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1. Introduction

It is well known that in the estimations of population mean and total the
ratio and regression estimates are frequently used in the sampling surveys.
The theories of these estimates have been greatly developed by many
American statisticians. In these theories, however, the cost are not taken
into account. The object of this paper is to compare the efficiencies of
the ratio estimate and regression estimate with that of mean per s. u.
estimate under the cost considerations in -the large samples. Let Y be a
variate which is the object of estimation in the survey, and X an auxiliary
variate correlated with X. For simplicity, we shall discuss the comparison
of efficiencies for these estimates in the simple and double samplings. When
the regression method is used, we shall assume that only the variate Y is
normally distributed in the simple sampling, and Y and X are normally
distributed in the double sampling. But when other method is used we shall
not assume the normality of variate. The aim in both methods of estimation
is to obtain increased accuracy by taking advantage of the correlation
between Y and X. Hereafter the following notations will be used:

%, population mean of X
Vo population mean of ¥
x, sample mean of X
Y sample mean of Y
p . correlation coefficient between X and Y
C, : coefficient of variation of X
C, : coefficient of variation of ¥
¢; : cost per unit of X
¢, : cost per unit of Y
C : total cost
N : total numbers of unit in the population
¢ _C,
/I_c—z B-——C; .

2. The case of single sampling
When %, is known, the following Table 1 w111 be easily obtained according
to the current sampling theories.

(1) The results in this paper were communicated at a meeting of the Research Association
of Statistical Sciences in Tokyo, December 20, 1949.
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TABLE 1. Costs and variances of three estimates in single sampling.
variance (or M. S. E)
m%:choc:.:' of estimator cost lvariance (or M. S.E)| under the cost cons-
estimation 1 ideration
mean per 1l - o N-n oy° a_ 1/ Neco__ o
S. U. V= C=em | ont= w o=y (1)
P27 viyy=Non = LlateN_ )
ratio v=-1_—3, C=(cy+ca)n Nn . N c
in - xX(Q—0B+B*)oy* X (1—20B+B2)s,>
1
1" = ~ = |
Y = gut-b(F— &), (v _N-n V(Y”)=*1'{(“+”)N—1}
regression | Vhere ) _ C=(etedn Nn N C
e e X (1 0%)s,2 X (1-0%)0,?

Here we assume that the sample size # is sufficiently large so that approx-
imate formulae for the variances of the ratio and regression estimates are
valid.

(1) Comparison with the ratio estimate and the per s.u.

It may be observed that e 2=V (Y")
: .1 AN Ny
according as PEop { TTON-C/e, +B } ,
In particalar, as N— 2=V (Y")
i =1(2 . m
according as P=5R1T12 TB}.

(2) Comparison with the regression estimate and the per s.u.
It may be observed that d:t=VY")

=V Q+DN=CJec: ’

according as o

which is equivalent to, as N—>w p= V_Ti?l .

(3) Comparison with the ratio estimate and the regression estimate
Since (1—-2pB+ B?) takes the minimum value 1—p? when B=p, the regression
estimate is more accurate than the ratio estimate except when B=p, in
whose case the two variances V(Y’), V(Y"') are equal.

3. The case of double sampling

We shall consider an infinite population and take two independent samples
of size L and » respectively.

In the first large sumple of size L, we shall measure only X and in the
second sample of size # both X and Y, For the case of regression estimate
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we shal], however, consider moreover another sampling procedure in which
the second sample will be drawn from the first sample. The M. S. E. of the
estimates for this procedure may be expresed by the notation V*(Y").

The current sampling theory will give us the following Table 2. The
calculation of V(Y”) in the table 2 will be given in Note 1.

TABLE 2. Costs and variances of three estimate in donble sampling

thod of variance (or M, S. E)
m(:- G o estimator i cost variance (or M. S. E)| under the cost cons-
estimation ideration
mean per 1& . . .

Y=— i i =olN 2= ,‘-' ~= o0 y= C
s U V= Zly 1 C=ocn oyi=a,%In Oyt =c00,%/
v'=-2Y 5, where | MV( yy=22 V(V)=er,/C
TR C=qL n e L
ratio 12 x(1—-20B+B?) | X/ (1+4)(1-20oB+B?)
’—‘-"zfzx‘ ; +(cl+c-_a)n‘ +4ﬂf B +B/ TR
| 1 i | L
C=¢L V(Y 2z0,2(1—02)/n| V(Y )=ca 0,*/C
Y//=5'71+b(3_5$'—»i7!), o _,‘;,
+(e1+c)m +0%0,2/ L X[/ (A +A)(A—0%)+|ol/T*
. where
regression
~T(x—Fu v —n) VE(Y" )i (1—02) [n| VE(Y")=c2 042/C
2(x—~xn)2 C=c¢iL+con o ——
+020,2 /L Xiy 1—p% + 0/ X2

(1) Comparison with ¢} and V(Y')
When %,>62/L, it follows that ¢2=V(Y’) according as
y= VA A+ B
P=172 (1+2,,/AB>’
which becomes, when B=1,

(2) Comparison with o’ and V*Y")

It is easily shown that ¢?= V*(Y"') according as
o= Al
T=T142

(3) Comparison with V(Y') V(X") and V*Y'")

If B=jg|, then V(Y')=V(Y"”). On the other hand, V(Y')=V*(Y"), however
p may be.

Appendix.

Note 1. The proof of V(Y’) may be as below shown;
>y

Let us put Y = Euiida x,=Z-W,

n
2=
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_ 1 7
where , X, =5 2 x5
L 4
Since Z and W are mutually independent it follows that
EY')y=2 .%=5%,.
Xy
The second moment of Z about the origin is

Ezy=-% i,

1/
where K= ;j (1—20B+B"
i)
and R, = :‘f;’
X

Hence, the second moment of Y’ about the origin is

BY= (o +R3) (55 F).

Therefore, we shall find that
K

o2 B?
- :

V(Y= T

(2 +o0?2/L)+

If ¥,>¢?2/L, then obtain we approximately

2 2
V(Y')= % (1-20B+B) + B

NOTE 2. If the variance form is given by
V=02(A/n+B/L)
and the cost form
C=an+blL,

where A, B, a, and b are constants, then the optimum variance is easily
given by

2
Vopt = LCU‘ (l//m’*_VWy-

From this result the variances of three estimates under the cost consider-
ation are as shown in the right hand column of the Table 2.
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