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         SOME CONSIDERATIONS ON THE RATIO AND 

                 REGRESSION  ESTIMATES") 

                        By M. MURAKAMI 

                (Institute of Mathematics, Faculty of Science Kyushu University) 

 1. Introduction 

   It is well known that in the estimations of population mean and total the 
 ratio and regression estimates are frequently used in the sampling surveys. 

 The theories of these estimates have been greatly developed by many 

 American statisticians. In these theories, however, the cost are not taken 
 into account. The object of this paper is to compare the efficiencies of 

 the ratio estimate and regression estimate with that of mean per s. u. 
 estimate under the cost considerations in • the large samples. Let Y be a 
 variate which is the object of estimation in the survey, and X an auxiliary 

 variate correlated with X. For simplicity, we shall discuss the comparison 
 of efficiencies for these estimates in the simple and double samplings. When 

 the regression method is used, we shall assume that only the variate Y is 
 normally distributed in the simple sampling, and Y and X are normally 

 distributed in the double sampling. But when other method is used we shall 
 not assume the normality of variate. The aim in both methods of estimation 

 is to obtain increased accuracy by taking advantage of the correlation 
 between Y and X. Hereafter the following notations will be used : 
         '54 : population mean of X 

         57, : population mean of Y 
          zn : sample mean of X 

         yn : sample mean of Y 
         p : correlation coefficient between X and Y 

         Cx : coefficient of variation of X 
          Cy : coefficient of variation of Y 
         ci : cost per unit of X 

          c2 : cost per unit of Y 
          C : total cost 

          N : total numbers of unit in the population 

                                            .8= Cz 
        C2Cy 

  2. The case of single sampling 

   When '.f„ is known, the following Table 1 will be easily obtained according 
 to the current sampling theories. 

    (1) The results in this paper were communicated at a meeting of the Research Association 
  of Statistical Sciences in Tokyo, December 20, 1949. 
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 TABLE 1. Costs and variances of three estimates in single sampling. 

                                                            variance (or M. S. E)  method of 
estimatorcost variance (or M.S.E) under the cost cons-   estimation 

                               ideration  

  mean perN— n ,y2           Y
=—1yi                      C=c2ny2— 63,2___Nc2_)ay2 

 S. U.11ftN nC 

                                    v(y/) N— nV(Y')— 1 {(c1± c2)N —1} 
  ratio Y'— C= (ci+ c2)nNnNC 

                              P 

                                                  x (1---oB+B2)cry=                                                                       x (1 -20 .7 3- B2)a y`2 

               Yii=1'oz+ b (Ft' 7,)  

              where                                    17(Y"-V H-11417"NI(c1±Ce‘2)N —11 
 regression(ci+ c2)nNn 

           b_E(x-5-cv)(Y—i-'01x (1— o2)cr,2        (x—k„).2X (1— 02)dy2 

Here we assume that the sample- size n is sufficiently large so that approx-
imate formulae for the variances of the ratio and regression estimates are 
valid. 

 (1) Comparison with the ratio estimate and the per s. u. 

 It may be observed that 6,F-aV(Y') 

-

             according asp1AN                           2B1( 1 + )N— C/c2131' 
 In particalar, as N—+ Oa ---V(Y') 

according as                            1J _,B2                            1)-.2.1311+2}. 
 (2) Comparison with the regression estimate and the per s. u. 

 It may be observed that 6Y V(Y") 

according as                                  AN                         II: V (1+ 'ON —C 
which is equivalent to, as CO p                                    1+A . 

 (3) Comparison with the ratio estimate and the regression estimate 
Since (1-2pB+.132) takes the minimum value 1— p2 when B = p, the regression 
estimate is more accurate than the ratio estimate except when in 
whose case the two variances V(Y'), V(Y") are equal. 

3. The case of double sampling 

 We shall consider an infinite population and take two independent samples 
of size L and n respectively. 

 In the first large sumi)le of size L, we shall measure only X and in the 
second sample of size n both X and Y. For the case of regression estimate
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we shall, however, consider moreover another sampling procedure in which 
the second sample will be drawn from the first sample. The M. S. E. of the 
estimates for this procedure may be expresed by the notation V*(Y"). 

 The current sampling theory will give us the following Table 2. The 
calculation of V(Y') in the table 2 will be given in Note 1. 

 TABLE 2. Costs and variances of three estimate in donble sampling 

                                                       

I variance (or M. S. E)  methodof
estimator cost variance (or M.S.E) I under the cost cons- 

estimation ideration  

 mean pery =1±yi :=2en                                           y2 cry= Inay= = c2a,y2/C 
 S. U.n 

    ZviauY')" c2a„2/C           Y'x
xi5cs, whereV(r)=----- 

                                                        n 

  ratiox(1-2oB+132) x[V(1÷A)(1-2aBi-B2) 
             1 + (ci+ c2)ii0 y2B2     ocs+B,/ A 

                             C=c1L V( Y":17-ay2(1-0)/n V( Y") =c2, ay= IC 
               Y/ 

                             +(cii-cfOn+P`-'ay"-/LxLV (14- A)(1— 01)+101/V2 

 regressionwhere 

             b_i(x—le9A)(y—.Vn)V*(Y")1,-;-a y2(1—0)1n17*(17"0,2/c                         C L+c2n 
                                     -FP'20v2ILx1--p2 

 (1) Comparison with (4 and V(Y') 

When .X„>0:2,/L, it follows that V(Y') according as 

              ^T (1+  A±B2 
                                  2),/A B/' 

which becomes, when B=1, 

 (2) Comparison with 4 and V*(Y") 
It is easily shown that cq. ---_,V*(Y") according as 

                         2y/ 
 1+2 • 

 (3) Comparison with V(Y') V(X") and V*(Y") 
If B>_-A, then V (Y ' (Y"). On the other hand, V (Y ')V*(Y " ), however 
p may be. 

Appendix. 

NOTE 1. The proof of V (Y') may be as below shown; 
                                                         71 

Let us putY' —  

              :± xi
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            —1 ' wherexi , LE x.. 

Since Z and W are mutually independent it follows that 

                E(I")   • ip=31p. 

The second moment of Z about the origin is 

                  E(Z2)=—
nK                               - + R„ 

                              2 whereK= Y ( 1 — 2pB+ .132) 

andR„   
                                xp 

Hence, the second moment of Y' about the origin is 

           E(Y/ K                n+Rp2)*+22). 
Therefore, we shall find that 

           V(Y')— K
Za2 B2+ af2/L)+ 

                                                                                                                                           ' If ip)a,2/L, then obtain we approximately 

               0.2a'-B2  = u(1-2 ,0B+B2) +   . 

NOTE 2. If the variance form is given by 

                V = a.,2(A/n+B/L) 

and the cost form 

                    C = an+bL, 

where A, B, a, and b are constants, then the optimum variance is easily 
given by 

                                   2 

            Vop,— 0.+f/bB )2.• 

From this result the variances of three estimates under the cost consider-

ation are as shown in the right hand column of the Table 2. 
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