean on the space £ for each f,
b) y (¢ ®) is stationary in the weak sence,
¢) the random spectral function S, (4, o) of y (¢, ») is
r —itA o
S, (4, w) = lim i —}—_—e— Sa, (o) et rdi

T—>c0 27‘[ . i t n=]

= 3 a, (0) Uy {4 of,
n=1

by the construction of {z,(w»)} and the similar calculation to that of the
proof of (1").
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Therefore

y(t, o) :8 e“)‘dsy(lJ w) :g e df ian(“’) 7, (4 o)}

w=1
Zeo Zo

= S eé*rdS, (4, o) =x(t w) Q.E.D.

—oo

In conclusion, I wish to express my warmest appriciation of the helpful
criticism and encouragement I have reecived from Prof. T. KITAGAWA in
the preparation of this paper.
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