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            ON THE  STATISTICAL INFERENCES 
     IN FINITE POPULATIONS BY TWO SAMPLE THEORY 

                        Hisao URANISI 
                       (the University of Mercantile Marine) 

 § 1. Introduction. In May, 1951, at the Annual Meeting of the Math-
ematical Society of Japan, T. KITAGAWA [n has established a method of 
statistical inferences on finite populations from the view point of two sample 
theory. 
 He has introduced following assumptions in dealing with these problems : 

 Assumption I. Considering a grand population II, the finite population 
(N) in his consideration can be recognized as random sample of size N 
drawn independently from II. 

 Assumption II. The finite population (N), as a sample from the grand 
population II, can be recognized as consisting of two independent random 
samples 01 : (x1, •-• x,z) and 02 : (y1, •-• YN-n) of sizes n and N —n re-
spectively, which are drawn from the grand population II. 

 Assumption III. The grand population 11 is distributed normally accord-
ing to N(`, (72) . 

 Putting 

 (1.01) x = x.1/n,s' (x, — .X)2/n 
   i=1i=1 

     .N-712V--n 

 ( 1. 02 ) y = E, yjAN — n), (Yi —)2/(N — n) 
   2=12=1 

 (1.03) = + (N — n)-51/N , S2 —19±,X)2(yii)21IN , 
                   t=iJ=1 

what we have known from actual sampling are some or all of (1.01) , and 
what we want to infer are some or all of (1.03) . The statistics (1.02) 
are auxiliary ones which are indispensable in his formulation, but what are 
unknown to us. 

 T. KITAGAWA(1) developped following theorems, which will be of use in 
giving confidence intervals associated with statistical inferences about finite 
populations : 

 Theorem 1.1. Under the Assumptions I, II and III, for any assigned a, 
0 < a <1, the confidence interval for X with confidence-coefficient 1 —a, 
which takes the form of (X — As, x + As) is given by 

 (1) Prof. Kitagawa informed me after the preparation of this paper that he found the 
same result as to Theorem 1.1 was already established by E. S. PEARSON [3-i• which was not 
accessible in Japan until 1951. 

                               9
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 (1.04)A = to-1 (a) N— n  
                         1/n-1V N 

where tn_1 (a) means a-significance level of t-distribution with n — 1 de-
grees of freedom such that Pr.litl> t9,-1(a)i = a - 

  Theorem 1.2. Under the same hypothesis to Theorem 1.1, the con-
fidence interval for Si by means of 52 with confidence-coefficient 1 — a, which 
takes the form of (n/N) s2, B s9 is given by 

 (1.05)                  B= 
N+N— n  FAT-n(a)                                 n — 1 n-1 

where F:In (a) means a-significance level of F-distribution with pair of 
degrees of freedom N — n and n — 1 such that Pr. IF >F 2:11-1" (a) = a . 

  He extends these two theorems to various directions. For examples, the 
confidence interval for the differences of two means it and and those 
for the ratios of two variances S12 and S22 of two finite populations can be 
obtained in quite similar ways. For this purpose he considers two sets of 
two independent samples 

       01') : (x„, ••• , xim,) and OP : (yii, ••• Yi, (i = 1, 2) 

drawn respectively from the population and he puts for i = 1, 2 
             n

9ni   (1. 06) xi =f,x,i/n„si= E (xo —)2/ni 
   J=11=1 

                                                               Ni—ni 

  (1. 07)3j, = E yi,./(Ni — n,), si = f, (Yu, — t)2/(N4 — ni) 
    le=1k=1 

  (1. 08) zi = ni xi + — nt)jii} /N, 
    ni ni 

 (1. 09 ) = - xi)2 + - 
      J=1k=1 

 As in the case of one system of two samples, following theorems(2) give 
him confidence intervals associated with statistical inferences about two 
finite populations : 

  Theorem 1.3. Under the Assumptions I, II and III, when we have c12 (722, 
the confidence interval for z2 — xl by means of s12 and s22 with 
confidence-coefficient 1 —.a, which takes the form of (X2 — xl — As, X2— 
+ As) , where 

  (1. 10)s' = (n, s? + n2 s22) / (n + n2) 

is given by 

  (2) See Kitagawa Ill Theorems 6.3 and 6.4. Slight misprints concerning 0, bi and Ci 
(i = 1, 2) should be corrected as we enunciate in (1.10) (1.13) and (1.14).
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 (1.11) A =               tni±n2-2 ()ni + n, N,—+  na N2—n2              ^+—           ni+ n2— 2 ̂ n1 N1 n, N2 
  Theorem 1 4. Under the Assumptions I, II and III, the confidence interval 
for the ratio S22/S12 by means of s12 and s22 with confidence-coefficient 1 --a, 

 which takes the form of B (s22/s12) C (s22/s12N)                                      )can be given by 
              2ss2 

  (1. 12) 1 — a = Pr. 1Bs22< 2) 
                 ?S12s12 

                                   ( G)h,vl-n1,ni_i (L) dGdL, 

                   biL + b,<G < ciL + c, 

where hi; (H) means the F-distribution with degrees of freedom (i, j) 
and he has put 

  (1.13) b, = B • 
               n,N2N1—n1n,— 1n2 — 1 (ni N2 B1)• 

                    n2 N1 N2 — n2 ni —b2=N2 — n2\n2 N1 

                                                                                    • 

                 n,N2N1—n1 n2-1 

                                 = 

                                           n,— 1  (n, N2   (1
.14) c, = C • 

             n2iv„,,n,n1— 1C2111,                                                        2 — n2\n,-5C — 1) . 
  In this paper we shall study the effects of non-normality, when we remove 
the normality assumption III in these theorems. 

                   2. The effects of non-normality. 

  Instead of the Assumption III of normality, we shall put the following 

  Assumption 111'. The grand population 11 is distributed according to 
the GRAM-CHARLIER Type A, that is, according to 

  (2.01) f (x) d x =1_e-2_1z2+ a3113 (z) 
                         27r 

                    + a4 H4 (z) + a5 H5 (z) + a6 H6 (z) d z 
where z = (x — s )/(r is the standardized variate, and we have put 

               tt,1--1it,3\_ 1 tr,  (2 .02) a3 —/91 ,a4—24kij2 —3)       3 ! a364a4 

       aif15 — 10"2 1131 •                               a =-(194 — 15192 + 30) 

             5 

                1200-56 720 

 The joint distribution of x and s drawn from this population was obtained 
in the previous paper [2]. By the use of the result and following KITAGAWA's 
formulation, we can derive the following 

 Theorem 2.1. Under the Assumptions I, II and and neglecting the 

higher powers of a3, a4, a5 and a6, the distribution of r = X —                                     N n 

is given as follows:
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for any assigned 70 (� 0) Putting u = (1 + 702)-1 and m = N — n , 

 (2.03) Pr. Hri>70; =I.(n 2 1 21   + (92— 3) P4 (u) 

                  1
0                     +1/34 - 15192 + 30) P6 (14) ± 11P3, 3 (II)/ 

                         1 0   (2. 04) Pr.k>roi =2rr.7-12-( -a3P3(u) + a5 P5(it) , 

where I, (p, q) means the ratio of the Incomplete Beta Functions I. (p, q) 
= B„ (p, q)/B (p , q) , and 

  (2. 05) P4(u) = n-1 rni,,n22                           2m22nm — n (n —3) ;in—11 \        24n m NLk2'2 

         — 2 R2n + 4) m2 — 2n (n — 1) m — 722 (n — 1); I. (n +2 1, 21 ) 

         + R2n + 8) m2 — 2n (n — 2) m — n2 (n + 1); I.(n 2+ 3,21 )] 
                 n — 1   (2.06) P6 (u) =72n2 m2 N3[n8(2n — 1) m5 + 30n (n — 1) m4 

         — 15n2 (n1)2 m2 +(n — 3) (n — 5); I. (n —2 , 21 ) 
         — 3 (n — 1)116 (n + 2) m5 + 10n (3n + 8) ne 

         + 60n2 m3 — 15n3 (n — 1)m2+n5(n — 3); I. ( n+21  , 11 
         +3 8 (n + 4)(2n — 3) m5 + 10n (3n2 + 13n — 20) m4 

          + 120n2 (n — 1) m3 — 15/23(n — 1)2m2 + n5 (n2 — 1; I. (n +2 3 , 
          — 16 (n+6)(n-2)m5+30n (n2 +7n —12) m4+180,12 (n —1) m3 

        — 15223 (n — 1)2 m2 + n5(n + 1)(n + 3); I. ( n +2 5 , 21 )] 
                 n — 1   (2. 07) P3,3 (u) 72n2 ne N3 [n {2 (2n2— 3n+ 4 ) + 6n (2n2 — 4n +5) m4 

         +n2 (13n2— 26n + 15 ) m3+ 3n2 (2&-5n2+5 )m2 

         +n4 (n-3)(n-5)(m—l) l I.( n —21 , 2) 
         — 3 #2 ( 2n3 — 3n2 + 16) m5 + 2n (6n3 — 8n2 — 5n + 40) m4 

         + n2(1 3n3 — 6n2 — 25n + 60) m3 + n3 (6n3 + 222 — 16n + 15) ne 

                  +1          + n5 (n — 1)(n — 3)(m1)1 I.                                kn12' 2\
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          +3  12 (2n3-3n2-8n+48) 48) ms + 2n (6n3– 4n2-33n+ 100 ) m4 

         +n2 (13/23+ 14n2– 65n + 120) m3+ (6n3+ 17 n2– 16n+ 15) m2 

        +n5 (n2-1)(m-1) I (n + 31\ 
                         2'2 

         –12 (2n3– 3n2– 20n + 96) m5+ 6n (2n3-23n+60) m4 

         + n2 (13n3 + 34n2– 105n + 180) /if + 3n3(2n3+ 11n2+ 5) m2 

         +n5 (n+1)(n+3)(m-1) I (n 4-51 \-1 
                             2' 

 (2. 08) P3 (u) = –2 n1  (2n– 1)m+n(n– 2I„  , 1)           I/ nmN 

                           (n –1)(2m + n) I. ( n+2 , 1)] 

 (2.09) P5 (u)2 7rn3m3N5[13 (2n2-2n + 1) m4+ 10n (n– 1 )(2n-1) m3 
                     +15n2 (n –1)2m2–n4 (n-2) (n– 4) I„ (n-21 , 1) 

         –2 (n-1) 16 (n-2)ne+5n (4n-5) m3+15n2 (n-1) m2 

         –n4 (n-2)n 2+1 , 1) 
         +(n –1) 16 (n-4) m4+20n (n-2) m3 

         +15n2 (n-1) m2-124 (n+ 1) } I„(n2+3 , 1)1. 

 Corollary. Under the same hypothesis to Theorem 2.1, if we use the 
same confidence interval for X obtained by Theorem 1. 1, the confidence-
coefficient is approximately given by 

 (2. 10) 1 – a – (192 – 3) P4 (u0) —1004 15d2 + 30) P6 (u3) — P3, 3 (U0) 

where we have put u0 = 1 +(a)1.-1 
                             n – 1 

 The evaluation of the values of P4 (u3) , P6 (u0) and P3, 3 (u0) can easily 

be done by the use of the PEARsoN's Tables of the Incomplete Beta Func-
tions. For examples 

 in the case a= 0.05 

                            P4 (u0)P6 (U0)P3,3 (Ii()) 

     N = 100, n = 5—0.00500.00880.0156 

      N = 100, n = 10—0.00180.00150.0145 

     N = 100, n = 250.0004 —0.00030.0083 

     N = 1000, n 25—0.00090.00010.0087
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  in the case a = 0.01 

                           P4 (U0)P6 (U0)P3,3 (U0) 

      N = 100, n = 5—0.00200 .00420.0056 

      N = 100, n = 100.00010 .00200.0082 

      N = 100, n = 25—0.00020 .00020.0062 

      N 1000, n 25 I —0.00080 .00050.0063 

The effects of non-normality seems to be small in these cases. 

  Theorem 2.2. Under the Assumptions I, II and III', and neglecting 
the higher powers of a3, a„ a, and a6, the distribution of 

       F s'2 +  n N1'X--yid•n
n s21 

is given as follows: 

 For any assigned Fo (> 0) , Putting u = ( 1 + NnF\-1 
                                          n—10/ 

 (2.11) Pr. IF>F0 = CI —2 1 , N2 n) + (i32 — 3) Q4 (U) 

                     1 

                           +—10u34-u-,472 +I+PI‘q3, 3, 

which turns to 

                             N—n\E  (2 . 12) Pr.  ( 1 +n           N
s' Nn — 1F0)1 

         = 1 -n21  , N2— n) + (2 — 3) Q4 (U) 

          10   1,, 
             —101) 2 +''°Z6+ 011°Z3, 3“4)} 

where 

             n — 1   (2.13) Q4 (u) =[Rn — 1)—N 
             8n N(N — n + 2) 

                   (n-1Nn\         + (n + 1)} I               1
2'2I 

                                          — 

         —2 1(n — 1) N2 — 2N — (n + 1)1 I'\tn2+1'N2n\ ) 

        + 1(n — 1) + 2 (n — 2)N— 3 (n + 1)} I.(  n +2 3, N2— n)] 
(2.14) —5 (n — 1)                                   [(N — 1)1(n— 1)2 N3        Qs (U) =24n2 N2(N — n + 2)(N — n + 4) 

         — 2 (n — 1)2(n — 2) N2 + (4n3 —13n2 — 2n + 3 ) N
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        — 2n (n + 1)(n — 3)1 (n —2 1 N2 n) 
         — 3 (n 1)(N + 1)1(n — 1)N' — 2 (n2 — 2n + 3) N2 

                                         1 N — n\          + (4
n2 — 3n—9)N —2n(n +1)in 42-                                  ' 2 

         + 31(n — 1)2 — (2n3 — 7/22 + 16n 11) N' 
         — (2n3 — 11n2 + 40n — 39) N2+ (10n3 — 7n2 —32n + 45)N 

        — 6n (n + 1)21(n 22                  + 3N— n) 
         — 1(n —1)2 N4 — (2n3 — 7n2 + 20n — 15)N3 

         — (6n3 — 15n2 + 64n — 71) N2 + (18n3 + 17n2 — 76n + 105)N 

        — 10n (n + 1) (n + 3)11.(n +25,N2— 71)] 

 (2.15) Q3, 3 (u)              24n2N2(N— : ; 2)(N— n + 4) [(N 1)1 (3n2 
          — 6n + 5) N' — (3n3 — 18n2 + 25n — 20) N2 + (15n3 — 49n2 

                                     1N
2—n)         + lln + 15)N— 10n (n + 1)(n — 3)}(n 

         — 3 (N + 1)1(3,22 — 6n + 5) N3— (3n3 — 16n2 + 29n — 30) N2 

                                            2 , 2 
         + (17n3— 23n2— 15n + 45)N — 10n (n2 —i)(n +1N—n) 
         + 31(3n2 — 6n + 5) N4 — (3n3 — 23n2 + 51n -- 55) N3 

         + 5 (2n1 + 9,22 — 28n + 39) N2 + (47n3 — 11n2 — 133n + 225) N 

        — 30n (n + 1)2# 1„(n +23'N n) 
          -t(3n2 — 6n + 5) N4 (3n3 — 27n2 + 67n — 75) N3 

         + (6723+ 89n2— 252n + 355) N2+ 5(19,23+ 21n2— 73n + 105)N 

        — 50n (n + 1)(n + 3)}(n +25,N2 71)] . 
 Corollary. Under the same hypothesis to Theorem 2.2, if we use the 

same confidence interval for S2 obtained by Theorem 1.2, the confidence-
codicient is approximately given by 

 (2.16) 1 — a— ( '92 — 3) Qi(uJ) — 110(R4— 15,82 + 30)% (JO — 131 Q3, 3 (740) 

where we have put u,= 1 + F:11" (cr) 

 The evaluation of the values of Qi (JO , Q3 (u,) and Q3, 3 (u,) can also be 
done, For examples,
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  in the case a = 0.05 

                             Q4 (tio) Q6 (U0)Q3, 3 (U0) 

      N = 99, n = 50.0155-0.01760.0115 

       N = 100, n = 10 i 0.0254-0.02390.0156 

      N = 100, n = 160.0306-0..02200.0152 

      N 99, n = 250.0344-0.C1720.0131 

  in the case a = 0.01 

                              Q4 (U0)Q6 (U0)Q3, .3 (110) 

      N = 99, n = 50.0036-0.00440.0029 

      N = 100, n = 100.0069-0.00760.0051 

      N = 100, n = 160.0090-0.00800.0057 

      N = 99, n = 250.0116-0.00820.0067 

In these cases, the effects of non-normality due to kurtosis seems to be too 
large to neglect. 

  Following KITAGAWA'S Theorem 1. 3 which gives the confidence interval 
for the difference of two means xi and .X2 that are recognized the population 
means of two finite populations, by means of sample means Xi , i2 and 
sample variances si and s22 , we can derive the following 

  Theorem 2.3. Under the Assumptions I, II and III', when we have 
0.12 = a22 o2 , neglecting the higher powers of a3". , a4"), aP) and a6"), 
(i 1, 2) , the distribution of 

     2- - ni + 112 - ni ni + n2 N2 n2  
              N1 n2 N2 

is given as follows: 

 for any assigned To (> 0) Putting u ( 1 + 702) -1 

                           n 1/13)P3(2)   (2
.17) Pr. 1171> 70} = I.h+2,- 2,2+

0.6 Q3(0> 
  22 1 

        + E (732") - 3) Pe (u) + - (194")15t92") + 30)136") 
   i=110 

                2 

             131(" P3(,i3 (U) 
                    i=1 

where we have put s2 + n2s22)/(n1+ n,) 

               1 rAp)(n1+n,-  21 \ 
 (2.18) F4i) (u)       4L2 

               - 2I„221                    + n21 \n, + n2 + 2 1 
          2'22 ' 2/5
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 B4(0  1(n1  4_  n2  2  )  (   nu  +  2n2  - 2,  21  ) 2 ( n1 
                          1)( n1 ni 4_ n2) L(ni +2n2 + 2,21)1.             + n2 - 1)L(121 +2n2, 

                       n 1 \ 
        + C4")+ n2 - 4 )n1+2- 2'22--2(n1+n2 

            - 2) I. (911+2/22,21  )(n.n2) it,(ni +2n2 + 2, 21  

 (2. 19) Pe (u) 721 [A6") E - Be F + c60, G - De 11] 

 (2. 20) P3(,1"1 (u) = 72- [An E + B3C3F + COG + DOH] 

 (2. 21) Q39 (u) = 361 [B3 F - C3 G + D3 H] 

where, putting K1 = N (N ni) for i, j 1, 2, (i j) 

     •= 3 (n, - 1)2/n.1 

    /351) 6K, (N, - ni)(ni - 1) / [ni N (K1 + K2)] 
     C 4") = K22(n1+ n2- 2 )ln,2 - n,(N, - 

              + (N, - ni)9 / N + K2)21 

     A601 15 (n, - 1)3/n,2 
    •= 45K, (Ni - ni)(ni-1)2/ [nt2N (K1 + K2)] 

          15K,2 (N, - ni )2 (n1 1)/ [142 Ni2 (K1 + K2)2] 

     D6"1 = K13 (n1 + n2 - 2)1 /1,5 + - ni)51 [n,2 (Ni- n1)3 Ni3 (K1 + K2)3] 
        = 3 (n, - 1)( 3/4 - 6n, + 5 )/n12 

    B3;i3 = 9K, (N1 - n1)(n, - 1 )( n,2 - 4n1 + 5)/ [n12 N, (K1 + K2)] 

     C3,13 3Ki2(ni - 1)32n,3 - (2nt - 5)( -n,)9 /[ni2 Ni2 (K1 + 1(2)9 
     •= 1f,3 (n1 + n2- 2) [n, (N - ni)1(N, - n,)2 - n}2 

                  - *15 + (N, - ni)51/ - n1)2 N13 (K1 + K2)3] 

     B3 = 9 (N1 - n1)(N2 - n2)(n1 - 1)(n2 -1)/(K1 + 1(2) 
     C3 = (N1 2n1) (N2 - /22) (n2 - 1) 

                   + K2 ( N2 - 2n2)( N1 - ni)(ni - 1) AK' + K2 )2 

     D3 K1 K2 (N1 - 2/21)(N2 - 2nz)(n1 + n2 - 2 )/( + K2)3 

      ni+n2-21nz  )  EI „ (2,2- 3L  2, 2 

                ^31u + n2 + 2 1  ) nE+ n2 + 4 1 
           2' 22' 2
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             (n,+n2— 21 )                                3ni+n-—2)T F = (ni+n2-2)I„(22,n2+ 1            2'22-3(22 
                    (ni+n2+2 1    +3 (fli+n\\                                  )—(ni+n2+2)I.         2 3/\ 2'2(ni+n2+4 1 \ 

                                           2 ' 2) 

                       _4) I.n + n2— 2 1   G = (ni+ n2 — 2) (ni+ n2                 2 2 ) 

                                  1 \ 
                                I 

      — 3 (ni + n2 — 2 )(+ n24T+n232'2 
      +3(ni+n2)(ni+n2— 

                     3 

                      2  )1.. (n, +2n2 + 2'_2) 
      — (nt + n2)(n, + n2 + 2) 'a,+ n2 + 4 —1 )                    2 ' 2 

 H(ni + n2— 4) (ni + n2 — 6) I„n1 +n2 — 2'\                  22) 

                              / + n2       — 3 (n1+ n2 — 2) (n1 + n2 — 4)'1 \                    22) 

                n 1       + 3 (
ni + n2 — 2)(ni + n2) I.                              +2 + 2                      2'2 

                                1\       — (n1+ n2)(711 + n2 + 2) iun1+ n2  -I- 4)                     2'2 

 Corollary. Under the same hypothesis to Theorem 2. 3, if we use the 
same confidence interval for 3C2 — it obtained by Theorem 1. 3, the confidence-
coefficient is approximately given by 

                        p3(2) 
 (2. 22) 1 — a —„3(1)Q3(,°:1(u0) - 02' - 3)134") (%) 

                                   0.6 

              2 2           -E A(i99") - 15192") + 30) P6") (u0)E/31") P3;21 (u0)    i=11i .1 

                                 ( a )  -1 where we have put u
0 1 +                             ni + n2—2 

 The evaluation of the values of Q3n (u0) , 1)3(i) (JO , uo) and P3',1 (u0) 
can easily be done by the use of the PEASON'S Tables of the Incomplete 
Beta Functions. For examples : 

 in the case N1 = N2 = 100, n1 = n2 = 10 , 

            = 0.05 om 

      p4a) (u0) = p4(2) (u0)—0.0003f 0.0004 
     P6(1) (u0) PO) (tio) I 0.000040.0003 

      p3(13 (u0) _= 1:339 (u0)0.00230.0016 

        Q3(:33(u0) i —0.0047 I —0.0034 

•
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 in the case  N1=  N2=  100, n1=5, n2 15, 

                  a = 0.05a=0.01 

       134(1)(u0)—0.0028—0.0012 

      p4(2) (u0)0.00300.0012 

      136(1)(u0)0.00130.0006 

      PO) (uo)—0.0013—0.0006 

      /33(13 (u0)0.00040.0001 
      p3(,23 (,0)0.00220.0018 
       Q3(03 (u0)—0.0040—0.0018 

 The effects of non-normality seems to be negligible small in these cases. 

 Theorem 2. 4 Under the Assumptions I, II and and neglecting 
the higher powers of aP, ai"), a5(i) and a6"), the simultaneous probability 
density of 

           NiS,2- nin,- 1    F
, =(i = 1 2)            n, Si2 — n, 

is given by 

  (2.23) p (F1, F2) = ni-1 (F1) h2v2-n2, n2-1 (F2) 

          X 1 + (i92`"— 3) p4(i) +±=1 10                                    (194“) - 15/92(i) + 30) PO 
     i=11 

                                                                    2 

                                        + E di") 
                                                                                    i=1 

where, putting G,( 1 +Ni- n•,                           F.)and omitting the suffix i in both                          ni - 1 
sides of the following equations 

              N-1   (2.24) p4=8nN (N - n + 2)[(n — 1)/(n- 1) N - (n + 1) 
         - 2(N + 1) G (n - 1) N (n + 1) t      

• N 
+ 1  

           n + 1G2 1(n - 1) N2 + 2 (n - 2)N- 3 (n + 1)] 
                 -5(N-1)  
 (2. 25) p, =  [(n -1)Rn - 1)2 N3             24n2N2(N-n+2)(N-n+4) 

          -2(n-1)2(n-2)N2+(4n3-13n2-2n+3)N-2n(n+1)(n-3)1 
          -3(n -1)(N+1)G(n-1)N3-2(n2-2n+3)N2+(4n2-3n-9)N 

                   N+1)          -2n(n+1)3(
n+                     +G21(n-1)2N4_: (2n3 -7 n2 +16n- 11)N3 

         -(21e - 11n2 + 40n-39)N2+(10n3-7n2-32n+45)N-6n(n+1)9



20Hisao  URANISI 

          _(N + 1 )(N + 3 ) G3 (n 1 )2N4___ (2n3 —7 n' + 20n — 15 )N3 
          (n+1)(n+ 3) 

          — (6n3-15n2+ 64n— 71)N2+ (18n3+ 17n2— 76n + 105 )N 

        —10n (n +1)(n + 3)d 

          N — 1   ( 2.26 ) p3, 3 =24n2N2[(n-1) (3n2 —6n + 5)N3 
                 (N—n+2)(N—n+4) 

         — (3n3 —18n2 + 25n — 20 )N2+ (15n3-49n2+ lln + 15 )N 

         —10n(n+ 1)(n— 3)} 

          —3(N+ 1)G ( 3n2— 6n + 5 ).N3— (3n3-16n2+ 29n— 30 )N2 

          + (17n3-23n2— 15n+ 45)N— 10n(n2— 1)1 

         + 3(
n+1N+)  G2 ( 3n2— 6n+ 5 )N4— (3n3— 23n2+ 51n— 55) N3 

         + (10n3+ 45n2— 140n + 195)N2+ (47;e-11W-133n+ 225)N 
         — 30n( n + 1)9 

         —(N+ 1)(N+ 3 )G3/ ( 3n2— 6n + 5)N4 —(3n3-27n2+67n —75)N3           (
n+1)(n +3) 

         + (6n3+ 89n2— 252n+ 355 )N2+ 5(19n3+ 21n2— 73n+ 105)N 

        —50n(n+ 1 )(n+ 3)1] . 
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